n  >    I H ,  Google 


Digitized  by  Google 


\ 


Digitized  by  Google 


f 

TKANSACTIONS 


CAMBRIDGE 


PHILOSOPHICAL  SOCIETY. 


ESTABLISHED  H07EXBEB  15^  1819. 


VOLUME  THE  TXVmi 


CAMBRIDGE: 

«m  tot*  ar 

DEIOHTOK,  BELL  AX  >  r  >  AND  I^LAOMILLAN  AND  00.  OAUBBIDOE; 
BELL  AND  DALDY,  LONDON. 

IUMXML1.VL 


Digitized  by  Google 


CONTENTS. 


PART  I. 


r.  ()\  the  Dynamlca!  Theory  of  ni/rraetimi  By  O.  G.  Stokfs,  Vf -A.  Fclkm- 
vf  Pfvibroke  Ciflleut,  and  Luca-fian  Professor  of  Malhematict  i»  the 
University  of  Cambridge   1 

It.         CrUicum  of  AritMU^t  Accomnl  of  InductioH.     By  W.  Whkwbll,  P.P. 

Maslcr  of  Trinitij  Coiiege,  Cambridge   

111.  On  Impact  of  Elatlic  Beanu.   Bif  Homkhbuam  Cox,  Eaq.  B.A.  of  Jetu* 

College   73 

"fV.  On  the  Symbols  of  1  ■o.sic,  the  Theory  of  the  Si/llogixm,  and  in  particular 
of  the  Cupula,  and  ike  application  of  the  Theory  of  ProbabiiUies  to  some 
quisUons  of  Evidence.  By  Adqpstps  Dk  M»boan,  Sec.  R.A.S.  of 
Trinity  College,  Cambridge,  Pr<fesst>r  of  Malheviatics  in  Univertiltf 
College,  LoudoH   7!> 

V.  Malhemalicnl  Expoxiiion  of  tome  Doctrines  of  Political  Ecovorny-  Second 

Memoir.  By  W.  WiiKwKiii.,  P.P.  Master  ofTriaily  College,  Cambridge  1^8 

T^^f.  Second  Memoir  on  the  Intrinsic  Equation  of  a  Curve,  and  its  App/tcalioti. 

By  W.  WtiEWKLi.,  p.p.  Master  of  Trinity  College,  Cambridjrc   150 

VII.  On  the  Knotvledge  of  Body  and  Space.      By  H.  Wkdowood.  Esq. 

Chritfs  College,  Cambridge   157 

VIII.  On  the  numerical  Calculation  of  a  Class  of  Definite  Inlegralt  and  Infinite 

Series.    By  G.  G.  Stokks,  M.A.  Fellow  of  Pembroke  College,  and 

Lucasian  Professor  of  Mathematics  in  the  Vnirersify  of  Cambridge.  .  Ififi 


507C0 


CONTENTS. 


PART  TT. 

N*.      IX.       Matuxmatical  Exposition  of  Crrtain  Doctrine*  of  PolUical  Economy. 

Third  Memoir.    By  W.  Whe^n  kll,  D.D.  Master  of  Trinity  College.  [1] 

X.  On  the  Effect  ^  tfie  Jnlernal  Friction  of  Fltiids  on  the  Motion  of  Pen- 

dulums. »  Bif  G.  G.  Stokkh,  M.A.  FcUoiv  of  Pembroke  Collej^e,  and 
LHcatian  Profettor  of  McUhemalic*  in  the  University  of  Cambridge. . .  ^8^ 

XI.  On  some  points  of  the  ItUearal  Calculus.    By  AiiopaiTS  Db  Morgan, 

of  Trinity  College^  Secretary  of  the  Royal  Axlnmomical  Society,  and 
Prufesffir  of  yialhcmatict  in  Unitersily  Cutlvgc,  Lnndon   C^^] 

XII.  Of  the  Transformation  of  Hypotheses  in  the  History  of  Science.  By 

\V.  Whewki.l.  D.I).  Mailer  ,f  Trimty  Collein-   ['■'■''] 

XIII.  On  the  Colours  <^  Thick  Plates.    By  G.  G.  Stokkb,  M.A.  Fetlofn  of 

Pembroke  College,  and  Lucasian  Professor  of  Mathematics  in  the 
University  of  Cambridge  

XIV.  The  Deflexion  of  Imperfectly  Elastic  Beams  and  the  Hyperl>die  Law  of 

Elasticity.    By  Hqmkrsham  Cox,  B>A.  Jestis  College,  Cambridge  , .  [177] 


■J 


CONTENTS. 


PART  TTT 

N''.        y\"         Qv  the  Oxcillnliims  of  a  Suspnisuni  Chain.     Iftf  J.  H.  RoHRs,  M  A. 

Ifilv  Felliirr  of  Je.fvs  Cn//<yc  .  (  tmhrid^f   .i7() 

XVI.  On  ike  Componlion  and  Hesolulion  qf  Streams  of  Polarised  Li s^hi  f mm 
differaU  Sources.  By  G.  G.  Stokks,  M.A.  Ffllon  nf  I'emhrokr 
t'oUctie,  and  Ijtr\isin<i  I'roftssor  of  Mnthrinalir.s  in  l/ie  I'nirir^ilii 
of  Cambridge   

>X  VII.      Oa  xome  recent  Improvemrnls  in    Cluck- F.scapementt.     Bif  EdihI'NI> 

Bbckktt  Dknison,  E»q.  M.A.  of  Trinity  Cdlege,  Cambridge   . . .  417 

Appkkdix.  The  Theory  of  the  I.oni:  Inegiinlittf  of  L'ranus  and  Ncplum-,  dcjteudin^ 
on  the  Near  Cimiinrnsnra/ii!ily  of  their  Mean  Motions  ;  An  Essay, 
tvhich  olUained  the  Adam.K  Prize  fur  the  Year  1850,  in  the  Universily 
of  Cambridge.    Bt)  R.  Pbih90n,  M.A.  Fellow  cf  St  John't  College. 


CONTENTS. 


PAKT  lY. 

N°.  XVIII.      ()s  the  Geology  of  some  parts  of  Suffulk,  parlicularly  of  ihe  I'nltei/  of  ihr 
Gipping.    By  J.  B.  Phbah,  M.A.  F.G.S.  Feliow  and  Auutanl  Tutor 


of  Clare  College    431 

XIX.  On  Ihe  Trnnsformatlm  of  Surfaces  hy  Bending.     By  James  Clewk 

Maxwkli.,  B.A.  Trinity  College   ^5 

XX.  On  Sflfrepeal'mg  Serieit,    By  IlKKnv  WAitBunTOV.  M.A   1-71 


XXI.  On  Ihe  Dctcrminatinn  of  the  iMnpiludc  of  the  Observatory  of  Camhric/ge  hy 
Galranic  Sigrinh.  By  the  Rkv.  J.  Ciiallis  M  A.  IMt-S.  IMtA.S. 
Plumian  I'rgfexsor  of  Astronomy  and  Ksjn'rimental  Philosophy   48? 

XXII-  On  some  puints  in  Ihe  Tlieury  of  Difrrenlial  F.ijualions.  By  Augustus 
Dk  MoRr..\N,  of  Trinity  Co/lege,  Secretary  of  the  Uoyal  Atlronomical 


Sof  irty,  and  Prnft  sitor  of  Malhrmalii  s  in  L'riiverstly  College,  London  .  .  .  '>\5 


XXIII.      On  the  Purbeck  Sirala  of  Dorteuhire.    By  the  Rkv.  Osmond  Fismbk, 

F.G.S.  Fellow  and  Tutor  of  Jetus  College   .^5 


XXIV.  On  Plato's  Survey  of  Ike  Sciencet.     By  W.  Wjikwkll,  D.I).  Matter  of 

Trinity  College  

XXV.  On  Plalo't  Notion  of  Dialectic.    By  W.  Whewkll,  P.P.  Master  of  Trinity 

College    390 

XXVI.       Of  the  lutellectHal  Poivers  according  to  Plato.    By  W.  Whbwbll,  D.P. 

Master  of  Trinity  College   Sgs 


XXVII.      Remarks  on  Ike  Fundamental  Principle  of  the  Theory  of  ProbabiUtie*.  By 

R.  L.  Ellis,  M.A.  late  Fellow  of  Trimly  College   ti05 


XXVin.  On  the  Singular  Points  of  Curves,  and  on  Netvion's  Method  of  Co-ordina/ed 
Exponents.  By  ApQCSTua  Pe  Moboaw,  of  Trinity  College,  ficc- 
President  of  the  Royal  Astronomical  Society,  and  Professor  of  Mathe- 
matics in  University  College,  London   6O8 

XXIX.  On  tke  External  Temperature  of  the  Earth,  and  the  other  Planets  of  the 
Solar  System.  By  W.  Hopkins,  M.A.  F.II.S.  <^  St  Peter's  College, 
and  Fice- President  of  the  Society    ti'is 

Index  fa  Vol.  IX   GlH 


I 


ADVERTISEMENT. 


TnR  Society  as  a  hodij  is  not  to  he  considered  responsible  for  any 
/acts  and  opinions  advanced  in  tlte  several  Paper*,  which  must  rest 
enOrdy  on       eredU  ^  their  ttt^pedxot  Auikor*» 


The  Society  takes  this  opportunity  of  expnaang  its  grateful 
acknowledgments  to  the  Symdics  of  the  Umyenity  Press,  for  tlieir 
Hberaliif  in  taking  upon  tJiemselveB  the  expense  of  printing  this  Volume 
of  the  TiwiBactions. 


Page  638,  lino  U,for  ^V(C)  rmd  -299(0 

Page  65»,  lioe  fi,  for  «  icmI  <rw 

Pago      Uae  11,  foi^  mi  v 

l^p  47!^  Kne  9  ftom  l!iolt«m»  Aw  11  fiKt      8  fcei 

Rign  8t9, 914,  Ate  beib  axv.  cixi4. 


ERRATA. 


Page  i71,  liae  1  of  the  aeconi  pnagniih,^ 


1 


Digitized  by  Google 


L  On  tJie  Dynamical  Theory  i^  D^PmeHm.   ByG.G.  Stokes,  M.A^  Fellon 
Pembroke  College,  and  Luoadam  Fmfmor  qfMat/miatiea  m  the  Unheni^ 
<^  Cambridge. 


WuMli^tiifaddaitMftiinallBpertareiiisiefwnitlieiUauiMt^  «t  paint  in  front 
cl  the  MrecD  b  delennined,  oa  the  iwdulaiory  thfiorj,  in  tlie  following  manner.  The  inddoDt 
WITes  are  conceived  to  be  broken  up  on  arriving  at  the  aperture ;  each  element  of  the  aperture  it 
considenxl  the  centre  of  an  elementary  JisturhruK-e,  which  diverges  spherically  in  all  directions, 
with  an  uit«;n6itjr  which  does  not  vary  rapidly  from  one  direction  to  another  in  the  neighbourhood 
of  the  noranl  to  the  primary  wave;  and  Ibe  dittutlNnw*  «t  any  point  it  found  bj  taking  th? 
aggi^t»  of  tbe  dittorbanow  da«  to  all  the  lecondary  wbth^  the  pluM  of  vifanttimi  «f  eadi 
being  retarded  by  *  quattti^  corresponding  to  the  distance  from  its  centre  to  the  pout  wImw 
the  disturbance  is  sought.  The  square  of  the  ciicfficient  of  vibration  is  then  taken  as  a  measure 
uf  the  intenuty  of  illumination.  Let  us  consider  for  a  mooicnt  the  hypotheses  on  which  this 
prooew  rests.  In  Ae  flrst  place,  it  is  no  hypothcm  duit  me  may  coneeiTO  the  waves  broken 
up  on  aniving  at  dw  apertUK :  it  is  a  neceanr j  oamequcace  of  the  dynamical  prindpb  of 
ttie  superpositien  of  small  motions ;  and  if  this  principle  be  inapplicable  to  light,  the  nndwla- 
tory  theory  is  up*ct  from  its  very  foundations.  The  niathematicnl  resolution  <if  a  wave,  or 
any  portion  of  a  wave,  into  elementary  dislurbauces  must  not  be  confounded  with  a  phy.sical 
brealdng  up  of  the  wave,  with  which  it  has  no  more  to  dp  than  the  division  uf  a  rod  of 
iraxiaUe  dennty  into  diflhicntiel  dements,  Ibr  the  purpose  of  finding  its  centre  of  gravity,  has 
to  do  with  breaking  th*  md  in  pieces.  It  t«  an  hypothesis  that  we  may  find  the  disturlmDee 
in  front  of  the  aperture  by  merely  taking  the  aggregate  of  the  disturbanci^  due  to  all  the 
secondary  waves,  each  secondary  wave  proceeding  as  if  the  screen  were  away  ;  in  other  words, 
that  tbe  effect  of  the  screen  is  merely  to  ttop  a  certain  portion  of  the  incident  light.  This 
bypotheiia»  «teeeding]y  probable  «  prkri,  when  we  are  onlj  concened  wi^  poiat*  «t  no 
gient  distance  from  tbe  normal  to  the  primary  vavct  is  oonfinned  by  experiment,  wUeb  shews 
tliat  the  same  appearances  are  presented,  with  a  given  aperture,  whatever  be  the  nature  <it  the 
screen  in  which  the  aperture  is  pierced,  whether,  for  example,  it  consist  of  paper  or  of  foil, 
whether  a  »mall  aperture  be  divided  by  a  hair  or  by  a  wire  of  equal  thickness.  It  is  an 
hypothesis,  again,  that  tbe  intemi^  ia  a  teeondaiy  wave  is  neariy  canslant,  at  a  given  distance 
ftom  the  centre,  in  diicicnt  directions  very  near  the  normal  to  tbe  primary  w«v«;  but  it 
seams  to  me  almost  impossible  to  conceive  a  mechanical  theory  which  would  not  lead  to  this 
result.  It  is  evident  that  the  difference  of  phase  of  the  various  secondary  waves  which  agitate 
a  given  point  must  be  determined  by  the  difference  of  their  radii;  and  if  it  should  afterwards 
be  found  necessary  to  add  a  constant  to  all  the  phases  the  results  will  not  be  at  all  affected. 
VuL.  IX.  Pabt  I.  I 
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liMtly,  gooci  MMom  mmj  be  aaa^oed  why  the  Jatendty  ilioiild  be  neaaured  by  the  iqiuve  of 

the  coi  (Ticient  of  ^bration  ;  but  it  is  Dot  necessary  here  to  enter  into  them. 

Ill  tliis  way  we  are  ublc  i  n  ctlcul  ite  the  relative  intensities  at  difierent  points  of  a  diffrac- 
tion pattern.  It  may  be  regarded  as  cstabli&htd,  that  the  coefficient  of  vibration  in  a 
■eeondery  wave  varies,  in  a  given  direction,  inversely  as  the  radius,  and  oontequently,  we  are 
aUe  to  calculate  the  relatiTe  inteoaities  at  difoent  distancea  tnm  the  apertUN;.  To  complete 
this  part  of  the  subject,  it  is  requisite  to  know  the  abaolute  intensity.  Now  it  has  been 
shewn  tbat  the  absolute  intensity  will  lij  obtained  by  taking  the  reciprocal  of  the  wave  length 
for  the  quantity  by  whicli  to  tiiuUiply  the  product  of  a  differential  element  of  the  area  of  the 
aperture,  the  reciprocal  of  the  radius,  aod  the  circular  function  expreasing  the  phaae.  It 
appean  at  the  aaoM  time  that  the  phaM  of  vibration  of  each  aeeoadaiy  wave  tnoit  be  aoode- 
rated  bj  a  quarter  of  an  imdulatioil.  Ill  the  investigations  alluded  to,  it  is  suppoeed  that 
the  law  of  disturbance  in  a  secondary  wave  is  the  same  in  all  directions;  but  this  will  not 
affect  the  result,  provided  the  solution  be  restricted  to  the  neighbourhood  of  ttie  normal  to 
the  primary  wave,  to  which  indeed  alone  the  reaaouing  is  applicable;  and  the  solution  so 
icatricted  ii  mliciaat  to  meet  all  ovdinary  caaea  of  diftaction. 

How  the  bfa}ect  of  the  first  part  of  the  fidlowiog  paper  ia,  to  determine  oo  potdy 
dynamical  principles,  the  law  of  disturbance  in  a  secondary  wave,  and  that,  not  merely  in  the 
neighbourhood  of  the  normal  to  the  primary  wave,  but  in  all  directions.  The  occurrence  of 
the  reciprocal  of  the  radium  in  the  coeihcient,  the  acccleratioa  of  a  quarter  of  an  undulation, 
and  the  abaolotc  valoe  at  the  eoefident  in  die  neighbourhood  of  the  normal  to  primary 
wave^  win  thoa  uppmt  aa  pattieidar  multa  of  the  general  fonnuh. 

Before  attacking  the  problem  dynamically,  it  is  uf  course  necessary  to  make  some  suppo- 
sition respecting  the  nature  of  fli  u  riedium,  or  clher,  the  vibrations  of  which  constitute  light, 
according  to  the  theory  of  umiulauons.  Now,  if  we  adopt  the  theory  of  transverse  vibra^ 
tioni— and  oertaialj*  if  the  aimplicity  of  a  theory  whidi  eondueti  m  through  a  mnltitnde  of 
curioua  and  oompUeated  phenomena,  like  a  thread  dliroogli  a  labyrinth,  be  oooaideffed  to  cany 
the  stamp  of  truth,  the  claims  of  the  theory  of  transverse  vibrations  seem  but  little  short  of 
those  of  the  theory  of  universal  gravitation — if,  I  ssay,  wc  adopt  this  theory,  we  are  obliged 
to  suppose  the  existence  of  a  tangential  force  in  the  ether,  called  into  play  by  the  continuous 
aUding  of  one  layer,  or  film,  of  the  medium  over  another.  In  oouMqueaoe  of  the  edatenee 
of  thit  ftrae^  the  ether  mnat  bdhave*  ao  br  aa  n^garda  the  Imninona  vibratioM,  like  aa  alaatic 
■olid.  We  have  no  occasion  to  speculate  as  to  the  cause  of  this  Ungential  folOey  nor  to 
assume  either  that  the  ether  doen,  or  that  it  docs  not,  consist  of  distinct  particles;  nor  are  we 
directly  called  <mi  to  consider  in  what  manner  the  ether  behaves  with  respect  to  the  motion  Oi. 
aolid  bodiei,  each  aa  the  earth  and  planeta. 

Accordingly,  I  have  aaiamed,  aa  applicable  to  the  luminiferoo*  ether  in  vaouiim,  Ae 
known  equationa  of  motion  of  an  elastic  medium,  such  as  an  elastic  solid.  These  cqoatione 
contain  two  arbitrary  constants,  depending  upon  the  nature  of  the  mctlium.  The  argument 
which  Green  ius  employed  to  shew  that  the  lumioiferous  ether  niu»t  be  regarded  as  sensibly 
incompressible,  in  treating  of  the  motions  which  eooatitute  light*,  appears  to  me  of  great  force. 


*  Camb.  I'M.  Tram*,  VgL  m.  p.  t. 
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The  supposition  of  inooinpmsibiiity  reduces  the  two  arbitrary  constants  to  one;  but  aa  the 
cqtuttiniM  ii«  not  drat  rendend  wwe  mumaMb,  I  luiv*  ratabed  then  in  tiieir  more  gesmd 
dupe. 

The  first  problem  relating  to  an  elastic  medium  of  which  the  object  that  I  hnd  in  view 
required  the  solution  was,  to  determine  the  disturbance  at  any  time,  and  at  any  point  of  an 
elastic  medium,  produced  by  a  given  initial  dii»turbaDce  which  was  confined  to  a  finite  portion 
of  the  Mdim.  TMi  praUm  ynm  Mlved  long  ago  by  PoImod,  in  a  manoit  oooldiiid  in  the 
tMidk  voluiM  of  tlie  nuaaoin  of  the  Aeademj  tt  Sdeneei.  Peinaio  ]Bde«d  cnployed  equations 
of  BOtUio  irith  but  one  arUtlwy  ooustaot,  which  are  what  the  general  equations  of  motion 
become  when  a  certain  nrimeria!  relation  is  assumed  to  cxi>t  1  i^wecn  the  two  constants  which 
they  involve.  This  relation  was  the  consequence  of  a  particular  physical  suppotdtioD  which  he 
adopted,  but  whidi  hat  dnee  been  dievn  to  be  untenable,  inasmuch  as  it  lead*  to  ratulti  vindi 
an  eontiadieted  hj  eKperfmnt.  Neverthdeia  nottdng  hi  PoiwiKra  method  dependt  fbr  ita 
eoooeas  on  the  particular  numerical  relation  amuned;  and  in  fact,  to  save  the  constant  writing 
of  a  raiiical,  Poisson  introduced  a  second  constant,  which  made  his  equations  identical  with  the 
general  equations,  so  long  as  the  particular  relation  supposed  to  exist  between  the  two  constants 
was  not  euipluyeih  I  might  accordingly  have  at  once  assumed  Fuisson's  results.  I  have  how- 
ever bflgun  at  the  beginning,  and  given  a  totaDy  difftvent  aoltttlan  of  the  probkm,  whieh  will 
I  hope  be  ftmnd  loaewhat  ahnpler  and  more  direct  than  Pdmon't.  The  Mdation  of  tbit 
problem  and  the  discussion  of  the  result  occupy  die  fint  two  sections  of  the  paper. 

Having  had  occasion  to  solve  the  problem  in  all  its  generality,  I  have  in  one  or  two  in- 
stances entered  into  details  which  have  no  imuudiatc  relation  to  light.  I  have  also  occasionally 
eooddcRd  lomo  pointi  idatmg  to  the  dieory  of  light  which  have  no  immediate  boring  on 
diffraction.  It  would  oooupy  too  much  mom  to  enumente  tlicce  points  here^  whidi  wiU  be 
feund  in  their  proper  place.  I  will  merely  mention  one  very  general  theorem  at  which  I  have 
amved  by  considering  the  physical  interpretation  of  a  certain  step  of  analysis,  though,  properly 
qieaking,  this  theorem  is  a  digression  from  the  main  object  of  the  paper.  The  theorem  may 
be  enuncmted  at  foiUowB. 

If  any  material  •yetam  in  wMeh  the  fiweet  acting  depend  only  on  the  pondona  of  the 
particles  be  slightly  disturbed  from  a  position  of  equilibrium,  and  then  left  to  itself,  the  part 
of  the  subsequent  motion  which  depends  on  the  initial  displacements  may  be  obtained  from 
the  part  which  depends  on  the  initial  velocities  by  replacing  the  arbitrary  functions,  or 
arbitrary  eonttants,  which  expreu  the  initial  velocities  by  those  which  express  the  correspond- 
ing inidal  diapiaeementa,  and  diileWntiBtiiig  with  reipeet  to  the  time. 

Particular  cases  of  this  general  theorem  occur  ao  fiMqueotly  in  researches  of  this  liind, 
that  T  think  it  not  improbable  that  the  thctircm  may  he  somewhere  given  in  all  its  {generality. 
I  have  not  however  met  with  a  statement  of  it  except  in  particular  CAseSy  and  even  then  the 
subject  was  mentioned  merely  as  a  casual  result  of  analysis. 

In  the  diird  acetion  of  this  paper,  the  proiikm  aolved  in  the  aeoond  mction  is  applied  to 
the  deterininadon  of  die  law  of  diatttrbanoa  In  a  aecoodary  wave  of  light.  Thia  detamunation 
forms  the  whole  of  the  dynamical  part  of  the  theory  of  diffraction,  at  least  when  we  confine 
ouradvM  to  diffitaction  in  Taeuum,  or,  more  generallyt  within  a  bomogeneout  siugly  refracting 

1— « 
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medium:  the  rest  U  •  mere  matter  of  integration;  and  whatever  difficulties  the  nolution  of 
ibe  problem  mtj  |MWMBt  ibr  partUmlar  Ism*  of  aperture^  thej  are  purely  mathemalmL 

In  the  investigation,  the  incident  light  is  supposed  to  be  plane-polariied,  and  the  follov- 
itifT  ri>«nUs  are  arrivif!  at.  T.nch  ilifl'rac  ted  ray  is  planr-pnlarizwl,  and  the  plane  of  polari- 
ration  is  determined  by  this  law  ;  The  plane  of  vibration  of  the  diffracted  ray  it  parallel  to 
the  direction  of  vibrcUim  of  the  incident  ray.  The  expression  plane  of  vibration  is  here 
med  to  denote  the  plane  pasaing  through  the  ray  and  the  direetion  of  Tibration.  The  dinetion 
of  Tibradon  in  any  diflhwted  ray  befaig  delcntnncd  by  the  law  above  mentioned,  the  phaae 
and  coefficient  of  vibration  at  that  part  of  a  leeondary  wave  ate  given  by  the  fbrmnlw  of 
Art.  33. 

The  law  just  enunciated  seems  to  lead  to  a  crucial  experiment  for  deciding  between  the 
two  rival  Iheoties  respecting  the  diieetions  of  vibration  in  plane-polaiiied  %ht.  Suppose 
the  plane  of  polariaation»  and  oonaequently  the  plane  of  vibration,  of  the  Incident  light  to  be 

turned  round  through  equal  angles  of  say  5"  at  a  time.  Then,  according  to  theory,  the  planes 
of  vibration  of  the  diffracted  ray  will  not  be  distributed  iitviformlv,  l)iit  will  be  crowdt-d 
towards  the  plane  perpendicular  to  the  plane  of  diffraction,  or  that  which  contains  the  incident 
and  diftncted  rayo.  The  taw  and  amount  nf  Ac  crowding  will  in  fiut  be  just  the  same  as 
if  the  planee  of  vibration  of  the  inddeot  ray  were  npresented  in  section  on  a  plane  perpen- 
dicular to  that  ray,  and  then  projected  on  a  plane  perpendicular  to  the  diffracted  ray.  Now 
experiment  will  enalik'  to  decide  whether  tlio  plnnrt  of  polnrizuiion  of  ilic  diffractid  ray 
arc  crowded  towards  the  plane  of  diffraction  or  towards  the  plane  perpendicular  to  the  plane 
of  diffraction,  and  we  shall  accordingly  be  led  to  conclude,  either  that  the  direction  of  vibration 
ie  perpendBcnlar,  or  that  it  is  paralld  to  the  plane  of  polarisatioa. 

In  ordinary  cases  of  dill^tion,  the  light  is  insensible  at  such  a  small  distance  from  the 
direction  of  the  incident  ray  produced  that  the  crowding  indicated  hy  theory  is  too  small 
to  bo  deteited  by  cxperimeitt.  It  is  only  by  means  uf  a  tine  grating  that  we  can  obtain  light 
of  considerable  intensity  which  has  been  dift'racted  at  a  large  angle. 

On  mentioning  to  my  fiiend»  Profeasar  MiDeTf  the  result  at  which  I  had  arrived^  and 
making  some  inqoiriM  ahont  the  Bneneos,  tte.  of  gratiagi»  he  urged  me  to  perfhrm  the 
Mtperiment  myself,  and  kindly  lent  me  for  the  purpose  a  fine  glass  grating,  which  he  has  in  his 
possession.  For  the  use  of  two  graduated  instruments  employed  in  determining  the  positions 
of  the  planes  of  polarization  of  the  incident  and  diffracted  rays  I  am  indebted  to  the  kindness 
of  my  friend  Professor  0*Biien. 

The  description  of  the  experiments,  and  the  discussion  of  the  results,  ceeupies  Part  II.  of 
thia  Paper.  Since  in  a  glass  grating  the  diffiraction  takes  place  at  the  common  surface  of  two 
different  media,  namely,  air  and  glass,  the  theory  of  Part  I.  does  not  quite  meet  the  case. 
Nevertheless  it  does  not  fail  to  point  out  whereabouts  the  plane  of  polarization  of  the  diffiwted 
ray  ought  to  lie,  according  as  we  adopt  one  or  other  of  the  hypotheses  respecting  the  direction 
of  vibration.  For  tiieory  assigns  exact  reaults  on  ttm  two  extreme  supposition^  jbw^  that  the 
diffraction  takes  place  before  the  lig^t  reaohea  the  grooves;  aooondljr,  that  it  takea  plaoe 
after  the  light  has  passed  between  them ;  and  these  results  are  very  different,  according  as  we 
suppose  the  vibrations  to  be  perpendicular  or  parallel  to  th&  plane  of  polarization.    Most  of 
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the  experiments  were  made  on  light  which  was  diffracted  in  passing  through  the  grating. 
The  results  appeared  to  be  decisive  in  favour  of  Fresoers  h^puthesis.  In  fact,  theory  shews 
that  difllMtion  at  a  luge  angle  is  a  powerful  eauw  cf  crowding  of  die  planea  of  nhntum  of 
the  diAacted  imj  towards  the  perpendicnlar  to  the  plane  of  diffiraetiaii»  and  atpariment  pointed 
oat  the  existence  of  a  powerful  cause  of  crowding  of  the  planes  of  polarization  towards  the 
plane  of  diffraction  ;  for  not  only  was  the  crowding  in  the  contrnrv  direction  due  to  refraction 
overcome,  but  a  considerable  crowding  was  actuallj  produced  towards  the  plane  of  diffraction, 
espedaUj  when  the  graofed  hee  cf  the  gla»s  plate  was  tamed  towwda  the  iaddent  light. 

The  expcrioMmta  were  no  doubt  ntogh,  and  are  capable  of  bebg  repeated  with  a  good  deel 
mote  aflcoraey  bj  making  aome  email  changes  in  the  apparatus  and  method  of  observing. 
Nevertheless  the  quantity  with  respect  to  wliich  the  two  theories  are  at  issue  is  so  largo  that 
the  experiments,  such  as  they  w»e,  seem  amply  suffident  to  shew  which  hypothesis  is 
discarded  by  the  phenomena. 

The  eoQdiWTe  chacaeter  of  the  expetimental  imdt  with  ngatd  to  the  qoeition  at  imua 
depends,  I  think,  in  a  great  measure  on  the  simplicity  of  the  law  which  forms  the  only  reeolt 
of  theory  that  it  is  necessary  to  assume.  This  law  in  fact  merely  asserts  that,  whereas  the 
direction  of  vibration  in  the  difi'ractt-d  ray  cannot  be  parallel  to  the  direction  of  vibration  in  the 
incident  ray,  being  obliged  to  be  perpendicular  to  the  diffracted  ray,  it  makes  with  it  as  small 
an  an^  u  h  oondatent  with  the  above  reatrktuMU  Thia  law  eeeme  oolj  jtut  to  Ue  htyond  the 
lianita  of  the  geometiieal  part  of  die  theory  of  undulations.  At  the  same  time  I  may  he 
permitted  to  add  that,  for  my  own  part,  I  feel  very  great  confidence  in  the  equations  of  motion 
of  the  luminiforous  ether  in  vacuum,  and  in  that  view  of  the  nature  of  the  ether  which  would 
lead  to  these  equations,  namely,  that  in  the  propagation  of  liglit,  the  ether,  from  whatever 
reason,  bdiavea  like  an  daatie  adid.  But  when  we  oonaider  the  mutual  action  of  the  litni- 
nifcRNia  ether  and  ponderable  matter,  a  wide  flcJd,  at  it  seems  to  me,  la  thrown  open  to 
conjecture.  Thus,  to  take  the  WOSt  elementary  of  all  the  phenomena  which  relate  to  the  action 
of  transparent  media  on  light,  namely,  the  diminution  of  the  velocity  of  propagation,  this 
diminution  seems  capable  of  being  accounted  for  on  several  different  liypolheses.  wAnd  if  this 
elementary  phenomenon  kavM  so  mudi  room  ibr  conjecture,  inaeh  more  may  we  fbrm  Tailbim 
hypotheses  as  to  die  state  of  things  at  the  oonHnes  of  two  niedi«,  such  as  sir  and  ^aes» 
Accordingly,  condusions  in  favour  of  either  hypothesis  which  are  derived  from  the  comparison 
of  theoretical  and  experimental  results  relating  to  the  effects  of  reflection  and  refraction  on  the 
polarization  of  light,  appear  to  me  much  more  subject  to  doubt  than  those  to  which  we  arc  led 
by  the  experiments  here  dcecribcd. 

In  commencing  the  theoretical  InTcstigation  of  diUhwtion,  I  naturally  fa^gan  widi  the 
simpler  case  of  sound.  As,  however,  the  results  which  I  have  obtained  Ibr  aonitd  are  of  ftr 
less  interest  than  those  which  relate  to  light,  I  have  here  omitted  them,  more  especially  as 
the  paper  has  already  swelled  to  a  considerable  size.  I  may,  perhaps,  on  some  future  occasion 
bring  them  before  the  notice  of  this  Society. 


PART  I. 

THEORETICAL  INVESTIGATION. 


Suction  L 
pbbliiiinart  akaltbul 

1.  In  what  follows  there  will  frequently  be  occasion  to  express  a  triple  integration  which 
Imh  to  be  perfamiel  with  xeapeet  |i>  aU  qiaoe,  of  at  Itaai  to  all  pointa  of  space  iar  whidi 
the  quand^  to  Ite  kHegtttaA  Ins  a  valae  dilfemit  from  wen.   The  oonoaptioii  of  audi  an 

integration,  regarded  as  a  limiting  summation,  presents  itself  clearly  and  readily  to  the  mind, 
ivithii\it  \he  consiilcration  of  co-onlinatt'is  of  any  kind.  A  system  of  eo-ordinntcs  forms  merely 
the  machinery  by  which  the  integration  is  to  be  eifectcd  in  particular  cases ;  and  when  the 
function  to  be  integrated  »  arlutrary,  and  the  nature  of  the  problem  does  not  point  to  one 
tftifum  nther  than  another,  the  employment  of  some  particular  aystem,  and  the  analytical 
expression  thereby  of  the  function  to  be  integrated,  serves  onljr  tO  distract  the  attention  by  the' 
introduction  of  a  foreign  elempnt,  and  to  burden  the  pages  with  a  crowd  of  unnecessary 
symbols.  Accordingly,  in  the  case  mentioned  above,  I  shall  merely  take  dV  to  represent 
an  element  of  volume,  and  write  over  it  the  sign  fjj,  to  indicate  that  the  integration  to 
be  perfbrmeJ  is  in  fiwt  triple.  Integral  signs  wiD  be  nsad  in  this  manner  without  limits 
expressed  when  the  integration  is  to  extend  to  aU  pobts  of  space  fee  wUcb  the  function  to  be 
integrated  differs  from  zero. 

There  will  frequently  be  occasion  too  to  represent  a  double  intej^ration  wbicli  has  to 
be  performed  with  reference  to  the  surface  of  a  sphere,  of  radius  r,  described  round  the  point 
winch  ie  regarded  as  origin,  or  dse  a  double  integration  winch  has  to  be  performed  with 
refemce  to  all  angular  qMce.  In  tUs  case  the  sign  ff  will  be  ased»  and  d8  will  be  taken  to 
represent  an  element  of  the  surface  of  the  sphere*  and  dv  to  represent  an  elementary  solid 
angle,  measttred  by  the  corresponding  element  of  the  surface  of  a  sphere  described  about  its 
vertex  with  radius  unity.  Hence,  if  d  V\  dS,  da  denote  corresponding  elements,  dS  =  r'day 
dVtm  drdSmi*drivm  When  the  signs  fff&ad  referring  to  differentials  whidi  aie  denoted 
by  a  sin^e  symbol,  come  together,  or  afeng  with  other  int^al  signs,  they  will  be  separated 
by  a  dot,  as  for  example  fff,fflTd  Vdr, 

dP  ^ 

2.  As  the  operation  denoted  by  ——  +  -—  +        will  be  perpetually  recurring  in  this 

oar     ay^  dtr 

paper,  I  shall  denote  it  for  iihortiiess  by  This  operation  admits  of  having  assigned  to  it  a 
geometrical  meaniog  which  is  independent  of  oo-cMrdioates.  For  if  P  be  the  poiot  («,  «), 
T  a  small  space  containing  P,  which  will  inally  be  supposed  to  vanish,  dis  an  element  of 
a  oormal  drawn  outwards  at  the  surfiKe  of  7*,  CT  the  function  whidi  is  the  subject  of  the 

(f^  (V  (f~ 

cperation,  and  if  V  he  deilned  as  the  cqulTaknt  oi  -_,+  --  +  -^—^  it  is  easy  to  prove  that 

dtr    djf^  di^ 
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V(7 •  limit  of  —   (l) 


th*  integration  extending  throughout  the  surface  of  T,  of  wlucli  45  it  an  cklnettCi  In  tutt  if 
^  Mt  It  be  the  diceet)OD<osiQei  of  the  nonnal,  we  ahall  have 

rdU         rrf.dU       dU  dU 


rfdu       rrl.du      au  ai/\.„ 


We  have  alio»  idpfwiii^  tibe  or%Ui  of  eiMndinatM  to  lie  at  the  point  m  we  may  iriAout 
low  of  generality, 

dU    ldU\     /«fff\       f  d*(T\       (  <PU 
dm 


where  the  pamnthcMa  denote  that  the  diCermtial  oodBdenti  wfaidi  are  emsloKd  in  Aem  have 


the  raloes  whidi  hdong  to  die  point  P.    In  die  intend  jj^^^y  ^'^  e*di  dement  nrait 

be  taken  positively  or  o^atively^  ac<»rding  as  the  normal  whidi  idates  to  it  makes  an  acute 
or  an  obtme  angle  widi  dw  poddve  diieedon  of  die  «xi«  of  If  we  eomhine  in  pain  die 
elcmcntt  of  the  integral  whieh  rdate  to  oppodte  deuMnU  of  the  turlaoe  of  jP,  ve  mint  write 

ffi-T-"  -  -1-A  dydif,  where  the  single  and  douUe  accents  subscribed  refer  respectively  to 

the  first  and  second  points  in  which  the  surface  of  T  h  cut  by  an  indefinite  straight  line 
drawn  parallel  to  the  axis  of  and  in  the  positive  direction,  through  the  point  (o,  t/f  *), 
We  thill  get  bj  meani  of  (3),  omitting  the  term*  of  a  higher  order  dian  the  fint,  wfaidi  vaalih 
in  the  limit* 

But  j[jf('u  -  i>  simply  the  volume  T.    Treating  in  the  same  manner  die  two  oduc 

integralt  which  appear  on  the  ri^uhand  aide  of  equation  (S)»  we  get 


Di^ng  hy  T  and  paaaing  to  die  Hmit,  and  omitting  the  parendieae^  whieh  are  now  no  longer 
neeeasary,  we  obtain  the  theorem  enunciated. 

If  in  equation  (l)  we  take  for  7*  the  elementary  voltime  i*  9  dr  dQ  d<p,  or  r  dr  d$ dx^ 
acoordiog  as  we  wish  to  employ  polar  co-ordinates,  or  one  of  three  rectangular  oo-ordioates 
widi  pdar  co^Mrdlimtea  in  the  plane  of  the  two  odien,  we  may  at  onoe  form  the 
ibr  and  tfaoa  fum  from  lectangofaur  eo^wdbatea  to  dther  of  dieae  ayatems 
without  the  trouble  of  the  trandbnnalion  of  eo-ordlnatea  in  die  ordinary  wsy. 
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8.    Let  /  be  a  quaitttty  wUdi  nay  be  reganted  ai  a  fboetioo  of  tbe  nctangolar  eo- 

or^nates  of  a  point  of  tpioe*  or  simply,  whiwut  the  aid  of  co-ordioatcc,  as  baving  a  given 
value  for  each  point  of  space.  Tt  will  be  supposed  that  /  vanishes  ouisiilc  a  certain  jwrtion  T 
of  infinite  space,  aud  that  within  T  it  does  not  become  infinite.  It  is  required  to  detenDioe  « 
function  U  by  the  conditions  that  it  shall  satisfy  tbe  partial  differential  et^uaiion 

VU^f.  (4). 

al  all  points  of  iofiaiCe  spaee,  tbat  it  eball  nowbere  become  InAaite,  and  that  it  sbaU  vanish  at 
an  infinite  distance. 

Tbese  ooaditUMBs  ave  pivdsely  those  wbidi  bare  to  be  satisfied  by  tbe  potential  of  a  finite 
asass  wboee  dennty  is  -  and  we  sfasU  have  aeoonUn^y*  if  O  be  tbe  pobt  for  vhidi  the 
value  of  17  is  Mquind,  and  r  be  tbe  radius  vector  of  any  ckmeDt  drawn  fton  0, 

"-iiM^^-  

In  fact,  it  may  be  proved,  just  as  in  the  theory  of  potentials,  that  the  expression  for  F7 given  by 
(5)  docs  really  satisfy  (4)  and  the  given  conditions;  and  consequently,  if  {7  +  be  the  most 
general  solution,  must  satisfy  tbe  equation  V  ^  o  at  all  points,  must  nowhere  become 
lufialte,  and  ttust  Tanisb  at  an  Infinite  ^stance.  Bat  this  being  the  ease  it  is  easy  to  provo 
that  V  cannot  be  difeent  ftom  aero. 

The  solution  will  still  hold  good  in  certain  cases  when /is  infinite  at  some  points,  or  when 
it  is  not  confined  to  a  finite  space  T,  but  only  vanishes  at  an  infinite  distance.  But  such 
instances  may  be  regarded  as  limiting  cases  of  the  problem  restricted  as  above,  and  therefore 
need  not  be  suppased  to  be  exdoded  by  thoee  resttietiotts. 

4.  Let  {/be  a  quantity  dependiofr  upon  the  time  /,  as  well  as  upon  the  position  of  tbe 
point  of  space  to  which  it  relates,  and  .'satisfying  the  partial  differential  equation 

It  is  mqidred  to  detemloe  (7 by  die  above  equation  and  tbe  eooditions  tbat  when  #«0p 
dU 

ff  and  -jj.  sbdl  have  finite  value,  given  arbitrarily  witbm  a  finite  space  T,  and  shall  vaoid. 

outside  T. 

Let  0  be  tbe  point  for  wbfcb  tbe  valae  of  O  ie  sought,  r  the  racRns  vector  of  any  dement 

drawn  from  O;  /(r),  F{r)  the  initial  values  of  II,  -j^  •    By  this  notation  it  is  uot  meant  tbat 

these  values  are  functions  of  t  alone,  for  thev  will  depend  likewise  upon  the  two  angles  which 
determine  the  direction  of  r;  but  there  will  be  no  occasion  to  express  analytically  their 
a  those  angles.    The  solution  of  the  problem  is 


See  a  menob      Potasnn  Mtm.  i»  fJoadM^  Tom.  in.  pw  MO,  or  Qr^gorg't  JCtoMipto, 
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5.  Let  ^  be  a  function  which  hic  given  finite  values  wittun  a  finite  portiuii  uf  space, 
and  Taniihet  ebewhcre;  aod  lei  it  be  leqaired  to  detcmnne  three  functionij  ^,  i;,  ^  bv  the 
cooditfaMM 

dti    di:    d(  d,, 
ay     dz     d»     dx     da     djf  ' 

The  ftmctkms  ^,  ^  are  AirAer  supposed  not  to  beoome  iofinil^  end  to  Tanish  at  an  infinite 
dkmieei  To  Mve  repetitlba,  it  will  here  be  leiocriced,  once  for  ell,  that  the  aame  aupiMMitjoii 
vID  he  made  in  similar  cases.  - 

By  virtue  nf  cqiiation$i  (ft),  f  dx  4  i}(fy  +  ^d«  it  an  oact  diffeKDtial  d^,  and  (9)  girat 
V  ^  ~  ^-    Hence  «e  have  by  the  fonuula  (5) 

I'-jjiir/;"'-  

and  >\>  being  known,  ^,  9*  irill  be  obtained  bj  acre  differentiation.  To  dHbtentiate  ^  with 
reipect  to  «,  it  will  be  safldent  to  diffiBrentlate  Z  under  tbo  integral  sign.  For  draw  0€f 
panllel  to  the  axis  of  x,  and  equal  to  Aar,  let  P,  P  be  two  points  similarly  situated  with 

rf>*poot  to  O,  Cf,  respectively,  and  consider  the  part  of  and  that  of  \^  +  A  duo  to  equal 
ekuients  of  volume  dV  situated  at  /*,  respectivelj.  For  these  two  elements  r  has  the  same 
value,  since  OP  -  CfP,  and  in  passing  from  the  firat  to  the  second  9  is  changed  into  j-f  AS, 

AS 

and  therefore  the  increment  of     is  simply  dV.    To  get  the  complete  increment  <h  ^ 

4irr  * 

we  have  only  to  perform  the  triple  integration,  ;ui  integration  which  is  always  real,  cvm 

though  r  vanishes  in  the  denominator,  as  may  be  readily  seen  on  passing  momeDtarily  to  polar 

co-ordinates.    Dividing  now  by  A'V  and  passing  to  the  limit,  we  get 


_    d^         I    ff.dldV  ,  ^ 


By  employing  temporarily  rectangular  co>oidiliateB  in  the  triple  bt^gmtion,  integrating 
by  ])arts  with  respect  to    and  obaerring  that  the  quandty  free  fimn  the  hitegrd  aign  vaniihea 

at  the  limits,  we  get 

a»  ndg^t  have  been  reaifilj  proved  from  (10),  by  referring  Oto  a  fixed  origin,  and  then  dtflemi- 
tinting  widi  respect  to  Jk   The  eiprceiiooa  for  9  and    may  lie  writtm  down  ftam  ^mmetry. 

6L  Let  m'^  «^  be  three  fiinedooi  wbhii  have  given  finite  valuee  throng^iout  a  finite 
•pace and  vanidk  chewhere;  it  ia  required  to  detanidne  three  other  fimetians    «» j^hj  the 

'/-^-'-^  (■.).■ 

dy    a«  dar    dx  da 

l^'iA'-  

Vot.  IX.  Pabt  I.  R 
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It  ii  to  lie  obiemd  tint  v'p  w"*  ^  an  not  indapndmt.  For  diJReraiiutiiig  eqaatioM  (IS) 
with  mpcct  to  '«,    «,  and  adding,  we  get 

d-ar      dm"     dvr"  . 
d.^   d,   -*-   e/. ^**>- 
Hence  -v',  v">        BUtt  be  uippoted  given  orbitrorilj  onlj  ia  ao  far      is  consistent  with 
the  above  equatioo. 

BlkriiMtiiig  {^fbom  (14),  and  the  Meond  of  equadona  (IS),  we  get 

dm\d»*  dsl*  dtf'*  dM  * 

^     dy  \dx    dp/  d» 
wUdi  beooaMS  by  the  laat  of  equatiooa  (IS) 

CcMUequentl;,  by  equatkn  (<)» 

C      1     fffl^'''  "     d'uy"\  d  V 

Transforming  this  c-ciuatinn  in  the  same  manner  as  (11),  supposing  ,r,  «  meMured  fnun  O, 
and  writing  down  the  two  equations  found  by  symmetry,  we  have  finally, 

n^^fffi'^'-^^'l—^  06)- 

7.    Let  c,  v',  T!r",  7  '  be  as  before;  aod  let  it  be  required  to  determine  three  functions 
It  i  fi'oi)       equations  (9)  and  (IS). 

Fran  the  linearity  of  the  eqnatioot  it  is  evident  that  we  have  naidy  to  add  togather  the 
\  obluned  m  die  hat  two  artidai. 


&   Let         ^,  be  three  functloaa  given  arUtnucily  iridiin  a  Unite  apace  oataide  of  which 
they  are  equal  to  zero:  it  ia  nqinied  to  deoompow  tliaw  funetiooa  bio  two  jparts  ^„  17,,  {^|  and 
*h'  tt  *  lidf  +  J^id9  may  he  an  «cact  dOffefentia]  d^i,  and  ^  nay 

satisfy  (U). 

Observing  that     -  f»  -  f„  qn,  -  9,  -  in,  ^  -     -  ^„  expressing  ^j,  i;„  ^„  in  terms  of 
and  auhatittttirig  in  (1 4),  we  get  . 

whera  if  ia  what  i  beoomes  when     «•  {J^  ara  written  fior    9,  H*.  The  above  equation  givea 

whence     9,,  ^,  and  consequently  {j*  >!b,  ^  are  known. 
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Section  II. 

PROPAGATION  OF  AN  ABBITRAKY  DISTDEBANCE  IN  AN  ELASTIC  MEDIUM. 

9.  Thk  equations  of  motion  of  a  homogeneous  uncrystallized  elastic  medium,  sucli  as 
an  elastic  solid,  in  which  the  disturbance  is  supposed  to  be  ver^  small,  are  well  known. 
Thej  cootain  two  dutbet  aiUtrarj  otnitiatit  iiUdi  cannot  be  umted  in  «im  wMmut  adopting 
loine  pwdcular  pbydwal  hypotheaia.  Tbaae  equatUna  nay  be  «>btafaMd  by  aupporing  ibe 
medium  to  consist  of  nlttflttle  moleeules,  but  they  bj  no  means  require  tba  adoptSoo  of  audi 
a  hypothesis,  fnr  the  earn.-  e<|i]ntion9  are  arrived  at  by  regarding  the  medium  as  continuouR. 

Let  jf,  X  he  the  co-ordinates  of  any  particle  of  the  medium  in  it*  natural  state ;  ^,  q»  ^ 
the  dii^plaieeinents  of  the  same  partade  at  tba  and  of  tba  tfane  #»  niMBUind  m  dw  duvetiona  of 
the  diT«a  axaa  xcapediTCly.   Then  die  6ist  of  the  cqnatlona  may  be  pat  under  the  form 

d^^UM*^  d^*  di^)  ^^d^[dm^  dp^  dm)' 

vbefe  o^,  V,  denote  Ae  two  artntrary  constants.    Put  for  abortnem 

tin    dr  ^ 

rfjT     ay  dz 

and  as  before  represent  by  v(  ^^e  quantity  multiplied  by  &*.  According  to  this  notation,  the 
three  equationa  <rf  motian  ave 


(II). 


Itia  to  be  obaarfad  that  2  denotea  the  dilatation  of  toIuum  of  the  dement  litualed  at  the 

point  («,  y, »).  In  the  limiting  case  in  which  the  medium  ia  regarded  as  abeolufdy  inoon^ 
pressible  ^  vanishes;  but  in  order  that  equations  (18)  may  preserve  their  j^eneralitv,  we  m\>< 
suppose  a  at  the  same  time  to  become  infinite,  and  replace  a*^  by  a  new  function  of  the  co- 
ordinates. If  wetalie  -p  to  denote  thn  function,  we  must  replaee  the  last  terms  in  tbeae 
dp      dp  dp 

equations  by  -  respectively,  and  we  shall  thus  have  a  fourth  unknown 

function,  as  well  a*  a  fourth  equation,  naniely  that  obtainc<l  by  replacing  the  second  member  of 
(17)  by  zero.  But  the  retention  of  equations  (is)  in  their  present  more  general  form  does  not 
exclude  the  supposition  of  incompressibility,  ^nce  we  may  suppose  a  to  become  infinite  in  the 
cod  juat  as  wdl  as  at€nt; 

10.  Suppose  tlje  medium  to  extend  infinitely  in  all  directions,  and  ronrcivc  a  portion  of  it 
occupying  the  finite  space  T  to  receive  any  arbitrary  &maU  disturbance,  and  then  to  be  left  to 
itadf,  tba  wfacfeof  the  mediomontaideihe  apooe  7*  bang  idtiatty  at  ml ;  and  kt  it  be  Kquired 
to  delannina  the  aobaaqnent  motion. 


Digitizeo  Ly  *^OOgle 


13   PROFESSOR  STOKES^  ON  THE  DYNAMICAL  THEORY  OF  DIFFBACTION. 


Differentiating  equations  (18)  with  respect  to  x,  y,  z,  respectively,  and  adding,  we  get 
by  virtue  of  (l7) 

S-"^^  w 

Again,  difTerentiatiDg  the  third  of  equations  (18)  with  respect  to  jr,  and  the  second  with  respect 
tu  z,  and  subtracting  the  latter  of  the  two  resulting  equations  from  the  former,,  and  treating  io 
•  similar  nanoer  tfw  firit  and  tUrd*  and  then  the  aeooad  and  fifst  of  equatkma  (18)»  wc  get 

<!»_."' 

*^=ft'VV.  '^=ft»v»",  •'j^-.ft'viF'".    .     .  (80). 

whert'  Tsr',  -ar",  -zir'"  nre  tht>  quantities  defined  by  equations  (13).     TIickc  cuiaiitities  express  the  ' 
rotations  of  the  element  of  the  inediuin  situated  at  the  point  {s,  y,  s)  about  axes  parallel  to  the 
three  ciMirdiiiata  axes  ntpectiTdj. 

Now  the  fomrada  (7)  anablea  ua  to  express    w'j.w",  and  »"*  io  tarma  of  their  initial  ▼alues 

and  those  of  their  differential  coefficients  with  respt-ct  to  /,  which  arc  8uppo?icd  known ;  and 
these  function*  beinp  known,  wp  shall  determine  and  ^  as  in  Art.  ?.     Our  equations 

being  thus  completely  integrated,  nothing  will  remain  hut  to  simplify  and  discuss  the  formulas 
obtained. 

11.     Let  (>  be  the  point  of  space  at  whitli  it  is  required  to  determine  the  disturbance,  r  the 

radius  vecuur  of  any  element  drawn  from  O;  and  let  the  initial  values  of  ^,  -r-  be  jepresented 

ut 

hjf(r),  F(ry,  mpectivdy,  witb  the  aanie  undaratanding  aa  in  Art  4.  Bj  the  fomiuh  (7)» 
we  have 

The  douUa  integral-^  in  tiiis  expression  vaniab  ezoept  when  a  apbevieal  surface  described 
round  O  as  centre,  with  a  radius  equal  to  rtt,  cuts  a  portion  of  the  space  T.  Hence,  if  O 
\k  sitiiateti  outsitle  the  space  J",  and  if  rj,  r,  be  respectively  the  least  snd  [jreiitest  values  of 
the  rmiiut*  vector  of  any  element  of  that  space,  there  will  be  do  dilatation  at  U  until  at  =  r,. 
The  dilatation  will  then  oonmianee,  will  latt  during  an  interval  of  time  equal  to  «-*  (rg  -  r,), 
and  will  then  aaaae  ftir  ever.  The  dilatation  here  apoken  of  is  understood  to  be  either  poattive 
or  negativct  a  negative  dilatation  being  the  same  thing  as  a  condensation. 

Hence  a  wav«^  of  dilatntion  will  be  propagated  in  all  directions  from  the  orif^'nally  dis- 
turbed space  T,  with  a  velocity  a.  To  find  the  portion  of  space  occupied  by  the  wave,  we 
have  evidently  onlj  got  to  eoneeive  a  apberical  nnfaee,  of  rmKoi  described  about  each 
point  of  the  apaoe  T  as  centte^  The  space  occupied  by  the  assemblage  of  these  aurfaoea  ia 
that  in  which  the  wave  of  dilatation  is  comprised.  To  find  the  limits  of  the  v,-avo,  we  need 
evidently  only  attend  to  those  spheres  which  have  their  centres  situated  in  the  surface  of  the 
space  T.  When  /  is  small,  this  system  of  spheres  will  have  an  exterior  envelope  of  two 
sheets,  the  outer  of  dieae  sheets  bdng  exterior,  and  the  inner  interior  to  the  shdl  fcnned  by 
the  asaembl^  of  the  apheres.  The  outer  sheet  farms  the  onter  limit  to  the  portion  of  the 
medium  in  which  the  dilatation  is  different  from  zero.  As  t  increases,  the  inner  sheet  con- 
tracts^  and  at  last  its  opposite  sides  cross*  and  it  changes  its  character  from  being  exterior. 
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with  reference  to  the  spheres,  to  iDterior.  It  then  expands,  and  forms  the  inner  boundary  of 
the  shell  in  whiah  tbe  vats  of  condeinMioii  h  conpiriMd.  It  ii  easy  to  ihew  geMnttiiciU^ 
tbat  cadi  cnvdope  it  prapigtted  with  a  Teloeitj  a  in  a  nomMl  diwetioii. 

IS.  It  appears  in  a  aimilar  manner  ftom  eqoatioAa  («0)  that  then  is  a  rinilar  wave^ 
propagated  w'nh  a  velocity  b,  to  which  are  confined  the  rotations  w\        v".    This  wave 

maybe  called  for  tlic  sake  of  distinction,  tli"  imx^e  of  distortion,  because  in  it  the  medium 
is  not  dilated  nor  condensed,  but  only  distorted  iu  a  manner  consistent  with  the  pri'servation 
of  a  constant  density.  The  condition  of  the  stability  of  the  medium  requires  that  the  ratio 
of  A  to  «  be  not  greater  than  that  vt  y^S  to  S*. 

1&  If  the  initial  diitnrbance  bs  Mich  that  then  is  neither  dilatation  nor  vdori^  of 
dilatation  initiaOjt  there  will  be  no  wave  of  dIUtation,  but  only  a  wa^e  of  distortion.   If  it  be 

sudi  that  the  expressions  Vdw  +  ^dt/  -k-  tdx  and  ^  d»  *^dy  +  ^d»un  initially  exact  diflSeiw 

at         dt  dt 

entials,  there  will  be  no  wave  of  distortion,  but  only  a  wave  of  dilatation.  By  making  6  ~  0  we 
psss  to  tbe  esse  of  an  elastic  itidd,  such  ss  air.    fiy  supposing  a  «  ee  we  pass  to  the  case  of  an 


incompresable  elastic  solid.   lo  this  case  we  must  have  initially  ^  =  0  and  ^  **  ^  •  order 

that  the  results  obtained  by  at  once  putting  a  «  os  may  have  the  same  degree  of  generality  as 
those  which  would  be  obtained  by  retaining  a  as  a  finite  quantity,  which  in  the  end  is  supposed 
to  increase  indefinitely,  we  must  not  suppost;  the  initial  disturbance  conBned  to  the  space 
bnt  only  the  initisl  rotations  and  tbe  initial  angular  vdocitiea.    Conseqaently>  outside  T  the 
espiession       -l-  «dy  4-  J^d»  must  be  initially  an  exact  differential  d^,  where  ^  satkBes  die 

equation  y^*o  derived  from  (14),  and  the  expresrion  ^da+  -r,dt/  +  ^  dx  nrast  he 

dt         dt  dt 

initially  an  exact  differential  d\^„  where  satisiieii  the  equation  y  «  0.  So  long  as  a  is  finite, 
it  comes  to  the  same  thing  whether  we  regard  the  medium  as  animated  initially  by  certain 
Tdodties  gifvo  atbltrarily  thnniglMttt  the  apace  7,  or  as  acted  on  by  impulsive  accderatiog 
forces  capable  of  producing  those  velocities;  and  the  latter  mode  of  conception  is  equally 
applicable  to  the  case  of  an  incompressible  medium,  for  which  a  is  infinite,  although  we  cannot 
in  that  case  conceive  the  initial  velocities  as  given  arbitrarily,  but  only  arbitrarily  in  so  far  as 
is  compatible  with  their  satisfying  the  condition  of  incompressibility.  It  is  not  so  easy  to  see 
what  interpretation  is  to  he  given,  in  the  case  of  an  ineompressible  mediuni»  to  the  initial  dis- 
placements which  are  considered  in  the  general  caae^  in  eo  Ihr  m  these  displacoDeots  involve 
dilatation  or  condensation.  As  no  simplicity  worth  nentioiltl^  is  gained  by  making  o  at  once 
infmiti-.  tilts  constant  will  be  retained  in  its  present  shape^  more  especially  as  the  results  arrived 
at  will  thus  have  greater  generality. 

14.  The  expressions  for  the  disturbance  of  the  medium  at  the  end  of  the  time  t  arc  linear 
functions  of  the  initial  displacements  and  initial  velocities;  and  it  appears  from  (21),  and  the 
flonespoading  equations  which  determine  v'*  and  that  the  part  of  tbe  disturbance 
which  is  due  to  the  initial  displacements  may  be  obtained  from  the  part  which  is  doe  to  the 
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initial  velocities  by  differeotiating  with  respect  to  and  replacing  the  arbitrary  fuuctioos  which 
npnMDt  dw  iniltal  vdooities  by  thote  wbieh  wpicNnC  tlie  initial  dbplaoeueiiU.  Tba  nnt 
KMilt  coostantly  pments  iCadf  to  investigation  cf  tliia  nature:  on  conaiderii^  ita  phjiical 

interpretatitHi  it  will  be  Found  to  be  of  extreme  generality. 

Let  any  material  system  whatsoever,  In  which  the  forces  acting  di  pt  nd  only  on  the  posi- 
tions of  the  particles,  be  slightly  disturbed  from  a  position  of  equilibrium,  and  then  left  to 
itidf.  In  mdee  to  wpveient  the  noat  fenenl  initial  diatiufMnc^  w«  nmt  suppoie  imdl 
initial  diapheamcnts  and  amalt  initial  veloeitiei*  the  moat  geiieral  poniUa  coniiatent  with  the 
connexion  of  the  parts  of  the  sy*taaa«  eonnanicated  to  it.  By  the  principle  of  the  superposi- 
tion of  timal!  motions,  the  subsequent  disturbance  will  l>e  compouncicd  of  the  disturbance  due 
to  the  initial  velocities  and  that  due  to  the  initial  displacements.  It  is  immaterial  for  the  truth 
of  thia  statement  whether  the  equilibrfma  be  atatik  or  unataUe;  onlj,  in  the  latter  «aa^  it  h 
to  he  obaerved  that  the  time  I  which  haa  dapaed  abiee  the  disturhmioe  most  be  enlBcientlj  small 
to  allow  of  our  neglecting  the  square  of  the  disturbanee  which  exists  at  the  end  of  that  time. 
Still,  as  regards  the  purely  inatlicniatical  (piestion,  for  any  previously  assifrned  interval  /,  how- 
over  {jreat,  it  will  be  possible  to  find  initial  displacements  and  velocities  so  small  that  the 
disturbance  at  the  end  of  the  time  /  shall  be  as  small  as  we  plea^ ;  and  in  tliis  sense  the  prin- 
dple  of  auperpositiaii,  and  the  lesulta  which  flow  from  it,  will  be  equally  true  whether  the 
equilibrium  be  atable  or  unstable. 

Suppose  now  tliat  no  initial  displacements  were  communicated  to  the  system  we  are  con- 
sidering, but  only  initial  velocilieji,  and  that  the  disturbance  has  been  going  on  during  the  time 

Let  f{t)  be  the  type  of  the  disturbance  at  the  end  of  the  time  /,  where /(/)  may  represent 
indiflbrenily  a  displacement  or  a  viladtyt  Itnear  or  angular,  or  in  fact  any  quantity  whereby 
the  disturbanee  mi^  be  de6ned.  In  the  caae  of  «  >%id  body,  or  «  finite  number  of  rigid 
bodies,  there  will  be  a  finite  number  of  functions /(f)  by  which  the  motion  of  the  system  will 
be  defined  :  in  the  cases  of  a  flexible  string,  a  fluid,  an  elastic  solid.  &c.,  there  will  be  an  infinite 
number  of  such  functions,  or,  in  other  words,  the  motion  will  have  to  be  defined  by  functions 
whidi  involTe  one  or  moire  independent  variafales  beaides  the  time.  Let  «,  be  in  a  aunDar 
manner  the  type  of  the  initial  velocities,  and  let  r  be  an  increment  of  I,  which  in  the  end  wiH 
be  supposed  to  vanish.  The  disturbance  at  the  end  of  the  time  t  +  r  will  \k-  represented  by 
f{f  +  t)  ;  but  since  by  hypothesis  the  forces  nrtinfr  on  the  system  do  not  depetul  explicitly  on 
the  time,  this  disturbance  is  the  same  as  would  exist  at  the  end  of  the  time  t  in  conaequence  of 
the  system  of  velocities  «,  communicated  to  the  material  system  at  the  commencement  of  the 
time  —  T,  the  system  being  at  that  instant  in  its  position  of  cquilibriom.  Suppoae  then  the 
system  of  vdocities  communicated  in  this  manner,  and  in  addition  auppom  the  system  of 
velocities  — 1>,  communicated  at  the  timet).  On  account  of  the  smallness  of  the  motion,  the 
disturbance  produced  by  the  system  of  velocities  will  be  expressed  by  linear  functions  of 
these  velocities;  and  consequently,  if /(/)  represent  the  disturbance  due  to  the  system  of  vdo- 
dtim  Vf,  "fiO  wiU  rsprewnt  the  distnrbanoe  doe  to  die  ayatem  —  Henoe  the  disturbanee 
at  the  end  of  the  time  I  will  be  represented  by  /(t-f  t)  -/(0>  ^o"^  inay  evidently 
regard  the  state  of  the  material  system  immediately  after  the  communication  of  the  system 
of  velocities  —  r„  as  its  initial  state,  and  then  seek  the  disturbance  wliicli  would  be  produced 
by  the  initial  disturbance.    The  velocities      going  on  during  the  time  r  will  have  produced 
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by  the  end  of  tlimt  tiae  a  ayatem  of  dupboMMnto  rqntMolad  by  rv  By  1iypodieda»  ihe 

sjstem  was  in  a  position  of  equilibrium  at  the  commencement  of  the  time  ^  ;  -.md  since  the 
forces  are  supposed  not  to  ck-pend  on  the  vclociti*^*,  hut  only  on  the  positions  of  the  particles, 
the  effective  forces  during  ilia  time  r  vary  from  zero  to  small  quantities  of  tbe  order  and 
thcn&ra  the  veladties  generated  by  tbo  end  of  tlic  tioM  —  r  an  null  qoantitiea  of  iIm  miat 
v*.  Hcoee  the  vdodtke  > comannketed  «t  the  thne  0  deatvoy  the  pmiouely  cxialing 
■vdocities,  except  so  far  as  regards  small  quantities  of  the  order  r*,  which  vanish  io  the  limit, 
and  therefore  wc  have  nothing  to  consider  but  the  system  of  displacements  rv^.  Hcnco  the 
disturbance  produced  by  a  system  of  initial  displacements  rVg  is  represented  by  /(t  +  T)  -/(<)• 
ultimately ;  and  therefore  the  diaturbanoe  produced  by  a  system  of  initial  displacements  v,  is 
xqiMMDted  by  the  Ifanit  of  f-^l/Cl  -i-  t)  ~  /(O }« or  1^  /  (I).  Hence,  to  get  tbe  disturbance 
duo  to  the  fantiid  £aplNicemeiit«  ham  that  due  to  the  initMl  -vdodtieai  we  bsve  only  to  d  tTi  t  n- 
tiate  with  respect  to  if,  and  to  replace  the  arbitrary  constants  or  arbitrary  functions  wliich 
express  the  initial  velocities  by  those  which  express  the  corresponding  initial  displacements. 
Conversely,  to  gvt  the  disturbance  due  to  the  initial  velocities  from  that  due  to  the  initial 
diaplaceneDtSt  we  have  only  to  dienge  the  arbitrary  oonatanta  or  Ametiona,  and  to  intcigrate 
with  raepect  to  f»  meldDg  tbo  integral  ▼aniah  with  <  if  the  disturbance  is  expressed  by  diaplace- 
nents,  or  correcting  it  ao  aa  to  give  tbe  initial  vdodties  w]mb  tmOit  tbe  dbturbanoe  ia  est'> 
pnesaed  by  velocities. 

The  reader  may  easily,  if  be  pleases^  verify  this  theorem  on  some  dynamical  problem 
rdatiug  to  small  oadllationa. 

15.  Let  us  proceed  now  to  determine  the  general  values  ef  i;,  ^  in  terms  of  their 
initial  values,  and  those  of  their  diii'erential  coefficients  with  respect  to  /.  By  the  formuUe  of 
Seetion  ^,  i|,  ^  are  Uoear  fanetioiw  of  j»  v',  v",  and  w",  and  we  may  tbcMfore  fiiat  Jbm 
tbe  part  wlddi  dependa  upon  and  aftarwirda  tbe  port  wbioh  d^enda  upon  v'«  w%  Tt"*,  and 
then  add  the  results  together.  HoreoYer,  it  will  be  unneoeaaary  to  retain  the  part  of  the 
e^yl^^^s;r.1)^  which  depends  Tipon  initial  diaplaoemcnta,  ainoe  thia  can  be  aupplied  in  the  end 
by  the  tljeorcm  of  the  preceding  article. 

Omitting  then  Ihr  Ae  praent  w«  w"',  >■  wdl  aa  die  aeeond  tenn  in  equations  (£i), 
ve  get  from  cquationa  (10)  and  (»), 

*--4^iIi-Sf-^"''-  

To  understand  the  nature  of  the  integration  indicated  in  this  equation,  let  O  Ix-  the  point 
of  space  for  which  the  value  of  \f/  is  sought;  from  O  draw  in  an  arbitrary  direction  OP  equ;il 
tu  r.  and  from  P draw,  also  iu  an  arbitrary  direction,  PQ  equal  to  at.  Then  {at)  denotes 
the  value  of  the  function  /\  or  the  initial  rate  of  dilatatian^  at  tbe  point  Q.  uf  ^pjice,  and  we 
have  fint  to  perform  a  double  btegntioii  referring  to  all  audi  pointa  tmQ,P  being  Bxed*  and 
then  a  triple  bitegration  referring  to  all  such  points  as  P.  To  facilitate  the  transformation  of 
tbe  integral  (22),  conceive  PQ  produced  to  Q',  let  PQ'=  «,  let  dV  he  an  element  of  volume, 
and  replace  the  double  integral  jj  F .  da  by  the  triple  integral  h~ '  jjj  F .  s'"  dV ,  taken  between 
the  limits  defined  by  the  imparities  at<ii<  at  +  which  may  be  done,  provid«<i  h  be  finally 
made  to  vanbli.  We  shall  thaa  have  two  triple  intcgrationa  to  perform,  each  of  which  we  may 
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oooottve  to  extend  to  all  ipacet  pravided  we  regard  the  quantity  to  be  integrated  as  equal  to 

zero  when  PQ",  (or  as  it  may  now  be  denoted  PQ,  Q  being  a  point  taken  generally,)  lies 
beyond  the  limits  at  ami  at  +  h,  as  well  ns  when  the  point  Q  falls  outsiHe  the  space  T,  to 
which  the  disturbance  was  originally  confined.  Now  perforin  the  first  of  the  two  triple  inte- 
gffationa  on  tiw  ntpponlion  tbat  Q  remain*  fixed  while  F  i*  vaiiaU^  inatead  of  aoppoabg  P 
to  TCiaain  fixed  whife  Q  it  trariahkw  We  ebaU  thua  luTe  F  conetant  end  r  variable,  instead 
of  bavihg  F  variable  and  r  constant.  This  first  triple  integration  must  evidently  extend 
throughout  the  spherical  shell  wliicb  has  Q  for  centre  and  ai,  at  +  k  tat  tadii  of  the  interior 
and  exterior  surfaces.    We  get,  ua  making  A  vanish, 

dS  being  an  dement  of  the  aur&ce  of  a  iphere  deaeribed  with  Q  for  centio  and  at  tar  radiua. 
Now  it  OQm/^  the  int^^ral  ffr'^dSt  whieb  esprenes  the  potential  of  a  spherical  ahdl,  of 

radius  at  and  ilensity  unity,  at  a  jpoint  situated  at  a  distance  r  from  the  centre,  is  equal  to 
at  or  ■iirr'-Ui't',  aci-urclin^'  ns  r' <>  at.   Substituting  in  (S8),  and  omitting  the  acceots, 
which  are  now  no  longer  ntct  ssary,  we  get 

where  die  linita  of  iategration  are  defined  hj  dM  imparities  written  after  the  integrals,  as  will 
be  done  in  sinilar  cases. 

Ifi.    Let       Vg,  ifff,  be  the  initial  velocities;  then 

du^  d»j 
IT  —  -5—  +  -J—  +  -J-  • 
d*     df  dm 

Substituttng  in  the  first  term  of  the  rigfat-hftod  member  of  equation  (SS),  and  integrating 
by  parts,  exactly  as  b  Art  5,  we  get 

where  the  S  denotes  that  we  must  talte  the  sum  of  the  expression  written  down  and  the  two 
formed  from  it  by  passing  from  .t  to  y  and  from  y  to  sr,  and  the  single  and  double  accents 
refer  respectively  to  the  lirst  and  second  point  in  which  the  surface  of  a  sphere  having  O  for 
centre,  and  at  for  radius,  is  cut  by  an  indefinite  line  drawn  parallel  to  the  axis  of  x,  and  in 
the  positive  direction,  Ihrough  the  point  (o,  y,  j*).  Treating  the  last  term  in  equation  («S)  in 
the  same  way,  and  observing  tiiat  the  quantities  once  integrated  vanish  at  an  infinite 
distanoe,  or,  to  speak  more  propeily,  at  the  limita  of  the  space  7*,  wo  get 

-  i^JJj%  dV{r>ai^  -       2  jf/ -         dy  dn 

-  ^  Iff      +      +  «•*)  ^(**  > 

The  double  integrals  arising  from  tlie  transformation  of  the  second  member  of  equation 
(SS)  destroy  one  anothar,  and  w«  get  finely 
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t  F 

^- -—  fJJ(f^ + «*y + -jr  <**  >   (**)• 

17.  To  obtain  the  part  of  the  displacement  ^  due  to  the  iiMtial  velocify  «>f  dilHtatioD, 
we  have  only  to  differentiate  yfr  with  respect  to  a;  and  this  will  be  efi'ected  by  diiiinntiating 
»•«  t'o'  ^9  under  the  integral  signs,  at  wee  ihewn  ia  Art.  5.  Tmtiiig  the  xenilting  exprei* 
Am  hj  iatcgntion  bj  pattBi,  u  befora»  and  puttiiig  m,  t»  for  the  directkn-ooiiiMe  of  tbe 
radius  tvctor  dmwB  to  tbe  point  to  which  tlie  accent*  tofv*  and  for  tbe  furt  of  f  due  to  F, 
we  get 

Let  be  die  imtial  vdodt/  tevdvcd  ekng  the  ladioe  vectoTr  lo  that  q^m^lu^^  no^-f  f»W|, 
and  let       be  the  ▼alue  of  9^  at  a  diatanoe  a#  fioiB  O ;  then 

d«        d  y  d  »     u.-  Slof 

Subetituting  in  tbe  ezptemon  for  (1,  we  get  finalij 

^'^h  ^''"^"'^^  he  III "  ^'^'^  i^^*"  "   

18.  Let  lie  nov  form  the  part  of  (  wbidi  depends  on  tlie  initial  votatione  and  angobur 
▼cbdtice,  and  wbicb  majr  be  denoted  by       Tlie  theorem  <d  Art.  u  allows  us  to  omit  for 

the  present  the  part  due  to  the  initial  rotations,  which  may  be  supplied  in  the  cikI.  Let 
en,',  w",  a>„  '  be  the  initial  ungnlir  vi  !nrities  Then  5s  given  in  terms  of  Tsr"  and  isr'"  by 
the  first  of  equations  (Iti),  and  -Br  ,  v  arc  given  in  terms  of  10,",  by  the  formula  (7),  in 
which  however  6  mast  be  pat  for  a.  We  thus  get 


The  integiatione  in  dib  expveesion  are  to  be  underetood  aa  in  Art.  lA,  and  «i| 

supposed  to  have  the  values  which  belong  to  the  point  Q,  but  PQ.  is  now  equal  to  hi  instead 
of  at.  The  quintuple  iot^al  maj  be  transformed  into  a  triple  integral  just  aa  before.  We 
get  in  tbe  first  place 

The  double  integiaiion  in  thia  expreasian  iders  to  all  at^bur  qwoe^  considered  aa  extend^ 

iof  round  Q;  jr,  y,  »  arc  the  eo-ordinates,  measured  from  O,  of  a  point  P  altoated  at  a 
distance  6/  from  (2»  nnd  r  •  OP.    UdS  =  (btyda,  the  expressions  for  the  iotegiab 

ffmr->4S,  gyr-dS,  JfMr'*dS 
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iitBj  be  al  oaee  written  down  by  cflManiiig  tbat  tbcN  lot^iili  toLfitM  the  oompoMntB  of  the 
sttnwtiM  of  «  «|llwrical  shell,  of  radius  bt  and  density  l,  having  Q  for  centre,  on  a  particle 
situated  at  O.  Hence  if  .r',  y\  x'  be  the  co-ordinatce  of  meilUNd  fiom  and  f^^OQ, 
the  integrals  vanUh  when  r'<  bt,  atnl  an-  equal  to 

4  7r(ft/)'.r'r'-',    i-^  {ht)' y' r'-\  4^{ht)*x'r'-\ 

respectively,  when  r  >bt.  Hence  we  get  from  (SO),  omitting  the  accents,  which  are  now  no 
longer  necc&^ry,  since  we  have  done  with  the  point  P, 

e.-^j[i(/*tW"y-W'»)^(r>iO  («7). 

Nov 

zMi  ■  --.  J  ;    >M|  *  —  J — ;   neni  ■  -5—  —  . 

a«  a«     dx  ay 

Subatitutiog  in  (S7)«  and  adding  and  Mibtracting        under  the  int^al  lignti  we  get 

t    cfrt    f    d        d        d\         I  du^      dv^  dwX\dV 

<f       d        d  d 
Bat  ir— -hv—  +  '  —  i'  the  HUM  tbingaar— -,  and  we  get  necoidinglj 

rf.r    '  dy       ds  •   ^  dr 

The  second  part  of  ^,  is  precisely  the  expression  transformed  in  the  preceding  artiefe, 
except  that  the  dgn  ht  ehaagedt  end  A  put  far  «.   Henee  we  have 

19-    Adding  together  the  expressions  for  ^,  and      we  get  for  the  disturbance  due  to  the 

initial  velocities 

The  part  of  the  dlaturbance  doe  to  tbe  iidtial  diepbwements  nmj  be  obtained  tmnw^tdy 

by  tbe  theorem  of  Art.  14.  Let  ^ip  id*  be  the  initial  di>< placements,  the  initial  dis- 
placement resolved  along  a  radius  vector  drawn  from  O.  The  last  term  in  equation  (29),  it 
will  he  observed,  involves  t  in  two  ways,  fur  t  enters  as  a  coefficient,  and  likewise  the  limits 
depend  upon  L  I'o  find  the  part  of  the  differential  coefficient  which  relates  to  the  variation  of 
tbe  linitit  we  bave  only  to  replaoe  dFbj  f^drdvi  and  treat  tbe  integral  in  tbe  uiual  way. 
We  get  Air  the  part  of  tbe  dtatnibanoe  do*  to  tbe  ndtbd  diiphoemcnto 
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It  IB  to  be  recoUect«d  that  ia  this  and  the  preceding  equation  I  denote*  the  ooftoe  of  the 
angle  bet«««  the  ufa  of  •  and  an  aiUtwry  ndiut  vector  dmwn  ham  0,  wboie  difedaon 
varka  fttn  one  dciMnC  dtf  of  angular  ipaoe  to  another,  and  that  tha      or  it  lubBciibed 

denotes  that  r  is  to  be  supposed  equal  to  at  or  bt  after  differentiation.  To  obtain  the  whole 
displacement  parallel  to  r  wdich  cM'<ts  at  the  end  of  the  time  t  at  the  point  O,  we  have  onlj  to 
add  together  the  sm>Qd  nteuber*  of  equations  (29)  «nd  {SO).  The  expretaioos  for  ^  and  <^  m»j 
ho  viicten  down  fron  ijnMMtiy*  or  mther  the  axia  of  «  maj  he  aujipoNd  to  ho  maaaorad  in 
the  dbaetion  ui  which  we  wuh  to  eatimato  the  diqdaeeinent. 

20.  The  first  of  the  double  integrals  in  etiuation*  (''y),  (so)  vanishes  outside  the  limits  of 
the  wave  of  dilatation,  the  second  vanishes  outside  tiie  limits  of  the  wave  of  distortion.  The 
triple  hit^giab  Tadah  oatdde  the  outer  lindt  of  the  wave  of  dilatation,  and  inaide  the  inner 
liaait  of  the  wave  of  diatortion,  but  have  finite  valnea  within  the  two  wnvee  and  between  them. 

Henoe  a  particle  of  the  medium  situated  outside  the  i^ace  T  does  not  begin  to  move  tiU  the 

wave  of  dilatation  reaches  it.  It<!  motion  then  commences,  and  dtxjs  not  wholly  ceaae  till 
the  wave  of  distortion  has  passed,  after  which  the  particle  remains  absolutely  at  rest. 

SI.    If  tfie  Initial  ditturhaace  he  audi  that  there  la  no  wave  of  diitartion,  the  quantities 

v',  «-",  v'",  w',  at",  u)'"  must  be  scparatelj  equal  to  aelo^  and  the  expression  for  ^  will  be 
reduced  to  given  by  (25),  and  the  expression  thence  derived  which  relati^  to  the  initial 
displacements.  The  triple  integral  in  the  expression  for  ^,  vanishes  wiien  the  wave  of 
dilatation  has  passed,  and  the  same  is  the  case  with  the  oorresponding  integral  which  depends 
upon  die  Inithd  diap)aeeine»t8»  Henee  die  medinn  retuma  to  rert  aa  looii  ao  die  wave  of 
dilatatioa  baa  paiaed :  and  since  even  in  the  general  case  each  particle  remaina  at  reit  undl  the 
wave  of  dilatation  reaches  it,  it  follows  that  when  the  initial  disturbance  is  Buch  that  no  wave 
of  distortion  is  formed  the  disturbance  at  any  time  is  confined  to  the  wave  of  dilatation*  The 
same  conclusion  might  have  been  arrived  at  by  transforming  the  triple  integral. 

9SL    When  the  initial  motion  is  such  that  there  is  no  wave  of  dilatatioa,  ai  wiD  he  the 
case  when  there  is  initially  neither  dilatation  nor  velocity  of  dilatation,  f  will  be  reduced  to 
given  by  (2S),  and  the  corresponding  expression  involving  the  initial  di<* placements.  By 
referring  to  the  expression  in  Art.  17,  from  which  the  triple  integral  la  equation  (28)  was 
derived,  we  get 


///(«.-«*)  4?- j(ir/(«.s  •  •  <")• 
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Substituting  in  the  second  member  of  equation  (51),  and  writing  down  for  the  present  only 
the  termt  involvuig  «^  we  obtaui 


which,  since  ^  ^  »  becomes 

d  Va^ 


Tmtbg  the  temu  involving  to,  in  the  same  meiiner,  and  nbitttuting  in  (Ai),  we  gtt 

Now  the  ititegratioii  is  to  extend  from  r  —  httor^K.  The  quantities  once  integrated 
vanish  at  the  second  liaitti  and  the  first  limit  relates  to  the  surface  of  a  sphere  descril>ed  roinul 
O  as  centre  with  a  radius  equal  to  bt.  Putting  dS  or  Vfda  for  an  dement  of  the  surface  of 
thie  spben^  we  obtain  tat  Ae  value  of  the  aeoond  member  at  the  last  equation 

-  {bty*  ff(lu^  +  »n»„  ^nw^ldS,    or  -  /// {,qXdc% 

and  therefore  the  triple  integral  in  equation  (28)  destroys  the  second  part  uf  the  double  integral 
in  the  mow  equatibn.  Hence,  writing  down  ako  the  tenna  depending  upon  the  initial 
we  obtun  tat  ^  the  very  ebnple  ezpvenion 


This  expression  might  have  been  obtained  at  once  bj  applying  the  fomula  (7)  to  the  firat 
of  eqoadooa  (18),  which  in  thia  caie  take  the  form  (fi)»  ainee  j  «  0. 

23.  Let  us  return  now  to  the  general  case,  and  consider  especially  the  terms  which  alone 
are  important  at  a  great  dietanee  from  the  epaee  to  which  the  diaturbanee  waa  originally  coo^ 
fined  i  and,  first,  let  na  take  the  part  «f  |  wMdt  ia  due  Co  the  initial  vclodtieaf  which  ia  pwm 
bjr  effttrtkm  (S9). 

Let  the  three  parts  of  the  second  member  of  this  equation  be  denoted  by  ^  . 

tively,  and  replace  4o  by  {aty^dS  or  (bty*dS,  as  the  case  nmy  be;  then 


Let  Oi  be  a  fixed  point,  takr-ti  witliin  the  space  T,  and  regarded  as  the  point  of  reference  fr>r 
all  such  points  as  O.  Then  when  O  is  at  such  a  distance  from  O,  that  the  radius  vector, 
drawn  from  O,  of  any  element  of  T  makea  but  a  ytxy  small  angle  with  OOi,  we  may 
regnd  J  aa  cooatant  in  the  integratioo,  and  equal  to  the  conne  of  the  angle  between  00|  and 
the  direction  in  which  we  wish  to  estimate  the  displacement  at  0.  Moreover  the  portion  of 
the  Buifaee  of  a  aphere  having  O  for  centre  which  lies  within  T  will  be  ultimately  a  plane  per- 
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psndieiilar  to  00„  and  g,  will  b*  vMoMtalj  the  initnl  vdodty  tmitrwi  in  the  dinotioB  OOi. 
Hence  ve  lieve  ultiniBtely 

where,  for  a  given  direction  of  0,0,  the  integral  receivo's  •he  same  series  of  vfiliies,  us  nt  increases 
through  the  value  00^  whatever  be  the  diataoce  of  O  from  Oj.  Since  the  direction  of  the  axis 
cf  « ftarinirary,  and  the  oonqponenl  of  AediipfamnMnt  ki  thnt  dhaetfeo  b  ftand  bjr  molti- 
plyiBg  by  <  a  quanti^  indqwodent  ol  the  dnaelion  «f  the  azea,  H  tMom  that  the  dhptaeenMnt 
itself  is  in  the  direction  00^  or  in  the  directhm  of  a  normal  to  liM  wave^  For  a  given  direc- 
tum of  0(0,  the  law  of  disturbance  is  the  same  at  one  distance  as  at  another,  and  the  m;)<;^T- 
tude  of  the  di^laceatenta  varies  iavcrseljr  as  at,  the  distance  which  the  wave  has  travelled  in 
the  time  t. 

We  get  hi  a  nnibr  manner 

t»-i;^Xr(«»-^9o)*.d^.  (M). 

where  /,  and  the  direction  of  the  resolved  part,  q,,,  of  the  initial  velocity  are  ultimately  constant, 
and  the  surface  of  which  d<S'  is  an  element  is  ultimately  plane.  To  find  the  resolved  part  of 
the  displacement  in  the  direction  00„  we  must  suppose  x  measured  in  that  direction*  and 
thcrafiira  pit  <  >  1,  9,  -  which  gives  -  a  Hence  the  di>placcinent  now  canndered  tdtai 
place  in  a  diifction  perpcndicidar  to  OOu  or  it  iranntntiL 

For  a  given  direcdoo  of  0,0,  the  law  of  disturbance  is  constant,  but  the  magnitude  of  the 
displacements  varies  inversely  as  6/,  the  distance  to  which  the  wave  has  been  propagated.  To 
find  the  displacement  in  any  direction,  OE,  perpendicular  to  00„  we  have  unly  tu  take  OE 
Har  the  AiectioD  of  the  nda  cf  m,  and  AeMfore  pnt  I  •  o,  and  suppose  to  refer  to  tfde 
direction' 

Oondder,  laadj,  the  dtcplacement,  eapreMcd  by  the  lait  tenn  hi  eqoatiaa  (18).  The 
Ibnn  of  the  cxpeamon  diews  that  ^  will  he  a  email  qiiantitjr  of  the  order  ^  or  ^  >  shioe  #  it  of 

the  same  order  as  r ;  for  otherwise  the  space  T  would  lie  outside  the  limits  of  integration,  and 

the  triple  iategral  would  vanish.    But  ^.  and     arc  of  the  order  ^,  and  therefore  ^  may  be 

neglected,  except  in  the  immediate  neighbourhood  of  T. 

To  see  more  clearlv  tlio  relative  magnitudes  of  these  quantities,  let  r  be  a  velocity  which 
may  be  used  as  a  standard  of  comparison  of  the  initial  velocities,  R  the  radius  of  a  sphere 
nime  volnne  ic  equal  to  Aat  of  the  cpaoe  2*,  and  ooupave  the  dlcplaoemcnta  ^«  which 
exiat,  thon^  at  difirent  timeiy  at  the  lame  pobit  O,  whoe  0|0  «  r.  ThcM  diiplaeenwnts  are 
eomparabte  with 

vS?     vSf  oJPl 
H^*  ir* 

iHlidi  are  proportional  to 

I  1  R  t 
•    *     f  r 
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But,  in  order  that  the  triple  integral  in  (29)  ma;  not  wholly  vaiuib»  ^  niut  lie  between  tbo 

Hndta  ^  wid  ^«  or  at  mmt  lie  a  very  Ktde  outaide  thew  limits,  which  it  may  do  in  eonte- 

quence  of  the  finite  thicko^  of  the  two  waves.    Hence  the  quantity  neglected  in  n^lecting 

ii  of  the  order  —  compand  with  the  quantities  reUtioed. 

The  important  terms  in  the  disturbance  due  to  the  initial  dia|llMiWieota  might  be  got  from 
equation  (30),  but  they  may  be  deduced  immediately  from  the  conwponding  tenui  ill  the  dia> 
turbance  due  to  the  initial  velooiliea  by  the  theorem  of  Art.  14. 

M.    If  we  eonfine  our  ttteotion  to  the  tenna  wfaicii  vary  ultimately  mvendj  as  the 

distance,  and  wliich  alone  are  sensible  at  a  great  distaace  from  l**  we  thall  be  able,  by  means 
of  the  formulae  of  the  preceding  article,  to  obtain  a  clear  OOaOCptMNI  of  the  notion  which  takcs 
place,  and  of  its  conoexioa  with  the  initial  disturbance. 

From  the  fixed  point  Oi,  draw  in  any  direction  the  right  line  0|0  equal  to  r,  r  being  so 
hrge  that  the  angb  auhteoded  at  O  by  any  two  denenta  of  3*  is  vwy  small ;  and  let  it  be 
required  to  consider  the  disturbance  at  0.  Draw  a  plane  P  perpendicular  to  OOi,  and  cutting 
OOt  produced  at  a  distance  p  from  0,.  Let  -  p^,  +  p.j  Ix;  the  two  extreme  values  of  p  for 
which  the  plnnr  P  ruts  the  space  T.  Conccivf  the  displ  ir*  nicnts  and  velocities  resolved  in 
three  rectangular  directions,  die  first  of  these,  to  which  ^  and  u  relate*  being  the  direction  00i» 

/.  (P)>  /•  iP%  fm  (p)  ^       fiinetions  atp  defined  by  the  eqaations 

«B^/|(F)k  /^(F)t  f<(py  tl>Ke  oiibn  finctiaaa  depending  on  tbo  initial  diapiaeements  as  die 
fint  three  do  on  the  initial  vdodti«i{,  so  that 

These  fWnetfooSt  it  wiU  be  abaervid»  vnairii  wfisn  the  TariaU*  lisa  oatiide  of  the  limits  -  p, 
and  -I-  pt.  They  depend  upon  the  direction  0,0,  so  that  in  passing  to  another  direction  their 
values  chanp^e.  as?  well  as  the  limits  of  the  variable  between  which  they  differ  from  zero.  It 
may  be  remarked  however  that  in  passing  from  any  one  direction  to  its  opposite  the  functions 
reeeife  the  same  talue^  as  Oo  iwUUa  dsaaaaai  fiom  Pi  to  -  p^,  that  they  befoce  reodved 
aa  dw  vwiaUe  increased  ftom  -  jh  to  •hfhi  provided  Ae  Arcedoos  in  wfaoeh  the  dispbwsmenta 
are  resolved,  as  weU  as  tbo  sides  towards  wUeh  the  rssolved  parts  are  reckoned  positive  are 

the  same  in  the  two  rn«es, 

The  medium  about  0  remaius  at  rest  until  the  end  of  the  time  o~'(r  -p,),  when  the 
wafe  of  dilatation  reachet  0.  During  the  passage  of  this  wave,  the  displacements  and  Tdodlics 
are  ^ren  bgr  die  equatkms 


(96), 
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The  first  term  in  the  right-haod  member  of  the  first  of  these  equations  is  got  from  (32)  by 
putting  l«  l»  introdudng  the  ibnetkny^,  and  icpbcbg  at  in  the  denonimtor  hy  which 
waj  be  Amtf  finoe  ut  dtfl^  from  r  onlj  hy  «  amell  qimtily  depHidn^  upon  the  finite 
dineniiaat  of  the  ipeoe  7*.  The  second  term  is  derived  from  the  first  by  the  theorem  of 
Art.  14,  and  u  is  of  course  got  from  f  by  differentiating  with  respect  to  t.  Had  t  been  re- 
tained in  the  denomioator,  the  differentiation  would  have  introduced  terms  of  the  order  t~\  and 
theiefore  cf  the  order  r~*f  hut  iueh  tenne  ere  supposed  to  be  neglected. 

The  wave  of  dilatatlen  will  he?e  joet  peeaed  over  0  at  the  end  of  die  iJme  or*  (r+f^ 
The  medium  about  O  will  then  remain  seniibty  at  rest  in  its  position  of  equilibrium  till  the 
wave  of  distortion  reaches  it,  that  is,  till  the  end  of  ih>^  time  ft-'  (r  -  p,V  During  the 
pawage  of  this  wave,  the  displacements  and  velocitiea  will  be  given  by  the  equations 

«-o.  -!-/.'(6<-r)+-^/,"(W-r)» 


1 


(»7). 


After  the  passiage  of  the  wave  of  distortion,  which  occupies  an  interval  of  time  equal  to 
(p,  +  j>,),  the  medium  wiU  return  absolutdy  to  rest  in  its  position  of  equilibrium. 


SS.  A  caution  is  here  necessary  with  reftnnee  to  Ae  eaflojaunt  of  equation  (50).  If  «e 
oiur  attention  to  the  important  teme,  w«  get 

*     *irat  JJ  Wr/,,        4itbt  J-J  \dr  drfu 

Now  the  initial  displacements  and  velocities  are  supposed  to  have  finite,  hut  otlierwise  arbitrary, 
valiic!)  within  the  space  T,  and  to  vanish  outside.  Consequently  we  cannot,  without  unwanant^ 
ably  limitijig  of  the  generality  of  the  problem,  ezdude  from  ooniidention  die  eaeea  in  wUdi 
tb«  initial  dieplaeeaaenle  and  vdodties  alter  abmptly  in  peadng  aenm  the  eutlaoe  of  T,  la 
particular,  if  we  wish  to  detetmiue  the  ^iturbancc  at  the  end  of  the  tine  t  due  to  the  initial 
cBatarbance  in  n  jturt  only  of  the  spncc  throughout  which  the  medium  was  originally  disturbed, 
we  are  obliged  to  consider  such  abrupt  variations ;  and  this  is  precisely  what  occurs  in  treating 
the  problem  of  diAaetion.  In  applying  equation  (S8)  to  aueh  a  caie,  we  muat  conaider  the 
abrupt  vaiiatian  aa  a  limiting  eaae  of  a  oontinuous,  but  TKftd,  iraniatioo,  and  wo  iImD  have 


to  add  to  the  double  integrals  found  by  taking  for  ^^y-  and        the  finite  values  which  refer 

a  r  dr 

to  the  space  T,  certain  single  integrals  referring  to  the  pprimptor  f  f  that  portion  of  the  plane 
P  which  lies  within  T.  The  easiest  way  of  treating  the  iniegrais  is,  to  reserve  the  differeo- 
thtioii  with  icipeet  to  i  from  wUdi  die  diHiwcntial  eoefldenta  juet  written  liaTe  aiiien  until 
after  die  douitle  int«igrati«i>  and  we  ehaU  tbuebeled  to  the  fiwunilB  of  the  pieeeding  article* 
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whcM  tbe  enTeet  vdim  at  the  t«nm  in  c^uestioii  veic  «btiiMd  at  once  bj  the  dMorem  of 
Aft  I*, 

26.  It  appears  from  Arts.  1 1  and  12,  that  in  the  wave  of  distortion  the  density  of  the 
iDcdium  is  strictly  the  same  as  in  equilibrium;  but  the  result  obtained  in  \rt.  93,  that  the  dis- 
placements in  this  wave  are  transverital,  that  is,  perpendicular  tu  the  radius  of  the  wave,  is  only 
^tproxiouite,  tbe  epprofiiiuitioD  depending  upoo  the  largencM  of  the  rediui^  r,  «f  the  wave 
compared  with  the  dimcQiioiis  of  tbe  space  T,  or,  which  comes  to  the  tame^  oomparad  with 
the  tJiickness  of  the  wave.  In  fact,  if  it  were  strictly  true  that  the  displacement  at  O  due  to 
the  original  disturbance  in  each  element  of  the  space  T  was  transversid.  it  is  evident  that  the 
crossing  at  0  uf  tbe  various  waves  corres|K>nding  to  tbe  various  elements  of  T  under  itoite, 
though  small  anglea,  woold  p^egt  the  whole  dJepbeemeot  tnm  beiog  etrictly  perpeodieular 
to  tile  radiue  veolor  drawn  to  O  fram  an  arhitrarilj  dioieD  pomt*  O,,  within  7*.  But  h  It  not 
mathematically  true  that  the  disturbance  proceeding  from  even  a  single  point  O,,  when  a  dis- 
turbing force  is  supposed  to  act,  or  rather  that  part  of  the  disturbance  which  is  propagated 
with  the  velocity  b,  is  perpendicular  to  OOi,  as  will  be  seen  more  clearly  in  the  next  article. 
It  ii  only  eo  nearly  perpendieular  that  it  may  be  regarded  as  strictly  so  without  eemible 
cnor.  As  the  w»rc  glows  Inger,  the  InbUnatioo  of  the  direetion  of  diephoenent  to  the  wave's 
front  decrenes  with  great  rapidity. 

Thus  the  motion  of  a  layer  of  the  medium  in  the  front  of  n  wave  may  be  compared  with 
the  tidal  motioo  of  tbe  sea*  or  rather  with  what  it  would  be  if  the  earth  were  wboUy  covered 
hy  water.  In  hoA  cane  the  dm&tj  of  Ae  mediani  k  nnehangcd,  and  Aen  is  n  al^t  inewaaa 
or  deoeaae  of  thicknees  in  the  laytatt  wMdi  allows  the  modon  along  the  sur&oe  to  take  phoe 
without  change  of  density :  in  both  cases  the  motion  in  a  direetion  perpendicular  to  the  surihee 
is  very  small  eoBpored  with  the  motioo  along  the  aarfaoe. 

27*  From  the  integral  already  obtained  of  the  equations  of  motion*  it  will  be  euy  to 
deduce  the  disturhanoe  due  to  a  given  variafaile  foree  acting  in  a  given  direction  at  a  given 

point  of  the  medium. 

Let  0,  be  the  given  point,  T  a  space  comprising  Oi-  Let  the  time  /  be  divided  into 
equal  intervals  t;  and  at  the  beginning  of  the  interval  let  the  velodty  TF(nr)  be  com- 
municated, in  the  given  direction,  to  that  portion  of  the  medium  which  occupies  the  space  T. 
CoDoeive  vdkidtMa  conmunicaled  in  this  manner  at  the  banning  of  each  interval,  so  that  the 
dittarVaoces  praduoed  by  these  aevaral  vdoeitka  are  aupefposed.  Let  D  he  the  deonty  of  tbe 
medium  in  equilibrium;  and  let  JF(«t)  (Z)7^''/(nT),  so  that  -rfinr)  is  the  momentum 
Comininiicnted  at  the  bepnning  of  the  n*  interval.  Now  suppose  the  number  of  intervals  t 
indebuitdy  increased,  and  the  volume  T  indefinitely  diminished,  and  we  shall  pass  in  the  limit 
to  the  ease  oi  a  moving  Ibree  which  acts  continuondy. 

The  distuihniioe  praduoed  hy  given  initial  vehxitief  is  expvessedt  without  apptmimatian, 
by  equation  (29),  that  isf  without  any  approximation  depending  on  the  largeness  of  the 
distance  00i\  for  the  square  of  the  disturbance  has  been  neglected  all  along.  Let  OOi  ■>  r; 
refer  the  displacement  at  O  to  the  rectangular  axes  of  J?,  y,  0 }  let  I,  m,  n  be  tbe  direction- 
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eodiw*  «f  OOt ;  t,  »'  thoM  of  tha  given  fofw*  and  put  tut  tbortiMM  fbr  the  «o«iiie  of 
tbe  angle  between  the  direedon  of  the  feme  end  the  Ihie  00|  produoed,  m  that 

k^tt    mm'  +  nn\ 

Consider  at  preeent  the  first  term  of  the  right-hand  side  of  (Sd).  Stone  the  radius  vector 
drawn  from  O  to  any  clement  of  T  ultimately  coincides  with  OOi,  we  may  put  I  outside  the 
integral  signs,  and  replace  da  bj  r~'dS.  MoreoTer,  since  tbi«  term  vaoishes  except  when  at 
lies  between  the  grenteit  and  leael  valiMi  of  dm  faffine  mter  drawn  bom  O  to  any  dement 
of  7**  we  niBj  rephoe  t  ontaide  the  hit^nd  eigne  by  a~'r.  Conedve  a  aeries  «f  sphene,  with 
radii  ar,  2aT...narf»«  described  round  O,  and  let  tbe  ni^  of  these  be  the  first  which  cuts  T. 
Let  Sf.  be  the  anna  of  tbe  snrfKea  of  the  apheia,  beginning  with  tbe  n'S  which  lie 
within  Ti  then 

J7(9.)a.'^'^'  -  -  «t)  i'l  +  AtF     -  («  +  1)  r]  S,  +  ... 

fiat  F(<  -  f>T)«  F {t  -  {n  +  1)t\.,.  are  ultimately  equal  to  each  other,  and  to 

and  arSi  ar •¥  ...  is  ultimately  equal  to  T.  Hence  we  get,  for  the  part  of  ^  which 
arises  iroeti  tbe  first  of  tbe  doable  integral^  ^J^^fff  ('  ~  ^)  *         mnaaidi  of  tbe  douiile 

integrals  is  to  be  treated  in  exactly  the  same  way. 

To  find  what  the  triple  integral  becomes,  let  us  consider  first  only  the  impulse  which  was 
communicated  at  tlie  Ijcginnintr  nf  the  time  t  —  nr,  where  tit  lies  between  the  limits  o"'r  and 
fc~'r,  and  is  not  so  nearly  equal  to  one  of  these  limits  that  any  portion  of  the  space  T  lies 
beyond  the  limits  pi  integntion.  Then  we  mart  write  itr  for  /  in  the  coeflldent,  and  - 
becomes  ultimntdy  i^Ut-t)rF(f-nr)t  and,  as  well  as  r,  is  ultimatdy  constant  b  tbe 
triple  faitegiHthm.   Henee  the  trl^  wtcgnt  nltunatdy  beoomcs 

iilk-t)  T 


4irf' 


ilT.T^(/  -  nr). 


and  we  have  vam  to  perfom  a  sunmation  with  reference  to  diiPerent  ralues  of  »,  wUdi  hi  the 
limit  beoomen  an  imtgiation.   Putting  isr  ■     we  have  altimately 

T  -  cM*,  Sur .  tFH -  wt)  -     t'F  (/  -  O 

It  is  easily  seen  that  the  terms  ari^inf-  from  the  triple  intrgral  when  it  has  to  be  extended 
over  a  part  only  of  the  space  T  vanish  in  the  Umit.  Hence  we  have,  collecting  all  the  terms, 
and  expressing  F  (Jt)  in  terms  of  f(t). 

To  get  ij  and  ^,  we  have  only  to  pass  from  /,  t  to  m,  m  and  then  to  n,  n'.    If  we  take 
OOi  for  the  axis  of     and  tbe  plane  passing  through  OOi  and  the  direction  of  the  force  for 
Vo«i.IX.FanTL  4 
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the  plane  an^  tful  pat  «  Jbr  the  iD^natimi  of  the  dtrectwo  of  Uw  force  to  OO,  pioduced,  we 
•ball  bare 

{a  1,  •(  ■  0^  «  a 0^  f  ■  jra  «oo «!  at'  ■  0,  n'  -  ua  o ; 

whonee 


,-0, 


sin  a      ,  /     r\       sin  a     flj^,^  . j 


(40) 


Til  the  investigation,  it  has  boon  supposed  that  the  force  bcfmn  tn  act  at  the  tinio  0,  In-fore 
whicli  the  fluid  was  at  nst.  so  that  /  (0  =  0  when  f  is  negative.  B!!t  it  is  evident  that  exactly 
the  same  reasoning  would  have  applied  had  ihn  force  begun  tu  act  at  an^'  past  epoch,  m  remote 
as  we  pleww,  ao  that  «e  «ic  not  obliged  to  suppose  /  (t)  equal  to  lero  when  t  ia  negative, 
aod  we  maj  even  «i|qpoM  /  (I)  periodic,  lo  as  to  bare  finite  valuci  ham  to  + 

By  means  of  the  formulse  (39),  it  would  be  very  easy  to  write  down  the  expressions  for 
the  disfurhancc  due  to  a  system  of  forces  acting  throughout  any  finite  portion  of  the  medium, 
the  disturbing  force  varying  in  any  given  manner,  both  as  to  magnitude  and  direction,  from 
one  point  of  tlie  mcdinn  to  another,  at  wdl  aa  fhxn  one  initant  of  lime  to  another. 

The  6rBt  tena  in  |  reprcaHtta  a  diaturbainea  vhldi  ia  pmpagated  from  Oi  with  a  velocity 
a.  Since  there  it  no  corresponding  term  in  or  l^t  the  displacement,  as  fiw  at  rdatet  to  thlt 
disturbance,  is  strictly  normal  to  the  front  of  the  wave.  The  first  term  in  ^  represents  a 
ditturbaoce  which  is  propagated  from  O,  with  a  velocity  6,  and  as  far  as  relates  to  thit  dia- 
lurfaanGe  the  ditphwenent  takea  place  atrictij  in  the  front  of  the  wave.  The  remaining  tema 
in  {  and  1^  reprcaent  a  ditturhanoe  of  the  aame  kind  aa  tiiat  triiuh  takea  place  in  an  ineon* 
pressible  fluid  in  consequence  of  the  motion  of  solid  bodice  in  it.  If  /  (Q  represent  a  force 
which  act><  for  a  short  time,  and  then  ceases,  f  {t  -  (')  will  difll  r  from  zero  only  between 
certain  narrow  limits  of  aod  the  lateral  contained  in  the  last  terms  of  ^  and  ^  will  be  of 
the  order  r,  aod  therefore  tlie  temt  tiiemtelvet  will  be  of  the  order  r'*,  whereat  the  leadii^ 
term  are  of  the  order  r~\  Henoe  in  thia  caae  the  former  termt  will  not  be  aenaible  beyond 
the  immediate  nei|^bourhood  of  O,.  The  same  wiU  be  true  if  /  (#)  repreient  a  periodie  force, 
the  mean  value  of  which  i»  zero.  But  if  f  {t)  represent  a  force  always  acting  one  way,  as  for 
example  a  constant  force,  the  last  terms  in  ^  and  ^  will  be  of  the  same  order,  when  r  is  a» 
large  as  the  first  terms. 

38.  It  has  been  remarked  in  the  introduction  that  there  is  strong  rea^Kxi  fur  believing 
that  in  the  case  of  the  luminiferous  ether  the  ratio  of  a  to  6  is  extremely  large,  if  not  infinite. 
Conaeqneotfy  die  firtt  term  in  ^,  whieh  relatet  to  normal  vibrationt,  will  be  inaemiUe,  if  not 
ahaolutdy  evaneeeent.  In  fact,  if  the  ratio  of  a  to  6  were  no  greater  than  lOO,  the  deno- 
minator in  this  term  would  be  i(>0<:k)  times  as  great  as  the  denominator  of  tht;  first  term  in 
Now  tile  molecules  of  a  soliil  or  gas  in  the  act  of  conibtistion  are  prohahly  thrown  into  a 
state  of  violent  vibration,  and  may  be  regarded,  at  least  very  approximately,  as  centres  of 
ditturbhif  forces.    We  may  thus  ace  why  trantvertal  vihradona  ahould  alone  be  produced, 
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uDaccompBtiied  by  normal  vibrations,  or  at  least  by  any  which  are  of  sufficient  magnitude  to 
be  sensible.  If  we  could  be  sure  that  the  ether  was  strictly  incompressible,  we  should  of 
coune  be  justified  in  aeeerdiig  that  nonml  Tilmitifiat  are  impossible. 

2ir  ht 

89.    If  we  suppose  a  >i  » ,  and  /  (,t)  '^c  lia  '       ,  we  shall  get  from  (40) 


fl«  0, 


(♦») 


and  we  see  that  the  roost  important  term  in  {  is  of  the  order  —  compared  with  the 

leading  term  in  ^,  which  represents  the  transversal  vibrations  properly  so  called.  Hence  |, 
and  the  second  and  third  terms  in  ^,  will  be  insensible,  except  at  a  distance  from  O,  comparable 
with  X,  and  may  be  neglected;  but  the  existence  of  terms  of  this  nature,  in  the  case  of  a 
spherical  wave  whose  radius  is  not  regarded  as  infinite^  must  he  bome  in  mind,  in  order  to 
understand  in  what  numner  tvansversal  vibrations  are  oampaUbfe  with  die  ahaenioe  of  dilatation 


30.  The  integration  of  equatiaas  (i8)  might  have  been  eflected  somewhat  d^ferently  by 
first  dfioompoaiBg  tlie  given  fnnetiona  |„  ^  and  ««, ««»  into  two  parts»  as  in  Art  8,  and 
then  treating  each  part  separately.    We  should  thus  be  led  to  consider  separately  that  part 

of  the  initial  disturbance  which  relates  to  a  wave  of  dilatation  and  that  part  which  relates  to 
a  wave  of  distortion.  Either  of  these  parts,  taken  separately,  represents  a  disturbance  which 
is  not  eonfined  to  the  space  T,  but  eKtendsindefimtdj  anmnd  it.  Outside  7*,  the  two  disturb. 
I  ate  equal  in  magnitude  and  opposite  in  ngn. 


Section  HI. 

DETCKMINATION  OF  THE  LAW  OF  TH£  DISTUBBANCE  IN  A  SECONDAfiY  WAV£ 

OF  UOHT. 

31.  Conceive  a  series  of  plane  waves  of  plane-polarized  light  propagated  in  vacuum  in  a 
direction  pcrpendieidar  to  a  fixed  mathematical  plane  P.  According  to  the  unduilatory  theory 
of  light)  as  commonly  received,  that  is,  including  the  doctrine  of  transverse  vibradons,  the  light 
in  the  case  above  supposed  consists  in  the  vibrations  of  an  elastic  medium  or  ether,  the  vibnir 
tions  being  such  that  the  ether  moves  in  sheet?,  in  a  direction  perpendicular  to  that  of  propa- 
gation, and  the  vibration  of  each  particle  being  symmetrical  with  respect  to  the  plane  of 
polariiation,  and  thcnfiare  rectifinear,  and  either  paraUet  or  perpendicular  lo  diat  phme.  In 
Older  to  acooont  far  the  propagation  of  such  vibratioos,  it  Is  necessar j  to  suppose  the  existence 
of  n  tangential  fime>  or  tangentud  preasUK,  called  into  play  by  the  eontiniums  sliding  of  the 

4^ 
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■heeta  om  ovot  Miotheri  aod  proportioml  to  die  aminnt  of  tlM  dfaphoenieat  of  dUing.  Thefe 
i«  no  ooeMwa  to  enter  into  »ny  ipecuUtioa  is  to  tho  eauH  of  tkh  tMigmtiil  fbree^  nor  to 
entertain  the  question  whether  the  luminiferous  ether  oonsists  of  distinct  molecules  or  is  matllc^ 

matically  continuous,  just  m  there  is  no  occasion  to  speculate  as  to  the  cause  of  gravity  in 
calculating  the  moti<Mi>  of  the  planets.  But  we  are  absolutely  obliged  to  supp<M«  the  existence 
of  raeh  n  ibnse,  unkn  we  ure  prepared  to  tlmnr  overlmud  the  tbcoiy  of  tnoaverMl  vibratione, 
aa  nsiMdly  noebed,  notwithatonduig  the  niultitiide  of  cnilDua,  end  otbemiae  apfieKntly  inex*. 
plicable  phenomena  which  that  theory  explains  with  the  utmost  simplicity.  Consequently  «e 
are  led  to  treat  the  ether  as  an  elastic  solitl  to  far  at  the  motions  which  conntitnff  !ji:hf  nri> 
concerned.  It  does  not  at  all  follow  that  the  ether  is  to  be  regarded  ax  «n  elastic  solid  when 
large  displaceaieati  ere  oomidered}  inch  we  nay  oooeaive  produced  by  the  earth  and 
planetiv  and  ablid  bodies  in  general,  moving  through  it.  The  mathematical  theories  of  fluids 
and  of  elastic  solids  are  Ibunded,  or  at  least  may  be  founded,  on  the  conddeiation  of  internal 
pre^isiiffs  Tii  the  caw  of  a  fluid,  tliese  pressures  are  supposed  normal  to  the  common  surface 
of  the  two  portions  whose  mutual  action  is  considered :  this  supposition  forms  in  fact  the 
mathematical  definition  of  a  Hind.  In  the  eese  of  an  ehutic  solid,  the  pressures  are  in  general 
oblique,  and  may  even  in  certain  direetlona  be  wholly  tangential.  The  treatment  of  the 
queetioti  l  \  i  rtns  of  pressures  presupposes  the  absence  of  any  sensible  direct  mutual  action  of 
two  portions  of  the  medium  which  arc  s^paratecl  bv  a  small  hut  sensible  interval.  The  state 
of  constraint  or  of  motion  of  any  element  aii'ects  the  pressures  in  the  surrounding  medium,  and 
in  this  way  one  element  exerts  an  ittdireet  action  oo  anatber  from  which  it  is  separated 
by  a  sensible  interval. 

Now  the  absence  of  prismatic  cobttrs  in  the  sUrs,  depending  upon  aberrations  the  absence 

of  colour  in  the  disappearance  and  reappearance  of  Jupiter's  Satellites  in  the  cose  of  eclipses, 
and,  still  mort»,  the  absience  of  change  of  colour  in  the  case  of  certain  periodic  stars,  especially 
the  star  Algol,  shew  that  the  velocity  of  light  of  diSereot  colours  is,  if  not  nmtliematieally,  at  least 
sensibly  the  same.  Aoeor^ing  to  the  theory  of  ondulatioas*  this  is  equivalent  to  saying  that  in 
vacuum  the  vdodty  of  propagation  is  indepeodeot  of  the  length  of  the  waves.  Consequently 
the  direct  action  of  two  elements  of  ether  vieparated  by  a  sensible  interval  must  be  sensibly 
if  not  mathematically  ecjual  to  zero,  or  at  least  must  be  independent  of  the  disturbance;  for, 
were  this  not  the  case,  the  expression  for  the  velocity  of  propagation  would  involve  the  length 
of  a  wave.  An  interral  is  here  oonsidend  senrible  which  is  emnpanUe  with  the  length  of  a 
wave.  We  are  tbtis  led  to  apply  to  the  lomioifenMis  ether  in  vacuum  the  ordinary  cquationa 
of  motion  of  an  dastic  soUd,  provided  we  are  only  considering  those  disturbances  which  con- 
stitute H^ht. 

Let  us  return  now  to  the  case  supposed  at  tlie  beginning  of  this  section.  According  to  the 
preoediag  explanation,  we  must  regard  the  ether  as  an  dastic  solid,  io  vdiieh  a  aeries  of 
rsctilioear  transvemi  vibrations  is  propagated  io  a  direction  perpendicular  to  the  ptaoe  P. 

The  disturbance  at  any  distance  in  front  of  this  plane  is  really  produced  by  the  disturbance 
ccmtinuully  transuiittcd  across  it ;  and,  according  to  the  general  principle  of  the  superposition 
of  small  motions,  we  have  a  perfect  right  to  regard  the  disturbance  in  front  as  the  aggregate 
of  the  elementary  disturbances  due  to  the  disturbance  continually  transmitted  across  tlie 
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several  elements  into  which  we  niaj  conceive  the  plane  P  divided.  Let  it  then  be  rei^uired  to 
deteraune  the  distarUnioe  coirespooding  to  ao  deaientarjr  portioa  only  of  tb»  plane. 

In  praetlei]  omm  of  diflkMlka  at  «d  aperiuK,  the  braidtb  cf  tlie  spertaie  it  frequntf  j 
sensible,  though  small,  oompiTCd  irith  ihe  ndiot  of  tlie  ineidrat  waves.    But  in  detannining 

the  law  of  disturbance  in  a  secondary  wave  we  have  notbing  to  do  witli  nn  Rpcrtiirc ;  and  in 
order  that  we  should  be  at  liberty  to  regard  the  incident  waves  as  plane  ail  that  is  necessary  is, 
tiuU  the  radius  of  the  incident  wave  should  be  very  large  compared  with  the  wave's  length, 
t  condition  almjs  Ailfilled  in  ezpeiim«nt. 

82.  Let  0|  be  any  point  in  the  plane  P  \  and  refer  tlie  medium  to  rectangular  axes 
passing  through  0|,  si  being  measured  in  tbe  direction  of  propagation  of  the  incident  light, 
and  n  in  the  diraetioo  of  vfliration.  lMf{it  —  «)  denote  the  diapUMcment  «f  the  nedinm  at 
any  point  behind  the  plane  P,  x  of  course  bdng  negative.  Let  the  time  t  be  divided  into 
small  intervals,  eacli  ctjual  to  t,  and  consider  separately  the  effect  of  the  disturbance  which 
is  transmitted  acroHs  the  plane  P  during  each  ?cparatc  interval.  The  disturbaiioe  transmitted 
during  tiie  interval  r  which  begins  at  the  end  of  the  time  t'  occupies  a  film  of  the  medium, 
of  thickneaa  bxt  and  oomiats  of  a  di8plaMnieot/(ft<^  and  a  Tdodty  b/  (hf).  tbe  fbrmnlae 
of  Scetioo  II.  we  majp  find  the  effect,  over  the  whole  ncdinai,  of  the  diatnrhance  which  cxiita 
in  so  much  only  of  the  film  as  corresponds  to  an  element  dS  o{  P  adjacent  to  0|.  By  doing 
the  same  for  each  interval  t,  and  then  making  the  number  of  sueh  intervals  increase  and  the 
magnitude  of  each  decrease  indefinitely,  we  shall  ultimately  obtain  tbe  effect  of  the  disturbance 
which  ia  eontinaaUj  propagated  acroK  tbe  dement  AS, 

Let  O  be  tlie  point  of  the  nedimn  at  which  the  diatorhance  is  >eqnired;  I,  n  the 
direction-cosines  of  0^0  measured  from  O,,  and  therefore  -i,  -  m,  -  «  those  of  00,  measured 
from  O ;  Hnd  let  00,  -  r.  Consider  first  the  disturbance  due  to  tbe  velocity  of  the  film. 
The  displacements  which  express  this  disturbance  arc  given  without  approximation  by  (39) 
and  the  two  other  equations  which  maybe  written  down  from  symmetry.  The  first  terms 
in  these  eqoatiaQs  rdate  to  normal  Tibratibos^  and  on  that  account  alone  might  be  omitted 
in  considerincr  the  diffraction  of  light.  But,  besides  this,  it  is  to  be  observed  that  t  in  the 
coffficir-nt  of  these  terms  is  to  be  replaced  by  o"'r.  Now  there  seems  little  doubt,  as  has 
Iteen  already  remarked  in  the  introduction,  that  in  the  case  of  the  luminifcrous  ether  a  is 
incomparably  greater  than  b,  if  not  al»olutely  infinite*;  so  that  the  terms  in  question  are 
inaensible,  if  not  abioltitely  erancsoant.  Tlie  third  terma  are  insenaible,  except  at  a  distance 
from  O,  comparable  with  ^,  as  lias  been  already  observed,  and  they  may  therefore  he 
omitted  if  we  suppose  r  very  large  compared  witli  the  leni^tb  of  a  wave.  Hence  it  will  be 
<«nfl5dent  to  consider  the  second  terms  only.  In  the  coefficient  of  these  terms  we  must  replace 
/  by  i  'r ;  we  must  put  tm  o^v^m  o,  i»j  =  hf  {bt  -  r),  write  -  /,  -  i»,  -  n  for  /,  m,  «,  and 
put  9,-  -ffi0,a  —  nbf' {bt  —  r}.  The  integral  signs  are  to  be  omitted}  ainoe  we  want  to 
get  the  distarhance  which  eoneapoods  to  an  elementary  portion  only  of  the  phme  P* 


*  I  hsre  cipktacd  tlMmf  viswi  an  «hb  ntjcct  la  a  papw  0»  aU  wwiMWha  ^  At  Immi^ifimu  altar  pilMtd  ta 
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It  is  to  be  observed  that  da  represents  the  elementary  solid  angle  subtended  at  O  by  an 
element  of  the  riband  formed  by  that  portion  of  the  surface  of  a  sphere  described  round  O, 
with  ndiiu  r,  wliieh  Ik*  between  the  pbne  y«r  aad  the  peneUd  plan*  iriioie  ■bidiw  b  6r. 
To  find  the  aggngite  diatarbuioe  «t  0  corresponding  to  m  nnB  poftion,  of  the  plane  P 
lying  about  Oj,  we  must  describe  spheres  with  radii  ...  r-  Sir,  r  -  ftr,  r,  r  +  6r,  r 26t 
describing  as  many  as  cut  S.  Those  ^iphc^es  cut  S  into  ribands,  which  are  ultimately  equal 
to  the  corresponding  ribands  which  lie  on  the  spheres.  For,  conceive  a  plane  drawn  through 
00,  po-pendictiler  to  the  plane  ya.  The  intenecliooe  of  this  plane  by  two  eonaectttive 
aphcffca  and  the  two  pondtel  plaoea  ferm  a  qiiadrilatcnd,  whidi  ia  ultimatalj  a  rhomboa ;  lo 
that  the  breadths  of  corresponding  ribands  on  a  sphere  and  on  the  phme  are  equal,  and  their 
lengths  arc  also  equal,  and  therefore  their  areas  are  equal.  Henoe  we  nitut  leplaee  by 
r~*dS,  and  we  get  accordingly 

Since  +  wij  «  ^»«  0,  the  displacement  takes  place  in  a  plane  through  O  perpendicular 
to  Ofi.  Again,  since  ^  :  i;  :;  / ;  m,  it  takes  place  in  a  plane  thruugli  0^0  and  the  axis  of  x. 
Hence  it  takee  place  doog  a  line  drawn  in  the  plane  laat  mentioned  perpendicular  to  00,. 
The  direction  of  displacement  being  known,  it  remains  only  to  determine  the  m^paltode. 

Let  ^1  be  the  disjjlacemeet,  and  <p  the  angle  between  0x0  and  the  axis  of  »,  so  that  n  =;  cos  0. 
Then  ^,  sin  ^  will  be  the  dispUicemeot  in  the  directi<Hi  of  z,  and  equating  tbi»  to  ^  in  (4S) 
we  get 

^,-~sin^/(6/-r)  (40) 

The  part  of  the  diaturbanee  due  to  Ae  auooeaaiTe  diapiaceneaAa  of  Ae  fflma  may  be  got 

in  the  same  way  from  (90)  and  the  two  other  cquationa  of  the  same  system.  The  only  terms 
which  it  will  be  necessary  to  retain  in  these  equations  are  tlmse  which  involve  the  differential 
coefficients  of  ^g,  i^g,  and  in  the  second  of  the  double  integrals.  We  must  put  as  before 
t  for  btt  and  write  r~'d5'  for  do.    Moreover  we  have  for  the  incident  vibrations 

To  find  the  values  of  the  difl'erential  coefficients  which  have  to  be  uaed  in  (:iO)  and  the  two 
Other  equationa  of  that  system,  we  nnwt  difierantiate  on  the  suppositioa  that  ^,  ^,  p  are 
Aincthme  of  r  in  eonaequenoe  of  being  funetiona  of     and  after  differentiation  w«  mutt  put 

»mO,  f  ■  f  -       shue  ^»  ~l  ^  ,  we  get 


whenoe  wa  get,  femembciing  tluit  the  aigna  of       f»  in  (30)  have  to  b«  changed, 

-  Alt  -  r).    ,  .  -  /ibi  -  r).  ^  .  -  r) 
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The  ditpheemeiit  repwMcoted  by  dieie  eqwtiow  tak«s  phee  along  the  aane  Une  m  hdoK  t  and 
if  w  put    for  iIm  diaplaomMat,  and  write  eoetf  lor ^  w«  get 

AS 

33.    By  combining  the  pwrtiel  multi  obtained  in  the  preeeding  aitkk^  we  arrive  at  tbe 

fiiUowing  theorem. 

L«t  ^  =  (\  1}  s  0,  ^^'•/{bt  -  x)  be  the  displacxmenta  corresponding  to  tbe  iocideat  light ; 
let  Oi  be  any  point  in  tbe  plane  P,  48  an  clement  of  that  plane  ndjaeent  to  Oi ;  and  cotuider 
the  AatmlNHMse  doe  to  that  portion  only  of  tbe  ineideot  dkttirbanoe  which  paaaee  ooatmually 
acrOH  dS.  Let  O  be  any  point  in  the  medium  situated  at  a  distance  from  the  point  0|  which 
is  large  in  comparison  with  the  length  of  a  wave;  let  O^O  =  r,  and  lei  this  line  malce  angles  0 
with  the  direction  of  propagation  of  the  incident  light,  on  the  axis  of  and  ^  with  the 
direction  ot  vibration*  on  tbe  axis  of  m.  Tbni  tbe  diepbeement  at  O  will  take  place  in 
a  direction  perpendicular  to  OtO,  and  lying  in  tbe  pbine  nOtO  $  and  if  be  the  disptooMoeot 
at  O,  reckoned  poeitive  in  the  direction  oearefft  to  that  in  which  the  incident  vibratione  are 
recltoned  positive, 

r-:^o+«»^»i'»^/(»<-')*-  •  .  •  (««)• 

In  paTtwular»  if 

-  J?)  ■»  c  sin  — -  {bt  -  x), 

we  shall  have 

+  coefl)Mn  ^  COB  ^  (*/-«■).   .    .    .  (K^. 

M.  On  finding  by  meane  of  this  formula  tiie  aggregate  distuibaoce  at  O  dm  to  all 
the  dementi  of  tbe  plane  P,  O  being  enppoeed  to  be  rituated  at  a  great  distance  fifom  P,  we 
ought  to  arrive  at  the  same  result  as  if  the  waves  had  not  been  broken  up. 

To  verify  this,  let  fall  from  O  the  perpendicular  Of/  on  the  plane  P,  and  let  OC/  =  p, 
or  -  -p,  according  as  0  is  situated  in  front  of  the  piano  F  or  behind  it.  Through  (/  draw 
(/y,  (/fft  parallel  to  0,«,  0,y,  and  let  O'Oi  ^  r ,  O^C/jf'  -  w.  Then  dS  't'dr'^m^rdrdm, 
rinee  t*  >  r**,  and  p  ie  ctmctant.  Let  ^  «■  e  lin  ^  Tbe  dieplaoement  taltet  place  in  tbe 
plane  z  O,  and  perpendicular  to  O^O;  and  resolviDg  it  along  and  perpendicular  to  OiZ,  we 
get  for  resolved  parts  s<?in'<^,  f  hio  (p  cm  tp,  of  which  the  latter  is  estimated  in  the  direction 
OJ/,  where  M  is  the  proJe«,tion  of  (>,  on  O'y'.  Let  MOO  ■  X'  X  ^^'"g  reckoned  jrositive 
when  M  falls  on  that  side  of  Cf  on  which  y  is  reckoned  positive  i  then,  resolving  the  displace- 
ment along  OM  parallel  to  Cfti^  Cf^^  we  get  for  reeolved  parts- a  sin  ^coe^  cos  'sin^ 
eca^ainx.    Hence  we  get  for  the  displacenMnts  f ,      at  O 

-etin^coB^coi^,  ^a^sin^eoa^sin)^,  J^>«eiin*^ 


*  The  Gonnpandiog  exprtuioo  which  I  have  obulned  tor  t  prortdod  wc  Mpi^Sie  1  M  the  Telocity  of  propaipUioD  of 
■Maddiffmflnmtkia  «nl7i>luiviit(cw  *  iaplsceer  sia^,  |  wai4,4Hidf  MnyMMatadliiplMciMiindwdinaiao  OtO. 
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Nov  produce  €fOx  to  Oy*  and  refer  0^9,  0,y,  0,«,  O^Oi^  0|0  to  •  v^buxt  dncribed 
round  O,  vith  idBui  unity.   Then  mO^O  forme  e  ipbexical  truogk,  t%ht  OQ^ed  at  0^  and 

Dometryy 

eoe^- -dndabiMt  ato^ooaj^  ■  cos0,  lin^  sin  ^  «  coe4?UD;(-iin9ooB» 

We  ihcftlbce 

f -edntfcoe^ihiiH       -  eamPaiin  «»coe«»  -  Mn>0dn'«). 

To  find  tlie  i^^grqprte  disturbenee  at  0«  we  mutt  put  fbr  e  ite  value,  end  peffmn  the 
douUe  integretioM,  the  Ihnits  of  ,  !  i  ing  o  and  Sir,  and  those  of  r  being  ^fl*  ami  ao  .  The 
positive  and  negative  parts  of  the  integrals  which  give  ^  and  >;  will  evidently  destroy  each 
other,  and  we  need  therefore  only  consider  ^.  Putting  for  «  its  value,  and  cspreiaing  0  in 
terms  of  r,  we  get 

J^-^//(r+p)(r*co8»«  +  j>»»in»«)  coB^(6/-r)^^   .    .  (+7) 

Let  ue  &«t  cowxive  the  integration  performed  over  a  large  aren  A  surrounding  O*,  which 

wc  may  afterwards  suppose  to  increase  indefinitely.  Perform  the  integration  with  respect  to  r 
first,  put  for  shortness  F  (r)  for  the  coefficient  of  the  cosine  under  the  integral  sigu,  and 
let  H,  a  function  of  oi.  In:  thts  superior  limit  uf  r.    Wc  get  by  inti-gration  by  piirt6 

/F(r)eoeil(6«-r)dr--^F(r)«n^(6<-r)+  (A.  j  V  (r)  ooe^^l     -  r)  +  ... 

Now  die  tema  after  the  fint  aoBt  be  neglecled  for  conriitenqr*a  aekc^  bccauae  the  fivmnU 
i*S^  ie  not  exaet,  hot  onlj  approzinit^  die  appradmalion  depending  on  the  ne;g|ecc  of  term* 
which  an  of  the  older  \  oompeced  widi  thoae  retained.  The  firrt  tenn,  taken  between  Umite* 
gim 

where  the  upper  or  lower  sign  has  to  be  taken  according  as  O  lies  in  front  of  the  plane 
P  or  bdiiod  it.   We  thus  get  limn  (47) 

Al)Bin^(6*TP)  -  ~  [    F{R)  fan~{bt-R)dia. 

When  J?  beoomee  fafinite,  F(B)  ledooes  iteelf  to  ooi^w,  and  the  lait  term  fa  j^beoomce 

c  .     .   Sir  „  . 

 /    cos'm  sax  —  (ot  -  R)  du. 

4wy»  A 

Suppoee  dint  no  flnito  portion  of  the  perimeter  of  il  is  *  oiicular  are  with  &  for 

centre,  and  let  this  peritneter  be  eoQCeived  to  expand  indefinitely,  remaining  similar  to  itself. 
Then,  for  any  finite  interval,  however  small,  in  the  fatcgration  with  respect  to  «,  the  function 

•in      (6f  -  Jl)  win  change  dgn  an  infinite  number  of  dmee,  having  a  mean  value  which  is 
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ultiinately  wto,  and  tbe  limit  of  tbe  abova  wpiwiioii  will  1m  rifonMuIy  wra.  Hmoe  w«  get 
io  the  limit 

0 nn  ^ (6# - p),  or  » Ot 

icoordiDg  aB  p  h  pontive  or  acgBtive.  Henoo  the  diaturhuice  conttDiiany  tnntmiUBil 
aoMB  the  plana  P  producet  tiha  aama  disturhaaea  in  ftont  of  that  piano  «■  if  tlia  wato  bad 
not  been  broken  up^  and  doea  not  pcoduoe  any  back  wan,  which  ia  what  it  waa  lequiied  to 

rttity. 

It  may  he  objected  that  the  siippofition  that  the  perimeter  of  A  is  free  from  circular 
arcs  having  O'  for  centre  is  an  arbitrary  restriction.  Tbe  reply  to  this  objection  is,  that  we 
liave  no  right  to  anume  that  the  diatotlMHica  at  O  whldi  corfeaponda  to  an  area  A  approachea 
in  all  caaei  to  a  limit  aa  A  anpandi^  remainiag  dmilar  to  itself*  All  we  have  a  right  to  aniwt 
a  priori  is,  that  if  it  approaches  •  limit  that  limit  uiwt  be  die  d^turbaoce  which  would  rxiat 
if  the  wave  had  not  been  broken  up. 

It  h  hnrdly  necessary  to  observe  that  the  more  geoeral  fofuula  might  have  been 
treated  in  precisely  the  same  way  as  (4<)). 

35.  In  the  third  Volume  of  the  Cambridge  Mathematical  Journal,  p.  4(),  will  be  found 
a  short  paper  by  IMr.  Arcliihald  Smith,  of  which  the  object  is  to  determine  th  intensity  in  a 
secondarv  wave  of  light.  In  t]ii«  paper  the  rtttthor  supposes  the  intensity  at  a  given  distance 
the  same  in  ail  directions,  and  assumes  the  coefficient  of  vibration  to  vary,  in  a  given  direction, 
invenelj  aa  the  radiu*  of  the  aeoondary  ware.  Tbe  intei^ty  ia  determined  on  tbe  principle 
that  whan  an  infinite  plane  wave  it  conceived  to  be  broken  up^  the  nggVBgate  effect  of  tbe 
•secondary  waves  must  be  the  same  as  that  of  the  priniary  wave.  In  the  investigation,  the 
liiflVrente  of  direttioii  of  the  vibrations  corresponding  to  tlie  various  secondarv  waves  which 
agitate  a  given  point  is  not  taken  into  account,  and  moreover  a  term  which  appears  under  the 
fonn  coa  CO  ia  annmad  to  raniah.  The  correetneaa  of  the  remit  arrived  at  by  the  tatter 
aHnmption  may  be  ibewn  by  oonridcrations  rimOar  to  tbow  which  have  juat  bean  devdopod. 
If  we  suppose  the  distance  from  tbe  priinnry  wave  of  the  point  which  is  agitated  by  the 
secondary  waves  to  he  large  in  comparison  with  X,  it  is  only  those  secondary  waves  which  reach 
tlie  point  in  question  in  a  direction  nearly  coinciding  with  the  normal  to  the  primary  wave 
that  produce  a  aenaibk  efleet,  aioee  the  othera  nentiaUat  each  odier  tk  that  point  by  inter- 
fcrmcc.  Hence  die  reault  will  be  true  for  a  direction  nearly  coinciding  with  the  normal  to 
tile  primary  wave*  independently  of  the  truth  of  the  assumption  that  the  disturbance  in  a 
secondary  wave  is  equal  in  all  directions,  and  notwithstanding  the  neglect  of  the  mutual 
inclination  of  the  directions  of  the  disturbances  correapoodiog  to  the  various  secondary  waves. 
Aoeordingly,  when  tbe  dftracilon  eoniMand  ia  neariy  that  of  die  normal  to  the  primary  wave, 
coitf  and  ain  ^  in  (46)  are  each  nearly  equal  to  1,  ao  that  the  ooeilieient  of  tbe  dreular  function 
beeanieae<li^(Xr)''>,  nearly,  and  in  paaaing  fram  the  primary  to  the  ecoondary  waves  it  is 
nacmiaty  to  aeaelcrate  the  phaae  by  a  quarter  of  an  undulation.  This  agrees  with  Mr.  Smith's 
leaults. 

The  same  sulgsct  has  been  treated  by  Professor  Kellaiid  in  a  memoir  On  IA«  Thaontieal 
You  IX.  PAnT  I.  5 
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hwetHguHm  ^  tk»  M$ohU»  Ini$$uiif  ^  hUtrfarimg  Ll^,  ficintod  in  tlie  fifteeoib  Vfllnmt 

of  the  Tranaactiont  oftht  Royal  Soctelff  E&ribmsr^  p.  313.  In  this  incoioir  the  author 
investigates  the  case  of  a  series  of  plane  waves  which  passes  through  a  parallelogram  in  front 
of  a  leus,  aiid  ii  received  OD  «  screen  at  the  focua  of  the  leaa,  as  well  as  several  other  particular 
cases.  By  equating  the  totil  iBymmtiaa  on  the  ttxtm  to  ^  am  of  the  apotm  multiplied 
by  the  illuaiiBallon  of  ibe  inddeot  b'j^t,  Ibe  aathor  inivca  b  all  cnw  at  tbe  eoaettiakm  that 
in  the  coefficient  of  vibration  of  a  secondary  wave  the  elementary  area  dS  must  be  divided 
by  Xr.  In  consequence  of  the  emplovnu-nt  of  intensities,  not  displacomentR,  the  necessity  for 
the  acceleration  of  the  phase  by  a  quarter  of  an  undulation  does  not  appear  from  this 
investigation. 

Id  tbe  faiTeetigatioai  of  Bfr.  Snltb  and  PrafeHor  KeHand,  aa  well  at  hi  tbe  Tcrifieatioa 

of  the  formula  (46)  given  in  the  last  articles  we  are  only  coneenad  with  that  part  of  a 
secondary  wave  which  lies  near  the  normal  to  the  primary.  The  wi'iectnwt  of  thia  fonaala 
for  all  directions  must  rest  on  the  dynamical  theory. 

86.  In  any  given  case  of  diffraction,  the  intensity  of  the  illumlliation  at  a  given  point 
will  depend  mainly  on  the  mode  of  interference  of  the  secondary  waves.  If  liowever  the 
incident  light  be  polarized,  and  the  plane  of  polarization  be  altered,  every  thing  else  remaining 
the  same,  the  mode  of  interference  will  not  be  changed,  and  the  coefficient  of  vibration  will 
▼aiy  aa  sin  ^,  K»  that  die  inteoaity  will  Tary  between  limiti  wUeb  are  aa  1  to  eas^  0.  If 
common  light  of  tbe  eaoM  biteiMity  be  uaed*  tb«  intenrity  of  the  diffiracled  l^t  at  tbe  givan 
poiot  will  be  praportioiMl  to  ^  (l    oo^  ^. 


PABT  11. 


EXPERIMENTS  ON  THE  ROTATION  OF  THE  PLANE  OF  POLARIZATION  OF 

DirFBACriD  UQHI. 


Sscnoir  L 

l>BBGBIPnON  Of  THE  EXFBBIHBMT8. 

Tf  a  plane  passing  tlirough  a  ray  of  plane-polarized  light,  and  containing  the  direction 
of  vibratioD,  be  called  the  plane  of  vibration^  tlie  law  obtained  in  the  preceding  section  for  the 
nature  of  tiie  polansaliaiD  of  diflhetcd  Hgh^  when  the  incident  light  is  plane-polarized,  may 
be  eipif  ned  by  M^ng,  diat  any  diflhwtcd  tiy  k  pbme-polatineJ,  and  the  plane  nf  vibration 
of  the  diffracted  ray  h  parolldi  to  the  direction  of  vibration  of  the  incident  ray.  Let  the 
angle  between  the  incident  ray  produced  and  the  diffracted  ray  be  called  the  angle  of  diffrac- 
tion^ and  the  plane  containing  these  \wo  rays  the  pUme  of  diffractum  ;  let  a^,  be  the  angles 
which  the  plan^  of  vibration  of  the  incident  and  diflbwted  rays  respectively  make  with  planes 
dnwn  tbton^  thaw  nya  perpendicahr  to  the  plane  of  dliTncdon,  and  9  the  an^  of  diilbe- 
tieo.   Then  we  eaefly  get  hy  a  ipherieal  triangle 

tan  «^  «» cot  9  tn 

If  Aen  thf  |dane  of  tifaimtioo  of  the  incident  my  be  made  to  turn  round  with  a  unijlMnn 
Tekmtyt  the  plane  of  vibration  of  the  diffracted  ray  will  turn  round  with  a  variable  velocity, 

the  law  connecting  these  velocities  bein^^  th-  Mmf  as  that  which  connects  the  sun's  motions  in 
right  ascension  and  longitude,  or  the  motions  of  the  two  axes  of  a  Hook's  joint.  The  angle  of 
dilifaecion  anawcn  to  the  obliquity  of  the  ediptie  ht  Ao  one  oia^  or  Ae  supplement  of  Urn 
between  the  azea  in  the  other.  If  we  euppoea  a  feiiea  of  eqoidiArent  ndnea  g^ven 
to  a^,  such  as  0^,  5**,  10",... 355**,  the  planes  of  vibration  of  the  ^Awcited  ray  will  not  he  dis- 
tributed uniformly,  but  will  he  crowded  towards  the  plane  perpendicular  to  the  |^ano  of 
diffraction^  according  to  the  law  expressed  by  the  above  equation. 

Now  die  angles  which  the  planet  of  potarimHon  of  the  incident  and  diSracted  rays,  (if 
the  ifilReaeted  ny  prove  to  be  really  phno>poiariied,)  make  with  planee  perpendieubr  to  the 
plane  of  diffraction  can  be  measured  by  means  of  a  pair  of  graduated  instruments  fumlBhod 
with  Nicol's  prisms.  Suppose  the  plane  of  polarization  of  the  incident  light  to  be  inclined  at 
the  angles  0",  5%  10*...,  successively  to  the  perpendicular  to  the  plane  of  diffraction;  then  the 
readings  of  the  instrument  which  is  used  as  the  analyzer  will  shew  whether  the  planes  of 
pokrizalion  of  the  diifiweted  ray  an  crowded  towards  the  plane  of  ^firaotion  or  toward*  the 
plane  perpendicular  to  the  plane  of  diffraction.  If  Vt  o  he  the  aiinrathc  of  the  planes  of 
po!ari7;ntion  of  the  incident  and  diffracted  rays,  both  measured  from  planes  perpendicular  to 
the  plane  of  diffraction,  we  should  expect  to  find  these  angles  connected  by  the  equation 
tana-*  seed  tan'sr  in  the  former  event,  and  taoa  -  cos&  tanw  in  the  latter.    If  the  law  and 
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anuHmt  of  tli*  oowding  agree  widi  tlvcury  sls  well  at  could  renonabl)'  he  expected,  wMM 
allowaoN  bdiig  made  for  Uw  idiliwnee  of  modtfjing  aiuwi»  (such  u  the  direet  action  of  the 

edge  of  the  diflracting  body,)  whoie  exact  cfFcct  cannot  be  calculated,  dwD  we  '•huW  he  led  to 
conclude  that  the  vibrations  in  plane-polarized  lij^ht  are  perpeiulicular  or  parallel  to  tlie  plane 
of  jtolarixation,  according  as  the  crowding  takes  place  towards  or  from  the  plane  of  diff'racUM). 

In  all  ordinary  caaet  of  dUTmetion,  the  light  beeooica  inaeotiUe  at  ftucb  a  Hnall  ai^le  from 
the  direction  of  the  incident  ray  pradneed  that  tiie  crowding  indicated  by  theory  is  too  email 
to  be  aensible  in  experiment,  except  perhaps  in  the  mean  of  a  very  great  number  of  observa- 
tions. It  is  only  by  rnt-ans  of  a  fine  gralin«:j  tluit  we  can  obtain  strong  light  wliioli  has  been 
diifracted  at  a  large  angle.  I  doubt  whether  a  grating  properly  so  called,  that  is,  one  consist- 
ing 4^  aetual  wires»  or  threads  of  lilk,  haa  ever  been  made  wbidi  would  be  fine  enough  for  the 
purpoie.  The  experimente  about  to  he  deecrihed  have  aeeordingty  been  performed  with  the 
glaw  grating  already  mentioned,  which  consisted  of  a  glaaa  plate  vn  which  parallel  and  equi 
distant  liiiM  had  been  ruled  with  a  diamond  at  tho  rflte  of  about  l.SOO  to  an  inch. 

Although  the  law  enunciated  at  the  beginning  of  this  section  has  been  obtained  for  diffrac- 
tion in  vacuum,  there  is  little  doubt  that  the  tame  law  would  apply  to  difl^tion  within  a 
hofflogeneotta  oneryetallised  medium,  at  Icaat  to  the  degree  of  nocuraey  that  we  employ  when 
we  speak  of  the  refractive  imlt  x  of  a  substance,  neglectiag  the  di^spersion.  This  is  rendered 
probablL  by  i!ie  Nimplieity  "f  llie  law  it!<elf,  which  merely  asserts  that  the  vibrations  in  the 
diffracted  light  are  rectilinear,  and  agree  in  direction  with  the  vibrations  in  the  incident  light 
as  nearly  as  is  consistent  with  the  necessary  condition  of  being  perpeodieulMr  to  the  diffracted 
ray.  Moreover,  when  dispersion  is  neglected,  the  same  eqoatioos  of  motion  of  the  luminiferoua 
ether  are  obtained,  on  mechanical  theories,  for  singly  refracting  media  as  for  vacuum ;  and  if 
these  equations  be  assumed  to  be  correct,  the  law  under  eon^icleration,  whirh  t«  tle<luced  from 
the  equations  of  motion,  will  continue  to  hold  good.  In  the  case  of  a  glass  grating  however 
the  diffraction  takes  place  neither  in  air  nor  in  glass,  but  at  the  coofinea  of  the  two  media,  and 
thus  theory  fidb  to  assign  exact  valuea  to  a.  Nevertheless  It  does  not  lul  to  asaigo  Ifanits 
within  which,  or  at  len^t  not  f.-ir  beyond  which,  a  must  reasonably  be  snppoeed  to  lie;  and  as 
the  values  comprised  within  these  limits  arc  very  different  aeeonling  a.^  one  or  other  of  the  two 
rival  theories  respecting  the  direction  of  vibration  is  adopted,  experiments  with  a  glass  grating 
may  be  nearly  as  satisfactory,  so  far  as  regards  pointing  to  one  or  other  of  the  two  tlicorics,  at 
experiments  would  be  wiueh  were  made  with  a  true  grating. 

The  gla-'s  gniting  was  mounted  Ibr  me  by  Pruf.  Miller  in  a  small  frame  fixed  on  a  board 
which  rested  on  three  screws,  bv  menns  of  whieh  the  plane  of  the  plate  and  the  direi'tion  of  the 
grooves  could  be  rendered  perpendicular  to  the  plane  of  a  table  on  which  the  whole  rested. 

The  graduated  iostrunieats  lent  to  me  by  Prof.  O'Brien  consisted  of  small  graduated 
brass  dreles,  mounted  on  hrms  stands,  ao  that  when  they  stood  on  a  honiontal  table  the  (danea 
of  the  dndes  were  vertical,  and  the  zeros  of  graduation  vertically  over  the  centres.  The 
circles  were  pierced  at  the  centre  to  admit  doubly  refracting  prisms,  wliiili  were  fixed  in  brass 
eollai  s  wliich  cuuld  be  turned  round  witliin  the  circles,  the  axes  of  motion  being  perpeiulicuiar 
to  tiie  planes  of  the  circles,  and  passing  through  their  centres.  Id  one  of  the  instruments, 
which  I  used  for  the  polariser,  the  circle  was  graduated  to  degrees  from  vP  to  S6(f,  and  the 
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collar  carried  simply  a  pointer.  To  stop  the  second  pencil,  I  attached  a  wooden  collar  to  tb« 
hnu  eoUar,  ind  ioMrted  in  it  a  NiooTt  priim,  whidi  wai  turoed  till  the  mora  icfraetfld  pendl 
«««  «Ktiogi|j«tMd.  In  a  fcw  of  the  latest  ciptiimeiits  the  NicoTi  prism  was  dispensed  with, 
and  the  more  refracted  pencil  stopjX'd  by  a  screen  with  a  hole  which  allowed  the  less  refracted 
pencil  to  pass.  In  tlie  other  instrument,  which  I  used  for  the  aaalvzer,  the  brass  collar  carried 
a  vernier  reading  to  5'.  In  this  instrument  the  doubly  refracting  pri«ui  admitted  of  being 
TCmov«di  and  I  acoordis^j  remofcd  it,  and  •ubstituted  a  NSooTi  piriiin»  which  was  attached  by 
a  wnodsn  cdkr;  The  Kieol*>  prion  was  usually  inserted  into  the  eollsr  at  randon,  and  the 
index  error  wag  afterwards  determined  from  the  observntiong  them<ielves. 

The  light  employed  in  all  the  experiments  was  the  sun  light  reflected  from  a  mirror  placed 
at  the  distance  of  a  few  feet  from  the  polarizer.  On  account  of  the  rotation  of  the  earth,  the 
minor  nqntred  t»«djitatm«nt  trery  three  or  fbur  minutes.  The  eonlinoal  change  in  the 
diieetion  of  the  incident  l^ht  was  one  of  the  chirf  sources  of  difficulty  in  the  experiments  and 
ineocinncy  In  the  results  {  hut  hunpUg ht  would,  I  fMr,  be  too  weak  to  be  of  much  avail  in 
these  experiments. 

The  polarizer,  the  grating,  and  the  analyser  stood  on  the  same  table,  the  grating  a  few 
inches  fion  the  polartsert  and  the  analyzer  ahout  a  fbot  from  the  grating.  The  plahe  of 
diftnction  was  amnmed  to  be  paraM  to  the  tsUe,  which  was  nearly  the  case;  hnt  the  change 
Id  the  direction  of  the  incident  light  produced  continual  small  changes  in  the  position  of  this 
plane.  In  most  exp<»rimcnts  the  pT.itinrr  wa<  placed  perpendicular  to  the  incident  light,  by 
making  the  light  reflected  from  the  surface  go  back  into  the  hole  of  the  polarizer.  The  angle 
of  diffraction  was  UMMsnred  at  the  oonclusion  of  each  experiment  by  means  of  a  protractor, 
lent  to  me  for  the  porpoee  by  Prof.  Miller.  The  grating  was  removed,  and  the  protnetor 
placed  with  its  centre  as  nearly  as  might  be  under  the  former  position  of  the  bright  spot 
formed  on  the  grating  by  the  incident  light.  The  protractor  hnd  a  pair  of  opposite  verniers 
moveable  by  a  rack ;  and  the  directions  of  the  incident  and  difi'ract^  light  were  measured  by 
means  of  sights  attached  to  the  vemiers.  The  angle  of  diffraction  in  the  different  experiments 
ranged  fkom  about  S(f  to  6(f . 

The  deviation  of  the  less  refracted  pendl  in  the  doubly  refracting  prism  of  the  pdariacr* 
though  smal!.  was  very  wisible,  and  was  a  great  source  both  of  liiflicnUv  and  of  error.  To 
understand  this,  let  JB  be  a  ray  incident  at  ,0  on  a  slip  of  the  surface  of  the  plate  contained 
between  two  consecutive  grooves,  BC  a  diffracted  ray.  On  account  of  the  interference  of  the 
ligjht  coming  frota  the  diHitrent  parts  of  the  slip^  if  a  smell  pendl  whose  axis  is  AB  be  incident 
on  the  xlip.  the  diffracted  light  will  not  be  sensible  except  in  a  direction  BC,  detenntned  by 
the  condition  that  AB  4-  BC  shall  l)e  a  inininnini,  ./  and  C  being  supposed  fixed.  Hence 
AR,  BC  must  make  equal  angles  with  the  slip,  regarded  as  a  line,  the  acute  anirli*-  !vii>!^ 
towards  opposite  ends  of  the  slip,  and  therefore  C  must  lie  in  the  surface  of  a  cone  lunned  by 
the  revolutioo  of  the  produced  part  of  JB  about  the  slip.  If  AB  represent  the  pendl  coming 
through  the  polariMT,  it  will  describe  a  cone  of  small  angle  as  the  pointer  moves  round,  and 
therefore  both  the  position  of  the  vertex  and  the  magnitude  of  tlie  vertical  angle  of  the  cone 
which  is  the  locus  of  ('  will  change.  Hence  the  sheet  of  the  cone  may  sometimes  fall  above 
or  below  the  eye-hole  of  the  analyzer.    In  such  a  case  it  is  neonsary  either  to  be  content  tu 
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DUH  one  or  man  cbiemtioiii^  corrapoDdlog  to  cMUni  ityiiig*  ci  ttie  ]M>1«riier,  or  dw  to 
«Il«r  «  Htdo  the  diteetioD  of  «kc  ioddcDt  Ught,  or,  bj  mnw  of  the  icnwi^  to  turn  tbe  gnliiig 
Ummgh  a  naoD  ao^e  round  a  horizontal  axis.  The  deviation  of  the  light  which  passed 
through  the  polarizer,  and  the  small  changes  in  the  direction  of  the  incitlcnt  light,  I  regard  as 
the  chief  causes  of  error  in  my  experiments.  In  repeating  the  experiments  so  as  to  get 
accurate  results,  these  causes  of  enror  would  hurt  to  ht  anmAedt 

At  flnt  I  took  for  gnnted  ttmt  the  ImtmaMaUnakcr  had  inwrtcd  tlie  douU j  reAoetiiig 
prisn  in  the  polarizer  in  such  a  manner  that  the  plane  of  polariaotioii  of  the  less  refracted 
pencil  wn-i  cithtT  vertical  or  horizontal,  (the  instrument  being  suppowl  to  stnticl  on  a  horizontal 
table,)  when  tlie  painter  stood  at  (f,  having  reason  to  know  that  it  was  nut  inserted  at  random ; 
and  having  determined  which,  by  an  exceedingly  rough  trial,  I  concluded  it  was  vertical. 
Meetiiig  afterwiudt  with  mne  renllt  whidi  wffe  itncoDeflabk  witb  this  supposition,  I  vat 
led  to  Waleo  an  actual  measureinent,  and  fbund  that  the  plane  of  polarization  was  vertical  when 
the  pointer  stood  at  25*.  Consequently  25"  is  to  be  regarded  as  tlie  imU-x  error  of  the  polarizer, 
to  be  subtracteii  from  the  reaciing  of  the  pointer.  'I'he  circumstance  just  mentioned  accounts 
ibr  the  apparently  odd  selection  of  valuer  of  w  in  the  earlier  experiments,  tlie  results  of  which 
are  given  in  the  tables  at  die  end  of  this  eectfon. 

On  viewing  a  luminous  point  or  line  through  the  grating,  the  central  colourless  image  was 
seen  accompanied  by  side  spectra,  namely,  the  spectra  which  Fraunhofer  called  Spectra  of  the 
second  class.  After  a  little,  these  spectra  overlapped  in  such  a  manner  that  the  individual 
spectra  could  no  longer  be  distinguished,  and  nothing  was  to  lie  seen  but  two  tails  of  light, 
which  extended*  one  on  each  side,  nenrly  gO"  Aron  the  central  image.  On  viewiog  the  flame  of 
a  spirit  lamp  through  ^  gniting,  tlw  individual  qieetra  of  the  second  dass  could  be  seen, 
where,  with  sun-light,  nothing  could  be  perceived  but  a  tail  of  light.  The  tails  themselves 
were  not  white,  but  exhibited  very  broad  impure  spectra;  about  two  such  could  be  made  out 
on  each  side.  These  spectra  are  what  were  called  »pecira  of  the  Jirtt  class  by  Fraunhofer, 
who  shewed  that  ihdr  breadth  depended  on  the  amslbr  of  the  two  quantilice,  the  bteedth  of  a 
gnove»  and  the  breadth  of  the  poltahed  interval  between  two  consecutive  grooves.  In  the 
grating,  the  breadth  of  the  grooves  was  much  smaller  than  the  breadth  of  the  intervals  between*. 

In  the  experiments,  the  diffracted  light  observed  belonged  to  a  bright,  though  not  always 
the  brightest,  part  of  a  spectrum  of  the  first  class.  The  compound  nature  uf  the  light  was 
easily  put  in  evidenoa  by  pbeing  a  screen  with  a  vertical  slit  between  the  grating  and  the  eye. 
and  then  viewing  the  alit  throu^  a  prism  with  ita  edge  vertiedf  .  A  spectrum  was  dien  ssen 
which  omisisted  of  bright  bamb  separated  bjr  dark  Intervals,  stR»|^j  leaembling  the  appear- 


•  Od  viawiqg  die  gnttaff  mdcr  a  BioDspipi^  Oe  crams 
wiWfMilrsMBi*  to  umdk  unawcr  Una  dw  inurals  to- 
twMn;  tbak  biMdth  VM 100  small  to  bcmcMured.  On  look- 
ing M  the  anw  aT  »  Bpiilt  lamp  through  the  gming.  1  counted 
afatmn  iatagSS  as  mm  Mt,  Ihea  uTcnl  imsge*  vera  too  funt 
la  to  SCCB.  and  Ambsr  still  Iha  imai^  •g><n  ■ppearcd,  though 
dicjr  were  hinttT  than  before.  I  citiniattd  the  dln-cLmti  o;  zlio 
UlurainMJoo  lo  b«  •Ittwled  about  the  eighteenth  iin&fje.  11'  we 
take  ihii  eatimation  as  correct,  It  followH  from  ihc  theorj  of 
tht$t  gntiogB  that  the  breadth  of  a  groore  wia  the  cightaoith 


paitaf  dk*  iMmaltoliiMn  siif  |istal  ttmt  gugsmiBd  A* 
cotwapcpaiiy  poiia  rfki  cBCWcath^  as  imatfal  wMd>  hi  dw 
caaBaftto|Msi(Mgiadi|(*as«qMal|i>ikal-ldUikfiit  ntwm 
ladu  BsBW  dwtawdih  aim  giw  was  s^sii w  dwliWWIdi 

part  of  an  inch. 

t  To  aeparaia  dMdifkitatapcetM,nwidionrtiS8dasm]l 
pritm  with  an  angle  of  atoittW*,  flxad  with  iu  edge  hortaMMal 
■o  frant  of  th«  e]re.piaea«r  dia  Itltmfs  dnongh  trhkh,  ia  Ms 
capsriainii  dw  sjiwa  went  siwsd. 
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•MM  preaeatgd  wtwii  a  pure  ^Motram  b  viewed  diimig]i  a.  piaihole,  or  mimw  aKt,  which  it 

belf  eoTered  by  a  plate  of  nicB,  placed  on  the  side  at  which  the  blue  is  leaik,  At  •  eoMider- 
sUe  angle  of  diffraction  as  many  as  15  or  20  bai  ff,  mit^ht  be  counted. 

lo  the  firit  experintcnt  the  grating  was  placed  with  lU  plane  perpeodicular  to  the  light 
which  puied  through  the  polarizer,  the  grooved  Cm*  hcing  turrwd  iioin  the  polariser.  The 
l%ht  abeerved  wee  tiutt  which  wee  difiheted  at  emeigaioe  from  the  f^ete.  It  i»  only  when 
the  eye  is  phced  doc*  to  the  grating,  or  when,  if  the  eye  be  placed  a  few  inches  off  the 
whole  of  the  grating  is  illuminated,  that  a  large  portion  of  a  tail  of  light  can  be  teen  at  once. 
When  only  a  small  portion  of  the  grating  is  illuminated,  and  the  eye  is  placed  at  the  distance 
of  aeverai  inches,  aa  was  the  case  in  the  experiments^  it  is  only  a  small  portioD  of  a  uil  which 
cm  enter  the  pupiL  The  appeaniDce  preeenled  is  diat  of  a  bright  spot  on  the  gtoovod  ftee 
of  the  glass.  The  angle  of  diffraoUon  in  the  first  cxpttinwDt  wee  lorge^  8f  ^  \y  nunsmin. 
meot.  Besides  the  principal  image,  or  bright  spot,  a  row  of  images  were  seen  to  the  left: 
the  regularly  transmitted  light  lay  to  the  right,  riglit  nnd  \ch  lirin^:  f=timntef?  with  reference 
to  the  poAtioD  of  the  observer.  These  images  wer«  due  tu  internal  ditiractioii  and  reflec- 
tion^ as  will  be  better  aaderetaod  liuther  on.  Thqr  weie  sepaialed  hj  snail  angles,  depending 
OB  the  thieknees  of  die  gkN»  but  snlBdlent  to  aUow  of  one  imi^  bdng  cbeerved  itself. 
The  observations  were  confined  to  the  principal  or  right-band  image. 

In  the  portion  of  a  spectrum  of  the  first  clq*';  which  was  observed  there  was  a  prcdomi- 
neooe  of  red  light.  In  most  positions  of  the  pointer  of  the  polariser  tlie  diiiracted  light 
did  not  wbcllj  vaaieh  on  turning  round  tiie  analyser,  but  only  pssesd  through  a  minimum. 
In  passbg  Arongh  the  mbimum  the  light  rapidlj  changed  coburt  being  Une  at  dm 
minimum.  This  shews  that  the  different  colours  were  polarized  in  different  planes,  or  perhaps 
not  strictly  plane-polarized.  Nevertheless,  as  the  intensity  of  the  light  at  the  minimum  was 
evidently  very  small  compared  with  its  intensity  at  the  maximum,  and  the  change  of  colour 
was  raiHdj  it  is  allowable  to  speak  in  on  approximate  way  of  the  plane  of  polorizatioa  of  the 
difinGted  Vgbt^  just  as  it  is  allowable  to  speek  of  the  rcArocttve  index  of  a  sabetance,  althoogb 
tbrnwis  really  a  different  refractive  index  for  each  diftrent  kind  of  light.  It  was  accordingly 
the  angular  position  of  the  plane  which  was  the  best  representative  of  a  plane  of  polarisation 
that  T  sought  to  detJTminc  in  this  and  the  subsequent  expcrimenfis. 

In  the  first  experiment  the  plane  of  polarization  of  the  diiiracted  light  was  determined  by 
six  obecrvatioos  lor  each  mi|^  at  whidk  the  pointer  of  the  polariaer  wm  aet  Thie  took  • 
good  ded  of  tim^  and  incrMsed  the  errors  depending  on  changee  in  the  direction  of  the  ltght» 
Aoeoidin^jt  b  a  second  experisnent,  I  determined  the  plane  of  polarization  by  single  obsev- 
vations  only,  setting  the  pointer  of  the  polarizer  at  smaller  intervals  than  before.  Both  these 
experiments  gave  for  result  that  the  planes  of  polarization  of  the  diffracted  light  were  dis- 
tdbvtsd  very  nearly  nnlfiinnlj.  This  result  already  points  very  decidedly  lo  one  of  the  two 
hypotheses  lespsctiDg  the  direotian  of  vibration.  For  according  to  tlieoly  the  effect  of  t^- 
f^actita  alone  would  be,  greatly  to  crowd  the  planes  either  in  one  direction  or  in  the  other. 
It  seem"  vprv  likely  that  the  effect  of  oblique  pwfriri'noc  alone  should  bo  to  crowd  thf  plnne? 
in  the  manner  of  refraction,  that  is,  towards  the  perpendicular  to  the  plane  of  diffraction. 
If  then  we  sdopt  FresneFs  bypotbeais,  the  two  effects  will  be  opposed,  and  may  very  well  be 
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MippoBed  wbolljf  or  necrly  to  nenlnliie  caeb  other.  But  if  wc  adopt  tbe  otlwr  bypothetii  wt 
■hall  be  obliged  to  suppn^e  that  in  the  oblique  emergence  from  the  g1a»,  or  in  something  else, 
there  <>xi<tt<(  a  powerful  cause  of  crowding  towards  the  plane  of  diffraction,  that  is,  in  the 
manner  of  reflection,  BuiHcient  to  neutralise  the  great  crowding  in  tbe  contrary  direction 
produced  by  diffcaction,  which  ocrtainly  MMnt  aknoit  inerediUob 

The  nearly  anifenn  diatributkm  of  the  plaaet  of  polariiatkm  of  the  diffiracted  light  ahevi 
that  the  two  streams  of  light,  polarized  in  and  perpendicular  to  the  piano  of  dBfraetioQ 
respcctivrlv ,  into  which  the  incident  liglit  may  he  conceived  to  be  decompofted,  were  diffractwi 
at  emergence  from  the  glass  in  v«rv  nearljr  the  same  proportion.  This  result  appeared  to 
offer  some  degree  of  vague  analogy  with  tho  depolariaatiou  of  light  prodaoed  by  sucb  rab- 
itaoeet  aa  white  peper.  This  analogy,  if  borne  out  in  other  caeee,  might  eeem  to  throw  lonie 
doubt  on  the  conclusiveness  of  the  experiments  with  reference  t()  the  decision  of  tbe  question 
as  to  the  ilirettii)ii  of  tlie  vibrations  of  plane-polarized  light.  For  the  deviation  of  tht-  Uf^ht 
from  its  regular  course  might  seem  due  rather  to  a  sort  of  scatteriog  than  to  regular  ditl'raction, 
though  certainly  tbe  fact  that  the  observed  light  was  very  nearly  plane-polarized  docs  not  at 
all  harmoniie  with  each  a  view.  Acoordbgly*  I  was  anxious  to  obtain  a  caae  of  difflmetioa  In 
which  the  plaoea  of  pnleriation  of  the  diffracted  light  ahould  be  decidedly  crowded  one  wij 
or  other.  Now,  nccording  to  the  explanation  abore  given,  the  approximate  uiiifDniiity  of 
distribution  of  tlie  planes  of  poliirizalion  in  llie  first  two  experiments  was  due  to  the  antago- 
niKtic  eii'ects  uf  ditiracuoti,  (according  tu  Fresnel's  hypothesis  respecting  the  direction  of 
vibratioa,)  and  of  oblique  emergence  from  the  gbm^  or  irr^Iar  refractioa,  that  is»  refknetion 
prodoccd  wfaoHy  by  dUne^m.  If  lliis  explanation  be  correct,  a  -nrj  mariud  crowding 
towards  the  plane  of  diffraction  ought  to  he  produced  by  diffraction  at  reflectioni  nnce  dif- 
fraction alone  and  reflection  alone  would  crowd  the  planes  in  the  same  manner. 

To  put  this  anticipation  tu  the  test  uf  experim^t,  I  placed  the  gracing  with  its  plane 
perpendicular  to  the  inddcDt  light,  and  the  grooved  faoe  towarde  the  polaiiser,  and  oheerved 
tbe  light  wbieh  was  dIA'acted  at  reflectioo.  Since  in  this  case  there  would  be  n«  ckowdiog  of 
the  pknes  of  polarization  in  the  regularly  reflected  light,  any  crowding  which  might  be  observed 
would  be  due  either  to  diffraction  directly,  or  to  tbe  irregular  reflection  due  to  diffiractioo,  or, 
far  mm«  probably,  to  a  combination  of  the  two. 

Tbe  ezperimenia  indicated  indeed  a  marked  crowding  towarde  the  plane  of  diilraetioD,  but 
the  light  was  lo  atroog  at  tbe  minimum,  for  most  positiDns  of  the  pointer  of  tbe  polariier,  that 
the  obeervatioaa  were  very  uncertain,  and  it  was  evidently  only  a  rough  ippnnimation  to 
reparfl  the  diffracted  li,L:lil  as  planc-polarizcd.  The  reason  of  (his  was  evident  on  consideration. 
Of  the  light  incident  on  the  grating,  a  portion  is  regularly  rctiticted,  forming  the  central  image 
of  tbe  system  of  spectra  produced  by  diffraction  at  reflection,  a  portion  is  diffracted  externally 
at  each  an  an|^e  is  to  enter  tbe  ^e^  a  inall  portion  is  scattered,  and  the  greater  part  enters 
the  glass.  Of  the  light  which  enters  the  glass,  a  portion  is  diUkacted  internally  at  such  an 
angle  that  after  regular  reflection  and  refraction  it  enters  the  eye,  a  portion  (Hffractcd  at  other 
angles,  but  the  greater  jiart  falls  perpendicularly  on  the  second  surface.  A  portion  of  tins  is 
reflected  to  the  first  surface,  and  of  the  light  so  reflected  a  portion  is  diffracted  at  emergence 
at  such  an  angle  as  to  enter  the  qre^   Thus  there  are  thm  prioeipal  images^  eaeh  formed  hj 
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light  which  has  been  once  diffracted  and  onoe  i«dec(«d»  the  exteraalty  diflkaeted  light  bebig 
candderad  a»  both  diAaetcd  and  reflecred,  namely,  ooa  haa  been  difllveied  infeniaUyi  and  then 

regularly  reflected  and  refracted,  a  second  in  which  the  light  has  been  regularly  refiracted  and 
reflected,  and  then  diffracted  at  emergence,  and  a  third  in  which  the  light  1ms  been  diffracted 
externally.  Any  other  light  which  enters  the  e^e  must  have  been  at  least  twice  diffracted,  or 
4Wo«  difiacted  and  at  leail  three  timet  reflected^  and  tfaerefem  will  he  eoniMntiTely  weak, 
eaeept  perhapa  when  the  angle  of  incidence^  or  elee  the  angle  of  diffraction,  ia  very  latge. 
Now  when  the  grating  ia  perpendicular  to  the  incident  light  the  eeeond  ond  third  of  the 
principal  images  are  necessarJly  superposed ;  and  as  they  mif^ht  be  expected  to  be  very  dif- 
ferently polarized,  it  wais  likely  enough  that  the  light  arising  from  the  mixture  of  the  two 
diould  prove  to  be  very  imperfectly  polarized. 

To  eeparate  theae  ini^ea,  I  placed  a  narrow  vertical  slit  in  front  of  the  gratbig,  between 
it  and  tVie  polarizer,  and  inclined  the  grating  by  turning  it  round  a  vertical  asie  so  tlmt  the 
normal  fell  between  the  polarizer  and  the  analyser.  As  soon  as  the  ffrnting  was  inclined,  the 
image  which  had  been  previously  observed  separated  into  two,  and  at  a  certain  inclination  the 
three  principal  images  were  seen  equidistant.  The  middle  image,  which  was  the  second  of 
those  above  deecribed,  was  evidently  the  brightest  of  the  three.  The  three  imi^  were  ftaimd 
to  be  nearly  if  not  perfectly  plane-polariaed,  but  polaiiaed  in  diflcrent  planes.  The  third 
image,  and  perhaps  also  the  first,  did  not  wholly  vanish  at  the  minimum.  This  mtght  have 
been  due  to  mmc  subordinate  image  which  then  appeared,  but  it  was  more  probably  due  to 
a  real  defect  of  polarization. 

The  planes  of  polarisation  of  dm  fdde  images,  especially  the  first,  were  greatly  crowded 
towards  the  plane  of  diifratition,  or,  which  is  the  sanW)  the  plane  of  inddenoe.  Thoee  of  the 
middle  image  were  decidedly  crowded  in  the  same  direction,  though  much  less  so  than  those 
of  the  side  imagi"*.  The  light  of  the  first  and  spcond  images  underwent  one  regular  refraction 
and  one  regular  reflection  besides  the  diffraction  and  the  acoompaoying  irregular  refraction. 
The  cnwdinf  of  the  plane*  of  polaorfcation  in  one  diteetion  or  tha  flCher  pradneed  by  Hie 
tegular  refta^ion  and  the  regular  reflection  can  readily  bo  cakuhited  from  the  known  Ibrmnlas*, 
end  thus  the  crowding  dm-  to  diffraction  and  the  accompanying  irregular  refraction  can  be 

deduced  from  the  observe<l  result. 

The  crowding  of  the  planes  of  polarization  of  the  third  image  is  due  solely  to  diffraction 
and  the  accompanying  irregular  reflection.  The  crowding  in  one  direction  or  the  contrary, 
aecovding  as  one  or  other  hypotheeis  tcqwcting  the  direction  of  vibrations  is  adopted,  ia  readily 
calculated  from  the  dynamical  theory,  and  thus  is  obtained  the  crowding  which  is  left  to  be 
attributed  fo  the  irregular  reflection  In  the  absence  of  an  exact  theory  little  or  no  use  can 
lie  made  of  the  result  in  the  way  of  confirming  eitiur  hypothesis;  but  it  is  sufficient  to  destroy 
the  vague  analogy  which  might  have  been  formed  between  the  effects  of  diffraction  and  of 
imgnlar  scattering. 

The  crowding  of  the  planes  of  pdariiation  of  the  middle  image^  after  the  dbeervations  had 


•  It  u  here  sup])ii!«fd  'J  ,!  t  i,  Tfgul»rly  reflected  or  n-  I  mg  to  a  tyatcm  of  ipectni  it  ■ffected  u  lo  ii»  [Kilurititlao  la 
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been  reductd  Id  tbe  flnnner  which  will  b«  txplttned  in  the  next  wetkn*  appMied  Mniewhat 

greater  than  was  to  have  been  expected  from  the  first  two  experiments.  Thu  led  nw  to 
suspect  ttiat  the  crowding  in  the  nmnner  of  reflection  produced  by  diiTraction  accompanying 
tbe  passage  of  light  from  air,  across  the  grooved  surface,  into  tbe  f^Lau  plate,  might  be  greater 
tb«Q  tbe  crow«lnig  bed  ptoTod  to  be  wMeh  wai  produead  bj  diAaetioii  aecompanyiog  tbe 
peaaige  ham  ^aie,  aevoM  die  giooved  aurfiMe*  into  dr.  I  noooidiiigij  |ilaced  tbe  gntbig  with 
ita  plane  piriK-ndicular  to  the  incident  light,  and  the  grooved  face  towards  the  pobuisert  and 
placed  the  analv/cr  so  as  to  receive  the  light  which  was  diifracted  in  passing  across  the  first 
surface,  and  then  regularly  refracted  at  the  second.  I  soon  found  that  the  planes  of  polarization 
were  rery  decidedly  cvowded  tow«rd»  the  plane  of  difiraction,  and  that,  notwithatanding  tbe 
crowding  in  tbe  contrary  direction  which  must  have  been  produced  by  the  rqpilar  neftnetian 
at  the  second  surface  of  ths  plaU^  >ad  the  crowding,  Ukewiae  in  the  contrary  directioOt  which 
might  naturally  be  expected  to  result  from  tlie  irrepular  refraction  at  the  first  surface,  con- 
sidered apart  from  diifroction.  This  result  seemed  to  remove  all  doubt  respecting  tbe 
hypothesis  as  to  the  direction  of  Tibration  to  which  tbe  experiments  pointed  as  tbe  true  one. 

On  accoont  of  the  dedsive  duneter  of  the  resoU  jost  mentioned,  I  took  levend  sets  cf 
ohaerfotiooa  on  light  dififracted  in  thie  manner  at  different  angles.  I  also  made  two  more 
careful  experiment!;  of  tlie  same  nature  as  the  first  two.  The  result  now  obtained  was,  tliat 
there  was  a  very  st'usible  crowding  towards  the  plane  of  diffraction  wlicn  tln'  grooved  fncc  was 
turned  from  the  polarizer,  although  there  was  evidently  a  marked  diiicicncc-  betwueu  the  two 
casea,  the  crowding  being  much  Um  than  when  the  grooved  ttee  waa  turned  toward*  the 
polariier.  Even  tbe  fint  two  cspeiimenti,  now  that  I  waa  aware  of  the  iodex  «nm  of  the 
pdariser,  appeared  to  indicate  a  small  crowding  in  tbe  same  directioo. 

Before  giving  the  numerical  results  of  the  experiments,  it  maj'  be  as  well  to  mention  what 
was  observed  respecting  the  defect  of  polarization.  I  would  here  remarii  tliat  an  investigation 
of  tbe  preciae  nature  of  the  diifmeted  light  was  Imide  ti>e  main  object  of  my  experiments,  and 
only  *  low  obmrvatiiaoa  were  taken  wludi  belong  to  eueh  an  inveitigation.  In  wimt  fdlows, 
W  denotea  tho  indination  of  the  plane  of  polarization  of  tlie  light  incident  on  the  grating  to  a 
verticd  plane  passing  through  the  ray,  that  if,  to  a  plane  perpendicular  to  the  plane  of  dif- 
fnction.  It  is  given  by  the  reading  of  tbe  pointer  of  tbe  polarizer  corrected  for  tbe  index 
enor  ftS*,  mid  it  naHmed  pontive  in  Ae  ^reetion  of  revdutko  of  the  bands  of  a  watch 
placed  with  its  back  towarda  the  iaddent  light 

Whether  tbe  diffraction  accompanied  reflection  or  refraction,  external  or  internal,  tlie 
diffracted  light  was  perfectly  plane-polarized  when  tst  liad  any  one  of  the  values  0*,  90",  180*, 
or  Sl<fi,  Tbe  defect  of  polarization  was  greatest  about  45^  from  any  of  the  above  positions. 
When  the  diffracted  light  observed  was  red  or  reddish,  on  aoalyzation  a  blue  light  was  seen 
at  or  near  tbe  minimum;  whmi  tlm  difltaded  I^t  wm  blue  or  bloeiab,  a  red  light  waa  seen 
at  or  near  tlic  .minimum.  When  the  angle  of  diffiractton  was  moderately  small,  such  as  I5*  or 
20",  the  defect  of  polarization  was  small  or  insensible ;  when  the  angle  of  diffraction  was  large, 
such  as  50'  or  60",  the  defect  of  polarization  was  considerable.  For  etpial  angles  of  diffraction, 
the  defect  of  polarization  was  much  greater  wlieu  the  grooved  face  was  turned  towards  the 
polariier  than  when  it  was  turned  in  the  contrary  direction.   By  the  term  tutgk  if  d^Hrae^Mh 
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OA  applied  to  the  case  in  which  the  grooved  ikee  was  tunied  towards  the  polarizer,  is  to  be 
nndcnlaod  the  an^  nciMired  In  dr,  bam  wUdi  the  angle  of  diAactiatt  irithiii  the  glass  may 
be  calculated  from  a  knowledge  of  the  refractive  index. 

The  grating  being  placed  perpciuliciilarly  to  the  incident  light,  with  the  grooved  face 
towards  the  polarizer,  the  light  diffracted  at  a  considerable  angle,  {5^5i'  by  measurement,)  to 
the  left  of  the  regularly  transmitted  light  was  nearly  white.  When  the  pointer  of  the  polarizer 
rtood  at  70%  10  that  v  •  4  49**  on  taming  the  IiHoolV  prim  df  tbe  analyser  in  the  podtive 
diraetkm  tbnmi^  the  poiitioa  of  ndnfanum  lllvniination,  die  light  beoane  in  aueeeidon  gKedah 
jdknr,  hiu»  plnni  coloar,  nearly  red.  When  tr  was  equal  to  -  45*,  the  same  appearance 
wa«  presented  on  reversing  the  direction  of  rotation.  Since  the  colours  apprarei!  in  the  order 
blue,  red,  when  w  +  *8i\  and  in  the  order  red>  blue,  when  v  i-  -  45**,  the  analyzer  being  in 
ba4h  cues  suppo^  In  torn  hi  the  i&cotioa  «f  the  haade  of  a  watch,  Ac  deficinicf  of  cdvar 
took  place  in  die  ovder  ted,  bloe^  when  wm  +  4^,  and  in  the  cider  blue,  ved,  when  v  "  *S^, 
Hence  the  planes  of  polarization,  or  approximate  polariMtion»  of  the  blue  wvie  mote  crowded 
towards  the  plane  of  diffraction  than  those  of  the  red. 

On  placing  a  narrow  slit  so  as  to  allow  a  small  portion  only  of  the  diffracted  light  to  pass, 
and  dKomposing  the  light  by  a  prism,  in  the  manner  already  described,  so  as  to  get  a  spectrum 
coDiiiting  of  bright  banda  with  darii  l«t«rvalc»  and  than  analyzing  this  •pectnnn  with  a  Nieol** 
prism,  it  was  found  that  at  a  moderate  angle  of  diffraction  all  the  colours  were  sensibly  planc- 
poLarized,  though  the  planes  of  polarization  did  not  quite  coincide.  At  a  large  angle  of 
diflVaction  tl)e  bright  part  of  the  npcctrum  did  not  quite  disappear  on  turning  round  the  Nicoi's 
prism,  while  the  red  and  blue  ends,  prubably  on  account  of  their  less  intensity,  appeared,  to  be 
atOI  perflMidy  plane-polarined,  though  not  qtnte  in  the  umt  plana.  On  treating  in  the  aame 
manner  the  iSfkacted  light  pfodoccd  hImi  dit  grooved  Amc  of  Ae  0tm  place  vaa  turned  ftoa 
the  polarizer,  all  the  colours  appeared  to  he  aenubly  plane-polarized.  In  the  former  case  the 
light  of  the  brightest  part  of  the  spectrum  was  made  to  disappear,  or  nearly  so,  by  using  a  thin 
plate  of  mica  in  combination  with  the  Nicol's  prism,  which  shews  that  the  defect  of  plane 
polarization  was  due  to  a  alight  elliptic  polariaatian. 

The  numerical  residts  of  tbe  experiuMnts  on  the  rotation  of  the  plane  of  polarisation  are 
contained  in  the  foUowitig  table.  In  this  table  ur  is  the  reading  of  the  polarizer  corrected 
for  the  index  error  25".  A  reading  such  .as  is  entered  indifferently  in  the  column  headed 
"  as  +315*  or  -  45»,  that  is,  S4Xfi  -  25«  or  -  (360*  -  340*)  -  «5«.  a  i«  the  reading  of  the 
analyzer,  deteimined  hj  one  or  more  ofaaenratloM.  Th«  analjser  was  graduated  ody  from 
->  90^  to  4  9(A  and  any  reading  auch  as  -to^bcntered  hiifilhrendj  as  -  »B^^*lW,  or  4  940^ 
being  entered  in  such  a  manner  as  to  avoid  breaking  the  leqnenoe  of  the  numbers.  On  account 
of  the  light  left  at  the  minimum,  the  determination  of  a  was  very  uncertain  when  tbe  angle  of 
diffraction  was  large,  except  when  w  had  very  nearly  one  of  the  values  0",  SO",  180",  or  270*. 
Id  the  moat  favourable  circumstances  the  mean  error  in  the  determination  of  a  was  about  a 
quarter  cf  a  degree.  In  lonie  cf  the  experiments  a  red  glam  was  used  to  asrirt  in  rendering 
tbe  observations  more  definite.  This  had  the  advantage  of  stopping  all  rays  except  the  red, 
hut  the  disadvantage  of  considerably  diminishing  the  intensity  of  the  light.  Tlie  minutes  in 
tbe  given  value  of  0,  the  angle  of  diffraction,  cannot  be  trusted ;  in  fact,  during  any  experi- 
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inmt  B  WM  liable  to  ehangw  to  tt  kwt  that  aztflot  in  consequenoe  of  tha  diangea  in  the 
diKction  of  Ibe  Uglit.    Tiie  laina  reoMU'k  appUca  to  <»  tbe  angle  of  inddanee*  in  experinantB 

11  and  13.  In  these  cxpenmentH  the  three  principal  images  already  described  were  observed 
separately.  The  anplt^  of  diffraction  is  measured  from  the  direction  of  the  rcfjularly  reflected 
ray,  so  that  i  is  the  angle  of  incidence,  and  i  +  0  the  angle  uf  reflection,  or,  in  the  case  of  the 
imagea  which  auftred  one  intenMl  tdketion,  the  angle  of  emergence. 

The  deven  experimenta  which  are  not  found  in  the  following  tabtaa  ooniiat  of  five  on 
diffraction  hj  reflectioD,  which  did  not  appear  worth  giving  on  account  of  the  auperpodtion  of 
different  images;  one  on  diffraction  bv  refraction,  to  which  the  same  remark  applie*,  the 
grating  having  been  placed  at  a  considerable  distance  from  the  polarizer,  so  that  the  spot 
illumioated  was  too  large  to  allow  of  the  separate  obaamrtJoli  of  di&rent  images;  one  on 
dSmraction  by  fefleetion,  in  which  the  grating  waa  placed  perpendieularl j  to  the  inddent  %ht, 
with  the  grooved  face  turned  from  the  polarizer,  hut  the  eiton  of  obaervatioii»  though  much 
smaller  than  the  whole  quantity  to  be  observed,  were  so  Inrpe  fin  aceount  of  the  larj^e  angle  of 
diH'raetion,  (about  ?'>",)  with  whicli  the  ohseivatioiis  were  attemptiil,  that  the  lietaiis  arc  not 
worth  giving;  one  on  dili'raction  by  refraction,  iu  which  the  diti'erent  obi^ervations  were  so 
incooaistent  &uA  the  aitperimant  Beamed  not  worth  tedodnf ;  one  which  waa  only  just  b^n; 
and  two  qualitative  csperimenta»  tha  niiilti  of  which  have  haan  alreadj  pweu,  I  mention  thia 
that  I  may  not  appear  to  have  been  biassed  by  any  partieohtr  theory  in  (electing  the  CXpeci^ 
mcnts  of  whteh  the  mimrrieal  results  are  pivcn. 

The  following  remarks  relate  to  the  particular  experiments  : 

No.  1.  In  this  experiment  e^tch  value  of  a  was  determined  by  six  observation:*,  of  which 
the  mean  enror*  ranged  from  about  18^  to  55*.  So  for  the  experiment  waa  very  Mtiafoctoryt 
hut  it  waa  vitiated  by  dmngn  in  the  direction  of  the  l%ht,  aoflicient  care  not  having  been 
taken  in  the  adjintment  of  the  mirror. 

No.  S.   a  determined  by  single  obeervations. 

No.  13.  a  determined  by  two  observations  at  least,  of  which  the  mean  error  ranged  from 
about  lO'  to  nearly  l",  but  was  u'ln-illy  decidedly  less  t'nn  V\  At  and  about  the  oetanfs,  that 
is  to  say,  when  w  was  nearly  equal  lu  46",  or  an  odd  multiple  of  45%  the  light  was  but  very 
imperfectly  polatised  in  one  phoe. 

Nok  I4w  a  determined  by  two  ohservatiana.  Marked  tn  note  book  aa  *■  a  very  Mtiafoctory 
experiment***   The  mean  of  the  mean  errara  waa  only  ll'. 

No.  15.  a  determined  by  three  obaervations  at  leaat  TJie  light  waa  very  inipeifoctly 
polarised,  except  near  the  itandard  pointa,  that  ia  to  aay  when  w  waa  equal  to  <y  or  9(ft  or  a 


*  Th«  diffttcow  betvcm  eacb  iadiTldaal  obscrralian  tad 
die  mcHi  «r  the  tfac  1*  ngitiaA  the  «Rgr  «f  that  otaipw- 
tin,  and  ikB  mui  of  tliM  dlflmaMi  Mka  yMMwIr  it 
wbai  la  hiM  ciJM  tbe  mtm  tntr,  WImb  tm  ahMrratkim 
«ilrtnMiUB,4wiiMiiii  HOT  It  the  sunt  ihing  se  ibe  unit, 
difltame  heiweta  the  elMsi  uiiaiia.  8lm,<br»||vHiyoilden 
of  tte  pifalK  of  the  pelviicr,  the  ttedie^s  of  the  aittirxef 
«tn  VMMlly  tskta  out  innwdindy  afttr  MMilHr,  iht  mcaa 


•mr  ftinUbct  do  etitcrisa  bjr  vhUh  to  judge  of  the  cmn 
fiaAacel  hjr  the  andl  dHapo  Id  dM  diieetteii  of  the  Ughi 
Indtol  the  ||Mii«,  tat  M|r  ef  iheie  «U(k  HiM  ikan  the 
vagncBM  of  ibe  object  ekeened.  The  neder  trill  to  noch 
boM  able  10  Jaige  ef  the  eneoM  of  pebtWa  mi  fteu  eU 
CMite  eJler  enalafaig  the  ToAodioH  of  the  eB|MtfaBMt>  gIfCB 
intbeMJctwcdoL 
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multipk  of  dO*>.  This  reodered  Uie  obsenrttbiM  ttrj  tmaextmn.  About  the  octante  the  iiie«Q 
enw  in  »  wt  of  obwrTttdoiu  taken  one  hnmediatety  after  enolher  amoiuited  to  nesr  ff, 

Nob  17.  a  detecuined  hj  two  obeeCTetiMMt  The  light  vat  vety  impetfectly  polarued, 
exeept  near  the  itandard  pointi.    Yet  the  obaerTatjone  agreed  very  fairly  with  one  another. 

The  mean  of  the  mean  errors  was  35',  and  the  greatest  of  them  not  quite  1*. 

No.  18.  a  determine  1  hv  two  observations,  which,  generally  speaking,  agreed  well  with 
one  another.  For  w  ■=  —  y<J '  and  w  =  +  22;*^  the  light  observed  was  rather  scattered  than 
regularly  diffracted,  the  sheet  of  the  cone  of  illumination  having  fallen  above  or  below  the  bole 
of  the  analyxer 

No.  SI.  «  detenniaed  fay  two  obeervatione  at  hast.  In  thie  expriment  the  polariier  was 
oofered  with  red  glee*. 

No.  9M.   a  determined  by  two  obierrations.    Marked  in  note  book  as      vety  aatiabfitoiy 

experiment^  though  the  light  was  not  perfectly  polarized." 

No.  93.  n  determined  by  two  ohservations  at  least.  The  hole  in  a  screen  placed  between 
the  polarizer  and  the  grating  was  covered  with  red  glass.  This  appears  to  have  been  a  good 
experiment. 

No.  II.  a  dctermiocd  by  two  ohaervations,  which  agreed  well  with  one  another.  In  the 
taUe,  a  (l),  a  (S),  a  (ti}  refer  reepectively  to  the  firat,  tecood,  and  third  of  the  three  principal 
hnegea  afaready  mentioned.  In  this  experimeot  the  polariier  was  reversed,  that  face  being 
turned  towards  the  mirror  which  in  the  other  experiments  was  turned  towards  the  grating,  which 
h  the  reason  why  a  and  V  increase  together,  although  the  light  observed  suffered  one  rejection. 
The  same  index  error  as  before,  namely  ta'^,  is  suppotsed  to  belong  to  the  polari/er  in  its 
revereed  podtion. 

No.  IS.  u  determined  by  three  obeervatione.  The  Itrgeneaa  of  the  angle  of  diffnetion 
rendered  the  detenmttation  of  a  very  uncertain. 
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TABL£  I. 


Experiment,  No.  I. 

OrooTcd  face  /rom 
Poluixer. 

$  =  5T>5'. 


-  92i» 

-  70» 

-  «5» 

-  2i« 

+  20*^ 
+  42^* 


-  sseaff 

-  ff>52' 
•i-  14P51' 

+  87*51 
+  61°  5 
+  SS'o* 
+106*46 


Kxperiment,  No.  2. 
Oroored  (tee  from 


No.  IS, 

-  30» 

-  «0» 

-  Itf> 

0" 

+  10» 
+  90* 

40» 
50* 

60* 
70* 
SO" 


+  90* 


cwitinoed. 
+  25« 
+  33«25' 
+  49 

^  5(T55' 

+  er'so' 
+  tcm* 

+  ST'.i.*;' 
+  99^7' 

+  1 20*35' 
+  189»  2' 
+  137*42' 

+i4e"«7' 


Olivet!  fttce  fr<im 
Polwlaer. 


0  -  .50''23'. 

0m 

-  50» 

+  22«25' 

-  80" 

-  40* 

+  sri5' 

-  9«» 

-  70*25' 

-  30» 

+  41  HO' 

-  «S» 

-  er^ij' 

-  20* 

+  si'ss' 

-  75« 

-  51*»0' 

-  10* 

+  62»S7' 

-  es" 

-  41<'10' 

0» 

+  71"10' 

-  .55* 

-  2gPi5' 

+  10" 

+  •1»*7' 

-  \r,o 

-  20»  5' 

+  20" 

+  9»°47' 

-  S.i« 

-  9"55' 

+  sy» 

-flOSOlO' 

-  ad* 

+  0*20' 

+  40* 

-  1.5« 

+  10"15' 

+  50» 

+ 1 22*42' 

-  5« 

+  20*i0' 

+  Gdfi 

+  1SS»4S' 

+  s» 

+  90*^' 

+  70* 

+  148> 

+  15« 

+  40«55' 

+  s</' 

+ 152^47' 

+  84« 

+  S(f4&' 

+  90" 

+  l6l»67' 

+  M* 

+  ei'+s* 

+  10O" 

+  I71»a«' 

+  45« 

+  70^*55' 

+  110* 

+  182^52' 

+  65* 

+  SS'IS' 

+  120*' 

+  191*47' 

+  130" 

+  202''1 2' 

QCDOvcil  face  loteardt 

Polariier. 

•  60* 

-  tnf 

59*5C'. 

-  50» 

0» 

-  68«I0' 

-  40* 

-  10* 

■  20» 

•  80* 

■  «fi 

50" 

.  70" 

•  80» 

90* 


-  92«23' 
-H5»55' 

-133»4l' 
-I4OO29' 
-I4«»I8' 
-152»50' 

-wrso' 


OraoTcd  fMc  /awarfb 
Polaiim. 

9  -  50"45'. 


-  90'* 
- 

-  -o" 

-  60* 

-  50* 

-  40» 

-  «* 


+  77*15' 

+  85*S0' 
+  9'^**12' 
+  101''15' 
+109''47' 
+  lir'I2' 
+189*57' 


ISxpulaM^  M«.  18. 

OroOTcd  face  timard$ 

PoIiLrizcr. 

0=  21 '39'. 


-  go* 

-103^23' 

-  45* 

-  Bcfss' 

o» 

-  12*5S' 

+  45« 

+  33*37' 

+  90* 

+  77*27' 

+  135* 

+  120"  2' 

+  I8O" 

+  167*57' 

+  225* 

+214»10' 

i-it,  No.  ?1. 

Grooved  face  ttwardi 

R«d  %\ta»  t»cd, 

B  »  28'^6'. 

-  90* 

-  29* 

-  75* 

-  00* 


-  le*  2' 

-  a*isr 


Mo.  11, 

45* 
30" 

ia» 

0» 
15° 
30» 
45" 
60» 
75* 
9tr 


4-  12'';^5' 
+  27*52' 
+  44N7' 
+  61*40' 
+  78*25' 
+  92*18' 
+  107^25' 
+  122»30' 
+  137* 

+i5m' 


Esp«iii»cnt,  No.  89. 


Polarixei. 

Q  =  .^.r.i3'. 


-ISO' 

-1650 
-Ififl* 

'  1 35* 
-120» 

>i€a^ 

•  90* 

-  75' 

■  6o« 

-  45» 

■  30* 

-  15* 


-187*  2' 
-170»37' 
-1S4"30' 
-140°»«' 
- 124*45' 
•>1 10*10' 

-  nf?','55' 

-  8S"32' 

-  6gPT' 

-  5*>50' 


E)[prrim«i(,  Nf>.  23. 
Unwved  faee  tomtrdt 


Redgl 

ui  used. 

Q  =  .HOSS'. 

0° 

-  e*so' 

+  15* 

+  11«  5* 

+  ao" 

+  27".T.5' 

+  45" 

+  42^30' 

+  60* 

+  58*22' 

+  7«* 

+  7l»«' 

+  90* 

+  83*^2' 

+  105* 

+  ge»i2' 

+  120* 

+108*80' 

+  1U* 

+ia*M' 

-  \ ..(.)  1 

«C2)  1 

Expcruuait,  No.  1 1. 

i  - 

.  M'SO* ;  d  -  22*30'. 

-105* 

-iir'50' 

—  83?* 

103'  5' 

-101* 

- 

I02««0' 

-  65* 



90" 

-  83"  5' 

89^ 

-  45» 

- 

78''40' 

-  6S<'55' 

74''50' 

-  25* 

— 

58«50' 

-  44" 

5S»19' 

-  5» 

25*5' 

-  21''10' 

88*10^ 

1 

13"15' 

+  1*25' 

+ 

7"55' 

+  35" 

+ 

S8«3.5' 

+  24"  5' 

+ 

32* 

+  55* 

+ 

53»50' 

+  43*10' 

+ 

5l''S0' 

• 

• 

-  25" 

+ 

5«35' 

-  3«» 

-  45* 

+ 

15* 

-  9*40' 

+ 

00 

-  90" 

+ 

26°15' 

+  26*15' 

+ 

aff'is' 

-135* 

+ 

34''30' 

+  65* 

+ 
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Skction  II. 

DISCUSSION  OF  THE  KUUEEIOAL  &ESULTS  OF  THE  EXPERIMENTS,  WITH  KEFERENOE 

TO  THBOBT. 

According  tu  the  kuuwn  foroiulee  which  express  the  laws  of  the  rutaliua  of  the  plane  of 
polariMtiMi  of  plane-polarized  light  vJudt  bu  ondeigoDe  reflectiiOD  or  nftiiotioii  at  the  mikAm 
of  a  tnunparait  uncrytcalliced  llledittB^  if  w$ah6tit»  anmaths  of  die  planea  of  poIiiiiatioB 
of  the  incident  and  reflected  or  fefracted  light,  both  measured  from  ptaneo  petpendknlar  to  the 
ptaoe  of  iacideoce,  tbqr  ***  wnnected  by  the  equation 

tan  o'    m  tan   (iS) 

where  m  is  constant,  if  tlic  position  of  the  surface  and  the  Jirectinns  of  the  rays  be  given, 
but  is  a  different  constant  in  tlic  two  casfs  of  rcHcction  and  retraction.  Accnrdinj^  to  the 
theory  developed  in  this  paper,  the  same  law  obtains  in  the  case  of  diffraction  ia  air,  ur  even 
within  an  nnerfatallised  mediaiiif  but  m  bat  a  value  dietinet  from  the  two  former.  It  meme 
tlwB  cKtiemely  b'kily  Oat  the  MOtt*  kv  AaaU  hoU  good  in  the  cam  of  that  comUaation  of 
diileaelioii  with  reflection  or  refraction  which  exists  when  the  diffraction  takes  pleoe  at  the 
common  surface  of  two  transparent  un crystallized  media,  such  as  nir  and  glass.  If  thin  be 
true,  it  is  evident  that  by  combining  all  the  observations  belongiug  U)  one  experiment  in  such 
a  tnaaner  ae  to  get  the  value  of  m  which  best  euite  Aat  experiment,  we  diall  obtaia  tiie 
crawding  of  the  planco  of  pobnintloik  better  tlian  we  oould  from  the  direct  obeerTadone,  and 
we  shell  moKover  be  able  in  this  way  easily  to  compare  the  results  of  diflbrent  experimente* 
It  seem<<  roa«nn^h1e  then  to  try  in  the  first  inataooe  whether  the  Jonnuk  (48)  wiU  teprceent 
the  observations  with  sufficient  accuracy. 

In  applying  this  formula  to  anj  azperiment,  there  are  two  unknown  quantitiee  to  be 
determined,  namdyi  m,  and  the  index  crtor  of  tlie  analyier.    Let «  be  diis  todex  error,  eo 
that  a  a  a' +  e.    Tiw  ngohur  wajr  to  determine  «  and  m  would  no  doubt  be  to  ossuh  r  i  r 
approximate  value  «,  of  e,  put  «  »  ei    ^fj,  where  A«i  i«  the  email  error  of     form  a  aedes  of 
equations  of  which  the  type  is; 

tan  (a  -  fi)  -  sec'  (a  —       Acj  =  «i  tan  ts", 

and  fhon  combine  the  equations  so  as  to  pet  the  most  probable  values  of  A  e,  and  to.  But 
such  a  rtiiiaement  would  be  wholly  unnecessary  in  the  case  of  the  present  experiments,  which 
are  eonfeeeedly  bat  rough.  Moreover  e  can  be  detemdnod  with  aeeuncjr»  except  eo  fiv  aa 
fulefnetn  enora  produced  by  dianget  in  tiiedireetion  of  the  light*  bj  maani  of  dm  oibeervatiooi 
taken  at  the  standard  points,  the  light  being  in  such  cases  perfectly  polarized.  By  accuracy 
is  here  meant  such  accuracy  as  experiments  of  lliis  sort  adroit  of,  where  a  set  of  observations 
giving  a  mean  error  of  a  quarter  of  a  degree  would  be  considered  accurate.  Besides,  when- 
ever the  valoee  of  w  edeeled  for  obeervatiMi  are  qrmmetncellj  taken  with  reepeet  to  one  of  Ae 
itendard  pointe*  a  email  error  (n  e  would  introdoee  no  eenriUe  error  into  the  value  of  m  whieh 
would  result  from  the  experiaieiit»  oUiough  it  might  make  the  ibrmola  appear  hi  &ult  vdien 
theonly  fault  lay  io  the  index  error. 
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Aeoordingly  I  have  dctenuided  the  index  error  of  tiie  andyier  in  a  way  which  will  be 
most  caafljr  exphdned  hj  an  example.   Suppoae  the  iraloee  of  a  to  have  been  deCemdned  bj 

experiment  corresponding  to  the  following  valu^si  of  -ar,  -  15*, 0^,+  l;'/',  ...  +  7S*, +  90",  +  105*. 
The  value  of  a  for  -js-  -  0",  and  the  mean  of  the  values  for  iy  «  -  15*  and  nr  «  +  15",  furnish 
two  values  of  e ;  and  the  value  of  a  for  w  «=  -f  90",  and  the  mean  of  the  values  for  -  +  75* 
and  V  "  ■¥  iOS>*f  funnah  two  values  of  e  +  i)0°.  The  mean  of  the  four  values  of  e  thus  deter- 
mined is  likdy  to  be  more  nearly  correct  than  any  of  then.  In  eome  few  esperimenta  no  two 
▼alnca  of  w  were  symmetrically  taken  with  respect  to  the  etandard  pqinte.  In  such  caees  I 
have  con.si(icTi>d  it  suflifiint  to  take  proportional  parts  for  a  small  interval-  Tlniii.  if  a„  oj  be 
the  n  iulings  of  thr  analvzc-r  for  sr  =  ~  1(1",  v  =  +  ns?iumini^  ui  =  e  -  lo"  -  'ia:,  at  >  f  +  5" 
+  ag,  we  get  3dr  ■>  ot  —  O)  —  ^s>  \  whence  c,  which  is  equal  to  —  5*^  —  or,  is  iinown.  The  index 
error  of  the  analyiw  ba^ng  been  thin  determined,  it  remaini  to  get  the  moat  probable  value 
flf  m  ftom  a  mriea  of  equatiooe  of  the  form  (46).  For  facility  of  nnmerical  calenlation  it  ia 
better  to  put  this  equatioo  under  the  form 

log  tt- kg  tan  a  -kg  tan  V,  (40) 

where  it  is  to  be  understood  that  the  signs  of  a  and  v  are  to  be  changed  if  these  angles 
should  lie  botwccn  0  and  -  go",  or  their  su|)pU  nKi\t8  taken  if  they  should  lie  between  +  <)<)"  and 
•f  180^.  Now  the  mean  of  the  values  of  log  m  determined  by  the  several  observations  belonging 
to  one  experiment  is  not  at  all  the  most  prdbabk  value.  For  the  ct««r  In  kig  tan  a' produced 
by  a  nuall  given  error  in  a'  inereases  indefinitdy  as  «'  ajqproadiet  indefinitely  to  tf*  or  00^,  so 
that  in  tlii»  way  of  combining  the  observations  an  infinite  wdght  woold  be  attributed  tO 
those  which  were  taken  infinitely  close  to  the  standard  points,  althoiifVi  such  observations  are 
of  DO  use  for  the  direct  determination  of  log  m,  their  use  being  to  d^ttroiiae  e.  Let  a'  +  ^  a' 
be  die  tone  angle  of  whldi  a'  is  the  approximate  value,  a'  being  deduced  ftom.  the  obaerved 
aan^  a  eamcted  for  the  assumed  index  error  e.  Then,  negleeting  (^a*)*,  we  get  Ibr  the 
tine  equation  wludi  ought  to  xepUoe  (40), 

log  f»  —  log  tan  a  +  — ;  ; —  log  tan  w, 

*•  *  smSa  ^ 

M  being  the  modulus  of  the  common  system  of  logarithms.  Since  the  effect  of  the  error 
L^a  is  iiKTcasetl  by  the  division  by  sin  2a',  a  quantity  which  may  become  very  small,  in  com- 
bining the  equations  such  as  (49)  I  have  first  multiphed  the  several  equations  by  sin  2  a', 
or  the  sine  of  it(o  -  e)  taken  positively,  and  then  added  together  the  equationa  an  formed, 
and  determined  \og  m  from  the  reaulting  equation.  Peibapa  it  would  have  been  better  to 
have  used  for  multiplier  oi^Sa',  which  is  what  would  have  been  givea  by  the  rule  of  least 
squares,  if  the  several  observations  be  supposed  equally  liable  to  error;  but  on  the  oi)ut  hand 
the  use  of  sin  %a  for  multiplier  instead  of  sin^  has  the  effect  of  dimlDisbiog  the  comparative 
weight  of  the  obaervetioos  taken  about  the  octants,  where,  in  consequence  of  the  defect  of 
polarisation,  the  obeervatraos  were  more  uooertain. 

The  following  tabic  contains  the  result  of  the  reduction  of  the  experiments  in  the  wny  juat 
explained.  Tlie  value  of  e  used  in  the  reduction,  and  the  resulting  value  of  log  m,  are  written 
dowQ  in  each  case.    7' he  first  column  beloogiog  to  each  experiment  gives  the  value  of  a  -v 
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cdcahlvd  fton  (49)  widi  the  «a8iiin«d  vdue     htgrn,  and  i»  put  down  for  tlie  nice  «f  om- 

|Mrim  .with  the  ralue  o(  a  -  W  deduced  [rom  the  difference,  a  -  v,  of  the  observed  an^et 
w,  corrected  fnr  the  assumed  index  error  e.  The  upper  and  lower  angles  belonging  to  any  pair 
found  in  ibe  second  and  third  columns  refer  respeotlTely  to  the  upper  and  lower  signs  in  the 
fint  ooluinD,  end  in  the  oolunm  beaded  <*v*'.  In  dw  tafak^  the  oiperiBiente  an  arranged  in 
daaaes*  acoordiiig  to  tiicir  nataie^  and  thoee  bdoqging  to  the  nme  dan  aie  ananged  aeoording 
to  the  values  of  6.  The  first  three  expeiinienta  in  the  taUe  relate  to  diffraction  at  refraction, 
in  wluL-b  the  grooved  face  of  the  grating  was  turned  from  the  polarizer,  the  next  six  to  diffrac- 
tion at  refraction,  in  which  the  grooved  face  was  turned  towards  the  polarizer,  and  tlie  last  two 
to  the  experiments  in  which  the  grating  was  a  littk  inclined,  and  the  three  principal  images 
w«ve  obeerved.  The  iciult  of  Ezpaimant  No  1,  ia  heie  given  eeperatel/,  on  aoeoant  of  the 
diiierent  values  of  v  there  employed. 

Experiment  No  1.  Bm.  57^  t  aaaomed  index  error  •  <■  im^, 

-  115*  -  l'*6' 

-94*  -mt* 

-  47^"  +  tmf 

-  25»  -  (y»14' 
-i^o  +  OPl(i 
+  SO"  -I- 1* 

+  «^* 

+  65"  +  l"*!' 

The  values  of  a  for  tt  =  -  115*  and  -Br  =  +  i^'^"  on<,'ht  tn  HifTer  by  ISC,  whereas  1  y  lifter  by 
more.  This  angle  is  so  large  coojpareii  with  the  angles  a  —w  given  just  above,  that  it 
seems  best  to  reject  the  experiment.  The  experiment  is  sufficient  however  to  ahew  that  the 
crowding  of  thu  ]danea  of  polariiation,  be  it  in  iHwt  dbwtkm  It  maj)  is  vety  wmU.  On  oon- 
bining  all  the  observations  bdong^g  to  this  experiment  in  the  manner  already  described,  a 
small  positive  value  of  log  m,  namely  +  .002,  appeared  to  result.  This  valoOi  if  ezacti  would 
indicate  an  extremely  small  crowding  in  the  maimer  of  reflection. 
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TABLE  II. 


A  VP 

A  15' 

i  20« 

i  2J« 

±  30« 

A  35' 

^  40" 

i  45" 

^  5<y» 

Ji  55» 

A  60» 

±  7()'' 

=fc  80« 
A  850 

±  90" 
A  95" 
±100" 
±105» 
illO° 
ills' 

±125' 
AlSO» 
=fcl35« 
±I40» 

i!  Kt  ' 
il50» 
il55» 

Ai6o* 

±165' 
.170° 
±I75» 
]0O*> 


Kxperlmrat,  No.  U. 

^  -  29'57'; 
«•  +  78^; 


adfc  «IN. 


0  -12 
A  S 


±  4 
±  5 
±6 
^6 
±  5 
±  4 
±  S 
0 
T  S 
T  4 

t6 
t5 

•r* 

0 


-  G  -  s 
+  2+4 
+  14  -10 
-5-1 
+  8+3 
-7-8 
S 
5 

-  3 
6 

+  a  -  « 


Experiment,  No.  3. 

logm  •  +  U>10. 


Experiment,  No.  22. 
$  m  55«S8'; 

■  •  -  m'; 

log  M  ■  .0S5. 


(I  -  Iff 


1+  9  + 
I-  11  - 
f+  3  - 

I.  V 


+  «  +  S 
+  -4  +  2 
-4-4 

-  5  -  S 
9 

-6-1 

-2+4 
-7-1 


1+  4  + 


f+  6  +  5 

1  0+1 

j+  6  +  3 
I  0+3 

■+    4  -  1 
0+5 

?  ? 
-2+4 

i?  j>   *  -  ^ 

\-   4  +  3 

"  \+  4  +10 


+  1 

±  3 

±  5 

±  6 


u  —  "ZS 


o^^b  ^KHK 


4  ,3 

±  1 

¥  1 

T  7 


10 

-  18  -15 

-  15  -14 
-7-8 

6 


±  12 


±  20 


±  23 


{-8+4 
{-19  +  I 
{-28  -  5 


1-81   -  I 


1+   1   +  1 

"{♦«  +. 

1+28  +  « 
-7 
{+25  +  S 
**{+14  +2 


T  80 


Kxperimant,  No.  18. 
Q  -  2l°39'; 
«  -  -  I2»44'; 
IqgM  ■  +  .029, 


n  —  sr 


Experimpnl,  No.  21. 
e  -  28<>26'; 

fl  -  +  60>i9i'« 
kga»M  +  .089. 


cdc  «K 


0-2-2 


■«■  19 


1+13  -  6 
\-21  -2 


•P  20 


0       0  0 


^  f+   2  + 


f  19 


f-  22 
19 


a  - 


0   +  8  +  S 


\-  10 


+13 
+  8 


A  23 


f+  15  -  8 
\-29   -  6 


(-32  -  6 
[-30-8 


0 

-  4 


+  7 
2+2 


-  3 
0 


0+7+7 
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TABL£  ir»  (xmHnued, 


■1,  No.  M. 

B  m  srfSO  -, 

logm  «  -f  034. 


V 
obt. 

4ur. 

-  9 

-  9 

+  10 

+  2 

-  7 

+  I 

+  1 

-14 

-  S4 

-19 

-t- 11 

-  9 

-  IS 

i  2 

+  i6 

+  * 

-  10 

+  J7 

-  5 

-  19 

+  s 

+  S7 

+1« 

-  9 

-10 

•t- j» 

+  « 

+  9 

•I-  s 

(,  No.  17. 

logm  -  +  logm  -  +  .088. 


a  — 


a  —  w 


log  m  -  +  SiS. 


a  — ' 


•In.  UK. 


i 

*  10» 
A  15« 
A  20« 

i 

A  40» 

J.  5tf» 

*  55" 
i  60» 

*  75» 

A  85" 

*  flC* 

*  95« 
ilOO* 
A 1050 
AllOP 
An5« 
±  1 20' 

*1S0» 
*1S5» 

il45» 
*150» 

*165« 
*170P 
A175* 
180« 


A  8 

^  15 

^30 

^ii 
*19 

A  7 
OS 


+  1+1 


0 

=t  74 
±76 

JbS4 
0 


0   4  S  +  8 


-  7.S  +  1 

- 100  -so 

-  75+1 
-60+4 

-  40+  6 
-17+7 

0  0 


±  29 


±  54 


ASA 


+10 


|+i7  -  « 

„|+46  +3 

|+«t  -IS 

^j+50  +6 

1+  85 

t4S 


0+1+1 
4>  6A 


4114 

±141 

AIM 

±110 
±  78 

±  40 
0 


S7+8a 

41  +73 

177 -ac 

l(iK  -•16 

154  -20 

m 

100  -M 
46-6 


1-  W  -  6 


f-  56  -  S 


7—8 


Digitized  by  Google 


52 


PBOFESSOR  STOKES,  ON  THE  DYNAMICAL  THEORY  OF  DIFFBACTIOM. 

TABLE  II,  eenHmud. 


Gxperimcm,  No.  It, 
i  m  14«50';  0  =  «5«30';  «  =  -  15*30'. 


Kxpctiment,  Nn.  12. 


Pint  loMge. 


a  — ' 


Second  Image. 

log  m  >  +  .061. 


Tttinl  liufe. 

logm  »  +  ^09. 

calc.      oil*.  difT. 


Vim  Image, 
lug  n»  •  +  .7S6> 


tt  —  ^ 


Seooad  Imagt.      j       Thitd  Image 

logm  >  +  JS8.  lagm-+.5C6. 


obi..  I  cal 


0» 

A  I0» 
^  15» 
±  20" 

A  30« 
±  St,* 
i  40* 

A  50" 

±  55« 

it  700 

J>  f<(J° 
=fc  85" 
90* 

ilOO» 
±105» 
±110" 
J.115* 

il35» 
±140* 

=*>15(/> 

±160» 
=fcl65« 


J:  4(> 


^12.5 

±178 
±15S 
±115 


-  46  0 
+  1S7  +1S 


(-  i.s.'j  -11 ! 

+  191  +  4 


-  182  -  4 
+ 143  -  9 


-  95+10 


{-  S6-  « 


*  7 
A  SI 


I  ±  38 


ill  «9 

±  40 
±  29 
*  7 


-  7  0 

+  19  -  S 

{-35  -  3 
♦  46+7 


-  87  +  « 
'+  «4  0 


-  34  +  6 
+  37  0 


-36+3 


{-  «  +  « 


±444 


143  -10 
[+  120  +  4 


-85+4 


18+1 


±351  I"*" 


443  -  1 


.S37  -14 


67  j*" 


^  79 


|4  9l 


i      0  o 

"I 


I -367 


0  0 


T«t7 


|-2CJ0  +17 
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The  reader  will  plcate  to  remarli  that  ia  order  to  ftlknr  the  observed  values  of  a  -  v 
banning  with  v  •  and  going  in  the  podtive  direotioiif  it  inU  be  nteamtj  to  begin  «t  the 
top  of  the  table  and  go  downwardst  taking  the  upper  number  in  each  bncket   In  ordtr 

to  go  in  the  negative  direction  from  vOP,  it  would  be  neceBsary  to  begin  at  the  top 
and  go  downwards,  taking  the  under  number  in  each  bracket.  A  nearly  constant  error 
appearing  in  the  table  of  differences  would  indicate  merely  that  the  value  of  •  used  in  the 
reduction  was  slightly  erroneous.  A  eli^t  error  io  «,  it  is  to  he  remembered,  produces  no 
aeneible  erm  in  log  ai«  wbcnever  the  obaervatloM  are  bdnnoed  with  reipeet  to  one  of  the 
ctandard  poniti. 

In  the  first  two  expcr!ment<»  entered  in  the  tabic,  the  crowding  of  the  planes  of  polarization 
is  so  small  t!^^?  it  is  masked  by  errors  of  observation,  and  it  is  only  by  combining  all  the  ob- 
servations that  a  slight  crowding  towards  the  plane  of  diffraction  can  be  made  out.  In  all  the 
other  exponnentit  booever^  a  fl^nnee  at  the  numbeia  in  die  aeeond  column  ia  tnlBdent  to  Aev 
in  what  dinwtiai  the  crowding  takca  place.  From  an  in^peetioo  of  the  nombera  fimnd  in  tbe 
columns  headed  "diff."  it  seems  pretty  evident  that  if  the  formula  (49)  be  not  exact  the  error 
cannot  fx-  niaJc  out  without  more  necu rate  observations.  In  the  case  of  experiment  No.  15, 
the  errors  are  unusually  large,  and  moreover  appear  to  follow  something  of  a  regular  law.  In 
tUi  ocpeiiment  tlie  obaervationo  wave  extremely  uncertain  on  account  at  tbe  large  angle  of  dif. 
fraction  and  tlie  great  defiNt  of  pclariiation  of  the  light  obaerved,  bnt  faeddea  tUs  there  appears 
to  have  been  aome  confnaioD  in  the  entry  of  tlie  t alnee  of  v.  This  confusion  affecting  one  or  two 
angles,  or  else  virne  unreeordcd  chan^  of  adjustment,  was  probably  the  cause  of  the  apparent 
break  in  tbe  second  column  between  the  third  and  fourth  numbers.  Siocc  the  value  of  log  m 
ia  deduced  from  all  the  obierfatiaiii  combined,  there  leemi  no  oocaiion  to  reject  tbe  esperiment, 
iince  even  a  large  errar  albeting  one  angle  would  not  produce  n  large  error  in  tbe  value  of 
log  m  resulting  from  the  whole  series.  In  the  entry  of  experiment  No.  18  the  dgna  of  V  have 
l>een  changed,  to  allow  for  the  reversion  produced  by  reflection.  This  change  of  si^  wn^ 
unnecessary  in  No.  11,  becauite  in  that  experiment  the  polarizer  was  actually  reversed.  The 
r^ults  of  experiment  No.  13  would  be  best  satisfied  by  using  slightly  different  values  of  the 
index  error  of  the  analyxer  for  the  three  image%  adding  to  the  amumed  index  error  about 
-  1^*,  4. 1^*  +ffif  for  the  first,  aecond,  and  third  images  respectively.  The  largest  error  In  the 
third  columns,  2.7',  is  for  ir  »  +  25*,  third  image.  The  three  readings  by  wbicli  «  was 
determined  in  this  case  were  -  ~  lS*.')o'.  -  12'^  ?  Hence  the  err<3r  +  2.7",  even  if  no  part  of 
it  were  due  to  an  index  error,  would  hardly  be  too  large  to  be  attributed  to  errors  of 
abaertatian. 

Since  tlw  Ibrmula  (49),  even  if  it  be  not.  strictly  true,  represenu  the  experiments  with 
sufficient  accuracy,  we  may  consider  the  value  of  log  m  which  results  from  the  combination  of 
all  the  observations  belonging  to  one  experiment  as  itself  the  result  of  direct  observation,  and 
proceed  to  discuss  its  magnitude.  Let  us  consider  first  the  experiments  on  diffraction  at 
raftnctlao,  in  which  tbe  Kgbt  waa  incideot  perpendicularly  00  the  grating. 

Although  the  tlieary  of  this  paper  doec  not  meet  the  cate  in  which  diffraction  takes  place  at 
the  coo6n»  of  air  and  ^am,  it  lead*  to  a  ddbttc  rcMilt  on  each  of  the  three  foUowing  auppoeiF 
tioot: 
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FiHl,  tiMt  the  diibetion  tiket  plaoe  la  air,  before  tba  light  Kwshw  the  glee* : 

Steondt  Att  the  difiieetiao  take*  plaoe  in  gjlua,  afker  the  Kght  hae  enteMd  die  fint  euifacc 

perpendicularly  : 

Third,  that  the  diffraction  takei  place  in  air,  after  the  light  ha»  paaeed  perpendicularly 
through  the  plaii- 

On  the  fint  supposition  let  «„  on  a  be  tbeaiiinnthi  of  the  plane  of  poUrisatioo  of  the  light 
after  difiacCion,  after  the  iirat  refracdon,  and  after  the  teoood  reftaetion  reapeetitwljr,  and  6t 

the  angle  of  refractioii  corresponding  to  the  angle  of  inddenoe  9»  as  that  sin  0  >  fi  «n^,«t  bdng 
the  refractlvt'  index  of  the  plate:  and  first,  let  us  suppose  the  vihratinns  of  planp-polarisred 
light  to  be  perpendicular  to  the  plane  of  polarization.  Then  by  the  theory  of  this  paper  we 
have  tan  ai »  sec  d  tan  and  by  the  known  formula  applying  to  refraction  we  have  tan  at  —  cos 
{$  -ttytmaif  tana ^eoi (9 -0^ tan Oi,  whence  tana* m tan tTt  where 

On  the  aecood  sappoatiim,  if  ai  be  the  astmuth  aflier  dilRraetian  at  an  an^«  within 
the  ^aM^  we  have  tanai*  aectf'tBii  tanai«  ooe(0~^tan«),  whence  tan(i««>tattw» 
where 

m  msecff  cos  (9  " 
On  the  third  suppositioo  we  have  tan  a  ■  ai  tan  V>  whef* 

m  K  seed. 

If  we  suppose  the  vibrations  parallel  to  the  plane  of  polarization,  ih;ill  obtain  the  same 
fonnulie  except  that  cos  0^  oos  will  come  in  place  of  sec  6^  sec  ff,  the  factor  cos  (6  -  ff) 
being  unaltered. 

Theny  would  lead  ua  to  expect  to  ibd  die  value  of  bg  m  dedtioed  ftoni  obeervatione 

In  which  the  grooved  face  was  turned  from  the  polarizer  lying  between  the  nduea  obtained  on 
the  second  and  third  of  the  suppositions  respecting  the  place  of  dift'raetion,  or  at  most  not  much 
differing  from  one  of  these  limits.  Similarly,  wc  nhould  expect  from  theory  to  find  the  value 
of  log  m  deduced  from  observations  in  which  the  grooved  face  was  turned  towards  the  polarizer 
lying  between  the  Taluet  obtained  on  the  iitit  and  eeeond  aappoiitiane,  or  at  moat  not  lying  far 
beyond  one  of  these  values. 

The  following  table  contains  the  values  of  log  ni  calculated  from  theory  on  each  of  the 
hypotheses  rc*ipix*ting  the  direction  of  vibration,  and  on  each  of  the  three  supjx)sit)ons  respect- 
ing the  place  of  difiraction.  The  numerals  refer  to  these  suppositions.  The  table  extends 
from  0*0  to  tfago^,  at  intenrala  of  5*.  Wbentf  aO^  and  kgm-O^  in  all  caaea. 

In  calculating  (he  table*  I  have  aqppoied  ^  *  1.  01,  or  nther  equal  to  the  Dumber^  (UMfl^) 
whose  cotmnon  logan'thm  is  .182.  Tbia  taUe  ia  iollowed  by  another  containiiig  the  valuea  of 
Iqgm  deduced  from  experiment. 
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TABLE  III.    Valttw  of  logm  from  theory,  /u  hang  supposed  equal  to  i.i«o6. 


VibntlotM  tuppcMcd 

VlbmUn*  ■im 

pmmillnilit  t»  iht  p!— 

imD 

oTpalHiMi 

0 

I 

II 

III 

I 

II 

III 

5' 

+  .001 

+  .(X)I 

+  .002 

- 

.002 

-.001 

ia> 

+  .005 

+  .002 

+  .007 

.008 

-.004 

—  .007 

+.011 

+.00« 

+  .015 

.019 

-.008 

20" 

+.0i?0 

+.00S 

+  .027 

.034 

-.015 

—  097 

25" 

+.032 

+.012 

+  .043 

.05,T 

-.oes 

8Cfi 

+.047 

+.017 

+  .01)2 

.078 

-.033 

35« 

+.063 

+  .022 

+  .087 

.109 

-.044 

-  .087 

■UP 

+  .08f) 

+  .02S 

+  .116 

-.r»5S 

-  .]\6 

4J" 

+  .111 

+.033 

+  .150 

.190 

-.073 

-  .150 

50" 

+.139 

+.037 

+  .192 

.244 

-.090 

-  .192 

S5« 

+  .173 

+.040 

+  .241 

.310 

-.109 

-  .241 

60" 

+.214 

+.040 

+  .301 

.388 

-.129 

-  ,301 

65' 

+  .262 

+  .039 

+  .374 

.486 

-.151 

-  .374 

70° 

+  ..Sd't 

+  .0.'<1- 

+  .+()V; 

.608 

-.175 

-  .466 

75» 

+  .408 

+  .022 

+  .387 

.766 

-.202 

-  .587 

80" 

+  .533 

+.005 

+  .TfiO 

.987 

-.231 

-  .760 

+  .773  . 

-.022 

+1.060 

-1 

.347 

-.265 

-1.060 

_ 

+  »  1 

-.059 

+  • 

— . 

« 

-.305 

—  « 

TABLE  IV.    VduM  of  logm  from  observation. 


No. 

B 

logm 

DiffnwtloB  «  nftBetien. 

Incidence  perpmidirulitr. 
Oniovcd    tact   nf  gl&Kii 
plat«  tuned  /ron  Ihe 

fiwMimUcht. 

14 

<2 

22 

29»57' 
54»38' 

+.009 
+.010 
+.035 

DiAactioD  at  rcfrsction. 
laeidencc  Jxrpoidimlir. 
(ilOOTeA    furt    of  gl«M 
plale  turned  UwardM  the 
iBcid«Dt  light. 

18 
21 
13 
17 

2:? 
15 

28*26"' 
39^50' 
50*45' 

5i''53' 
59»5*'  1 

+  .0-^9 
+  .039 
+.034 
+.122 

+  .0S2 
+  Ji25 

* 


-  1 -J  ^-J^ 
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A  coniMmini  et  the  two  uUe»  will  kave  no  NMoMiUe  doobt  that  the  experiniMitt  Me 
dedtive  in  £ifour  of  Fmnd'^t  bjrpodiMi%  if  Ae  theory  be  oomidcred  ««U  founded.  In  eon- 
fldecing  the  conclusiveness  of  the  experiments,  it  is  to  be  remembered  that  on  either  the  first  or 
second  supposition  respecting  the  place  of  difiraction,  (and  the  third  certainly  cannot  apply  to 
tile  case  in  which  the  grooved  face  ia  turoed  towards  the  incident  light,)  the  planes  of  polar- 
iaetioD  of  the  dillracled  Ugbt  aie  crowded  by  lefrnetion  towards  the  perpendicular  to  the  plane  . 
of  diAaetion,  and  therefore  the  obaexred  crowdmg  towards  the  plane  of  diAaetion  does  not 
represent  the  whole  effect  of  ibe  cauae,  be  it  what  it  may,  of  crowding  in  that  direction. 

If  )3  Ix'  the  value  of  a  ~  v  for  tr  =  45",  /3  •=  1*  when  log m  «  .015,  ncnrly  ;  h-vJ  wh<^n 
lug  in  is  not  large,  ji  is  nearly  proportional  to  login.  In  this  case  ^  i»  uearly  the  maximum 
value  of  a  -  V.  Anee  the  greatest  Talon  of  a  •  expreued  in  degrees,  may  be  obtained 
appmndoMtdy  from  Table  IV,  and,  within  the  range  of  obaerration,  from  Table  III,  by 
regarding  the  decimals  a>  integers  and  diriding  by  15.  Thus,  for  logmv  -  .HRS  the  real 
maximum  is  24*.8,  aiul  tiie  approximate  rule  gives  25',9,  so  that  this  rule  is  abundantly  sufficieTit 
to  allow  us  to  judge  of  the  magnitude  of  the  qiiantity  by  which  the  two  theories  dificr.  For 
d  ->  the  two  columns  in  Tahk  III  headed  « I",  as  wellas  thnae headed  **III",  differ  by  .6o«, 
and  tboie  headed  **II'',  dilKrby  .109^  so  dint  the  Tahies  andgned  to  ^  by  the  two  theories  diH^ 
by  about  40^  or  11*,  according  as  we  ioppose  the  difiraction  to  tain  plaoe  in  air  or  in  glass.  For 
6  ■  40',  the  corresponding  difFcrCTices  arc  15"  and  (P,  nearly.  These  differences,  even  thof-e  wliieh 
belong  to  diffraction  within  the  glass  plate,  are  large  compared  with  the  errors  of  observation  ; 
for  the  probable  cause  <tf  the  large  errora  in  experiment  No  15,  has  been  already  mentioned. 

In  the  fidlowing  Hgure  the  abadsHS  of  the  eurves  represent  the  an^  of  dilftnelion,  and  tlie 
ocdinates  the  values  of  logm  calculated  from  theory.  The  numerals  refer  to  the  time  euppoei- 
tions  respecting  the  place  of  diffraction,  and  tlie  letters  E,  J,  f'hr  first  vowels  in  the  words 
prrpcndioilar  and  paraiiel,)  to  the  two  hypoth^es  respecting  the  direction  of  vibration. 
The  dots  represent  the  results  of  the  experiments  in  which  the  grooved  face  of  the  glass  plate 
was  turned  towards  the  polariser,  and  the  craaecs  thoae  of  Ae  enperiments  in  which,  it  was 
tuned  in  the  contrary  ^reotinn. 


The  smaUoess  of  log  m  in  experiment  No.  SS,  to  which  the  5th  dot  belongs,  is  probably  due 
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in  part  to  the  ate  of  die  red  glaM,  nnce,  as  bas  beeo  already  remarked,  the  plaiies  of  polariiation 
of  the  Uue  wen  mafe  crowded  towards  the  plane  of  diJ&action  than  thoae  of  the  red.  On  this 
account  the  dot  ought  to  be  slightly  rais(<i  to  make  tins  oxprrimont  caniparable  with  its  neigh- 
bour*. On  the  other  hand  it  will  1k»  seen  by  referring  to  Table  II,  ttiat  No.  23  was  a  much  better 
experiment  than  No.  15,  which  ie  represented  by  the  6th  dot,  and  apparently  also  better  than 
No.  I7t  which  ia  represented  by  the  4di  dot.  No.  %l,  repreaented  by  the  Sod  dot*  lecmt  to 
have  been  decidedly  better  than  No.  IS,  which  ii  repreaentc^  by  the  5rd.  Not.  t«  and  »,  repre- 
sented by  the  1st  and  srderoaies  respectively,  were  probably  much  better,  eipedally  the  latter  of 
them,  than  No.  2,  which  is  represented  by  the  9nd  cross.  Now,  bearing  in  roind  the  character  of 
the  experiments,  conceive  two  curves  drawn  with  a  free  hand,  both  starting  from  the  origin,  where 
ihey  touch  the  axis,  and  passing,  the  one  among  the  dola^  and  the  other  among  the  croaiea. 
The  former  of  tbeae  would  apparently  lie  a  little  bebw  the  curve  marked  I.  and  the  latter 
a  very  little  below  the  curve  11.  E. 

Hence  the  observations  are  very  nearly  represented  by  adopting  Frcsnel's  hypothesis 
respecting  the  direction  of  vibration,  and,  whether  the  grooved  face  be  turned  towards  or  from 
the  incident  light,  suposing  the  ware  broken  up  6«/or«  it  reaches  the  grooves. 

I  think  a  phyatcal  reaaon  may  be  aaaigoed  why  the  auppodtion  of  the  wave's  hefaig  broken 
up  beloK  it  reaches  the  grooves  should  be  a  better  representation  of  the  actual  state  of 
things  than  the  supposition  of  its  bein<^  broken  up  after  it  h.is  passed  between  them.  Till 
it  reaches  the  grooves,  the  wave  is  regularly  propagated,  and,  according  to  what  has  heea 
already  remarked  in  the  introduction,  we  have  a  perfect  right  to  conceive 
it  broken  up  at  any  distance  we  please  in  front  of  the  groovcc.  Let  the  / 

figure  represent  a  section  of  the  grooves,  ttc,  by  the  plane  of  diUhe-  ,  <:  <  _.o_; y //..^ 

tion.  Let  a  A,  Bb  be  sections  of  two  consecutive  grooves,  AB  heiag  1/  ^ 
the  polished  interval.  Let  be  the  plane  at  which  a  wave  incident  in 
the  direction  represented  by  the  arrow  is  conceived  to  be  broken  up.  Let 
O  he  any  point  in  eA,  and  from  O  draw  ORS  m  the  dueedon  ot  a^ray 
proceeding  rcgubrly  from  O  and  entering  the  eye  $  so  that  OB,  BS  are  indioed  to  the  normal  at 
aiig1e>  By  6^,  or  ff,  6,  according  as  the  light  is  passing  from  air  into  glass  or  from  glass  into  air. 
Tlif  latter  case  is  represented  in  the  figure.  Of  a  secondary  wave  diverging  sphericallv  from  0, 
which  is  only  partly  represented  in  the  figure,  those  rays  which  are  situated  lietween  the  limits 
OA,  OB,  and  we  not  indioed  at  n  small  angle  Co  either  of  these  limiting  directioos,  may 
be  regarded  as  v^olarly  refracted  across  AB.  In  a  direction  incliaed  at  a  snudl  angle  only  to 
OA  or  OB,  it  would  be  necessary  to  take  account  of  the  diffraction  at  the  edge  A  or  B.  Let 
be  a  small  angle  such  that  if  O/l  be  inclined  to  OA  and  OB  at  angles  greater  than  y  the 
ray  OB  may  be  regarded  as  regularly  rcfracte<l,  and  draw  Ae,  Bg  inclined  at  angles  -y  to  OR, 
and  Af,  Bh  inclined  at  angles  -  y.  Then,  in  finding  the  illumination  in  the  direction  RS, 
all  the  secondary  waves  escept  those  which  come  fkom  points  dtuated  in  portions  sach  as  e/,  gh 
of  the  plane  «h  may  be  r^rded  as  i^larly  refiraeted,  or  dse  completely  stopped,  those  which 
come  from  points  in  fg  and  similar  portions  being  regularly  refracted,  and  those  which  come 
from  points  to  the  left  of  e,  between  e  and  the  point  which  bears  to  a  the  same  relation  that  h 
bears  to  6,  as  well  as  those  which  come  from  similar  portions  of  tbc  plane  eh,  being  completely 
Vol,  IX.  Past  L  8 
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slopped.   Now  tbe  whole  of  the  aperture  JB  is  not  effectire  in  produdDg  illiiiBinatioii  in  the 

direction  ES.    For  let  C  be  tbe  ceDtre  of  AS,  and  tlmagh  C  draw  a  plane  perpendienlar  to 

US,  and  then  draw  a  jiair  of  parallel  planes  each  at  a  distance  ^\  from  tbe  former  plaae, 
cutting  JB  in  .1/,,  A',,  another  pair  at  a  distance  X,  and  cutting  JB  in  M.,  N-^,  and  to  on 
as  lung  as  the  points  of  section  fall  between  A  and  B.  Let  M,  N  be  the  last  points  of  section. 
Then  the  vibratiaiift  proceeding  horn  MN  in  tbe  direction  MS  neutralise  each  other  hj  inter- 
feNnee^  lo  that  the  ttko/Avv  portiotta  of  the  aperture  are  reduced  to  JMp  IfB.  Now  the 
distance  between  the  feet  of  the  perpendiculars  let  fall  from  J,  M  on  R8  may  have  any  value 
from  0  to  \  \,  and  for  the  angle  of  diffraction  actually  emjiloycd  ASf  was  equal  to  about  twice 
that  distance  on  the  average,  or  rather  leas.  Heuce  AM  may  be  regarded  as  ranging  from 
0  lo  X;  and  eioce  (or  the  brightest  part  of  a  hand  fbnning  that  portioa  of  a  tpectrum  of  the 
iirat  daea  whidi  hdongs  to  light  of  gnvA  reftangtbility  AM  has  just  half  its  greateal  waloe,  we 
may  suppose  AM  ~  \\-  But  if  the  distance  between  the  planes  eh,  ab  heasnull  multiple 
of  X,  and  -/  be  small,  ef  will  be  small  compared  with  X,  and  therefore  compared  with  AM. 
Hence  the  breadth  of  the  portions  of  the  plaue  eh,  sucl»  as  ef,  for  which  we  are  not  at  liberty  to 
regard  the  lijj^t  as  first  dilTraeted  and  then  regularly  refracted,  is  small  compared  with  the 
breadth  cf  the  ptHtions  of  the  aperture,  such  as  AM^  which  are  really  effective ;  and  therefore,  so 
far  as  regards  the  nain  part  of  the  Uluminacion,  we  are  nt  liberty  to  make  the  supposition  just 
meiuionod.  But  we  nmst  not  suppose  the  wave  to  be  first  regularly  refracted  and  then 
diffracted,  because  the  regular  refraction  presupposes  the  continuity  of  the  wave. 

The  above  reasoning  is  not  given  as  perfectly  satisfactory,  nor  could  we  on  the  strength 
of  it  venture  to  predict  with  confidence  the  rendt;  but  the  result  having  been  obtained 
experimental! V,  the  explanation  which  has  just  been  given  seems  a  plausible  way  of  aooounting 
for  it.  Aitonling  to  this  view  of  tlie  subject,  tlic  result  is  proIjal)ly  not  strictly  exact,  but 
only  a  very  near  ajjproxiination  to  »he  fact.  For,  if  we  suppose  tlie  distance  between  the 
planes  «A,  a6  tu  be  only  a  small  multiple  of  X,  we  cannot  apply  the  regular  law  of  refrcctton, 
except  as  a  near  approximatian.  Moreover^  the  dynamical  theory  of  diilirnction  points  lo  the 
existence  of  terras  which*  diough  snudl,  would  not  be  wholly  inaensible  at  the  distance  of  the 
plane  ab.  Lastly,  when  the  radius  of  a  saeondary  wave  which  paisea  the  edge  Aot  Br*  only 
m  small  multiple  of  \,  «  e  cannot  regard  y  as  exceedingly  small. 

Let  us  consider  now  the  results  of  experiments  Nos.  11  and  13.  In  difiVaction  at  refraction, 
the  amount  of  emwdiug  with  respect  to  wMdi  tha  theory  Itam  us  in  doiAt  vaniihes  along 
with  ^  - 1  {  and  although  this  amount  is  hs  from  intendUe  in  the  aetud  experiments*  it  is 
still  not  suiBdently  large  to  prevent  the  results  from  being  deddvein  favour  of  one  of  the  two 
hypotheses!  respecting-  the  direction  of  vibration.  Thus  the  curve-?  marked  "jl^in  the  first 
figure  are  well  separated  from  those  marked  "  A"',  and  if  /ti  were  to  approach  indefinitely  to  1, 
the  curves  L  A  and  IL  A  would  approach  indehnitcly  to  III.  Ay  and  I.£,  and  II,  E  to  III.  E. 
In  diffiracdon  at  reflection,  however,  the  case  is  quite  diffbrent,  and  in  the  abience  of  a  predae 
theory  little  can  be  made  of  the  experiments,  except  that  they  tend  to  confinn  the  law  ex> 
premed  by  the  equation  (49).  In  the  case  of  the  first  and  second  images  the  diffraction 
accompanied  refraction,  and  ho  far  the  experiments  were  of  the  same  nature  as  those  which  liavi- 
been  just  discussed,  but  the  angle  of  incidence  was  not  equal  to  zero,  and  in  that  respect  they  differ. 
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Let  i\  p  be  the  aDgles  of  refrnctioD  corresponding  to  tbe  angles  of  incidence,  t,  i  -f  i^. 
Then  in  the  caa*  of  tbs  <lm  imi^  the  tuignt  of  the  aBiinidi  of  die  pbuie  gf  pnkiTMtiop 
M  multiplied  by  cm  (i-i-   -  f»)  mg       -i.^)  in  coawqaenoe  of  refleetioo,  and  bj  oo»  (<-i-9 

in  consequence  of  refraction;  and  in  the  case  of  the  Mcood  image  by  cos  (I hi  comequedce 

of  refraction,  and  by  cos  (i  —  t')  sec  (i*  +  t')  in  consequence  of  reflection.  Hence  if  m'  be  the 
factor  cnrre?pr>;\diiig  to  ditrractioii  and  tlvj  accompanying  refraction,  m  the  factor  got  from 

observaliun,  aud  regardcil  as  correct,  we  have 

for  1st  image,  log  m'  «  log  m  +  log  cos  (i  +  <^  +      —  2  log  cos  (/  +  f?  -  p), 

for  'inA  imne;e,  log  ni  =  log  m  +  log  cos  (t  +  «")  —  2  log  cos  (t  —  i). 

In  the  ca&e  of  the  first  image,  m  relates  to  diffraction  at  refraction  from  air  into  giem, 
viiere  t  is  the  «ngle  of  incidence  in  air,  and  p  -  »  tbe  angle  of  diffraction  in  glass.  In  the 
caee  of  the  icoMid  inag^  m'  tdatca  to  dilRraetion  Ihwi  gbM  into  air,  where  f  ia  the  ai^  of 
inddcDoe  in  glaai,  and  B  the  angle  of  diflraction  in  air. 

In   experiment  No.  II,  1st  image,  we  have  from  Table  II,  log tn  =  +  589;   for  the 
2nd  image  lugm--f.otii.     lo  tbia  experiment  i  «  14P50',  0  *  SS-30'«  whence  *  > 
p  m  iS^so'.    We  thus  get 

for  lit  image,  log  m'  «  +  .28^  -  .S86  m  ^  MSt 
for  sad  hnage.  kig  m'  •  +  .06t  -  .097  •  +  Ml*. 

The  poaitiTe  values  of  log  m'  which  remit  from  these  experimeutst  notwilhstanding  tbe 
fd&action  which  accompanied  the  diffraction,  bear  out  the  results  of  the  experiments  already 
discuswd,  and  confirm  the  hypothesis  of  Frcsnol.  It  may  be  remarked  that  log  m'  comes 
out  larger  for  the  second  image,  in  which  dili'raction  accompanied  refraction  from  air  into  glass, 
than  for  tbe  liiat  haage^  in  which  dBi&aetion  accompanied  rafiraetion  from  glass  into  air.  This 
also  agrees  with  tbe  expecimenta  juat  referred  to. 

In  experiment  No.  IS,  the  light  which  entered  the  eye  came  in  a  ditettion  not  madi 
different  from  that  in  which  light  regularly  reflected  would  have  "been  perfectly  polarized 
Since  in  regularly  reflected  light  the  amount  of  crowding  of  the  jjlaiie<  of  polarization  changes 
rapidly  about  the  polarizing  angle,  it  ia  probable  that  small  errors  in  ^,  i,  uitd  0  would  produce 
Urge  errors  in  m.  Hence  little  can  be  made  of  this  experiment  beyond  oonfirming  tJie 
formula  (49). 

I  will  here  mention  an  experiment  of  Fraunhofer's,  which,  when  the  whole  theory  is  made 
nut.  will  doubtless  be  found  to  have  a  most  intimate  connexion  with  those  here  doscribed. 
In  this  experiment  the  light  observed  was  reflected  from  the  grooved  face  of  a  gla«s.grating ; 
the  reflection  irom  At  eecond  rarfoce  was  stopped  by  black  vamiab.  In  Fraunhofer's  notation 
•  is  tbe  interval  from  one  gtoove  to  the  comaponding  point  of  its  eonsecutivet  and  is  measured 
in  parts  of  a  French  inch,  a  is  the  angle  of  incidence,  x  the  inclination  of  the  Iq^t  observed 
to  the  plane  of  the  grating,  (Et)  the  value  of  r  for  the  fixed  line  E,  and  the  numerals  mark 
the  order  of  the  spectrum,  reckoned  from  the  axis,  or  central  colourless  image,  tlie  order  being 
reckoned  positive  on  tbe  side  of  the  acute  angle  made  by  the  regularly  reflected  light  with 
the  plane  of  the  giating.  Tbe  following  ia  a  transhtion  of  Fraunhofer'B  deaeriptkm  of  the 
experiment. 

8 — « 
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**  It »  very  remarkable  that,  under  a  eertam  aogte  of  inddencc,  a  part  of  a  spectrum 
arising  ffom  rcAcetioD  codhsIs  of  ftufteUg  potoricml  Thit  angle  of  inddenoe  is  very 

diiTcrL'iit  for  the  dJflereot  apectra,  and  even  very  tenaiUj  diflStrent  for  the  different  colours  uf 
one  and  the  same  spwtnim.  With  the  t;lass-gratjng  «  •*  0.OO0I22S  there  is  polarized  :  (/^x)**'*, 
that  is,  the  grern  |>art  uf  this  first  spcctnini,  when  <r  -  4^' ;  (^t)'"'"'",  or  the  green  part  in  the 
second  spectrum  lying  on  the  same  side  of  the  axis,  when  «t  »»  40^;  lastly,  (iir)'"'',  or  the 
green  part  of  the  fint  epeetntm  lying  on  the  opposite  dde  of  the  axis,  when  o-aflgP. 
When  (EtV^*>  t»  polariaed  perfeetly,  the  remaining  colourR  of  this  spectrum  are  atill  but 
imperfectly  polarized.  This  is  loss  ilio  case  with  (£r) and  <r  can  be  sensibly  cbaoged 
while  this  colour  still  rcmnins  polarized.  (/?t)'""  i«  under  no  nngle  of  incidence  so  com- 
pletely polarized  (so  ganz  voUstundig  polarisirt)  as  With  a  grating  in  which  « 
is  greater  than  in  that  here  wpJbm  of,  the  angle  of  ineideneo  wouUI  hato  to  be  quite  diiimot 
in  order  lluit  the  above^aentiooed  spectra  should  be  polarised*." 

If  weeof^poee  a  function  of  r  such  that  a,,  =  fi9»  o-+,  -  49i  40,  wc  \  by  inter- 
polation (To  =  5S  ??f? ;  ao  that  if  we  suppose  the  central  colourless  image,  which  arises  from  light 
reflected  acconiiug  to  the  regular  law,  to  have  tx>en  polarised  at  the  polarizing  angle  for  light 
reflected  at  a  surface  free  from  grooves,  we  get  m  =  tan  j8''40'«  1.64,  from  which  it  appears 
tlut  the  grating  was  made  of  Hint  glass.    The  ioeKnation  of  17  in  the  apeetrom  of  the  order 

►  to  the  plane  of  the  grating  may  be  calculated  from  tlie  formula  cos  t  =  sin  <r  +  —  ,  given 

by  Fraunhofer,  and  obtained  from  the  theory  of  interference ;  and  6  =  on"  -  r  -  tr,  where  0 
is  the  angle  of  diffraction.    We  thus  get  for  green  light  polarized  i)y  reHcctiun  and  the  ac- 


oompanying  dilTraction, 

order  of  spectrum  «^  9  tr^9 

-I  fig^  -18»1S'  ao«47' 

+ 1     •  49*  + 1:  r  6e»i' 

+  a  40*  +  73"52'. 


If  we  suppoae  the  formula  (49)  to  bold  good  in  this  case,  m  becomes  Infinite  tot  the  angles 
of  incidcoee  o  and  the  corresponding  angles  of  refleetioo  «■  4-  0  contmned  in  the  preceding 

table. 

A  nother  observation  nf  Fratinhnfer's  deseribed  in  the  ««imp  paper  deserves  to  be  mentioned 
in  connexion  witli  the  present  investigation,  because  at  first  sight  it  might  seem  to  invalidate 
the  eondu^ni  wMdi  have  been  bdh  on  the  reeolts  of  the  experimentt.  Ob  examintng  the 
spectra  produced  by  refracti«i  in  another  glass-grating  on  which  the  light  was  incident  perpen- 
dicularly, Fraunhofer  found  that  the  spectra  on  one  side  of  the  axis  were  more  thin  twice  as 
brifjht  as  those  on  the  otlit  r^.  To  account  for  this  phenomenon,  he  supposes!  t!i;it  in  rtilinjj  the 
grating  the  diamond  had  had  such  a  position  with  respect  to  the  plate  that  one  side  of  each 
groove  was  sharp,  the  other  leas  defined.  This  view  wascoofinned  by  finding  that  a  glass  plate 
coveted  with  a  thin  coat  of  grease,  and  purposely  ruled  in  such  a  manner,  gave  similar  resnlta. 

•  aODtmH  Aamiea  dct  Phjrsik,  B.  xiv.  (1823)  S.  364. 

t  bFtowlMfer'tiwMilBailiewMWlM^ls^MMiad  lrr«.  fIliM,p.aia. 
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Now  with  reference  to  the  present  investigation  the  question  might  naturally  be  asked,  If  such 
material  changes  in  intensity  are  capable  of  being  produced  by  Midi  di^C  modificatimw  m  the 
di IfraetiDg  edge,  how  h  it  posdble  to  faoild  any  certain  ooadunona  on  an  investigatioo  in  which 
the  oatiire  of  the  USHuliag  cdgo  is  not  taken  into  aooount  P 

To  flKiBlate  the  explanation  of  the  apparent  cause  of  the  above-mentioned  want  of 
symmetry,  suppose  the  difTraction  prndtipcd  by  a  wire  grating  in  which  the  sretion  of  each 
wire  is  a  right-angled  triangle,  with  one  side  of  the  right  angle  parallel  to  the  plane  of  the 
grating,  and  perpendicular  to  the  inddeot  light,  and  tbe  equal  acute  anglea  all  tinned  the 
waj.  The  triao^ea  JBC^,  DEF  in  the  %ut«  npment  aections  of 
two  coDaeeutiTe  wires,  and  GB,  HD,  IE  leprnent  incident  raya, 
or  normals  to  the  incident  waves,  which  are  aupposed  plane.  Lot 
BE  -  €,  and  BD  :  DE  ::  nil  -n.  Draw  BK,  EM  parallel 
to  one  another  in  the  direcdon  of  the  qwetram  of  die  order  w  on 
the  one  aide  of  the  evic,  ao  that  r\  ia  the  retardatfam  of  the  nty 

E^f  relatively  to  BK,  and  llKrefore  sin  0  «  — ,6  being  the  angle 

of  diffraction,  or  the  inclination  of  /ih'  to  G/i  pro<liice<i.  Draw  UN,  FO,  EP  at  &n  incli- 
nation on  the  other  side  of  the  axis,  and  let  I  DBF  ■  a.  Then  the  retarilation  of  DL 
reiativdy  to  BK  is  eqoal  to  nvX,  or  nc  dn  9,  and  that  of  BN  leUoivdj  to  it  equal  to 
f»«eio04>i»etooaooa0-i»«t8na,«o  that  if  we  denote  these  retardationa  bj  A,,  J?»  H,  -  m«  do  9, 

R,  »  71  f  sin  B-nei&n  a  vcrsin  9.  Let  be  the  greatest  inters  oontained  in  the  quotients 
of  R,,  Ht  divided  by  \,  and  let  /I'j  -  p,  X  +  r„  /fj  =  p,  A  +  r,.  Then  the  relative  intensities 
of  the  two  spectra  of  the  order  +  v  and  -  v  depend  on  r„  r.j :  in  fact,  we  find  for  the  ratio 

of  iateodtiest  od  the  theory  of  ioterference,  dn*  ~  :  dn*  ^ .    Now  Una  wtio  may  have 

any  value^  and  we  may  even  iiave  a  bright  •peetrum  on  one  side  of  the  axis  answering  to  an 

evanescent  spectrum  on  the  other  side.  It  appears  then  in  tlie  highest  degree  probable  that 
the  want  of  symmetry  of  illumination  in  rrniinhofpr's  rxjxriinent  was  due  to  a  different 
mode  of  interference  on  opposite  sides  of  the  axis.  Ilut  this  has  nothing  whatsoever  to 
do  with  the  nature  of  the  polariiaiion  of  the  incident  light,  and  eooaequently  does  not  in 
the  dightest  degree  aihet  the  ratio  of  tiie  intendtiea,  or  rather  the  ratio  of  the  eoeflBdents 
of  vibrationt  of  the  two  stri-ains  of  light  belonging  to  the  «aMt«  $feetrum  corresponding 
to  the  two  streams  of  oppositely  pol.irizixl  lijcht  info  which  we  may  conceive  tlic  incident 
light  decomp<^«ic<l,  and  consequently  docs  not  atfcct  the  law  of  the  rotation  of  the  plane  of 
polarization  of  the  diffracted  light. 

G.  6.  STOKES 


P.  S.  Since  the  nhovr  was  written.  Professor  Miller  has  delemiincd  for  me  the  refractive 
index  of  the  glass  plate  by  means  of  tlie  pokrijcing  angle.  Four  observations,  made  by 
candMie^t,  of  which  the  mean  error  was  only  i'^,  gave  for  the  douMe  angle  119^S0',  whence 
M  "  tan  56*40'  M  i,9SM8,  which  agrees  almost  exacdy  with  the  value  I  had  assamed.    In  two 
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of  these  obfiervations  the  light  was  re£eoted  at  the  ruled,  and  in  two  at  the  plaae  surface. 
The  aeeandanoa  of  the  iCMiita  bMn  out  the  miiiKNiCiaiB  made  in  Part  II.  that  the  lif^t 
beloDg^ag  to  the  eentnl  colourless  image,  which  is  reflected  or  refracted  aceording  to  the 
regular  lain,  it  «lao  affected  as  to  its  polarization  in  the  same  manner  as  if  the  surface  were 
free  from  grooves.  The  rLfractive  iiukx  of  the  ptatc  being  now  known  for  certain,  the 
expencnetitn  described  in  tiiis  paper  render  it  probable  that  the  crowding  of  the  planeti  of 
pokri^ation  which  actually  takes  place  is  rather  less  tbao  that  which  results  from  theory  on 
the  suppostkm,  (wludi  ia  ia  a  gratt  nMaaafe  anqNiicalt)  that  the  dHFractioii  takea  place  before 
the  lig^t  reaches  the  gioovea.  The  diArenoe  is  however  so  small  that  more  iKuneraus 
and  more  accurate  experiments  would  be  required  before  we  could  aiBrm  with  coofidenee 
that  such  is  actually  the  case. 

When  a  stream  of  light  is  incident  obliquely  on  an  aperture,  it  is  sometimes  necessary 
to  oonoeiTe  each  wave  broken  up  aa  ita  dements  arrive  in  auooeiaian  at  die  plane  of  the  apertnrr. 
In  applying  the  formula  (4d)  to  such  a  caae,  it  wiB  be  sufleieat  to  snbetitute  for  dS  the 
pn^ection  of  an  element  of  the  aperture  on  the  wave's  front,  6  being  measured  as  before  from 
the  normal  to  the  wave,  which  no  longer  coincides  witli  the  normal  to  the  plane  of  the  ripertiire. 

Before  concluding,  it  will  be  right  to  say  a  few  words  respecting  M.  Cauchy's  dynamical 
investigation  of  the  problem  of  difTraction,  if  it  be  only  to  shew  that  I  have  nut  been 
anticipaled  in  the  retulta  whieh  I  here  lay  before  the  Society.  This  ioveetigatiaii  is  referred 
to  in  Moigno**  Repertoire  d'OpHque  modemet  p.  190,  and  will  lie  found  in  the  fifteenth  Volunie 
of  the  Comptcs  Randng,  where  two  short  memoirs  of  'M.  Cauchy's  on  the  suh'iect  printed, 
the  first  of  which  begins  at  p.  fi05,  ami  the  second  at  p.  it'o.  The  first  contains  tln'  nnalvii- 
which  M.  Cauchy  had  some  years  before  apphcd  to  the  problem.  This  solution  he  afterwards, 
as  it  appeariy  saw  reason  to  abandon^  or  aft  least  greatly  to  restiict;  and  he  has  himself  stated, 
(p.  675)*  that  it  is  only  applicable  when  certain  conditions  are  fulfilled,  and  when  nwreover 
the  nature  of  the  medium  is  such  that  normal  and  transversal  Tibrations  arc  propagated  with 
equal  vel  i  it\  This  latter  condition,  as  Green  has  shewn,  is  incompatible  with  the  stability 
of  the  medium.  In  the  second  memoir  M.  Cauchy  ho  explaim  d  the  principles  of  a  new 
■dutlMi  of  the  praUem  which  he  haA  obtained,  without  giving  any  of  the  analysis.  The 
principal  r«Milt»  it  would  appear,  at  which  he  has  arrived  is,  that  li^t  incident  on  an  apertnre 
in  a  acreen  is  capable  of  being  reflected,  so  to  speak,  A;/  thi'  aperittre  Kse^  (p.  67.^) ;  and  he 
proposes  seeking,  by  the  use  of  very  black  screens,  for  these  new  rays  which  are  rcfleett.l  and 
diffracted.  But  it  follows  from  reaf^oning  siinihir  to  that  of  Art.  "i^.  or  even  iVoni  the  general 
formula  (45)  or  (46),  that  »ucli  rays  would  be  wholly  insensible  in  all  ordiuury  taj.es  "f  dif- 
AncUon*  even  were  the  screen  to  reflect  abcolutdy  no  light.  The  only  way  apparently  of 
renderiqg  them  senrible  would  be,  to  eonttruet  a  grating  of  actual  threada,  ao  iine  as  to  allow 
of  observations  at  a  large  angle  of  diffraction.  SuchagFatiog  I  believe  has  never  been  made; 
and  even  if  it  could  be  made  it  would  apparently  be  very  difficult,  if  not  impossible,  to 
separate  the  effect  to  be  investigated  from  the  effect  of  reflection  at  the  threads  of  the 
grating. 
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Tm  CambiidgB  Fbllotopliioil  Society  hn  wOHagly  admittad  among  iu  pmeeediiigt  not 

ool J  contrihuttoint  to  science,  but  also  to  the  pbUoaopby  of  acknoe ;  and  it  is  to  be  presumed 

that  this  willingness  will  not  be  less  if  the  speculations  concerning  the  philosophy  of  science 
which  are  ofTcred  to  the  Society  involve  a  reference  to  ancient  authors.  Induction,  the  process 
b^  which  general  truths  are  collected  from  particular  examples,  is  one  main  puuit  in  such 
pbQoMipliy :  and  tbe  oompariaoD  of  the  viom  of  luduetkn  CDlertained  bj  ancieiit  and  modem 
writen  bu  already  attracted  much  notice.  I  do  not  intend  no«r  to  go  into  thie  entjeet  at  any 
length  ;  but  there  is  a  cardinal  passage  on  the  subject  in  Aristotle's  Analytics,  {Analyt.  Prior, 
II.  25)  which  I  wish  to  explain  and  discuss.  I  will  first  translate  it,  making  such  emendations 
as  arc  requisite  to  render  it  intelligible  and  oonsisteDt,  of  which  I  shall  afterwards  give  an 
account. 

I  vHI  namber  tbc  sentences  of  tbia  diapter  of  Ariatotb  b  order  that  I  may  afterwaida 
be  able  to  refer  to  tbem  readily. 

§  1  "  We  must  now  proceed  to  observe  that  we  have  to  examine  not  only  syllogisms 
according  to  the  aforesaid  figures, — syllogisms  logical  and  demonstrative,— but  also  rhetorical 
syllogiems, — and,  speaking  generally,  any  kind  of  proof  by  which  belief  is  influenced,  following 
■ny  method* 

f  9   **  All  belief  arioea  cither  finom  Sylkgiim  or  fram  Liduction :  [we  nuat  now 

therefore  treat  of  Induction.] 

^3  "  Induction,  and  the  Inductive  Syllotrism,  is  when  by  means  of  one  extreme  term 
we  infer  the  other  extreme  term  to  be  true  of  the  middle  term. 

1 4  **  Thus  if  C*  be  the  estremca,  and  E  the  mean,  we  have  to  shew,  by  meanc  of  C, 
that  A  is  true  of  B. 

0  />   "  Thus  let  A  be  long-lived;  B,  thaitffkidt  kM  no  gaU-Uaddetf  and  C,  particular 

long-lived  animals,  as  elephant,  fmrxp,  mnlr. 

^6      Then  every  C  is  A,  for  all  the  animals  above  named  are  long.lived. 

j  7    "        every  C  is  Bf  for  all  those  animals  are  destitute  of  gall-bladder. 

^8  "If  then  iff  and  C  are  convertible,  and  tbe  mean  (Jf)  does  not  exteod  further  than 
extreme  (C),  it  necessarily  follows  that  every  Bit  A* 

^9  "For  it  was  shewn  before,  t!iat,  if  any  two  thinfj^s  be  true  of  the  same,  and  if 
either  of  them  be  convertible  with  the  extreme,  the  other  of  the  things  predicated  is  true  of  the 
convertible  (extreme). 

Jl  10  **Bnt  we  must  coneeive  that  C  comiBta  of  a  cdleetion  of  all  the  partimdar  caem  ( 
for  Induction  is  applied  to  all  the  caaea. 
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^11    **  But  Mieh  a  lylloginn  is  «n  inference  of  a  6rat  truth  and  imnMdiate  (HrapoAtioii. 

1 12  "For  when  there  it  a  meen  tcfn*  there  is  demonstrative  syOoigiiBi  through  the 
mean  ;  but  when  there  is  not  a  mcnn,  there  j«  proof  hy  Induction. 

j  13  And  io  a  certain  way,  Induction  is  contrary  to  SjrUogism ;  for  Syllogism  proves, 
by  the  middle  torm,  that  the  atrene  ie  true  of  the  third  thing :  but  Induction  proves,  by 
means  of  the  third  thing,  that  the  extreme  is  true  of  the  mean. 

1 14  "  And  Syllogism  concluding  by  means  of  a  middle  term  is  prior  by  nature  and 
more  usual  to  us  ;  but  the  proof  by  Induction  is  mort'  luminous." 

I  think  that  the  chapter,  thus  interpreted,  is  quite  coherent  and  intellii^ible ;  although  at 
first  there  aevixia  to  be  some  confusion,  from  the  author  sunietiraes  saying  that  Induction  ii>  a 
kind  of  Syllogism,  and  at  other  times  that  it  M  not   The  amount  of  the  doctrine  is  this. 

When  we  oolleet  a  general  ptopoHtian  by  Induction  from  particular  cases,  as  for  instance, 
that  all  animals  destitute  of  gallrbladdcr,  (achoUnu)  are  long-lived,  (if  this  proposition  were 
true,  of  which  hereafter)  we  may  express  tlie  process  in  the  form  <jf  a  Sylloj^i-iin,  if  «p  will 
agree  to  make  a  collection  of  particular  cases  our  middle  term,  and  assume  that  the  proposition 
in  which  the  mcond  extreme  term  occurs  is  convertiUe.  Thus  the  known  propositions  are 
Elephant,  horse,  mule,  fcc,  are  hmg-lived. 
Elephant,  horse,  mule,  8ic«,  are  <xcholou*. 

But  if  we  suppose  that  the  latter  proposition  is  convertible,  we  shall  have  these  propo- 
sitions, 

Elephant,  horse,  mule,  &c.,  are  loug-iived. 

All  aeholoos  animals  are  elephant,  hone,  mule,  fcc^ 
from  whence  wc  infer,  quite  rigoroualy  as  topim. 

All  acholous  animals  arc  long-lived. 
This  mode  of  putting  the  Inductive  inference  shews  both  the  strong  and  the  weak  point 
of  the  illustration  of  Induction  by  aieuus  oi  Syllogism.    Tbe  strong  point  is  this,  that  we 
make  the  lafnrenoe  perfect  as  to  form,  by  including  an  indefinite  collection  of  particular  cases, 
dephant,  horm,  mule,  &&,  in  a  ainf^  term,  C    The  Syllogism  then  is 

All  C  are  long-lived. 

All  acholous  animals  are  C. 

Therefore  all  acholous  animals  are  long-lived. 
The  weak  point  of  this  illustration  is,  that,  at  least  in  some  instances,  when  the  number 
of  actual  cases  is  necessarily  indefinite  the  representation  of  them  as  a  single  thing  involves 
an  unauthorized  atepi.    In  order  to  give  tbe  reasoning  which  really  passes  In  the  mind,  w« 
must  say 

Elephant,  horse,  See,  are  long^-lived. 
All  acholous  animals  arc  as  elephant,  horse.  Sec, 
There&re  all  adidoos  animals  are  long-lived. 
This         must  be  introduced  in  order  that  the  **all      of  the  first  proposition  may  be 
justified  by  the  "  C"  of  the  second. 

This  step  is,  I  say,  necessarily  unauthorizeti.  wliere  the  number  of  partinilrir  rases  is 
indefinite ;  as  in  the  instance  before  us,  tbe  species  of  acholous  animals.    Wc  do  nut  know 
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how  mmij  such  spedoi  there  arc,  yvt  we  wisb  (o  be  aUe  to  assert  that  all  odtuloua  animals 
m  long-lived!.    In  the  proof  of  such  «  propoaidon,  put  in  a  ayllogistic  fonn,  there  must 

necessarily  be  a  logical  defcvt ;  and  the  abuve  discussion  shews  that  this  defect  is  the  aabsti-* 
tution  of  tin-  proposition,  "  All  acholous  animals  arc  as  elephant,  Stc.,*"  for  the  convene  of  the 
experimentally  proved  proposition,  "  elephant,  8iC.,  are  acholous." 

in  instances  in  which  the  number  of  particular  cases  is  limited,  the  necessary  existence  of 
•  kgknl  flaw  in  the  syllogistic  traoilvtion  of  the  proocw  is  not  so  evident.  But  in  tnith^ 
such  a  flaw  exists  in  all  eases  of  Induction  proper;  (fer  Induetioo  hy  Mere  euwHeratUm  can 
hardly  be  called  Induction.)  I  will,  howevaTt  condder  for  n  tiioment  the  instance  of  a  cele- 
brated proposition  which  has  often  been  taken  as  an  example  of  Iiuluction,  nnd  in  vrhich  the 
number  of  particular  cases  is,  or  at  least  is  at  present  supposed  to  be,  limited.  Kepler  s 
laws,  for  instance  the  law  that  the  planets  describe  ellipses,  may  be  regarded  as  examples  of 
Induction.  The  law  was  inferied,  we  will  suppose,  from  an  examination  ot  the  orUts  of 
Hara»  Earth,  Venus.  And  the  «yl1ii|pstic  illustntioa  which  Aristotle  j^ves,  will,  with  the 
neoemry  addition  to  it,  stand  thus. 

Mars,  Earth,  Venus  describe  ellipses. 

Mars,  Earth,  Venus  arc  planets. 
Aasuming  the  oonTeTtilnlitj  of  this  last  proposttioo,aftci  sto  tudoenaliHft  (which  is  tbe  necessary 
additioa  in  order  to  make  Aristotle^s  syllogism  valid)  we  tay 

All  the  planets  an-      Mar*^,  Earth,  VeOUi. 
Wlience  it  follows  that  all  the  planets  describe  ellipses. 

If,  instead  of  this  assumed  universality,  the  astronomer  Imd  made  a  real  enumeration,  and 
had  established  tbe  fact  of  each  particular,  he  would  be  able  to  say 

Saturn,  Jupiter,  Man,  Earth,  Venus^  Mercury,  describe  dlipeee. 

Saturn,  JuidtN',  Mars,  Eartb,  Venus,  Meienry  are  all  the  planeta. 
And  he  would  obviouily  be  entitled  to  convert  tbe  second  proposition,  and  then  to  conclude 
that 

All  the  planets  describe  ellipses. 
But  then,  if  this  were  given  m  an  illiHtration  of  Induction  by  means  of  syllogism,  weshould 
have  to  remark,  in  the  Brst  place,  that  the  conclusion  that  **all  the  planets  describe  ellipses,'* 
adds  nothing  to  tbe  major  propo^iition,  that  "S.,  J.,  M.,  E.,  V.,  m  ,  do  so,**    It  m  merely  the 

same  proposition  expressed  in  other  wnrd<,  so  lontf  n-^  S.,  J.,  E.,  V.,  m.,  arc  siippo<.i'il  to  be 
all  the  planets.  And  in  tin-  next  place  we  have  to  make  a  remark  which  is  more  important  ; 
that  the  mioor,  in  such  an  exauiple,  must  generally  be  either  a  very  precarious  truth,  or,  as 
appears  in  thia  caae,  a  transitory  error.  For  that  tbe  planets  known  at  any  time  are  the 
pbmets,  must  always  be  a  doubtful  asaertion,  liable  to  be  overthrown  to-night  by  an  astronomical 
observation.  And  the  assert!  r  i  received  in  Kepler's  time,  has  been  overthrown.  For  Saturn, 
Jupiter,  Mars,  Earth,  Veiui';,  Mercury,  are  not  all  the  planets.  Not  only  hnve  «evernl  new 
one*  been  discovered  at  iiUervals,  as  Uranus,  Ceres,  Juno,  Fatlas,  Vesta,  but  we  have  new  ones 
discovered  every  day ;  and  any  conclusion  depending  upon  this  premiss  that  4»  A,C,i>,  E,  F,  G,Ht 
to  2are  all  the  pUmeti^  is  likely  to  be  Ihlsified  in  a  few  years  by  the  discovery  tSJttB^Ct  &c. 
If  thei«foi«,  this  were  the  syllogistic  analyns  of  Induction,  Xepler^s  discovery  rested  upon  a 
Vou  IX,  Pabt  I.  9 
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fidie  proposition ;  and  even  if  the  amljrii  were  now  made  oolilbniiafale  to  our  present  knowledge^ 
that  induetfaKi,  aiulyBed  as  ahove,  would  rtill  involw  a  {nopoaitiaii  which  to-ouNTOw  maj  ahew 

to  be  falsi-.  But  yet  no  one,  I  suppose,  douhta  that  Kepler's  iliscuvery  was  really  a  discovery 
— thp  establishment  of  a  scientific  truth  on  solid  grounds;  or,  that  it  is  a  scientific  truth  for 
us,  notwithstanding  that  we  are  constantly  discovering  new  planets.  Therefore  the  syllogistio 
analysis  of  it  now  discussed  (namely,  tb&t  which  introduces  simple  enumeration  as  a  step)  is 
not  the  right  analjds,  and  does  not  repfceent  the  grounds  of  the  Induetive  Truth,  that  all  the 
planets  descrihe  dlipseii. 

It  may  be  said  that  all  the  planets  discovered  since  Kepler's  time  oonfonn  to  his  law,  and 
thus  confirm  hh  discovery.  This  we  gjrant :  but  they  only  confirm  the  discovery,  they  do  not 
make  it;  they  are  not  its  ground  work.  It  was  a  discovery  before  these  new  cases  were  known ; 
k  was  an  induelive  truth  without  them.  Still,  an  objector  might  urge,  if  any  one  of  these  MV 
planets  had  eootradieted  the  law,  it  would  have  overtuioed  the  diaeoveiy.  But  this  is  too 
hotdly  said.  A  dtaeovery  which  is  to  precise,  so  complex  (hi  the  phenomena  which  it  explains) 
so  supported  by  inniimornhle  ub.'^ervation<!  extending  through  space  and  limc,  is  not  so  i-.TsIlv  over- 
turned. If  we  tind  that  Uranus,  or  tliat  Encke's  comet,  deviates  from  Kepler^s  and  Newton's 
laws,  we  do  not  infer  that  these  laws  must  be  false ;  we  uy  that  there  must  be  some  disturbing 
cause  in  these  cases.  We  seek,  and  we  find  these  disturbing  causes :  in  the  case  of  Uranus, 
a  new  planet }  in  the  case  of  Encke's  comet,  a  resisting  mediora.  Even  in  this  case  therefove^ 
though  the  nuTii!)er  of  jiarticular.s  is  hiiiitetl,  the  IiKluctiun  wa?  not  made  by  a  <timplc  enume- 
ration of  all  tile  particulars.  It  was  iiiatle  from  a  few  cases,  and  when  the  law  was  discerned 
to  be  true  in  these,  it  was  extended  to  all ;  the  conversion  and  assumed  universality  uf  tlie  pro- 
podtion  that  '*theie  are  planets,""  giving  us  the  proposition  which  we  need  for  the  syllogistic 
exhihition  of  Induction,  **8U  the  planets  are  as  thoBe." 

I  venture  to  My  further,  that  it  is  plain,  that  Aristotle  did  not  regard  Induction  as  tha 
result  of  simple  enumeration.  This  is  plain,  in  the  first  place,  from  his  example.  Any  pro- 
position with  regard  to  a  special  class  of  animals,  cannot  be  proved  by  simple  enumeration :  for 
the  number  of  particular  cases,  that  is,  of  animal  species  in  the  class,  is  indefinite  at  any  period 
of  aootogical  discovery,  and  mutt  he  regarded  as  infinite.  In  the  next  plasce,  Aristotle  says 
(|]0  of  the  above  extract)  "We  must  conceive  that  C  connstsof  a  colleGtion  of  all  the  particular 
cases;  for  iiuhiction  is  applied  to  all  tlie  cases."  We  must  ronreive  (i'Of7i')  that  C  in  the  major, 
consists  of  all  the  cases,  in  order  that  tlie  conclusion  may  be  true  of  all  the  caw^s;  hut  we  can- 
not  observe  all  the  cases.  Rut  the  evident  proof  that  Aristotle  docs  not  contemplate  in  this 
chapter  an  Induction  by  simple  enumemtion,  ii  the  contrast  in  which  he  plaoea  Induction  and 
Syllogism.  For  Induction  by  simple  enumeration  stands  in  no  contrast  to  Syllogism.  The 
Syllogism  of  such  Induction  is  quite  Ic^cal  and  condnsive.  But  Induction  from  a  compara- 
tively Somali  niinibcr  of  particular  case*  to  a  general  law,  docs  stand  in  opposition  to  Syllogism. 
It  gives  ui  a  truth, — u  truiii  wliicli,  us  Aristotle  says,  14}  is  more  luminous  than  a  truth 
proved  syllogisticalty,  though  Syllogism  may  be  more  noAnna/  mad  uswil.  It  ^vea  us  {j  1 1) 
immediate  propoaitioni,  obtained  directly  from  dbiiervation,  and  not  by  a  chain  of  reaaoning: 
**fiTSt  tnithii**  the  prindplesfrom  which  syllogistic  reasoningi  nay  be  deduced.  The  Syllogiam 
proves  by  means  of  a  middle  term  {j  13)  that  the  extreme  is  true  of  a  third  thing :  thus 
iflchohtu  being  the  middle  term) 
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Acholouii  animals  are  luiig-liveti : 
AU  d^astk  an  adnbiu  adiiMlB: 
TlierefoK  all  tlepliMita  «» Imig^Uved. 

But  Induction  proves  by  means  of  a  third  thing  (namely,  particular  eaan)  that  the  mtieme  U 
true  of  tiw  mean  ;  thus  (acholous,  still  being  the  oaiddle  term) 

Elephants  are  loog-lived : 

Elephants  are  a^otona  aaimala: 

TlMrefore  adwlotiB  animala  are  loBgJived. 
It  maj  be  objectecU  such  reasoning  as  this  is  quite  inconclusive:  and  the  answer  is,  that  this 
is  precisely  what  wc,  and  as  I  believe,  Aristotle,  arc  here  pointing  Dut.  Induction  Ls  inconclusive 
as  reasoning.  It  is  not  r-cnsoni'iir  ■  it  >inntluT  w;t_v  of  f^ft'iiu'  it  truth.  As  we  have  seen, 
no  reasoning  can  prove  such  au  luuuciive  truili  as  this,  that  ail  plaueta  describe  ellipses.  It 
»  known  fiom  obaervatioui  but  it  is  not  demmutrated.  Nevcrthelen,  no  one  doabta  its  uni* 
venal  tnith,  (except,  as  afbrettid,  when  diaturbing  causes  interTene).  And  thence,  Induetion  is, 
aa  Aristotle  says,  opposed  to  syllogistic  reasoning,  and  yet  is  a  means  of  diaoovering  truth :  not 
only  so,  but  a  means  of  discovtrini;  primary  trullus,  inimccnately  derived  from  observation. 

I  have  elsewhere  taught  that  all  Induction  involves  a  Conception  of  the  mind  applied 
to  facts.  It  may  be  asked  whether  this  applies  in  such  a  case  as  that  given  by  Aristotle. 
And  I  reply*  that  Aristotle^s  instance  is  a  very  instructive  example  of  what  I  mean.  The 
Concqition  which  is  applied  to  the  facts  in  order  to  make  the  induction  possible  is  the 
want  oi  the  gall-bladder; — and  Aristotle  supplies  us  with  a  special  term  for  this  con- 
ception ;  aiholoHs*.  But,  it  may  be  said,  that  the  animals  observed,  the  elephant,  horse, 
mule,  &C.,  are  acbolous,  is  a  mere  Fact  of  observation,  not  a  Conception.  I  reply  that  it  is  a 
StkUwi  Fa«t,  a  Ihet  selected  and  eoaptted  in  aeveral  cases,  which  is  what  we  mean  by  a 
Cbneepliott.  That  there  is  needed  ibr  such  adection  and  eonpaiison  a  certain  activity  of  the 
mind,  is  evident ;  but  this  also  may  become  more  clear  by  d\vi'ning  a  little  further  on  the 
subject.  Supjxisc  tliat  AriNtotle,  hfiving  a  dosire  to  know  what  class  of  animals  are  loug-livcd, 
had  dissected  for  that  purp>use  uiany  animals;  elephants,  horses,  cows,  sheep,  goats,  deer  and 
the  like.  How  many  resemblances,  bow  many  differences,  must  be  have  observed  in  their 
anatomy !  He  was  very  likely  long  in  fixing  upon  any  one  resemUaace  which  was  oommon 
to  all  the  long-lived.  Probably  he  tried  several  other  characters,  beftire  he  tried  the  presence 
and  absence  of  the  gall-bladder : — perhaps,  trying  such  characters,  he  found  them  succeed  for 
a  few  ca^cK,  and  then  fail  in  others,  so  that  he  had  to  rejpot  them  as  useless  for  his  purpose. 
All  the  while,  the  absence  of  the  gall-bladder  in  the  long-lived  animals  was  a  fact :  but  it 
was  of  no  use  to  him,  because  be  bad  not  seketed  it  and  drawn  it  forth  from  the  nuns  of  other 
facta.  He  was  looking  for  a  mean  tenn  to  connect  his  first  extreme,  kng^Bnedt  with  his 
second,  tlie  special  cases.  He  sought  this  middle  term  in  the  entrails  of  the  many  auimals 
which  he  iiw  d  as  extremes :  it  there,  but  he  ctndd  not  find  it.  Tlie  fact  existed,  but 
it  was  of  no  use  for  the  purpose  of  Induction,  because  it  did  not  become  a  special  Conception 
in  his  mind.    He  considered  the  animals  in  various  points  of  view,  it  may  be,  as  ruminant, 
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horned,  m  hoofcO>  and  the  contrary;  but  not  aa  oeAofeiit  and  the  contrary.  When  he  looked 
at  animala  in  that  point  of  view^-^when  lie  tooli  up  that  character  aa  the  ground  ci  diatinetkm, 
he  forthwith  imagined  that  he  found  a  separation  of  long-lived  and  ahort-llved  animala. 
^Vlun  tluu  Fact  became  •  Conceptioa,  he  obtained  an  inductive  truth,  or,  at  my  rate,  an 

inductive  prtipositiiin. 

He  obtained  an  inductive  pruposilion  by  applying  tlie  Conception  acholoua  to  his  obser- 
vation of  animala.  Thta  Conception  divided  them  into  two  claiies;  and  thcM  claaaea  were, 
he  fancied,  long-Kved  and  short-lived  te^eeiively.  That  it  va«  the  Conceptioo,  and  not  the 
Fact  which  enabletl  him  to  obtain  his  induetive  propoidtion,  is  fiirtlur  plain  from  thi>,  tlutt 
the  suj»j)osfd  Fact  is  luit  a  fact.  Achoious  animals  are  not  Innger-lived  lliau  others.  The 
presence  or  absicnce  of  the  gall-bladder  is  no  character  of  longevity.  It  is  true,  that  in  one 
familiar  dasa  of  animala,  Uie  hertHVoroua  kmd,  there  ia  a  iort  of  fint  eeeving  of  the  truth 
of  Aristotle**  asserted  rules  for  the  horse  and  mule  which  have  not  the  gaIl*Uadder  are 
longer-lived  than  the  cow,  sheep,  and  goat,  which  have  it.  But  if  we  pursue  the  investigation 
further,  the  rule  soon  fails.  The  deer-tribe  that  want  the  gall-bladder  are  not  longer-lived 
than  the  other  ruminatinLC  animals  which  have  it.  And  as  a  conspir\i(ni>!  evidence  t>f  the 
falsity  of  the  rule,  man  and  the  elephant  are  perhaps,  for  their  size,  the  longest-lived  animals, 
and  of  these,  man  has,  and  the  elephant  has  not,  the  organ  in  question.  The  inductive 
propaeitioo»  then,  is  Use;  but  what  we  have  mainly  to  oonstder  is,  where  the  fallacy  enters, 
according  to  Aristotle's  analysis  of  Induction  into  Syllogism.  For  the  two  premisses  are  still 
true;  tliat  elephant.*,  S:c.,  are  !on!,'-1ived  ;  and  that  ekiiliaiits.  Srr  ,  are  nt holtius.  And  it 
is  plain  that  liie  fallacy  conies  in  with  that  conversion  and  generalization  of  the  letter  prupo- 
silion, which  we  have  noted  as  necessary  to  Aristotle's  illustration  of  Induction.  When  we 
say  AU  achoious  animals  are  as  elephants,  iicV  that  is,  as  those  in  their  biological  con- 
ditions, we  say  what  is  not  true.  Aristotle's  condition  (§8),  is  not  complied  with,  that  the 
middlo  term  >liall  not  exteml  hL  vuiul  ilie  extreme.  For  the  character  achoious  does  extend 
beyond  the  elepiiant  and  the  animals  biologically  r«!M.iiibiing  it ;  it  extends  to  deer,  Sec,  which 
are  nut  like  elephants  and  horses,  io  the  point  in  question.  And  thus,  wc  see  that  the 
assumed  oonvendon  and  gencralizalion  of  the  minor  proposition,  is  the  sent  of  the  falla^  of 
false  luductionsi,  as  it  ia  the  seal  of  the  peculiar  logical  character  of  true  inductions. 

As  true  Inductive  Propositions  cannot  be  logically  demonstrated  by  syllogistic  rules,  so 
they  cannot  be  discovered  by  any  rule.  Therf  is  no  formula  for  the  discovery  of  inductive 
truth.  It  is  cauglit  by  a  peculiar  sagacity,  or  power  of  divination,  for  which  no  precepts 
can  be  given.  But  from  what  has  been  said*  we  see  that  this  sagacity  shews  itself  in  the 
discovery  of  propoHtions  which  are  both  ^rtie,  and  oon««rflUe  in  the  sense  above  explained. 
Both  th«se  step*  may  be  difficult.    The  former  is  often  very  bborioiis:  and  when  the  labour 

has  been  expended,  and  n  true  propositinti  obtaitKit,  it  may  ttirn  out  useless,  because  the 
proportion  is  not  convertible.  It  was  a  matter  of  great  labour  to  Kepler  to  prove  (from 
calculation  of  obscrvatiuQs)  that  Mars  moves  clliplically.  Before  he  proved  this,  he  had  tried 
to  prove  many  similar  propositifMa :— that  Mars  moved  according  to  the  ^'bisection  of  the 
eccentricity,''— acowding  to  the  **  vicarious  hypothesis, "'—according  to  the  *■  physical  hypo- 
thettSt^—and  the  like;  but  none  of  tliese  was  found  to  be  exactly  true.    The  proposition 
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thttt  Man  mamt  dUiptically  was  proved  to  be  true.  But  stIU,  tbere  was  the  question^  Is  it 
coiiTertible?  Do  all  the  plaoeta  more  ai  Man  moves 9  This  was  ptured,  (snpposet)  to  be 
true*  for  the  Earth  and  Venus.  But  still  the  question  remains,  Do  all  the  planets  move  as 
Mars,  Earth,  Venus,  do  ?  The  inductive  generalizing  impulse  boldly  answers,  Yes,  to  this 
question;  though  the  rules  of  SyilogiiiU}  du  not  authorize  the  answer,  and  though  there 
winaiii  ttntiMd  caaea.  The  inductive  philosopher  tries  the  eases  as  £ut  as  they  occur,  iq 
order  to  cooiinn  bis  pcerious  eonvietioik ;  but  if  he  bad  to  wait  for  bdief  and  conTieiion  till 
he  had  tried  cverj  case^  be  nerer  could  have  belief  or  convictMM  of  sudi  a  propoiitian  at  alL 
He  is  prepared  to  modify  or  add  to  his  inductive  truth  according  as  new  cases  and  new 
observations  instruct  him  ;  l)ut  lie  dcn's  not  fear  that  new  cases  or  new  observations  will 
overturo  an  inductive  proposition  e&tnbiislied  hy  exact  coiitpariaoa  of  many  complex  and 
various  pbenomeoa. 

Ajistotle*«  example  offen  somewhat  similar  refleetioos,.  He  had  to  establish  a  proposition 
ooneeniiiig  longJived  animals,  which  should  be  true,  and  should  be  susceptible  of  generalized 

conversion.  To  prove  tliat  the  elephant,  horse,  and  mule  are  destitute  of  gall-bladder  requirrtT, 
at  least,  the  labour  of  anatomizing  those  aoiniaU  in  the  seat  of  that  organ.  But  this  labour  vtm 
not  enough ;  for  be  would  find  those  animab  to  agree  in  many  other  things  besides  in  bting 
adiolous.  He  roust  have  selected  that  eharaeter  somewhat  at  a  venture.  And  the  guess  was 
wrong,  as  a  little  more  labour  would  have  shewn  him ;  if  for  instance,  he  had  dissected  deer  : 
for  they  arc  acholous,  and  yet  short-lived.  A  trial  of  tliis  kind  would  Ii.u  e  shewn  him  thut  the 
extreme  term,  acholous,  did  extend  beyond  the  mean,  namely,  animiih  such  as  elephant,  horse, 
mule  ;  and  therefore,  that  the  conversion  was  not  allowable,  and  that  the  Induction  wa&  unten- 
able. In  truth,  there  is  no  relation  between  bite  and  longevity  *,  and  this  example  given  by 
Aristotle  of  generalisation  from  induction  is  an  unfortunate  one. 


In  discussing  this  pass^age  of  Aristotle,  I  have  made  two  alterations  in  the  text,  one  of  which 
is  necessary  on  nooount  of  the  fact ;  the  other  on  account  of  the  sense.  In  Ha  received  text, 
the  particular  examples  of  longJived  animals  j^ven  are  man,  horse,  and  mule  (e^'  ^  ii  ro 
caOs<curroi>  fttutpifimvt  otov  avOfUDKOK,  Kot  tTnron,  xai  ^h'iovik)-  And  it  is  afterwards  said  that' all 

tbe<!e  are  nrhnlmrs  :  (nWa  not  to  B,  tJ  ej^oi;  "^nKtjv,  Tr(wri  t-Triij>y^ci  ri<'  V.)  But  man  has  a 
gall-bladder:  and  the  fact  was  well  known  in  Aristotle's  time,  for  instance,  to  Hi|i]i,Hiate<  ;  so 
that  it  is  not  likely  that  x\ristutle  would  have  made  the  mistake  which  tlie  text  contains.  Hut 
at  any  rate,  it  is  a  mistake ;  if  not  of  the  transcriber,  of  Aristotle ;  and  it  is  imposiible  to 
reason  about  the  paaiage,  without  coriecttng  the  mistake.  I1ie  substitution  of  tkt^  tot 
etvOiMTTog  makes  the  reasoning  coherent ;  but  of  course,  any  other  acholous  long-lived  aniraal 
would  do  so  equally  well. 


'  Mt  Otrn,  M  whom  I  <m  iAddMid  Ibr  (b*  phytiolagiciil 
put  of  tU«  criddam,  tell*  me,  »  All  nuunmilim  hmtt  bile,  ih« 
camivora  in  i^eaier  (impDnioti  iha»  the  herbirora:  the  gull- 
Nm1i1«t  U  •  covn]>ar«ti«cly  UDUnjtoitaDt  accestorjr  to  the  b:li«ry 
ai|if«iii» }  a^i^iiag  te  f*  cctiala  modilleKiHu  at  iimmdi  m4 


intntim:  tlim  ii  no  relation  betirren  nanifal  longevity  m4 
bile.  Netlhcr  h«»  the  prc>ciicr  or  als^e  ire  of  the  j^nll-bUddcr 
»i^y  connexion  with  ai^c.  yiirt  nncl  the  clrj'lia'ii  arc  perhapi 
lor  their  kixe  th«  longeat  lived  >uiii)jil>,  anil  tht  blest  at  coiuiti|; 
»  maiiuily !  OM  liM  th*  fdl-bkddtt,  and  the  mhct  BM." 
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The  other  emendatioD  which  I  bave  made  if  in  fS,  Id  the  recd^id  text  |6  and  7  itand 
that; 

6.  Then  every  C  h  A,  for         uekehfus  animal  i»  long-Ustd 

(t^  htj  V  o\w  (' Trapse*  TO  A,  TTttv  yap  to  a^oXflV  /tmtpifilM^ 

7.  Also  every  C  i»  B,  for  all  C  is  destitute  of  bile. 

Whence  it  may  be  inferred,  says  Aristotle,  under  certain  conditions,  that  every  B  u  A  (to 
A  B  iwapx'siv)  that  ii,  that  everp  tuAokm  mubmei  it  loMf^iMii.  But  thit  condiukn  &« 
aceovding  to  the  ooamioa  raadiog,  identjcal  with  the  major  preauM;  to  that  the  panage  is 
manifintly  corrupt.  I  correct  it  by  substituting  for  a\f*KoVy  T ;  and  thus  reading  vav  yap  to 
r  fAOKpofttov  "for  every  C  is  long-lived":  ju<st  as  in  the  parallel  sentence,  7,  we  have  dXXa 
«a(  TO  B,  TO  fi^  e^ov  ^oXiji',  wairri  trirap^ei  rtp  F.  In  thia  way  the  reasoning  becomes  quite 
dear.  The eomipt  iubstitution  of  &)pik»»  for  F  may  hava  been  made  in  Tarioua  ways;  which 
I  need  not  niggeit.  As  my  buaiDeM  is  with  the  sense  of  the  paaai^  and  as  it  makes  no  tense 
without  the  change,  and  very  good  sense  with  it,  I  cannot  hesitate  to  make  the  emendation. 
And  these  emendations  hcmg  made,  Aristotle's  view  of  the  nature  and  force  of  loductioB 
becomesi  I  think,  perfectly  clear  and  very  instructive. 

W.  WHEWELL. 


Additional  Note. 

I  take  the  liberty  of  adding  to  this  memoir  the  following  remarks,  for  which  I  am  indebted 

to  Mr  Edleston,  Fellow  of  Trinity  rollege. 

Several  of  the  earlier  editions  of  Aristotle  have  y  instead  of  a^oAop  in  the  passage  referred 
to  in  the  above  paper :  ex.  gr. 

'  (1)   The  edition  printed  at  Basle,  1599  (after  Erasmus):  **  to  7.** 

(8)     Basil  (Erasmus)  1550.  •«« 

(S)     Burana's  Latin  version,  Venet.  I  S.SS,  has  "  omne  cnim  C  longicvutn." 

(4)  Syllnirg.  Frnnrf  i/iST  "rJ  7"  is  printed  in  brackets  thus:  "[to      to  aj^oXtw." 

(5)  So  also  iu  Cai>aubon'ci  edition,  1^90. 

(6)  Casaub.  l60S  «td  7,"  (though  the  Latin  version  bas"vaeans  bile;")  not  "  [ro  7]  to 

axtKm,"  as  the  edition  of  1590. 

(7)  In  the  edition  printed  Aurel.  AUobr.  1607,  "[to 7]  to  axo\ov"  as  in  (4)  and  (5). 

(s)  Da  VaVn  editions,  Paris,  1510,  idig,  i65*  "to  7,"  though  in  Padua's  traoslatioa  in 
the  adjacent  column  we  find  "vacans  bile." 

{y)  In  the  ctitKal  notes  to  Waits's  edition  of  the  Ofynnon  (Lips.  1844)  it  is  stated  that 
<*pott  mjftikm  dcL  7.  »,**  implying  apparently,  that  in  the  MS.  marked  n,  the  letter  7,  which 
had  been  originally  written  afker  AjpKait,  had  been  erased. 
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Tbe  fblknrii^  piHRgSB  tfamw  fight  upon  the  quettion  «betb«o«^/Htnro$  ought  or  ought 
not  to  be  retiliiedl  in  die  pMuge  diaeuMed  id  die  meiBair. 

(A)  Aristot.  De  Animalihus  Hiator.  ii.  15,  9  (Bekk.),  rwv  piev  <^if>0T0Kwv  xai  Terpawoivf 

(B)  Conf.  lb.  I.  17,  10,  II.  (Id  tbe  beginning  of  chap.  l6,  he  says  that  the  external 
ft^ia  of  wan  are  ymft/ta,  "tb  f  oTor  rowomfap.  "A^pHvra  70^  ean  fiakiam  ra  tSv 
iyBfmnw,  ^a«r«  in  wfit  Tci  ntSv  aXXaw         ^V*'*'  dmiyoaTar  «aMPa3ir,"...) 

(C)  Id.  De  Part  Animal,  iv.  8,  S.    tq  /icv  yap  oXuk  ovk  e^ci  ^^oXtJi;,  oJov  Itttto^  cat 

optvt  *a*  oticn  irai  e\a<p<K  Kai  ffpct^   t.i»c*  toi?  'yei'Cffi  roiv  ai'xois  to  /lei/  f^eii'  (paiveTai, 

•ra  ^  OVK  ey^nf,  mov  e»  twu  iavwi/.  Tl'ovtwv  6  ear't  leal  o  avOpw-jros;'  evioi  fief  yap  (pa'ivovTai 
c^orre?  j(oX>jf  €xi  tov  ^iraToi,  ivioi  5"  ovk  iyovrvf.  Ato  xal  yiyertu  aufpiajiriTtjaK  rrvpl 
aXiov  r«v  •ycpaac'  oi  yap  ivTuyovrtt  im-ortpwaovv  i-j^owt  vept  nwnut  w$N^jim^«»oti9W  m 

(D)  lb.  j  ll<  ^10  nu  ^^fttiaTara  Xeymm  Tvv  dpijfaUur  01  (paaKovrev  cdTtov  etrat  tkw 
vXflu)  ^fjp  •>(p6mv  TO  F-^ftv  ^oX^t',  (iXeyj/avrei  eirt  to  fiwvvya  koI  ra?  eXd(ptw'  Tavra  ynp 
a^oXu  re  xai  'sroXi/*'  yjpovov.  '  I'lri  icat  to  fi^  itopafieva  i/ir  e/cei'MUf  ot(  ovk  e^et  ^oKtjv, 
oUm  ifX^k  wit  i(afii;Xosi  km  •nan  rvy^dtvt  naKpoj^a  ovrs.     EuKoyov  yap,  k.t<X. 

(E)  The  ekpbaot  and  man  aie  mendoned  togetber  aa  loo^ved  animab  (Ha  Long, 
€t  Bree.  VUeB,      S*  aod  D*  Gmermi,  Jnimal.      10.  9.) 


The  fiillowing  is  die  import  of  these  passagen : 

(J)  '*0f  vivipnrntis  qtindrupedsa  die  deer,  roe,  hone,  miile»  aMtteai,  aod  aome  of  die 
•wine  have  not  tlic  gall-bladder.  ... 

The  elephant  also  has  the  liver  without  gall-bladder,  &c." 

(B)  *'The  external  parte  of  man  are  well  known :  die  internal  parts  are  isr  fbom  being  to. 
The  parts  of  man  are  in  a  great  measure  unicnown;  ao  that  we  miuC  judge  oonoeming  them  by 
reference  to  the  analogy  of  other  animals. 

(C)  "Some  animals  are  allog-ether  destitute  of  gall-bladder,  as  the  horse,  the  mule,  the 
aas»  tlw  deer,  the  roc... Hut  in  some  kinds  it  appears  that  some  have  it,  and  some  have  it  not,  as 
die  mice  kind.  And  among  tbeae  m  man;  far  some  men  af^ar  to  bave  a  gall-bladder  on  the 
liver,  and  tome  not  to  hare  one.  And  that  there  is  a  doubt  as  to  tbe  speciM  in  general;  for 
tho5ic  who  have  happened  to  examine  examplea  at  either  kindf  hold  that  all  the  caiea  are  of 
that  kind." 

(D)  "Those  of  the  ancients  i^peak  most  plausibly,  who  say  that  the  absence  of  the  gall- 
bladder is  the  cause  of  long  life  i  looking  at  animals  with  undoven  hoof,  and  deer :  for  these  are 
destitole  of  |p11-bladdcr,  and  live  a  long  time.  Aod  further,  tfaoae  animals  in  which  tbeancientB 
had  not  the  opportunitj  of  ascertaining  that  they  have  not  the  gall-bladder,  as  the  dolphin,  and 
the  camel,  arc  also  long-lived  animals." 

It  appears,  from  these  passages,  that  AristoUe  was  aware  that  some  persons  had  asserted 


Digitized  by  Google 


72   Db.  WHBWELL'S  CRITICIBU  of  ARISTOTLE'S  ACCOUNT  OP  INDUCTION*. 

msn  to  have  u  gall-bladder,  but  that  he  alio  ooncciTed  this  not  to  he  unirenaUy  true.  He  may 
hare  inclined  to  the  ofnuimk,  that  the  oppmtte  caae  was  the  more  uaual,  and  naiy  have  wrilten 

iit0panntt  in  the  passage  which  I  have  been  dtMUMUig.  Another  mietake  of  hie  it  the  reckon* 
ing  deer  among  long-lived  animals. 

It  appears  probable^  from  the  context  of  the  passages  (C)  and  (D),  that  the  conjecture  of  a 
connection  between  absence  of  the  giiU4)Iadder  and  length  of  life  was  suggested  by  some  such 
notion  as  thia : — ^that  the  gall,  from  ita  hittemeai,  i»  the  cauae  of  irritation*  mental  and  bodQy, 
and  that  inntation  ii  adverte  to  longevitj.  The  opinion  ia  aacribed  to  **the  andents*"  not 
claimed  by  Ariatotle  aa  hie  own. 

W.  W. 

Tbi.nitt  L«dgk, 
April  13,  1860. 


Digitized  by  Google 


III.   On  Impact  m  Mastic  Beams.  By  Homebsham  Ck)z,  £sQi»  B.A. 

qf  Jesua  CoU^e, 

QRMd  Dee.  19,  im,2 


Thk  modem  use  of  iron  girders  for  Railway  Uridges  has  given  great  interest  and  im- 
portance to  the  ioveatigation  of  the  strength  of  Elastic  Beams  when  subjected  to  various 
statical  and  dynamical  toti.  Unlbirtaoatdy  the  theoretieal  «x«iniiiatioii  of  the  dynamical 
qiMMwo  h  very  dilBeult,  mi  to  mpply  additioiial  knowledge  iMpectiog  tbem  ao  exteosive 
series  of  espeiioieDts  has  been  institutc-d  under  the  authority  of  the  Boyid  CaHMUMan  ip- 
pojnted  to  inquire  into  the  Applic^ition  of  Iron  to  Railway  Structures. 

Part  of  these  experiment's,  related  to  the  effects  of  imp';rt  in  prndncin?  the  deflection  and 
fracture  of  beams.  In  most  cases  the  impact  was  given  in  a  hohzout&l  direction  by  m«aiu 
of  heBTy  balb  atoviog  in  diculMr  ares  as  pendulinDS.  llie  baD  was  suspended  bj  a  fine 
iMKteasibk  covd  fium  a  point  of  support  vertiealfy  over  the  oentve  of  the  bean  wMcb  was 
fixed  in  a  horizontal  position  by  bearings  near  its  two  ends.  The  ball  deieended  by  its  own 
weighty  and  when  it  reachtd  the  lowest  point  of  its  are,  struck  the  centre  of  the  beam  bori- 
zon tally  in  a  directiou  perpendicular  to  lU  length.  Care  was  taken  to  prevent  the  ends  of  the 
beam  from  yieldiiig  to  the  bk»w,  and  to  carefully  mark  the  dcigcee  of  deflectioo  produced  at 
the  centre.  The  vekxi^  acquired  by  the  beU  befiire  impaet,  was  eomputed  by  a  veil  knovn 
formula  from  tbe  chord  of  the  arc  of  descent.  The  course  of  experiments  oompiifled  great 
variations  of  the  strength  and  sise  of  the  beam,  the  vekiGitiea  of  impact,  and  the  relative  massfin 

of  the  beam  and  ball. 

There  were  two  ways  in  which  these  experiineiiLs  might  be  made  practically  useful: 
eldier  (firstly)  a«  oonfiifmations  of  an  independent  theoretieal  investigation  of  tbe  laws  of  im- 
pact on  beams  or  (seoondly)  su^weiog  sucb  an  ludspendeot  investigatian  impoMUe,  as 
empirical  data  susceptible  of  theoretical  generaliaation. 

Tt  i«  to  the  first  of  these  purposes  that  the  experiments  will  here  be  applied,  and  it  will 
be  attempted  to  be  shewn  that  the  observed  results  might  have  been  predicted  with  a  very 
gnat  dqpaa  of  eonManea  and  aeeuiacy  from  known  dynunieal  princ^dm. 

A  aoost  elaborate  paper  fay  Poiesoo,  entitled  Sttr  fEquiSbn  €t  Jfoneemeirt  dn  Corpt 
EUuHquea,  is  given  in  the  Memoirs  of  the  French  Academy  of  Scienee%  Tome  viii.,  end 
the  eighth  chapter  of  the  Traitt  dp  Mccaniqne  of  the  same  author,  relates  to  vibrations  of 
elastic  rods.  It  is  assumed  however  in  these  investigations,  that  the  initial  viinrirv  and 
positioD  of  every  particle  are  known.  But  the  essential  difficulty  of  the  problem  here  to 
be  diaeuased,  is  to  determine  that  wbkb,  lor  tbe  purposes  of  the  iUostrious  writer  refisrred  to, 
mig^t  be  ooniidered  as  known— namely,  tbe  imtial  effeets  upon  tbe  eevenl  petots  of  the 
system  produced  by  assigned  external  eausea  of  motkm. 

Vol.  IX.  Faxt  L  10  « 
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The  lubjeet  of  the  pKMnt  inveitigetMNi  umj  be  itated  ■>  iigllowi : 

An  destfe  beem  of  uoifonn  denn^  and  Mctjen  thnN^^iit  iu  lengA,  abuta  at  fach 

extremity  against  a  fixed  vertical  prop,  and  is  impinged  upon  at  its  centre  by  a  ball  moving 
horizontaMy,  with  an  assigned  velocity  in  a  direction  perpendicular  to  the  length  of  the  beam 
before  collision,  and  subsequently  moving  in  contact  with  the  beam  throughout  its  deflection. 
It  is  required  to  detemriae  the  defleetiim  of  the  bean  produced  by  the  impact. 

The  dynamical  drcuoMtances  of  the  pioUem  mky  he  divided  into  two  itagea.  Tlie  iint 
consists  in  t!  nddcn  altoration  if  tl  velocity  uf  the  ball,  at  the  instant  of  adliaiiHl;  the 
<;rron(l,  the  effect  of  the  elastic  forces  developed  in  the  beam  hj  deflection,  in  destTOjillg  the 
vis  viva  which  the  system  has  inunediatcly  fiftcr  collision. 

(1)  In  order  to  determine  the  first  part  of  the  problem,  it  will  he  assumed  for  the  present 
that  the  ends  of  the  beam  remain  in  contact  with  the  fixed  abutments,  and  that  the  side  of 
the  beam  which  is  struclc,  begins  to  talEe  the  fiinn  of  a  enrve  concave  in  every  part.  The 
case  io  wbich  the  ends  of  tiie  beam  recoil  from  their  bearings  after  impact,  requires  a  diAtent 
method  of  investigation.  Now  in  tlie  first  case  referred  to,  the  curve  will  not,  while  the 
deflection  is  sniull.  difTer  coniiderably  from  the  daatic  curve  ot  a  lieam  deflected  by  statical 
pressure  at  its  centre. 

As  the  beam  b^ns  to  take  a  curvifinear  fcnn,  it  begins  to  move  in  diiferent  parts  with 
different  velodttes.  But  while  the  deflection  is  indefinilelj  amaD»  the  Telodties  aie  parallel  to 
the  direction  of  impact  and  proportional  to  tlm  spaces  deeciihed. 

D'Alembcrt's  Principle  holds  for  simultaneous  percussions  as  well  as  for  finite  forces  and, 
?i>?  it  reduces  every  dynamical  problem  to  a  statical  form,  may  here  Iw  combined  with  the 
principle  of  virtual  velocities.  The  legitimacy  of  combining  the  two  principles  is  specially 
shewn  by  Poiseon  in  the  ninth  chapter  of  his  T^ndU     Mienmiquet  numeio  AU. 

Let  it  be  supposed  that  the  arbitrary  dieplaoement  b  lliat  which  aetudly  occurs  during 
notion.  To  construct  the  equation  of  virtual  velocities,  this  displacement  of  each  particle 
must  be  multiplied  by  its  quantity  of  motion;  i.  e.  by  its  initinl  velocity  multiplied  by  its 
mass.  The  $um  of  the  products  so  formed  must  be  put  equal  to  the  external  impulsive  force 
of  the  ball  multiplied  by  its  virtual  vdoetty. 

If  d4r  he  an  element  of  the  length  of  the  beam  and  udm  its  maea,  initially  at  rest,  and  y 
the  small  distance  through  which  it  moves  in  the  indeflnitdly  small  tine     paroUel  to  the 

direction  of  impact,  -  is  tlie  vdocity,  mdmX  is  the  "quantity  of  nmtion,**  and  — is  the 

ft  t 

product  of  the  quantity  of  motion  by  the  virtual  velocity.  Also  let  P  be  the  force  of  impact, 
and  /  the  value  of  y  at  the  centre  of  the  beam.  jP/is  the  product  of  the  Uow  and  its  virtual 
velocity.    Hence  combining  the  prtndpks  above  referred  to^  we  have  the  equation 

^.pf  (.), 

where  the  integral  includes  the  product  of  the  quantity  of  notion  of  every  partide  of  the 
beam  by  its  virtual  velocity. 

In  forming  the  equation  of  the  equilibrium  of  the  quantities  of  motion  and  the  force 
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of  impact,  the  quantities  of  mution  pruduced  by  the  finite  elastic  forces  do  not  appear  as,  that 
penkd  being  indefinitely  small,  those  qtUMttitiea  are  indefidulj  small  tUto  and  disappear  in 
the  Unlit. 

Id  order  to  effect  th*  aummation  of  the  pradueta  of  Aa  qotntities  of  motion  of  the  several 
particles  by  their  respective  virtual  velocities,  it  is  necessary  to  aseertain  the  form  which  the 
beam  assumes  at  the  iinstaiit  after  impact.  We  set  out  with  the  liypothesis,  that  the  side  of 
the  beam,  which  is  struck,  begins  to  take  the  form  of  a  curve  concave  in  every  part.  The 
ordiiiatai  of  thia  cvrre  are  tbe  diatmoea  vbich  tbe  aeTcnl  perto  of  tlie  bean  deecribed  io  an 
indefidtdy  abort  tinier  Cooiequeiilly  tbe  oirdimtea  are  proportioiial  to  tbe  iniiial  Tckcitlea  of 
tbe  aevcfil  particles,  and  by  substituting  their  values  from  the  equation  to  tbe  cuire,  the 
summation  required  is  reduced  to  the  summation  of  a  function  of  a  sincrlu  variable.  The 
curve  in  question  is  here  assumed  to  be  the  elastic  curve,  as  determined  by  Fuiti^ou  aud  Prof. 
Ubielejr  to  be  the  form  aaaumed  hj  a  anifonn  beam  deflected  by  a  pressure  applied  perpen- 
diculaily  at  ita  eentre.  Tbe  aoeoraej  of  tbe  oomputatJoB  doee  not,  howerer,  depend  eeien- 
tially  on  the  selection  of  thia  partionlar  curve,  for  the  qnatttlly  to  be  computed  from  it  it 
involved  in  such  a  manner,  that  if  tbe  curve  had  been  assumed  to  be  a  portkm  of  a  drele 
or  parabola,  the  final  results  would  not  be  very  widely  different. 

FoissoD  has  ^hewn  {Traiti  de  Micanique^  Tom.  i.  p.  641)  the  equation  to  tbe  elastic 
curve  to  be 

/ 

wheri'  n  is  the  whole  length  of  the  beam,  and  «  the  ordinate  measured  from  one  end  along 
the  beam  when  uodeflected.    This  equation  is  the  same,  mutatia  mutandis,  with  that  arrived 
at  by  diffeKnt  metbodi  by  ProlBanr  Moaeley,  and  given  in  hie  Prinaplea  of  Engineerwg. 
Squanog  both  aides  of  die  equation,  and  ioti^thig  between  limite  «■  ^Oi  end  «mO, 

For  the  whole  length  of  the  beam  tiie  integral  will  have  doable  die  above  Talae, 

^J'^fdx^^^fum   («), 

and  therefore  equation  (ij  becomes 

~-.pf. 

Or,  dividing  by  /,  putting  o  for  the  vdodty  at  the  centre  of  the  be«n»  and  na  tbe  mam  of 

tbe  beam 

P-~if«  («). 

Now  by  the  ordinary  principles  of  impact,  if  ti  be  the  velocity  of  the  ball  before  impact,  and 
m  its  mass,  the  blow  is  equal  to  the  quantity  of  motion  lost  by  the  ball,  or  since  v  is  tbe 
Mme  for  both  beam  and  bdl  after  impact, 

P  >  m  (»  «). 

10— « 
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Substitutiog  this  value  of  P  in  equation  (S), 
And  omMcqiintly 


^       ^  S5 


•-—ft;:-  ^*>- 

Fiwm  (s)  It  appewa  that  the  total  vu  viva  after  impict  or 

Jo        f  35     t'  35 

and  the  total  via  viva  of  the  beam  and  ball  together  is 

■■«>4^1Ijr«'-(ft«D4) —  (a). 

w 

Adopting,  then,  the  elastic  curve  to  represent  the  initiil  velocities  of  the  aereral  pwt*  of 
the  system,  eflecting  the  integration  and  supplying  the  numerical  calculations,  we  find  ulti- 
mately that  rather  less  than  one  Iwilf  the  incrf'-j  nf  ?hf  beam  may  be  supposed  to  act  initially 
to  resist  the  ball ;  or,  to  speak  more  precisely,  tiiat  at  the  instant  after  impact  the  impinging 
belt  loMe  ai  much  of  it»  motioD  ai  it  mMild  faave  done  if  it  liad  impinged  on  moUmt  five  bail 
having  17-S$the  of  the  maai  of  the  beam.  Frooi  tbia  oonduflion  it  ia  easy  to  infer,  aa  in  the 
aecon^Muiyiiig  Ibnaula,  the  total  vii  viva  of  the  syalem  after  impact 

(2)  The  second  part  of  the  problem  consists  in  detennining  the  effect  of  the  elastic  foreea 
developed  in  the  beam  by  deflection.  At  the  end  of  tlie  deflection  the  whole  system  is  sup- 
posed tu  be  brought  to  rest  simultaneously,  and  by  the  principle  of  the  conservation  of  vi*  «tca» 
the  whole  work  done  by  the  elastic  forces  is  equal  to  half  the  vi*  viva  destroyed. 

It  eeema  aafa  to  amane  that  tile  daatic  fixcm  an  fonelioni  of  tlie  diatanoei  between  the 
partidet  of  the  l>«im  and  not  of  their  vdocitica.  Tliis  assinnption  it  made  in  InveitigBtioas  of 
vibrating  cords  and  rods,  of  which  the  results  are  confirmed  by  experiment. 

If,  then,  the  elastic  forces  of  the  beam  vary  as  the  extension  and  compression  directly,  the 
work  done  ia  beuding  the  beam  into  a  partituiar  form  will  be  the  same  whether  the  particles 
move  intefmediatdj  with  a  greater  or  1«m  vdodty.  Now  when  tile  iieam  it  M/f^t^^  ataticolly 
through  a  oertain  diatanee  at  ite  eentre^  tike  deflecting  preanwe  ia  to  the  diatance  of  dcfleBtiiow 
in  a  nearly  constant  ratio  which  is  usually  determined  by  ascertaifitnn;  <  xperioientally  the 
number  of  pounds  weight  which  will  statically  maintain  a  deflection  of  one  inch. 

Let  a  be  that  weight,/  the  deflevtioo  ia  inches,  a/ is  the  pressure  necessary  to  maintain, 
and  \  af*  the  work  necessary  to  produce  tlie  deflection. 

Conaeqiientij  \af*  will  lie  the  work  done  in  deflecting  the  beam  after  impulaa,  if /be  the 
central  deflection,  and  the  final  form  of  the  beam  be  that  which  it  would  atatieally  amume. 
Therafeve  ftom  (5)  by  the  principle  of  cia  «<ea  aa  otplaioed 

.    "    -.««• -a/*  ,...(«)• 
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Mow  u  it  tbe  vckmtj  of  die  bill  bebra  impMst:  if  tfiii  Tdodty  be  produced  bj  a  ver- 
Heet dceoeat  A,    m  *gf^  whmgiB  the  foroe  of  ganUy,   Wbenoe  (6)  beeaaiei 

 (^)- 

Aim  bjr  tbe  geoawtrical  piopertiee  of  tbe  eixde,  if  r  be  the  ladiut  and  c  tbe  cbovd. 

Am—.   So  diet 
9r 

"•<'^•^p^^i--•^  

The  pririu]  l1  mathematical  formula  arriTcd  at  by  the  above  methods  may  be  enunciated 
as  follows.  Divide  the  weight  of  the  Vinll  by  itself  +  J'ths  of  the  weight  nf  tbr  beam. 
Multiply  the  resulting  Iraction  by  twice  the  product  of  the  weight  of  the  ball  in  pounds  by 
the  vertical  di&taacc  of  descent ;  the  result  is  equal  tu  the  square  of  the  deflection  multiplied 
bj  the  nuaiber  of  pound*  vbidi  statiealty  nudntdB  ooe  indi  deflcetioo. 

Hanoe  «c  condude  Aat  fin*  a  bcnk  of  anigned  waau  and  ebMlidty  etniek  by  a  baD  of 
^nm  wdght  tbe  deflection  varies  as 

1st.     The  -.elnntv  of  impact  directly  ;  from  (G), 

2nd.     The  square  root  of  the  vertical  distance  of  tbe  ball's  descent;  from  (7)> 
3rd.    Tbe  chord  of  impact  directly ;  from  (S). 

An  dicM  veatdte  are  oonfinned  hj  tbe  esperimentt  above  nferred  to.  Tbe  comparison  of 
tbcoiy  and  ofaeervaitko  In  the  aeeompanTiog  taUa  ii  axtiemdj  ntiabctofyi  and  has  been  made 
fat  beame  and  baDs  of  Tai7  dtdbint  dimensions,  and  the  agreement  of  (he  leculta  under  vidoly- 

Tarying  circumstances  is  so  cftwe  as  to  leave  nothing  to  be  desired. 

When  the  beam  is  very  flexible  and  subjected  to  great  velocity  of  impact,  parts  of  it  will 
veeede  with  the  Uow  and  parte  move  in  oontrafy  direetiaas.  In  tida  oiae  the  above  inveat^ 
tiona  do  not  aipftjt  and  Aa  prahlcw  beoonea  tauemftHy  dHteult :  but  the  difiodty  ia  libe  kaa 
to  be  legietted  beeauae  in  praetioe  baama  of  great  ligidity  are  alwaya  employed. 
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COMPARISON  OF  THEORY  AND  EXPERIMENT 
Thk  length  of  the  wire  suBpending  tbe  ball  in  all  cases  ■=  210  inches. 

(TABtE  I.    Report  on  Railway  Strttcture^t  p>  S9,)    SutuaU  pKaniK  to  mabtdn  1  inch 


deflection  ■  500  ib.    Weight  of  bcatn  U)  <  lb. 

Wcisblaf  B^Ol  IMlb.  Weight  of  Ball  75}  lb. 


I  71.65  70.375  +  ^ 
^   107.47     105.6AS  ^ 


1 

H 

» 


40.41 
60.62 

sass 

101.04 


M.8I8  -  ^ 

40.625  -  ^ 
58.875  +  ^ 
79.000  +  ^ 

119.7«>  +  ^ 


Wdgiit  of  BaU  «Mlb. 


4 

1 

»i 
S 

3 

34 
« 


22.yi 

30.55 

».19 

45.83 
53.4f» 
61.10 


7J7« 

15.750 
23.185 
30.750 
98.500 
46.135 
53.812 
61.187 


1^ 

T5  5 

tJtt 


(Taslb  II.  Jfftgwrf,  40.)  Wdgte  of  beun  S6s  Ik  StattCRl  pKnure  to  maiotom 
1  iodk  ddbetioD  1$7  lb. 


WcWitnfBan  7J41I>.* 

Wdflii  ofBUl  Iftllb. 

17^ 

+ 

1 

S0.19  S0L1874 

~  sir 

I 

S4.0S 

80.Sta5 

+ 

t 

40M  99.VJB 

+  T*T 

51.09 

44.185 

+ 

i 

9 

6D.35  58.875 

+  i?sr 

f)S.I2 

59.75 

+ 

1 

4 

R0.4fi  79-^5 

+ 

H 

7.1.875 

+ 

.5 

100.54*  t»9.5 

+  tI^ 

3 

10S.18 

87.625 

+ 

6 

120.70  118.5 

+  i^r 

119^1 

101.7* 

+ 

4 

116.75 

(Ibid.)  Bars  half  the  length  of  the  preying.  Weight  of  bar  ISO  lb.  Sutical  pre&- 
aure  to  maintain  1  inch  deflection  1275  Ib. 


WtUbtoTBdl  7*4  lb. 

WelMbtiirBdlMlllb. 

Dch).          CiMcd  of  Impart. 

Dilftnace 

Deflu 

dnriof  laqiM. 

ptflkiain 

Pefh.          Chord  nflMlft 

DUUmnet 

nmtlj. 

tnciiM. 

It.  nearly 

4  11.23     11.3437  - 

i 

41.22  41.875 

4 

26 

-  TT^ 

1  16.84     17.125  - 

1 

61.88  63.125 

1 

38.31 

39 

~  TfV 

1     Sa.46    SS.719  - 

A 

1 

8S.45  84.3125 

1 

SI.08 

£1.75 

-  A 

If  M.07   m.l9S  - 

108.06  105.S91 

«8.S6 

65.125 

-  A 

]|  »iSl    MAS  - 

1*8.07  iMJoats 

76.63 

77.625 

"> 

'1 

I444»  14i7JI7< 

-A- 

18 

'4 

2 

80.40 
108.17 

S.Q.S75 
100.75 

+ 

*  In  tbto  aw  the  velodtiM  vera  m  (laM,  aad  the  bar  *«•  '  with  tbo(c  of  the  fonnaU,  which  u  ipplinblc  only  wbca  the 
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evidence.  By  Augustus  De  Morgan,  Sec.  R.A.S.,  of  Trinity/  CoUeffet 
Cambridge,  Pr<tfeaor  itf  Mcakematiict  ui  Unitenity  CoUeget  London, 


[Read  February  25,  1850.] 

Thrkk  years  ago  T  cnnininnirnti  to  thi-  Sodety  some  tlovelopfments  nf  the  theory  of 
the  Syllugistu,  which  I  have  since  embodied,  with  additions,  in  a  work  on  Formal  Logic.  I 
now  proceed  to  consider  the  subject  still  further)  with  particular  reference  to  the  application  of 
aymbols,  and  the  teadenej  which  audi  application  hat  lo  devdope  what  I  muat  call  die  aJjfrtra 
of  the  laws  of  thoi^t. 

It  will  be  necessary  for  me  to  refer,  in  various  ways,  to  the  literary  topics  of  a  controversy 
in  which  the  paper  above-mentionod  involved  me :  and  this  I  can  do  witliout  dwelling  on  the 
part  of  it  which  is  personal  to  myself  or  to  my  opponent.  That  controversy  turned  upon  the 
caoneiion  betweea  two  eyvteine  of  syllogisna.  The  ibat.  Sir  WtDiani  Hamilton'i  altention 
of  the  Artstotdian  ayatem  by  the  imtniUm  of  foms  of  pT«diGation»  ao  aa  to  aia^  either  of  the 
two  model  of  quantity,  universal  or  particular,  to  either  of  the  terms  of  a  prapoaitioaf  aubjeet 
or  predicate,  in  either  of  the  different  species  of  propositions,  affirmative  or  negative.  The 
seoHidl,  my  own  numerieailg  d^nite  systenij  in  which  the  number  of  objects  of  thought  that 
are  ^ken  of,  whether  under  subject  or  predicate,  and  alao  aU  that  exist,  are  numerically 
signified,  either  by  the  apedfie  or  genend  eynlMls  of  arithuetie.  But  in  the  picient  pnpcr  I 
have  nothing  to  do  with  the  numcricaUj  definite  ijatem»  eioept  aa  it  nay  be  alluded  to  in  illus- 
tration of  tlif  others.  Still,  I  shall  have  to  compare  two  systems.  The  first,  that  of  Sir  William 
Hamilton  nbnvf  nlluded  to.  The  second,  the  other  and  prior  of  my  own  two  systems,  in  which 
the  extension  of  tiie  Aristotelian  system  is  made  by  the  upphcation  of  contrary  terms  to  all  the 
uaual  ibrms  of  predication,  without  my  dirtti  bventloD  of  ntodes  of  applying  quantity. 

And  I  nay  furtlier  atat^  that  the  nethoda  of  thia  paper  hwre  nothing  in  oomnMi  with  that 
of  Professor  Boole,  whoae  nod«  of  treating  the  forms  of  logic  is  moat  worthy  tho  afttantion  of 
all  who  can  study  that  adenoe  mathematically,  and  is  sure  to  occupy  a  prominent  place  in  its 
ultimate  system. 


•  RcftiNdlakaMq^«BiiUs|Nf«r,b7lfasldiiklsK£. 
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Sbcsion  I. 

ON  THB  APPROXIKATION  OF  UMHOAL  A19D  ALOKBEAICAL  H0BE8  OV  THOnaHT. 

Throughout  this  p^.-iprr  I  n^o  fhc  wnrrl  Irfrnc  m  tin-  jitirrlv  tfrhnical  sense.  The  progress 
of  algebra  as  dislinguihliuLl  iVum  anihmetic,  is  marked  by  the  gradual  approach  to  the  iuiluwing 
ibMnmtlSM  *oery  jMir  of  opporile  Triaikm  U  undMiitguitiMIe  fivm  etmy  otktr  paitt in  Uv$ 
imttmmmU  of  opflrofioit  wAtol  tff  rafM'fMi*  So  «Mrly  did  tliii  principle  gdn  some  pnctinl 
acccptaooe,  tfaat  no  attenpt  was  ever  persisted  in  (even  if  made,  whkh  it  more  than  I  know)  to 
gignify  different  oppositions  by  different  pairs  of  symbols  :  +  and  -  were  founei  irt«fnimi  ntally 
adequate  to  all  the  wants  of  the  mechanism  of  the  science.  I  do  not  saj  that  this  was  u  benefit : 
I  ooljr  state  ai  a  iut  Att  algtbraiitt  wlio  may  be  tcquiiMU  diould  the  proper  problem 
oocur,  to  interpict  a)))  as  the  remoMl  turn  an  cxprcMioo  of  all  tracea  of  a  Hbm  in- 

curred in  an  ascent  made  at  a  time  prior  to  a  certain  epodi — may  have  gained  the  power  of 
making  such  interpretation  very  slowly,  in  consequence  of  never  having  sufficiently  distinguished 
differences,  as  a  prcliminarv  to,  or  a  cuucurrent  with,  abstraction  by  obsfrvation  of  resem- 
blances. There  may  be  many  fur  whom  it  would  have  betu  better  tiiat  tiic  above  symbol  had 
been  -  (*(t(to)))>     ^  identity  of  rules  bad  suggested  idendtj  of  symbols:  and  I 

am  san  that  I  wia  of  the  BMSbar. 

The  forms  of  thought  which  have  not  immediate  relation  to  magnitude  have  been  otherwise 
treated  t  consideration  of  differences  has  ])redominated,  tliat  of  resemblancefi  has  been  almost 
ignored.  In  the  single  case  in  which  algebra  was  forestalled,  the  old  maxim  that  iwo 
mgatirm  make  an  i^fmaHvtt  to  looee  was  the  traataicnt  Aat  die  penalty  of  algebra  was 
inoon ed.  The  two  nigattvet»  which  are  only  inBtrttmentally  the  equivalent  of  an  afllrniative, 
are  two  signs  as  different  in  origin  and  character  as  the  two  neg(ative  signs  in  -  (-a).  In 
'*  man  is  not  (not-aninud),"  tlie  first  negative  diaoonnectsi  the  aecoiid  describes  the  predicate 

disconnected. 

In  uiauy  cases,  the  difference  of  symbols,  so  much  wanted  by  the  beginner  in  algebra, 
Ihr  ftom  encouraging  abetnctian  of  resemUance^  stimulated  differenoes  of  inlerpretation,  as  in 
*  not  unwilling^*  which  means  less  than  willing :  the  doable  negative  baa,  in  eoaomon  laugii^^ 
delatioiiated  into  an  affirmative  of  a  lower  degree. 

The  suggestions  of  <tymbolic  notation  have  led  mc  to  more  recognition  than  is  usually  made 
of  bormooies  which  exist  among  various  pairs  of  opponent  notions  common  in  logical  thought. 
I  sdeot  the  fiaiUovfag  i-^afinnatiTe  and  ncgativ  iiniToiaBl  and  particulsi*-  the  subjectiTe 
distinction  of  possible  and  impoedUe— the  olgeetive  distinction  of  ekistent  and  non^stent — 
necessary  and  not  necessary — sufficient  and  insufficient — conjunctive  and  disjunctive— con- 
vertible and  inconvertible — conclusive  and  inconclusive — singular  and  plural — definite  and 
indefinite:  omitting  true  and  falte,  the  most  general  of  all,  as  most  obviously  capable  of 
forming  one  element  of  the  distinctive  definition  of  any  pair.  I  believe  that  any  of  these 
oppositions  might  be  interdianged  and  used  lor  each  other !  but  not  always  without  what  would 
be  called /bniiY.  This,  however,  is  not  a  conclusive  objection ;  a  forced  analc^  may  only 
dessrve  that  name  because  we  have  not  been  aocnstoned  to  the  comparisons  whkh  it  suggests*  or 
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to  the  language,  ot  to  the  order  of  ideas,  See.  The  following  phrase  of  Sir  William  iiauailtuD's 
tjrttem,  *An  J  ii  not  tone  S*  b  very  forced,  both  in  order  and  pbnieology ;  ono  who  mw  it 
fiir  the  first  time  lind*  it  hard  to  make  either  EogUab  or  Mnw  of  it.  The  meaning  it,  *  Each 
Jl  U  not  any  one  among  certain  of  the  Ba:'  and  in  its  place  in  the  system  alluded  to,  the 
uncouth  expresmon  helps  to  prof?tic<?  system,  ant!  the  perception  of  uniform  law  of  inference. 

I  now  take  an  instance  from  the  preceding  list,  in  which  it  will  appear  that  an  obtcurity  of 
•spreaaioos  if  not  ahaohita  arroTj  which  ha»  often  oocitrad,  would  have  been  avoided  if  the  ndnd 
had  been  ^bread  to  an  andlogyar  an  analogy  had  been /Nwad  until  the  nind  readKIy  saw  iL  1 
My  that  the  distinction  of  universal  and  particular  may  ba  replaced  by  that  of  conclunoe  and 
invftnrliisive.  In  comparing  'every  is  )"  and  '  some  ^Vs  are  Yn,'  the  first  is  conclusive 
with  respect  to  every  case  which  can  be  brought  to  the  propokitiun  fur  settlement  by  it.  Cer- 
tain JTs,  determinable  or  hidetcnninabK  are  pvopoaed;  ar«  they  Ks,  or  not?  Tike  oniTenal 
is  oooelanve  on  thii  pobt,  tba  partieidar  ineondudTc.  Had  this  conpariaoD  been  always 
made,  we  should  not  have  had  so  many  *  wiitera  who  haw  etftemtd  tbamselTea  as  if  the 

•some''  of  a  piirticiilar  proposition  excluded  every  other  some. 

I  will  now  go  through  all  the  cases  I  have  named,  making  unkwtai  and  particular  the 
standard  case  which  is  to  Ix'  compared  with  all  the  rest. 

1.  The  distinction  of  universal  and  particular  may  be  replaced  by  that  of  nflirmalive 
and  negative.  The  universal  affirmt  the  right  to  assign  one  or  other  or  both  of  two  names 
to  every  object  of  thought  in  the  univerK  of  the  proposition :  the  particular  deniet  it.  Thus, 
m  being  die  cootrary  name  of  AT,  the  propodiioD  *  Every  XitV  affinns  that  y  and  «  fill  A« 
univerae  ;  and  *aonie      an  not  Ks*  denies  it. 


2.  The  distinction  of  universal  auJ  particular  i»  that  of  possible  and  impossible,  or  of 
existent  or  non-cxistent»  neeoiding  as  the  proposition  speaks  subjectively  or  objectively.  Let 
PQ,  signify  the  name  compounded  of  P  and  Q,  and  belooging  to  every  object  which  has  a  i%ht 
to  both  names.  Then  <  every  X  is  Y'  sets  down  A'jf  as  impossible  or  non-existent,  and  *  some 
JTs  am  not  Fs*  sets  down  Xy  as  possible  or  existent. 


&  On  the  connexion  of  universal  and  portiealar  with  necessary  and  not^necessary  (contin- 
gent) see  the  doctrine  of  models,  passim ;  on  the  correlative  oannexkn  with  sulBeient  and  not- 
safBdent,  see     £.  p.  73. 

4.  The  distinction  of  universd  and  particular  k  that  of  conjunctive  and  diqunetive ;  the 
universal  speaks  conjunctively,  the  pxrtienbr  disjunctively,  of  the  same  set.    The  X%  bring 


*  No  wmU  Buiuber  of  the  «leiMntair  vtiMnda  Ifala.  Bat  \  fHmm  tS  ttmu  1>  to  him  as  aMkh  so  is  wwt(&  Tba 


UiM  duir  Imim  had  do  nich  error  ia  their  hoods,  U  elm 
cmilb  *  LadofficH  Tlvti,  tfrnVng  tt  ilu  wiaim  diot 
J(|tniiltii  «t  jmrjowiiB  !■(■  nwcftrfaMf  magit  M 


MOipil  MteM,«M  ipnclicsllr  Md  CM. 

tkUtOf  anlka  to  iMfdeotar  qwatl^*  thn^  aot  sbiod  of 

h,  dnt  t  MB  o««m  of :  hot  iho  wilist  I  spook  or  uoi  lHi|tBa«e 
I  thot  10  ho  It  ftr  0  itlyaicisB  or  s  mIIot  no  pnprtm  of  j  which,  but  for  their  »ub»e<|uent  proceediDg*.  would  lead  any  one 
■on,  nd  f«t  ooe  ons  W^tm  mom  jflNMt  Ifar  dihor  thon  (  to  auppone  ih«t  thcjr  accepted  magU  el  minuM  ■»  Indelioitely 
aoolhet.   But  ihi*  U  tnia|^sii4dM  orrot  coamu  ia  hwodoe.  |  i)>pliciibU-  to  particulate  Mid  doftiiloljSB  tt*  nlOtlOD  Of «}. 
iDginialhe;>roprium0lotwhidibiiMp«itof  it,  aoj>rg}irHno.-     vcrssl  and  pariiculai. 
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distinguished  as  A',  A',,  A",  &c.,  the  universal  'Every  Xh  V  affirms  that  A',  is  Y,  and  that 
JTa  ii  T,  aitd  that  JT*  it  §t  emlm.  But  the  particular  <  •ome  jlTa  an  not  Ta*  oolj  dedarca 
thrt  ailAar  is  not  or  that  ^Tt  ia  not  F,  or  that  JT,  U  not  F,  a«<  dotarOi  Nor  do  I  here 
nanwv  the  meaning  of  the  particular :  as  uaed  in  logic,  tbia  qwdea  of  pnpoaition  doca  not 
neocMBriiy  aflbm  nor  d«nj  of  oMre  than  one. 

6.  The  diatnetion  of  univecaal  and  particular  nay  Iw  aoade  that  of  oontertibk  and  inoon- 
vertiUe.  Thia  ia  the  only  caae  in  wlueh  I  liave  had  to  eeaidi  tut  a  meaning  to  make  the 
•yatan  gpx>d :  in  all  Aa  other  cases,  perception  of  the  UMtanoe  preceded  that  of  the  general 
analogy ;  I  believe  my  work  on  logic  will  shew  this  of  nearly  all.  Now  convertiliilitv 
and  iocoovertibility  arc  only  expressions  of  identity  and  noD4dentity :  and  it  may  be  easily 
aheim  Ant  tha  nnhnmal  ia  tba  identity  of  (foliowad  hy  tha  t^gtxt  to  eonvart)  two  nanwas 
and  tlie  pardcalar  the  nooFidentlty.  Let  CT  be  tile  name  of  everything  in  the  univerae  of 
the  propodtion :  and  let  A',  K  be  a  name  wIulIi  includea  ereiything  that  is  either  A',  or 

or  both.  Then  the  univcr<!Al  <  Every  Xit  Y'  aifirms  the  convertibility  of  »,Y  and  U ;  while 
'  some  2C%  are  not  Y» '  denies  it. 

8.  On  the  canneMCB  of  univenal  and  portienlar  with  oooeludve  and  ineondttriva,  I  have 
already  qioken. 

7.  Tile  distinction  of  universal  and  particular  is  that  of  singular  and  plural.  All  books 
of  logic  affirm  that  the  singular  proposition  is  univerml.  But  the  manner  in  which  logi- 
cians have  treated  the  tmieeraol  propodtion  aa  singular,  in  efliwt,  if  not  in  namey  will  he 

the  inntcrial  of  a  curioua  chapter  in  the  history  of  logic,  when  written.    Some  of  them  have 

seen  tlicir  own  tendency,  and  have  made  'Man  is  animal'  to  be  a  proposition  of  a  distinct 
species  from  '  Every  man  is  an  animil.'  Tlie  universal  proposition  treats  the  siihject  col- 
lectively, and  makes  one  singular  notion  of  the  whole:  the  particular  niakes,  or  may  make,  two 
groups,  of  inda6nite  proportiooa  to  the  whoky  and  afllrma  or  deniea  of  one,  ndther  affirming  nor 
denying  of  tiie  other. 

8.  Sir  William  Hamilton  h-ts  very  ed'ectivdy  forced  the  attention  of  logicians  to  the 
manner  in  which  their  universal  and  particular  arc  definite  and  indefinite.  I  shall  presently 
inmt  on  thia  wma  diatinedon  aa  timt  of  iniefi»U0 and  dtfmilef  and  that  with  particolar  rdation 
to  Sir  William  IIanulton*a  ayatem. 

If,  instead  of  taking  univ;  rsil  and  particular  as  tlie  standard  relation,  I  had  chosen 
affirmative  and  negative,  the  principle  for  which  I  contend  would  have  appeared  more  dearly, 
perhaps:  but  at  the  same  time  it  would  have  appeared  to  state  nothing  but  what  eveirjbody 
knows.  Surdy,  one  would  remark,  all  oppodtiona  atand  to  one  another  in  an  aflrmatory  and 
negatory  rdation,  «o  that  affirmation  and  negation  are  the  root  of  them  all,  and  aa  thinga 
which  are  corrected  \rith  the  same  arc  connected  with  one  another,  it  follows  that  all  opposite 
telatkms  are  coanected  with  one  another.   This  ia  perfectly  tnie»  and  fully  admitted ;  never- 
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dickiii  IHM  tad  easy  m  it  is,  writers  oa  logic  are  not  yet  nuuters  of  it,  nor  were  writers  on 
•Igabni  tiQ  Kcndy,  In  this  last  adaiiee^  aU  oppoiilion  are  iracninwDtaUy  nduciUe  to  addition 
and  subtraction:  let  gain*  ascent,  prior  time  give  or  require  addition,  then  loss,  deooent* 

posterior  time,  give  or  require  subtrnction.    Tliis  easy  key  to  the  generalization  of  the 

nionnings  of  +  and  - ,  is  modem  as  to  dear  perception  and  full  acceptance:  D'Alembnt  de- 
nied its  universality. 

I  diink  it  feaaonably  probable  that  tlw  advanoo  ni  ajrnbbBc  logie  will  lead  to  m  edeidaB  of 
oppodte  relations,  for  mere  inference,  as  general  aa  tbat  of  +  and  -  in  algebra.  On  the  advan- 
tages or  disadvantages  of  its  introduction  it  would  be  vain  to  speeolato  bafimband.  I  now 
proceed  to  another  point  of  the  approximation  of  logic  and  algebra. 

When  the  dry  and  lifeless  instrumental  forms  of  syllogism  are  placed  before  a  student 
who  has  already  familiarind  lumadf  witii  then  use  without  thinking  about  them,  it  may  easily 
happen  that  tbqr  are  neeived  with  di^st,  and  it  often  ka»  happened.  That  the  noUe  act 
of  the  mind  called  by  us  inference,  should  be  de6ned  as  consisting  in  mere  transformation 
and  substitution,  appears*  ridiculous.  And  the  definition  is  truly  so,  unless  it  be  confined 
to  the  instrumental  part  of  inference,  the  part  of  the  process  which  might  be  done  hv  a 
machine.  Algebra  might  be  just  as  unworthily  treated,  by  confining  it  to  those  few  general 
rubs  in  whidi  its  operatiTe  part  really  consbta,  and  elevating  diis  put  to  tile  dignity  of 
n  «4iale.  At  the  highest,  we  can  but  compare  the  fiHrms  of  logie  in  reasoning  with  the  laws 
of  linear  perspective  in  painting :  and  the  presence  of  these  forms  with  the  incidental  lines 
which  perspective  requires,  and  which  arc  rubbed  out,  not  merdy  before  the  design  is  finished, 
hut  before  the  higher  art  of  the  process  begins.  And  the  parallel  holds  still  further.  Many 
great  painten  have  disfigured  their  work  by  too  much  neglect  of  the  instramoitBl  laws  of 
perspectives  many  have  wilfully  and  skilfully  violated  them  to  produce  the  cffieet  Aey 
wanted  ; — and  ao  has  it  been  with  reasoners. 

Speaking  instrum«itally»  what  \*.  called  elimination  in  algebra  is  what  is  called  tnfer- 

tnm  in  logie.    If  there  be  four  algebra  jpyQ|^j,|_        nmniier  of  olnects  of 

^  assertions      logic  •     '  ' 

equation  possible  from  the  four  to  produce  one  excluding  three  objects  of 

assertion  *  assertion  "  ' 

awirrtlffn  ^""^  among  those  in  the  ot^nals.    The  '""j^^jp*^*""'  *•       from  the  three 

eliminated  quantities 
middle  terms 

The  logician!!  confine  themselves  in  the  first  instance  to  the  simple  syllogism,  which  is  the 
elimination  of  one  middle  term  between  two  assertions.  In  like  manner  the  algebraist  asserts 
that  all  eUmination  may  be  reduced  to  sucoessicns  of  diminatlon*  of  one  quantity  between  two 
equations.  And  just  as  all  direct  power  of  dimfamtloa,  excturive  of  what  are  caUcd  arl^ffoM, 
depends  upon  our  being  able  to  find  one  quantity  in  terms  of  others  wiA  which  it  is  involved 
in  an  equation — no  all  our  power  of  expressing  inference  depmds  upon  our  being  able  to  describe 
one  object  of  thought  in  terms  of  others,  by  means  of  au  assertion  in  which  they  arc  all  in- 
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Tolv«(L  When  Imy**  *  John  met  Tbomtt  in  the  itnet*~*  John  shook  hands  with  Thomss* — 
that  u,  *  John  shook  hinds  vith  what  John  met  io  the  stiMt'*** — there  is  an  dimioatton  of 

*  Thomas'  perfectly  answering  in  process  to  'a  +  j:  «  6,  y  imc  +  m,  therefore  y  «•  c  +  6  -  o'. 

St'vera!  remarkabK'  matters  connected  with  inference  may  be  made  to  arise  out  of  this  view, 
of  which  some  will  be  tiuticed.  But  I  now  proceed  to  observe  that  tbu  perfect  sameness  of 
logical  and  alfebnical  process  does  not  oontinuA.  Whenever  dose  Ksemhlanees  exist  which 
aie  rarely  or  never  noted,  we  may  be  pretty  siM  that  ttw  attention  has  been  diverted  hy 
dilFerences  as  remarkable  or  more  so.  In  algsbn»  in  which  the  result  is  quantity,  equations 
are  perftct  itknliiiL's.  If  ,t  be  10,  every  x  that  can  be  produced  under  precisely  tlie  same 
circum«;tances,  is  eiuitled  to  the  copular  sign  (=)  in  connexion  with  any  abstract  10  that  we  can 
imagine.  The  consequence  is,  that  a  complete  conversion  of  all  the  processes  of  elimination 
can  always  be  made.  If  y  «  ^a,  «  »  ^»  give  »  *  ^y,  then  a  »  ^«  and  »^X9  *^**7*  8*^* 
jf  K  as  one  at  least  of  certain  alternatives.  From  jfmc  +  <B,  ymc  +  b-a,  vre  can  recover 
M  ■)■  ,r  o  6,  with  which  we  began:  but  from  "John  shrmk  hands  with  Thomas'  and  'John  shook 
hands  with  what  be  met  in  the  street\  we  caanot  of  right  recover  '  Joba  met  Tliomas  in  the 
street.' 

When  an  assertion  beoomes  complicated,  we  may  be^  as  in  algebra,  in  the  poaitionof  itoding 
die  reduction  impotaibte :  or  else  we  may  make  the  b^nnerV  mistake  of  disentan^ing  the 
subject  (solving  the  equation)  by  the  process  of  ignotum  per  ^fnotum.   For  instance  *John 

met  Thomas  near  his  own  house:'  if  we  describe  Jolin  as  *  ft  man  who  met  Thomas  near  hin 
oton  house,'  we  may  oot  have  a  solution,  for  the  prwioun  is  logically  the  noun.  But  we  have 
one  if  we  nkr       oun*  to ««  aMik* 

The  fiDllowiog  is  an  imttatioo  of  an  elimination  of  two  quantities  between  three  equatione : 

John  met  Thomas ;  John  and  Thomas  live  in  the  same  street  ; 

iTohn  h  richer  than  Thonin-;.  Tlie  elimination  gives  either  of  three  forms,  of  which  this 
is  one;  the  algebraic  process  is  here  fully  imitated. 

*■  A  person  who  met  one  not  so  rich  as  him  whom  he  met^  and  '  that  same  person  not 
so  rich  as  him  whom  he  met*  live  io  the  same  street. 

These  aseimilatloos  may  appear  ludicrous,  but  it  will  be  presently  seen  that  the  ideas 
which  they  suggest  may  help  to  free  logic  from  being  to  the  higher  processes  of  thought  what 
algebra  woulH  have  been  to  its  present  state  if  it  had  discussed  no  forms  more  complicated 
than  J  -  y,  y  -  &c.  The  world  at  large  is  more  advanced  in  constructive  process  than 
'the  books  on  logic;  in  which  arbitrary  separations  are  dedared  by  old  authority  to  con- 
tain sU  the  forms  of  thought. 

There  arc  many  processes  of  inference  which  are  not  syllogisms  nor  reduetble  to  them,  and 
they  all  belong  to  a  fovm  of  elimination  which  is  not  precisely  that  of  common  algebra.  In 
this  last  science  we  use  identities  IxHiausc  we  can  command  identities.  We  have  nut  much 
ooeation  to  employ  x>y  or  j!<y,  because,  from  our  experience  of  identities,  we  find  it  more 
convenient  to  suppose  ««y->6,  or«ay4'ft;  making  the  indeterminate  character  of  6  supply 
the  want  of  precisioD  whidt  appears  in  er>sf,  as  compared  with  -pBy.  Ncverthekss,  eliminatioa 
between  inerjunlitics  is  sometimes  required:  and  then  we  know  that  in  .r;>f/  our  right  of  sub- 
stitutioD  is,  that  wc  may  for  jt  write  an  equal  or  a  greater,  for  y  an  equal  or  a  less.   Io  <r  >y, 
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$  is  used  after  the  maooer  of  a  universal  term  in  logic,  »  after  the  maaner  of  a  particular. 
We  iiuiii  know  tin  wUlit  of  y ;  l>ut  we  mej  tie  enabled  to  niake  tibe  aeiertuMi  bj  knowing 
a  part  of  «*  A  little  couDderation  nimoCs  as  a  oeeeMary  rule  of  inferenec^  the  rij^t  to  sub- 
Mitnte  a  larger  tern  need  particularly  for  a  smaller  one,  however  used,  ntui  a  imaUeffy  need  in 

citbcr  way,  for  a  larger  used  universally.  What  we  may  affirm  or  deny  of  gome  or  all  men, 
we  may  affirm  or  deny  of  some  animalt :  what  we  may  allirm  ur  deny  of  all  animals^  we  may 
afllrm  or  deny  of  ait  or  «eme  men.  Tbe  lecond  part  of  the  ruk  is  the  diefiHB  de  omni  .et 
nulht  tbe  iint  part  baa  not,  witbin  my  reading,  been  added  to  it :  botb  ndgbt  well  be  incor- 
pointed  in  one  under  the  name  of  the  dictum"  de  majore  et  minore.  Observing  that  every 
Inference  was  frequently  Jedared  tu  be  reducible  to  syllogism,  with  no  exeeption  unless  in  the 
case  of  mere  transformation,  as  in  the  deduction  of  'No  X  is  }"  from  '  No  i'  is  ^V,'  I  gave 
a  challenge  in  my  work  on  formal  logic  to  deduce  syllogistically  from  '  Every  man  is  au  auiraar 
that  'every  bead  of  a  man  li  tbe  bead  of  an  animaL'  From  tbe  total  abienae  of  attempt  to 
aniwer  tbii  cballenge,  I  oondudef  tbat  no  one  bee  ineoeeded  in  wboae  way  it  bai  fallen. 

I  abaU  preeently  have  occarion  to  purwe  tfai*  Mfaject  a  little  furdier :  I  now  pmwaed  to 
a  new  aeetion. 


SBOinoit  n. 

ON  TliE  FORMATION  OF  SYBCBOUC  NOTATION  FOR  PROPOSITIONS  AND  SYLLOGISMS. 

Tbe  commonly  received  method  of  denoting  the  affirmative  and  negative  universals  by 
A,  Et  and  the  particulars  by  /,  O,  is  rather  mncraonical  than  instrumental :  it  suggests  to 
nothing  but  the  memory.  Of  all  the  systematic  deductions  of  the  valid  furuis  of  syllogism, 
not  one  came  into  general  use :  indoctive  selection  and  exclusion  were  employed,  when  any- 
tUng  mflre  tban  a  mete  declaration  of  results  was  given.  Tbe  figure  being  given,  the  above 
symbok  are  suffidcflit:  thus  AEI  in  tbe  first  figure  can  be  nothing  but  the  invalid  node 
•Every  1'  h  Z,  no  .Y  is  1',  therefore  some  .Vs  arc  Zs.' 

In  niy  former  paper,  and  in  niy  work  since  published,  I  borrowed  from  the  above  notation 
the  use  and  uieaniug  of  J,  £,  I,  O,  and  added  syuibolic  distinctions.  So  far  I  have  nothing 
to  cbaoge :  any  system  mutt  uae  Some  mode  of  expieming  its  rdatlon  to  the  laoguage  of  so 
nmniy  eenturiei.  i  slio  adoptod  a  more  detmled  mode  of  expresiiiig  propotttiona:  ami  htf  it 
would  have  been  better  if  tbe  detail  had  been  greater  at  first,  that  it  might  have  been  ulti* 
mately  made  still  less. 

A  fundamental  symbol  should  not  be  of  compound  meaning :  that  is,  should  not  expressly 
Kignify  move  than  one  thing;  Composite  expresrions  should  be  re«erved  for  syraboh  wldcb  are 


*  Every  lylllglMlD  Ae  AltoHMUaaiffiMllltadtacctMe  |  witliouc  namei.  When  I  advanced,  in  my  dUcuuion  with  Sn 
of  «hl«  dictum.  WUIiain  il«mUiaa,  that  •  pcnon  kept  doae  to  Aritunlc't 

t  Thtt  wmaU  be  a  tay  wwsfc  «sedaslgn  ftwa  lb*  abieeM  ham  «w1d  not  prave  thst  wins  miut  faara  both  coait  mad 
of  priaiiduiswsr.  Bat  any  aw  iriw  writis  sn  a  ewlnratsA  wslsieint(,ir*  mid«ntxliancMto,ud  anaiori^  waiiionili, 
nJ^itt  piM  a  Bisnlw  tSfOmt  tunmrinlmUt  »W»  I  hri  wiiws  lagwioui  iltsiMM  **  ^M'l'vve  aiy  ■S'S'ttim. 
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avowedly  m  ablmfiatioa  of  wimWiMtiom  of  fundmiatal  lynbola,  Agun,  Ao  ooniples 
tfnibdl  AatM  not  be  prior  in  inventumto  the  umple  one*;  nor  ahottUi  it  be  mvented  until  Ibe 
dmple  ones  have  bad  their  chance  of  good  suggestioD. 

For  instance,  in  the  old  notation,  the  letters  A,  &c.  are  of  compound  meaning ;  A  is 
universal  and  affirmative.  If  A  and  E  bad  stood  simply  for  affirmative  and  negative,  and 
two  eonunaDti,  at  B  and  JV,  for  univenal  and  partieulari  dlo  diitiDetkn  of  figure  might  have 
been  qruboliied.  Bmiaru  doca  not  aiiggeet  tbe  fint  figan,  nor  Ctmmtm  the  eeoood, 
exo;pt  by  memory.  But  if  the  premise-consonants  had  been  made  to  imitate  the  middle  term 
in  location,  the  figure  would  have  been  seen  in  the  word  which  woitIiI  have  resulted,  whether 
unmeaning  letters  had  heen  added  for  euphony  or  not.  Thus  AE  occurring  as  premises  in  the 
second  figure,  iu  which  the  middle  term  is  predicate  of  both  premises,  would  have  given 
JSEBEBi  and  lo  on.  If  aono  dioka  of  liquids  had  betn  allowed  for  dea^pialion  of  par- 
ticolariy  and  of  otber  oonsonants  for  dedgnaticm  of  unircnali,  euphonw  words  might  baTC  bten 
invented,  which  would  have  hcen,  by  this  time,  as  venerable  as  Bokardo  or  Feiapton.  Nor 
would  it  have  been  difficult  to  have  fitted  on  lettett  aymbolic  of  the  method  of  i«duction  into* 
tbe  first  figure. 

This  aoggettion,  howefer,  eomea  a  few  centurici  too  late :  die  laHlowing  one  is  nan  to  our 
purpose. 

Symbols  in  which  relative  potiiion  is  the  whole  or  part  of  the  symbol,  whatever  their 
ad%'antages  may  be  in  other  respects,  lie  under  one  great  dis.advni>t<?ee :  abstraction  is  not  sng- 
getted,  and  can  only  be  done  awkwardly.  The  exponential  symbol  in  algebra  has  this  defect : 
we  cannot  describe  it  independently  of  others,  except  by  (  )  *  ^,  or  some  such  contrivance.  In 
the  more  detailed  notation  of  my  former  paper  this  fiudt  was  oommittod  t  thus  JtT,  by  mere 
positioD  of  tbe  letters,  was  made  to  indicate  *  Some  X»  are  Fs.' 

The  distinctive  characters  of  the  proposition  arc  made  to  he,  usually,  the  terms,  the  copula 
(affirmative  or  negative),  and  the  quantity  of  the  subject.  But  if  the  quantity  of  the  predicate 
be  also  symbolized,  notice  of  tbe  terms  is  not  distinctively  necessary  :  for  every  proposition 
used  has  neither  more  nor  less  than  two  terms*  and  n  term  wed  not  enter  exoept  to  hoTo  its 
quantity  noted.  The  symbols  of  the  terms*  hi  iset,  are  only  pcjgs  on  which  to  hang  distioo> 
tions:  so  that  it  is  desirable  that  they  should  not  be  essential,  though  capable  of  introduction. 

The  quantities  of  the  terms  give  name  to  the  proposition:  which  is  usually  called  universal 
or  particular  after  iu  subject.  This  is  arbitrary ;  and  it  is  open  to  us,  by  the  same  lieeniie,  to 
make  the  propodticui  take  the  name  of  its  predicate.  The  enlaigement  at  the  proposition, 
whether  Sir  William  HamOton^s  or  my  own*  will  probably  reqi^  a  new  word  to  cspKM  the 
distincdon  of  prapodtions :  for  both  have  their  double  uniTcraals^  and  dteir  double  partieulaiS) 
which  are  not  in  the  Aristotelian  set.  At  present,  howcTer*  I  am  not  iweparcd  to  suggest 
a  term  which  would  apply  to  both  systems. 

Let  the  subject  and  predicate,  when  specified,  be  written  before  and  after  the  symbols  of 
quantity.  Let  the  inclosing  porsnlfaeas*  as  in  X)  or  {X^  denote  that  the  name^ymbcd  Xt 
wMeh  would  be  inclosed  if  the  oval  were  completed,  enters  uniTersally.  Let  an  exduding 
parentbestt,  as  in  )jror  ^gnHy  that  the  name  symbol  enters  particularly.  Let  u  even 
number  of  dots,  or  none  at  all,  inserted  between  die  pnenthese^  denote  affirmation  or  agree- . 
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meot ;  let  an  odd  numb<ir,  usually  one,  denote  negation  or  non-agreement.  Thus  Jf))Y  means 
that  all  2C&  arc  Yn ;  ^{.{y  means  that  some  A's  are  not  I's :  but  ))  and  (.(  specify  the  charac- 
ter! of  the  propositkiQs ;  w  do  also  ((  and  ).).  W«  mmt  eMMOve  oundm  at  liberty  to  r«ad 
cidtsr  wtyi  thus  ^)raiid  F((^both  denote  thtt  every  JTn  Y* 

A  syllogism  may  be  denoted  by  juxtaposition  of  the  symbols  of  the  preniMi)  takiag  the 
order  XY,  YZ,  XT..    Thus  *£verjr  ^ia  F,  acme  Za  aie  not  Fi|  therdbre  aome  Za  are  sot 

may  be  stated  thus, 

X)W)-)^  givus  X):)Z  or  ))).)  gives  ).)  • 

In  the  Aristotelian  system,  and  in  my  extension,  the  cauuu  of  formation  of  the  inference, 
when  there  ii  one,  b;— iJroM  tfte  ^  /Jle  m&falb  Imn,  Me  tmab^g  symbok  tkm 

tk»  •nferanee.  Tboa,  if  there  be  a  vaiUd  infereooe  ftam  ).(  (.)  it  ia  ). .)  or  )).  Thai  elao 
XQY))Z  eicpresses  the  pretniso^  <  Some  A^s  are  Fe,  and  every  F  is  Z  f  erase  Y  and  its 
accompaniments,  and  we  have  XQZ  for  tfie  conclusion,  or  *  Some  Xa  are  Zs!*  In  Sir  William 
Hamilton's  system,  this  law  is  not  quite  univ'erbal  in  tiie  symbolic  deduction  of  the  inference ; 
but  a  certaio  variation,  which  I  shall  presently  suggest,  will  make  it  w. 

If  we  wish  to  read  by  dkHtieiiiM  of  figure,  that  ia,  by  AriatotcUan  figure,  we  nu^  contrive 
it  thus.  Let  the  subject  of  each  proposition  have  its  quantity  denoted  by  a  thicker  or  larger 
parenthesii.  Then  the  first  figure,  in  which  we  read  thrmigh  the  concluding  terms,  would 
preaent  die  ai^eanincc  ;  rencmfaering  that  when  the  diatinction  of  major  and  minor  term  of 
oandniion  ii  preaerved,  we  read  the  eeoond  prendie  fint.  Tbaa 

X))Y))Z  m  X))Zt  wUeh  ii  now  aymboliiedin  the  firat  figure^  ia  F))Z  *X))Tm  X))Z. 

The  eaoond  figare,  in  which  we  read  to  the  middle  term,  ia  aa  aeen  in  ||;  the  third,  in  which 
we  read  from  the  middle  term,  ia  aa  aeen  in  j|| ;  and  tlw  fourth,  in  which  we  read  Itmnigft  the 

middle  term,  is  as  seen  in  ||||. 

AH  notation,  no  doubt,  is  both  pictorial  and  arbitrary :  nevertheless  Uiere  arc  cases  in 
whleh  one  or  the  othor  dtaneter  decidedly  piedoniimMeB.  The  arlntrary  character  decidedly 
pndominatea  in  tlte  preceding  notation;  but  Ae  ^ilo^am  admito  of  a  grapliieal  repreaentation 
which  is  as  suggestive  as  a  diagram  of  geometry.  This  was  partially  adopted  by  Lambert 
and  Euler  (F.  L.  p.  3^3),  and  may  lie  more  eompletdy  ahewn,  and  without  new  ^pea  or  woodp 

cuts,  in  the  following  way. 

Let  all  the  instances  in  the  univerte  of  the  syllogism  be  represented  by  the  points  of  a 
definite  atrailglit  line:  but  to  avoid  oonfurion,  let  fbia  atraight  line  lie  repeated  aa  often  aa  it  ia 
neeeaaaiy  to  introduoe  n  nnmc.  Let  the  dtvinon  at  thia  atraight  line  into  a  contlnuoua  and 
a  dotted  portion  signify  the  distribution  of  the  mlfena  into  a  name  and  its  contrary*  When 
a  proposition  is  asserted,  let  a  second  line  run  over  so  much  of  the  extent  of  eacli  name  as  is 
declared  by  the  proposition  to  be  in  agreement  or  disagreement  with  the  whole  or  part  of  the 
other :  eKtento  which  fall  wnder  one  another  being  taken  aa  in  agreement.  Thua  in  the  &llow- 
iag  diagrama  we  aee  the  prapoaitiooe  '  Every  JiTia  F,*  and  *  Some  things  are  neither  2&  nor  Fa,* 


Y 

* 
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Let  the  middle  name  of  a  syllogism  be  placed  in  the  middle,  and  when  the  two  premises 
art  formcdt  let  the  eitenti  which  enter  into  the  condaiioii  be  dgmfied  by  Ihickir  Hnei,  or 
thicker  dots.  Thus  it  wiU  appcM-  what  the  conduMoo  ie,  «ikI  alio  wheUier  the  quantities  in 
the  conclusion  be  those  which  entered  into  the  premises,  or  wh«ft]ieff»  bj  the  charaoter  of  the 
inference,  eitber  b*  curtailed.   Thas  in  the  diagram  before  us 


Y 
Z 


(•))•) -0 


we  see  the  pictorial  and  arbitrary  notation  for  ihv  following  syllogism  : — Everything^  is  either 
A' or  Yi  some  Zs  are  not  ¥»;  therefore  some  Z»  (as  many  as  entered  the  premise)  arc  As 
(not  neeessaril/  •«  many  as  in  the  premise).  We  also  see  that  the  real  middle  term  of  agree- 
ment  »  a  portion  (or  what  may  be  only  a  portiflo)  of  the  extent  of  y :  and  that  the  aiBrmative 

form  of  the  syllo^sm  is  Xi(y{)Z  -  A'()Z.    References  to  6gure  might  easily  be  added. 

I  !>hoiild  here  close  this  section,  if  it  liaJ  not  been  that  Sir  William  Hamilton's  scheme  uf 
notation  has  been  published  by  an  acute  writer,  with  such  coiiiniendaliuns*,  that  I  must  not 
appear  to  shun  the  comparison.  Tiiis  system  is  certainly  so  simple,  that  a  person  wlio  knows 
the  pccmises  and  mfermeg  wdl,  would  write  down  any  case  of  it  immediately.  I  exlnbit 
one  case  of  it  in  the  three  figures:  premising  that  Sir  Witttam  Hamilton  rejects  the  distinction 
of  major  and  minor,  and  draws  two  conclusions  in  the  scconrl  fi-jnire  and  in  the  third  :  but  does 
not  permit  the  fourth  figure  to  append  itself  to  the  first}  nor  to  appear  in  any  way. 


Fbtt  fisan.  Second  Fignn.  Thiid  Figure 

SmncFbaUX  ABJrissomcr.  Some  ris  aU  X 

Some  Zis  all  F.  Some  Z isaU  F.  AU  Fis  some  Z. 


Soma  Z  is  all  a:  Some  Z  is  allJir. 

Some  Z  is  all  .r,      or     AlUTiesomeZ,       or     AU     ia  some  Z. 


Negation  is  expressed  by  drawing  a  vertieal  Une  through  the  idgn  of  predication.  When 

the  thin  end  of  this  sign  is  made  the  subject*  the  syllogism  is  read  by  intenHon. 

It  would  appear  at  first  that  this  notation  is  almost  identical  with  what  I  have  proposed 
above,  as  to  principle.    Leave  out  the  lines  of  predication,  and  the  above  syllogism  would  be 


■  A  <r  wMlto  ynffOMa  I17  Sir  WUltam  HusO. 
WB,ls,b49MiddMibt,«at«riiM  nait  tepoHHrtcoBiiitaitloM 
to  pore  Logic  which  hai  «tcr  been  mad*  afam  dw  Mltnn  wa 

put  forth :  aiid  I  un  tetSMte  in  being  pemiilted  to  annex  it- 
Its  excellences  arc— that  it  U  vay  limple,  that  it  ahewi  the 


ilMwtM  iWHtilr  A*«sa*«tiUi  synsRiBiUtaiht  nne  Sgm* 
iha  it  miMat  vs  w  Mtd  mA  sjriloglim  with  ctoalMtltjr 
aceadlaK  to  cxtenilw  an<  bttentfam,  **  thaKn*  A* 

Stetuary  l^iti  qf  Thought,  By  M'illiaio  T1iom<>r>n,  M.A. 
(Sad.  lidiiiaa,  184S,  p.  aSA.)    A  work  to  tw  tooagly  tctoiii* 
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A':  ,  ZmX:  ,  Z,  ioatcad  of  X))Y))Z  m  A'))Z.    And  I  atu  bouud  tu  attribute*  to  Sir 

William  Hamllloii  the  expretdioo  of  the  two  distinct  qiumdtieSf  umvsml  and  particuhr*  ai  two 
<Kitiiict  matten  of  plmMeoloigj  and  thence  of  notatiod,  wAen  tkt  fuanhtUt  an  mat  nunmi- 

eally  conceived  and  expressed.  {F.  L.  p.  301.) 

If  then  the  preceding  notations  were  as  much  alike  as  they  appear  to  be,  I  should  tall  mine 
(which  was  first  used  in  trying  Sir  W.  Hamilton's  system,  F.  L.  p.  so  far  as  afiiruiative 
ajrUogieaia  are  ooDaenied»  Sir  WiDiam  Hanilloo^a  with  what  I  judge  to  be  a  mmnw  convenient 
amide  oT  expNanoo.  But  there  is,  in  fMt  (independently  of  the  oausMon  of  tefOMymhola), 
a  very  niaterial  difiereneai  and  one  which  makes  the  notation  I  have  given  more  suggestive^'t 
.(lul  its  symlxtlic  rules  more  easy  to  KMne  extent  in  my  own  system,  to  a  greater  in  Sir  William 
Hamilton's.  In  his  mode  of  notation,  the  symbols  of  universal  and  particular  are  abBoiute 
(;  and  ,) :  in  mine,  the  umveraality  of  the  mlyect  has  the  same  symbol  as  the  particularity 
of  tte  pradioafe,  and  eiee  ocrMl.*  that  in  X})Ff  the  sane  sjmhol  [)]  ia  applied  to  the 
uoiveraal  rabjeet»  and  the  particular  predicate. 

The  notion  on  which  this  mode  of  symbolizing  quantity  was  tried  and  found  to  sticcccd, 
was  as  follows:  The  most  natural  mode  of  predication,  because  the  easiest  premise  for 
inference,  is  the  affirmative,  and  the  syllogism  of  affirmative  premises  is  the  one  tu  wluch  all 
otiier  cases  are  natniallj  tedneed.  And  here  the  pndiealeB  are  always  particulBr>  whik  the 
subjects  are  either  universal,  or,  iriiioh  is  the  sanie  reality  in  infereaee,  lake  the  wliole  extent 
named  in  the  prcmine  into  the  conclusion.  Whenever  this  is  the  case,  the  invention  of  a  name 
will  shew  that  the  inference  is  of  the  »ame  kind  as  one  in  which  the  term  of  the  premiae  and 
of  the  conclusion  are  both  universal.  In  representing  "  All  Ji  is  in  all  K  is  in  Z,  therefore 
all  AT  is  in  by  X))¥))Z  there  is  something  pictorial,  and  the  particular  character  of  the 
predicate  has  its  symbol  of  paitiGalarity  invented  out  of  Ac  relation  to  the  sutgect  fkom 
which  we  deduce  that  character. 


*  And  I  mijr  alto  note  an  inaccuracjr  of  espftnlan  <wed  by 
Mr  TbamaoD  (pp.  Mt,  388):  "Manjr  ot  tht  dUTereot  de- 
mcot*  of  the  notation  are  not  new,  bat  the  noTcItj  lies  in  the 
raRipleten«M  and  nimplicity  of  the  whole  •checne."  Notaoj 
for  tlioa)(h  the  notation  hul  failed  entirely  both  in  cumplcte* 
neu  and  aimpliciif,  there  would  have  rHDaiaed  the  tnoet  ic 


MqrnlM.  «I»tbei 
Ika  dbliibuiiai  oT  HmM  will  imhAi  metlf  the  tunt  h  it 
wai  in  the  aiBnnatiTei  ttwen  whence  the;  were  reepeetive^ 
formed,  with  aorae  few  eseeptioai  in  which  the  eoaduahin  has 
a  term  diatiibuteil  which  waa  not  vhen  it  waa  affirmadTe." 
Thon.>on,  Op.  Tii.  p.  StiJ.    Under  a  juggeatire  notation,  tlie 


marksble  oovelty  which  there  now  ia^  aamdf,  samlsa  of  t  ii  ^i  r  i  l;.  latts  the  exce)>t>mik  will  bevns^hle:  and  It  will 
q HMtiiy  In  both  auttiect  and  predicat*.  I  be  locn  Utat  thci«  M  csUed  eiceptioni  ire  in  the  rale,  and 


t  Itwnddsssm  AatOafttBsclnaibyairWllBiaiaa.  I  «at«aiaa«r 
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SscnoN  IIL 

ON  THE  SVMBOIJC  FOBUB  Of  THB  E3CriNSI0V  OF  THE  ABJSftOTBLUX  SYBTtll  UT 

WHICH  CONTEAlUEa  ARB  ADHITTED. 

Ihis  system  is,  btf  cons^ttence,  not  by  assumption,  one  in  whicb  any  term,  be  it  subject 
or  pndicBte,  may  have  dther  Und  of  quuniity,  uniTcrMl  or  pwrticiilar,  in  any  proposition, 
afinaatlve  or  n^ative.    Sir  Williatt  HaDiltoa't  tjitaiD  hot  the  Mine  peeuUaritj,  as  the 

basis  of  invention  for  the  forms  of  predicaUon:  that  ie,  the  accidental  form  of  my  tjreten  ia 

the  substantial  form  of  his,  so  far  as  ihv^-  fi  rms  are  applicable 

I  did  not  make  this  point  of  agreement  between  the  two  systems  prominent  in  my  worli  on 
formal  logic,  for  the  iMlowing  reaiODi.  Id  the  memoir  printed  by  this  Society,  in  which 
all  my  iaterert  in  nondlg  of  quaotification  was  directed  to  the  algehraiaal  form  of  oumerieally 
definite  propontioiu,  this  complete  distribution  of  all  the  quantifications,  existing  in  the  syetem 
of  contraries,  wa«i  overlooked.  So  much  so,  that  no  one  could  contlude  from  my  words*  more 
than  tliat,  with  liffhf  forms  of  predication,  and  knowledge  of  the  doctrine  of  combinatiun^.  I 
must  liave  seen  the  necessity  of  this  altcmativc — cither  two  forms  of  predicalioti  with  the  same 
terms  and  the  Mme  tioaotities*  or  a  distribution  of  dl  poeiible  pairs  of  quentifieationi.  But  I 
have  no  lemembraaoe  of  even  this  altematirc  auggeiiing  itself. 

When  the  discussion  with  Sir  William  Hamilton  turned  all  my  attention  to  the  question 
whether  he  had  or  had  not  the  numerical  system,  nnd,  subsequently,  to  the  comparison 
of  his  system  {F.  L.  pp.  300 — 302)  with  the  numerical  one,  it  became  evident  of  course,  that 
the  oompl^  distributioa  of  quantificHttons  is  ineidentfll  to  die  system  of  cmtnoiei.  But  I  did 
not  mention  this  explicitly  in  my  vork  (pp.  69,  S9S) :  beeauie«  as  the  eootronrersy  was  tlien 
uniinished,  I  neither  wished  to  dwell  upon  an  irrelevant  quantification  (that  which  is  assumed 
and  constructed,  not  that  which  can  be  derived,  beinjr  the  subject-matter  of  the  dispute),  such 
as  might  niihiead  the  reader  of  the  controversy,  nor  to  appear  as  insinuating  that  1  had 
published  to  the  Society,  before  I  had  had  any  correepondence  with  my  opponent,  a  system 
conteining  by  derivation  the  whole  extent  of  quaotiiieatioD,  the  invention  of  which  was  in  the 
subject-natter  of  the  discussion.  Such  insbuation  would  have  been  untrue :  for  though  the 
system  I  now  write  upon  does  contain  that  extent  of  quantification,  and  thouj^h  it  w  r/v  p»ibli>Iu'd 
(to  the  Society)  before  I  had  any  knowledge  even  of  tlie  fact  of  Sir  William  Hamilton  having 
a  system  of  his  own,  yet  I  can  most  distinctly  affirm  that  all  my  perception  of  complete  quauti- 
ficelion  of  both  terms  was  derived  fhnn  the  algebraical  form  of  nnmericol  quantification. 

The  universal  and  portieular  aiBnnative  may  he  made  the  basse  of  all  the  modes  of 
predication :  the  others  arising  out  of  the  various  substitutions  oi  contraries  in  them.  The 
following  are  then  the  eight  forms,  with  reference  to  the  order  XF, 

*  A>  t'ulWw.s,  ill  ilic  tiiurth  nl  my  papet  "...etay  |  oUwt  is  univenai  or  p^iculu...  And  of  the  two  (crmt  and 
propotltifln  apenks  ir.  d  eferent  ways  of  each  term  and  it*  con.  i  theii  contrarie*.  each  propofittel  i|Mifci  aaivCllllly  Of  tva^ 
puj  i  nuJtiiif  one  |witkuiai  or  univenad,  a«»nling  as  ilie  I  and  puticuUiiy  of  (■«." 
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Fvcry  X  is  K 
Every  F  i« 
No  JT  M  F 

Evcrjrthiiig  i«     or  F  or  both. 


Some  ATs  an  Kb 

Some  things  arc  neither  Xb 
Some  A'b  are  not  I's 
Sonic  y»  arc  not  ^8. 


Fa 


I  ihink  that  the  words  universal  and  particular  cat)  be  Ixjltcr  described  for  thi'<  sy^tPni  than 
in  the  usual  way,  both  as  to  terms  and  propositiuiis.  A  term  enters  unireraaliy,  when,  in 
order  to  Terify  tbe  propodtioD  by  induction,  every  instance  of  the  name  mmt  be  examined : 
partietUartgt  when  the  verification  may  be  attained  withoat  it.  A  propotitien  ia  univertai, 
when  every  inttanee  in  the  universe  must  be  examined  bdore  it  can  be  inductivflly  verified : 
particular,  when  the  verification  »n«y  be  attained  without.  So  that  the  phrases  'universal 
proposition/  and  '  particular  proposition/  refer  to  all  fhinfj^s  in  the  universe  of  the  proposition ; 
while  *  universal  term'  and  *  particular  term''  refer  to  ail  things  contained  in  a  term,  or  portion 
of  that  uniTene.  The  iBtroductioD  of  eontrwiea  does,  io  fictj  introduce  a  third  term  into  tb« 
propoaitioo;  tbe  tmjverw,  or  mmmttm  gtaw^  he  it  the  whole  universe  of  thought*  or  a 
conceivably  separable  portion  of  it.  And  it  is  to  be  particularly  remembered,  that  every 
term  is  supposed  to  be  port  only  of  the  universe :  that  ia,  to  have  an  existing  oontrary  in  that 
universe. 

In  the  induetive  examination  above  alluded  to,  we  suppose  that  we  do  not  know  before- 
hand which  instaaoes of  the  universe  are  Xt  and  which  ate  Y*i  nor*  in  seleetfaig*  an  instance 

from  the  universe,  can  we  say  that  that  instance  is  not  an  X^  till  we  have  examined  it  with  all 
the  As.    In  verifying  we  have  then  to  examine  every  instance  of  the  universe  to 

see  whether  it  be  X,  but  only  when  it  is  A'  need  we  examine  further  to  see  wltetlier  it  he  K: 
Y*  may  never  be  ascertained  to  be  such,  since,  by  reason  of  their  not  being  Xs,  the  examination 
may  never  take  in  those  Fs.  Honoe  X))Y  \»  a  imtversal  proposition  in  which  X  is 
UBtvarsal  and  T  particular.  Again,  in  jr)(For  *sonie  Ainga  are  ndther  Xn  nor  F^*  the  jiM 
instance  of  the  univer&c  which  is  carried  through  all  tbe  JTs  and  all  tbe  Fs,  and  found  to  agree 
with  no  one  instance  of  either,  verifies  all  that  the  propadtioii  ascerts:  hence  ttie  proposition  ia 
particular,  and  its  terms  both  universal. 

I  can  now  correct  a  symbolle  want  of  my  former  writings,  though  the  thing  to  be  signified 


*  That  ia,  we  do  not  aupposc,  u  it  «rrc,  that  CTcrjT  instance 
u  ticketed  in  ita  place  in  tbe  uaivene  m  X  ta  -i,  Y  m  ff,  bat 
Hmt  Mdl  liutMce  taken  ftara  the  unirene  ban  iti  own  imi- 
miMH^  aa4  tbM  «•  mnt  ibaii  in  oidai  w  Hud  if  ikat 
InsiMiiiiliii  nr  *,  '—  a  KfmH  iadngf  Xi^  M  iwir 


that  mark  occur.    The  tickctiriK  of  the  iniiaocei,  fint  men 
lioucd,  i»  itie  representative  ai  the  suppoiitinn  on  which 
have  diteoTered  that  the  tylloipain  concluilM  m  what 
•Uwui/  kaova  UfoM  the  proMiMa  could  be  aworted. 
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was  often  matter  of  cxplauation.  ExpresuoQ  for  the  contrary  of  a  contrartf  wai  wanting  in 
the  tubject  of  the  propoatioa :  whenoa  it  troae  diat  only  Avee  cquivalcata  appeared  in  the 
detailed  tffmbide,  thougii  fbar  «xi«t«d  in  thought  and  in  the  more  compnaied  eymhola.  That 
I  h«d^,  of^r,  £,  of  Xy,  A'  o(xy,  of  «r,  aaequivalenta:  while  iM\jX)Ym  JT.y  »|r)« 
appeared  in  the  detailed  •ymbols.   I  now  have 

jr(.<y--ir()y-x).)»-»)(r. 

The  rule  of  tramformatioD  is ; — ^To  uae  the  eontrary  of  a  term,  withotit  altering  the  import  of 
tlw  propodtioo,  alter  the  currature  of  ite  parentheMa»  and  annex  or  withdraw  a  negative  point 
We  Diaj  now  sa  v  that  the  quatitUaHve  contrary  uf  *  every  X*  ie  '  some       and  of  *  eonie 

.Vs'  'every  r.'  Thus,  when  I  sav,  'some  ,V.s  are  Ks '  I  deny  something  of  every*:  namelv, 
that  any  one  of  them  is  one  of  those  Is.  Again,  '  Every  X  \%  V  denies  of  some «»  that  they 
are      :  for  Kb  must  nut  iill  the  universe.    And  so  on. 

The  diitbcdon  of  aSrmatiTe  and  negative,  in  the  asnal  aenee,  it  ahnndoned :  ibr  any 
affiroiatiTe  propontion,  aa  XQY,  is  alao  nq^ve,  as  seen  in  ita  equivalent  .^(.(y.  My  two 
new  forms  of  predication  were  properly  called,  (.)  negative,  and  )(  affirmative,  and  were  derived 
in  the  forms  .r).(v  and  T()y  as  'no  not-^AT  is  not- 1"  and  'some  not-^s  are  not-K^.'  Never- 
theless, stated  in  reference  to  X  and  i\  the  fir^t  appears  affirmative  '  Everything  is  either  X 
or  Y\  and  tlw  Meond  negative,  *  Some  things  are  neither  X»  nor  Fs.*  But  Ae  first  ob^s  the 
rules  fat  the  indisputaUe  ncgativcst  end  tlie  second  thoee  fiir  the  aflimatives.  There  enters  an 
extension  of  an  old  maxim; — ^it  is  that  Ukree  negatives  make  a  negative.  There  are  three 
positive  ideas,  A',  K,  affirmation;  oppn^cd  to  the  three  correlative  negatives,  r,  j/,  nejration. 
Negative  propositions  present  an  odd  number  of  the  negatives;  positive  ones  an  even  number 
(ur  Done).  Thus  in  all  the  equivalent  forms  of  X{.)y,  nothing  but  an  odd  number  uf  the 
negatives  wiH  occur ;  as  seen  In 

jr(.)F-«))r-jr((jf-#).(f. 

There  is  yet  one  flMnw  opposttioa ;  the  quantitBtiTe  peMnthese*  mny  turn  the  same  or  difirent 

ways :  which  are  to  be  wnsidered  as  positive  and  negative  cases.  By  this,  and  the  opposi- 
tion of  affirmation  or  negation,  the  extent  of  the  proposition  is  determined.  When  tliese 
oppositions  are  none  or  two,  the  prupoi>ition  is  universal:  when  one,  particular.  Thus  .A'))  K 
having  none,  and  A'(.)r  having  two,  are  universala:  but  XQ  Y  h&\u)g  one,  is  particular. 

In  n  univend  proposition,  any  on<f  quantity  may  he  altered,  cither  from  universal  to  par* 
tieular,  or  from  particular  to  universal ;  and  the  result  is  always  n  true  deduction,  though 
not  an  equivalent.    Thus  X))Y  gives  both  X()Y  and  X)(Y. 

Contrary  liTopmUion?.  (usually  enllud  ajntrudicforif)  o(  which  one  must  be  true  and  one 
false,  differ  both  in  quantities  and  cupula.  Thus  A'))K  and  A'(.(F  are  contraries.  The 
eonemitmte  of  •  unimial,  to  whieh  it  is  perfectly  indifferent,  differ  from  it  in  quantities,  or 
in  oopula,  not  in  hoth.  Thus  X))Y  coexists  either  with  X{(Y  or  Jr).)Y,  The  superior 
universals  of  a  particular,  or  the  '[  f  l  i  r  particulars  of  a  universal,  are  made  by  altering  one 
quantity  only:  thus  X)(Y  has  X {{i'  and  X))Y  for  its  superior  universals;  and  X{)V 
has  X).)  Y  and  X{.{Y  for  its  inferior  particulars.    The  alteration  of  one  quantity,  and  the 
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copula,  turns  a  universal  into  another  and  iDoousist^nt  uuiversal,  and  a  particular  into  another 
and  a  ooninteDt  porUeiikr:  nJtyyy  into  or  X{.)r  into  X),)r,   An  altentiaa  of 

cstfaer  of  tlie  terms  ioto  its  oontmy,  must  count  as  oHsratioo  of  th«  quantity  of  that  tcnot 
and  the  oopula. 

To  carry  this  a  little  further,  observe  that  though  all  the  pnrticulars  consist  with  one 
another,  or  may  exist  together,  yet  they  take  distinctions,  when  looked  at  as  to  probability, 
which  have  some  reiemblanoe  to  those  existing  among  the  universals  either  as  probabilities  or 
as  cectainlies.  Take  the  uoiveraal  Jr))r,  and  chaofe  bodi  quantitks:  It  heoomet  XdY.  If 
the  latter  be  true,  it  is  in  favour  of  X))V  rather  than  other«rlae.  Do  the  same  with  X()Yt  it 
becomes  X){Y:  if  the  second  be  true,  it  is  also  rather  a  presumption  for  A'()F  than  otherwise. 
The  more  things  there  are  which  are  neither  X  nor  K,  the  smaller  the  number  of  instances  of 
the  universe  within  which  all  the  Xa  and  all  the  are  contained  ;  and  the  greater  the  proba- 
Wlitj  of  JF()Y.  Now  take  the  nnivernl  X)')y  and  alter  one  quantity  and  die  oofRila:  we 
have  XQY  and  2r).{Y»  both  absblately  incomistent  with  X))Y.  Do  the  aaaie  with  JrQY: 
we  have  X).)Y  and  netlher  inconsistent  with  A'OK,  but  both  diminishing  its  pro- 

bability- This  ciLservation  is  of  some  wortli  in  classification  :  it  may  justify  us  in  extending  the 
general  name  uf  concomitants  to  |>articular»  in  which  both  quantities  differ,  and  opponents  to 
those  in  which  one  quantity  and  the  copula  differ ;  and  wiU  help  us  to  system. 

Now  let  a  propodtion  he  considered  as  having  two  Met,  on  eacb  of  which  a  change  of 
quantity  counts  as  on^  and  a  change  of  copula  as  om  for  each  anb.  Changes  of  qtieatity 
then  may  be  represented  by  ijo  and  ojl,  change  of  copula  is  and  changes  of  terra  are  s|l 
and  j[2.  Tlie  utmo'Jt  amoinit  of  change  i«i  which  restores  the  orij^inal :  thus  .r(. .  (y  is 
X))V  affected  by  4|4,  and  it  is  A))Y  itself.  And  it  will  be  found  that  ijo  and  ojl  always  pro- 
dace  a  superior  umvereel  or  an  inferior  partieulsr,  that  l|l  produoes  a  conctwnitant,  or  i  |s 
an  opponent,  S|S  a  contrary ;  and  so  on. 

When  oontraries  aiw  allowed,  all  inference  may  be  nada  to  consist  in  declaration  of  agree* 
ment.  The  disagreement  of  two  things,  because  one  agrees  anil  the  other  disagrees  with  a 
third)  may  be  made  to  fall  under  the  other  and  mure  simple  case  ;  not  indeed,  as  the  easiest  rule 
of  thought,  but  as  the  best  basis  of  a  classification.  This  A  agrees  with  this  Y;  this  Z  does 
not  agree  with  this  F«  therefore  this  JT  does  not  agree  with  this  Z-Huay  be  stated  as.  This 
agrees  with  this  F,  lomeUiing  not  this  Z  agrees  with  this  Y,  therefore  this  JT  agrees  with 
something  nut  this  Z.  And  the  universe,  explicitly  divided  into  this  Z  and  other  things,  is  a 
provision  for  the  definite  understanding  of  the  manner  in  which  the  second  propositioQ  is 
transformed. 

Aeoordiiigly,  agreement  between  jTs  and  Fs,  Fs  and  2s  loads  to  agreement  between  Xt 
and  Zs,  if  the  number  of  agreemente  be  alto^ther  more  than  there  are  Fs.   Reetrieted  as  we 

are  now  to  the  case  of  the  universal  and  the  indefinite  particular,  one  of  the  propoNtions  must 
mention  all  the  ]'s.    So  that  the  fundamental  syllogisms,  fiom  which  all  the  rest  are  derived 

by  every  intrudueiiun  of  contraries,  seem  to  be 

J.A.A,  X))Y))Z-A))Z  or  ))))-)) 


A^A'A'  A((Y{iZ  =  JCaZ  or  ((((-(( 


Xi)y))Z  =  X()Z  or  ()))  =  ()  7,^7, 
X{(y()Z^A(rA  or  ((()-()  ^'7,7, 


A^AJ,  ^((r))Z-^()Z  or  (()).(). 
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But  in  truth  this  bans  is  exoeiaTe,  io  three  ditlbct  twyK 

1.  ((((  and  ))))  really  belong  to  one  of  the  aets  which  ib  to  be  formed ;  and  the  pro. 
eeedt  of  the  two  wiD  be  identieel.    One  only  of  Aem  ehoiild  be  taken. 

-I.  The  sets  from  ()))  and  ((()  only  differ  in  respect  to  the  species  of  figure*  which 
I  employ.  I  keep  to  XT^  TZ,  JfZi  and  ooe  of  tbeie  aeta  ia  the  odier  lefertcd  Io  ZY, 
FX,  ZXt  the  lefuMd  of  all  diatitietion  of  figure  obVgea  me  Io  retain  both  aeta. 

3.  In  (())-()  w«  aee  only  a  timtgtkttud  ffyUogiam :  that  is,  strooger  in  the  premiies 
than  is  required  to  produce  the  eondunon.  It  la  either  (  )))  or  (((  )  with  the  particttUr 
middle  term  universalized. 

The  nunibtr  of  variations  produced  by  combining  X  or  t,  J'  or  y,  Z  or  i-  <  'frht,  taking 
ooe  out  of  each  pair.  And  a»  these  variations  do  not  affect  the  character  of  tiie  proposition,  we 
niiut  have  as  follows.  Eight  umverwl  syllogisms,  with  two  univcnal  premises  and  a  universal 
conclusion,  iferived  from  ))))  •  )).  SiaUtn  petHeular  syllogisms,  eadi  with  a  particular 
conclusion,  derived  from  one  universal  and  one  particular  premise;  eight  commencing  with 
a  particular,  from  ()))-();  eight  commencing  witli  a  universal,  from  (((  ).  Eight  strength' 
etied  syllogisms,  in  which  two  universale  conclude  with  a  particular,  derived  from  (())«{  ). 

Tlie  canon  uf  validity  is  as  follows.  The  change  of  Y  into  y  will  alter  tlie  middle  paren- 
theses by  changing  them  both,  and  thcrefers  will  not  a£fcct  their  TClatiw  character.  Conse- 
quently, if  the  nukUIe  panntheaas  turn  the  same  way,  ((or  )),  any  two  pmpoattians  which  give 
this  arrangement  allow  of  an  inference,  if  one  at  least  be  universal ;  that  is,  if  the  number  of 
oppositions  in  the  parenthcsrs,  and  the  ntimhcr  of  negative  dot's,  put  together,  he  an  odd  num- 
ber in  all,  or  au  even  number  (0  included)  in  each  proposition.  But  when  the  middle  parentheses 
iwn  contrary  ways,  there  need  but  be  two  uniwrsalsi,  or  an  even  number  (0  included)  on  each 
aide. 

TIk  canon  of  infermet  is  merdy  tliis;< — Strike  out  the  middle  pwentheses,  and  Ino 
negative  dotB»  if  there  be  two$  the  reroaitttng  symbol  shews  the  infeivnee. 


\  f  hsil  iiW«IHlf  ffismJ  ihw  in  wj  iiiit  lij 
1 1  alwailiwdl  ilw  <WilflMrtm  «f  itttt.  Butlmtp- 
pHa  it  ma  luad]r  dav;  ftr  a  iMraed  reviewer  obteiTei, 
<'ttwt  is  Mt  MW'-Jnit  ii  Kr  WmUm  tUmilum'i  avowed 
rule."    Thi»  J»  not  correct ;  Sir  William  H  jiMihojj's  ii.tihod  ii 


iissaottlicr,iDiiidHiiflmiana.  IkkwaMaMaMfih- 

BcatpttidtolemttaodlitlncthworMet.  Mr  miUiai  Haaill- 

tan  kts  none,  but  tolnate*  three  mcis  :  Aristotle  h*d  three 
•late-church c*.  Galen  (diey  tax)  fouaded  •  icct  of  diiMiMan, 
<i!uch,  atier  some  flcaiMiiM  of  nlmtioii,  «■*  nada  a  ftunh 


equally  indiSercQt  to  all  tiguta:  miDc  bolda  by  one,  and  I  etubluhment. 
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Id  tlM  JbDowbg  ithU,  the  syllogunis  m  amnged  m  the  nuouMr  deeerOied  in  die  beadiDgih 


OTllplO||<id« 

Pirtkmlkr  tjUogim 

Unlvenuil  nyllciglHn 
Jh-it  quantity  af 

PartscaUr  tjUogiun 
■tr«Dgth«ii«d  bj  tiM 
•eooiul  quantity  of 

tiM  pwtfamUr. 

X  Y  Z 
X  y  z 

I,A,I, 
I'AT 

()))-() 
)(((-)( 

A.A.A,  ))»-)) 
AAA'  ((((-(( 

A'A,I,.  (0)»() 

M'l'  ))((-)( 

X  Y  2 
Xy  ■ 

OiA-O. 

).)»-)■) 
(.<((-(•( 

E'A.E'   (.)))  =  (.) 
E,A"E,  ).(((.).( 

E,A,0'  ).())-).) 
E'A'O.  (.)((-(.( 

X  y  Z 
xYz 

O.E'I, 

(•((•)-() 

WM-K 

E,E'A,  ).((.)-)) 
E'E^'  (.)).(-(( 

E'E'I,  (.)(.)-0 

X  Y  s 
X  ,Z 

1^0, 
I'E'O' 

0).(-(.( 
)((.)-)•) 

A,E,E,  ))).(-).( 
A'E'E'  (((.)-(.) 

A'EA  (().(-(.( 
A.E'O*  ))(.)-).) 

Tenni 

Pnrdcnlv  ■fllogiun 

CnirnMl  ijUogiim 
•treogtlxraM  b;  tbv 

ttwfwtMkf'. 

Partiealar  qOogiim 
■trengtkaMd  bgr  the 
fint  onntkj  of 
dwyiMWtaf. 

XYZ 

X  y  z 

A'l.I, 
A.I'I' 

((0-0 
)»(-)( 

A'A'A^  ((((-(( 
A^A  ))))-)) 

A'A.I.  (0)-0 

A.A'r  ))((-)( 

X  Y  Z 
X  y  z 

E.1,0' 
E'l'O, 

)(0-)) 

())(-(.( 

E.A'E,  ).(((=).( 
E'A,E'  (.)))-(.) 

E,A.O'  ).())-).) 
WAK),  {.)((-(.( 

X  y  Z 
X  Y  t 

E'O'I, 
E,0,I' 

(•)))-0 

)•((•(-)( 

E'E.A'  (.)).(-« 
E,E'A,  ),((.)-)) 

E'E'I,  (.)(.)=() 
E,E,1'  ).().(-){ 

X  Y  z 
X  y  Z 

A'O.O, 
A.O'O' 

(((■(-(•( 
))).)=)•) 

A'E'E'   (((.)  =  (.) 
A,E,E,  ))).(=).( 

A'K,0,  (().(=(•( 
A.E'O-  ))(.)=(.({ 

The  universal  and  strengthened  syllogisms  appear  twice,  once  from  each  set  of  particular 
syllogisms.  The  contranominah,  or  those  in  which  all  the  terms  used  are  contraries,  are 
written  together :  they  are  formed  from  each  other  by  alteration  of  all  the  parentbeses. 

Altering  ooe  quantity  iu  u  particular  proposition,  even  though  a  unhwraal  tenn  be  changed 
into  a  particiilar  one*  Hmtgtheiu  the  praporitioiu  or  oonverta  it  into  a  unhrenal.  In  fact,  in 
dib  eyaleni  atrength  and  weakness  are  terms  which,  like  affirmation  and  negation,  have  nothing 
but  opy>o»ition  of  character  left ;  the  leas  the  strength  of  a  proposition  with  respect  to  a  term, 
the  greater  with  respect  to  its  contrary :  »(^  that  what  I  have  called  strengthening  a  proposition, 
in  only  altering  the  distribution  of  strcugth. 

The  9ppat»mit$  of  a  aylioipain)  meanti^  thoee  in  which  one  premiae  and  the  contrary  of  the 
oondusion  produce  the  contrary  of  the  other  premise,  arc  thus  formed.  Substitute  the  con- 
trary of  the  conclusion  for  one  premise  and  change  the  order  of  reading  in  the  other,  or  let 
the  ^ymbui  of  the  other  revolve  about  an  axis.  Thus  the  two  opponents  of  ).)}•(  are  (.((•) 
and  (.)).(;  and  those  of  ()))  are  ()).(  and  ).((( 
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The  opfMNMoto  of  the  BtrengtheMd  eylkigieiiit  are  uiuTetaab  wcekeiMd  in  their  «cmdauoM. 

The  change  of  the  figure  from  XY  TZ  XZ  to  ZY  YX  ZX  i«  merely  the  writing  of  the 
symbol  from  the  other  end  :  it  turn*  ))))  into  ((((  ami  ()).(  into  )  ((  ).  Thost-  syllogisms 
which  B<rTC('  in  thtir  parentheses  and  difler  only  in  their  aifirmatioas  and  ncpaiions  are  the  con- 
comitants  oi  my  work  (pp.  88,  or  the  coemstenta  in  a  complex  byiiugiiiui.   Thus  A^AiAy^ 

aAjO"  end  J^fTJ^  are' ))))  ).)))  and  ))).).  These  eyUogieme  eoexiet  in  my  complex  syUo- 
gism  DtDfDi ;  end  perAafM*  then,  the  best  ootetioo  for  this  last  might  be  derived  from  ).)).)• 
indicative  of  the  only  one  of  the  four  combinations  which  is  not  valid  as  a  simple  syllogism, 

T  ne4>d  not  enter  further  into  this  subject,  as  what  is  here  given  on  notation  ma;  be  easily 
applied  throughout  my  work. 


Section  IV. 

ON  THE  SYMBOLIC  FOEMS  OW  TUB  SYSTEM  IN  WHICH  ALL  THE  COMBINATION'S 
OF  QUANTITY  ARE  INTtODITCBD  BY  ARSITRART  INVENTION  OF  FORMS 

OF  PREDICATION. 

This  system,  which  bdongs  to  Sir  William  Hamilton,  has  not  yet  been  pnbliibed  in  detail 
by  its  learned  author,  exoqrt  in  lectutc* ;  in  wbieh,  I  hdievci,  it  was  firet  puUtshed  in  1840  or . 
1841.    There  is  some  account  of  its  forms,  communicated  by  him,  and  printed  with  hieaane- 
tion,  in  Mr.  Thomson  s  Outlbn/s,  already  cited.    See  also  F,  L.  pp.  300 — lim. 

The  modes  of  predication  in  this  system,  are,  by  hypothesis,  as  follows,  at  least  when  the 
Uoguage  of  «r<en<,  preferred  by  Sir  William  Hamilton,  la  changed  into  that  of  nuneraiion  of 
instanw.  The  eymbda  attaohed  are  dictated  by  the  quantities  of  the  terms,  wiA  reference  to 
the  order  XY, 

AU  JTs  are  all  Ks         )  (    Ax-¥  A\ '"  i    No  A's  are  Fs  ).(  Ey. 

Some  Xfi  are  some  Fs  (  )        /,.  Some  Xs  are  not  some  I's    (.)    — . 

All  Xi  are  some  Ts       ))        Ax.  No  Xi  ore  some  Fs  ).)  O'. 

Some  JITs  are  all  Fs      ((       A^.  Some  Ae  are  no  Fs  (.(    O,.  ^ 

Some  authon  had  gone  ao  far  {F.  L.  Appendix  ii.)  ae  to  adapt  expressed  quantity  to  the 
predicate,  for  the  purpose  of  procuring  convertible  fbrms:  and  Mr.  Thomas  Solly  (iS|||llata«  if 

T.ogir,  18.39,  p.  47)  gave  the  above  eight  forms,  with  his  reasons  for  reducing  them  to  fiwr. 
But  Sir  William  Hamilton  is  the  first  who  published  the  idea  of  taking  all  phases  of  usual 
quantification,  and  making  them  the  basis  of  a  system  of  syllogism.  ^ 

It  will  be  observed  that  I  have  not  called  tiiis  system  an  extension  of  that  of  Aristotle. 
That  it  is  mote  extensive,  in  cue  sense,  I  admit ;  namely,  in  so  far  ae  it  iadudce  all  wUch 
Amtotle  indoded,  and  move.  But  a  madiematidHi  cannot  thentfore  call  it  an  extension, 
accustomed  as  he  is  to  a  very  prsdse  use  of  that  term.  With  him  enkijgement  is  not  exten- 
sion, unless  flic  wider  extent  be  governed  by  the  laws  of  the  narrower  one.  The  name  multi- 
plicatian,  conceived  by  aid  of  integer  numbers,  is  properly  allowed  to  be  extended  to  fractional 
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vaest  becHMe,  among  otlicr  reMaii«»  in  every  proUcm  in  wbieh  integers  demand  intcfer  multi- 
plication, finetfamal  data  demand  wbat  is  ihmoe  called  Ixaetional  maltiplicatian.    Botanj  was 

once  agriculture,  but  in  its  present  state  it  cannot  properly  be  called  an  extension  of  ogricuU 
tiirc  :  tlie  union  of  Englaiu!  and  Scotland  was  not  an  ertensinn  of  England.  This  refusal  to 
use  the  word  extension,  in  the  present  cais*;,  is  not  the  assertion  of  any  defect  in  the  system,  but 
rather  tbe  contraiy:  it  is  quite  open  to  inquiry  whether  the  best  form  of  syllogism  be  wliat  I 
call  an  extension  of  Aristode,  or  contain  the  incorporation  of  new  fundamental  principlce. 

F^rllapa  some  may  ask  wfaj  I  have  called  my  own  system  an  extension  at  Aristode.  I 
answer  that  no  now  !aws  are  propoundinl,  tliougli  thi?  application  of  the  old  ones  to  an  enlarged 
subject-matter  of  predication  introduces  sonic  new  forms  of  expression,  and  some  striking  points 
of  view  from  which  to  look  at  the  old  ones.  Every  one  of  my  syllogisms  can  be  reduced  to  an 
Ariitotdian  fonn,  without  any  additim  except  that  of  eonttnries  to  tfio  matter*  of  predication. 
For  example^  one  of  my  new  syUi^gisms,  ))  ((■)(>  or  *  AH  JTt  and  all  Zs  are  Fs,  thcreftre 
some  things  (namely,  all  that  are  not  Fs)  are  nather  As  nor  Zs~-ls  redueibk  to  ordinary 
finm.   With  X  YZitn  new;  but  with  X y  s!  \t  is  Festyfo,  being 

The  syllogism  ))((>)(  can  thus  be  made  Aristotelian :  but  in  my  system,  a  plain  man 
who  sees  clearly  that  some  things  are  proved  to  he  neither  men  nor  mice,  were  it  only  bccau<e 
they  do  not  eat  cheese,  may  rest  content  that  his  knowledge,  even  in  the  form  of  the  light  of 
nature,  can  be  made  sdenee,  witbont  the  neoesnty  of  having  recourse  to  the  ftUowiog  very 
venerably  hut  very  uniadsfketofy,  form : 

No  man  le  a  non^eater  of  cbeeae 

All  non-eaters  of  cheese  are  other  things  than  mice 
Therefore  some  other  tilings  than  mice  are  also  not  men. 
Now  take  one  of  Sir  William  Hamilton's  peculiar  syUogisms; — 
Some  men  are  aoldiersy  Borne  atdmals  eve  not  meUf 
Therefore  some  soldiers  are  not  some  animals. 

This  syllogism  cannot  in  any  way  be  made  Aristotelian,  either  with  the  terme  as  they  stands  or 
with  any  odiers  derived  firom  them  by  a  method  independent  of  the  syllogism  itself;  for  instance, 

the  derivation  of  the  contrary  from  the  direct  term.  Sir  William  Haniilton''s  system  is  tlu  ro- 
fore  -in  independent  addition  to  that  of  Aristotle ;  and  the  addition  must  he  discussed  on  its 
owu  merits. 

The  ftmns  ))  ((  ).)  (.(  ()  ).(  exist  in  thedd  system,  in  that  of  ocntrarice,  and  in  that 
of  brention  «f  predicates.  The  pecuBar  propositions  of  the  eecond  and  third  may  therefore  be 
compared  as  fdlows*  and  under  the  same*  symbols : 


"  Looking  at  the  fact  that  the  ijttem  of  contnrle*  ii4nili« 
pniniM*  both  negktWe,  and  that  of  iB««ii«a  «f  pfcdieaMa 
admit!  praniiei  both  panicnUl^  with  odltr  iBtlaglM  wkkil  I 

bavc  saHM  eomlMlvt  ftmatldn  la  i^ik  As  Ciilnmi—  tt 
aflimatitre  ud  iKt^tire  ippe&n  In  the  flat  nUk  lbs  m*  km 

Vol.  IX.  Past  I. 

« 


or  rorm  undei  wUch  ttnl  Sf  lafcMWSl  and  particular  appear* 
ill  Ike  wesiMit  laA  «{(»  mtm.  If  thk  be  the  eaic,  then  (' ) 
UmgllithalttSyHrilMlar  ftra  io  eomraoD  languajre,  vill  be 
aiHilfMid,aBiX«Vsninlw.  This  is  •  hint  tethaimid*. 
nliae  «r  Uw  nslwt  I  hava  mat  beta  •VtoloMkt  tufMrng 
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AmettHon  of  fMHoaitt. 

(.)  Particular  motive  with  particular  iemu, 
not  used  iu  eommon  language. 

Some  Xs  are  not  gnnic  Y.i. 

)  (  Universal  aiiirtnative  with  universal  terms, 
being  clcdmation  of  identity  in  ooBunoik 
language. 

Ja  X«  ore  ttU  Y«. 

il)  ubjectiana  to  this  system  as  promulgated  by  Sir  Willi  am  Hamilton  (F.  L.  p.  302)  may 
be  developed  aa  fidlowa : 

Fint,  tbe  f ondanNotal  propoattioiia  of  a  tugioal  ayatem  abould  be  independent  of  each  otber, 

so  that  no  one  of  thetn  should  be  a  compound  of  two  others.  Nov  X)(T,  or  *X  and  yaie 
identical  names,'  is  reallv  compounded  of  X))V  anA  .V((}'.  If  we  once  grant  a  cnmplex  propo- 
sition, why  tliis  one  only,  when  there  are  others,  out  of  which,  as  I  have  shewn,  a  separate  system 
of  ootoplex  byllogisni  may  be  coBataructed  f 

To  aay  tbat  the  mode  of  inventiog  proposttiaaB  yields  no  other,  ia  not  an  anawer :  Ibr  it 
is  the  mode  ilsdf  which  ia  attadted  in  its  results.  Every  ^Uogiam  in  whidi  )(  occurs,  is 
either  a  atrengtbened  form,  or  the  resultant  of  two  other  syllogisms. 

Secondly,  ono  ohjoct  of  formal  logic  being  to  provide  form  of  enunciation  for  all  truth, 
and  form  of  denial  for  all  falsehood,  it  is  clear  that  every  falsehood  which  can  be  enunciated  as 
a  truth  sliould  be  deniable  within  the  forms  of  the  science.  Now  the  simple  denial  of  ){  is  the 
disjunctive  asaertion  *).)  or  (.(*.  Thougii  it  happen  that  I  can  prove  one  of  theae  to  be  true, 
without  knowing  which,  yet  the  power  of  denying  in  an  elementary  form  tlie  elementary  pro. 
position  )(  is  refused  me.  A  philolngint  assetts  the  Greek  words  J  and  A  to  be  identical  in 
meaning:  he  says  "  All  A  is  all  Z?  "  One  passaoc  of  Homer,  and  one  of  Hcsiod,  both  contain 
the  doubtful  word  (7,  having  two  possible  explanations,  tbe  first  of  which  makes  Homer  assert 
that  some  Js  are  not  Jls,  while  Ae  seoond  makes  Hesiod  ataert  that  aome  B»  are  not  At,  The 
pTemisM  being  admitted,  the  lesulting  denial  of  the  aiaqple  jMwpoeSibis  of  Kr  William  Hamilton's 
system  is  only  obtainable  by  a  dilsmmo,  or,  as  it  wcre^  mttati/Uogim. 

Thirdly,  the  proposttion  (.),  or  'Some  X*  ate  not  aome  Fs,*  has  no  fundamental  proposition 

^«.hich  denies  it,  and  not  even  a  compound  of  other  propositions.  It  is  then  open  to  the  above 
objeclion  :  and  to  others  peculiar  to  itself.  It  is  what  I  have  called  (F.  L.  p.  a  spurious 
proposition,  as  long  as  either  of  its  names  applies  to  more  than  one  instance.  And  the  denial 
is  aa  follows :  *  There  ia  but  one  JT,  and  but  one  T,  and  X  is  IV  Unlem  w«  know  beforehand 
that  there  is  but  one  soldier*  and  one  animal,  and  that  soldier  the  animai,  we  cannot  deny 
that  *  aome  soldiers  are  not  some  animals."  Whenever  we  know  enough  of  X  and  V  to  bring 
forward  '  Some  wVs  arc  not  some  Fs'  as  what  could  be  conceived  to  have  been  false,  we  know 
more,  namely,  'No  is  I','  which,  when  A'  and  Fare  singular,  is  true  or  false  with  'Some  A's 
are  not  soma  Fs.* 
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(.)  Universal  negative,  with  particular  terms, 
and  affirmative  form  in  eommon  lan- 
guage. 

All  things  are  either  Xi<  or  Y*. 

)  (  Particular  affirmative,  with  universal  terms, 
and  negative  form  in  common  language. 

SonM  iMmt  am  naiilker  Xa  nor  Ye. 
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These  difficulties*  lie  on  the  surface ;  and  the  first  objector  is  sure  to  seize  them.  I  expect 
e  fowttM  mMBn&m  of  dten  in  Sir  William  Hamilton'e  fiwdieaulog  work,  from  die  known 
leenring  and  aeuleneei  of  the  author*  with  lome  weight  given  to  bit  aaeertion  that  hie  ejetem 
hu  been  "  adequately  tested  and  matured.**  And  I  alwuld  not  he  ewrpriaed  at  a  mccettful 

explanation :  for,  though  I  cannot  give  one  myself,  as  long  as  the  system  stands  on  its  in* 
ventor's  ground,  yet  I  can  prevent  the  appearance  of  the  objectioas  by  shifting  that  ground. 

The  occurrence  of  eight  forms,  corresponding  in  their  modes  of  quantification  with  thoie 
wlfidi  I  Ind  ohtained,  nnd  hf  eoinddenoe  which  did  not  arise  fiom  any  nmenen  in  the  path 
at  invcatigndoDf  struck  me  as  exoeedin^^y  remarkable.  I  could  not  entirely  declare  againtt 
the  poBsibility  of  sufficient  reason  for  n  system  which,  indi  pt-ndently  of  the  habitual  ac- 
quaintance of  its  promulgator  with  the  logician's  mode  of  thinking  in  every  ai^o,  had,  as  wc 
shall  see,  strong  symbolic  claims  to  being  something.  Symbolic  language  gives  the  expression 
of  the  Inwt  of  thought  in  thdr  puieet  fonnt:  and  it  has  ncTsr  deoeived  thoee  who  were 
willing  to  be  itt  eervants  beftne  thej  elaimed  to  be'  it»  matten.  In  the  pretent  cate,  there 
Sfcmed  something  resembling  a  system  of  algebra  with  a  singular  form  in  it.  Formal  Logic 
must  teach  how  to  enunciate  all  definitely  conceivable  truth  and  falsehood,  just  as  svml>f)lic 
algebra  must  teach  how  to  enunciate  all  definitely  expreraible  quantity :  and  '  some  A's  are  not 
some  appeared  to  partalce  very  much  of  the  indeterminatenest  of  ^.  An  algebraist  has  not 
fMofited  by  the  hittoiy  of  hit  eeienoe^  if  be  dogmatieaily  reject  what  ap|>ean  incapable  of 
interpretation  in  connexion  with  the  rest  of  its  system.  Thinking  on  this,  I  tried  whether 
there  might  not  he  some  view  of  predication  which  would  make  Sir  William  Hamilton's  eight 
forms  M-lf-consistent :  that  is,  make  them  contradict  each  other  four  and  four.  Tlie  thing 
required  is  that  )),  ((,  ).),  (.(,  )■(,  and  ()  should  remain  related  to  each  other  as  at  present; 
and  that  )(  and  (.)  should  he  n  double  uniTcnal  and  a  double  particular,  deitructtTe  each  td 
theoAer. 

We  might  put  this  quettion  to  any  penoUf  When  you  say  'every  man  it  an  animal,'  do 

you  speak  of  all  men,  or  of  rmf:  man,  of  as  many  animals  as  there  are  men,  or  of  mif  animal  ? 
Is  your  proposition  cumuJary  or  wiiat  I  will  call  exemplnrf  I  apprehend  tiie  general  first 
answer  would  be  in  favour  of  the  cumular  view,  but  not  the  universal  one.  Some  would  say, 
I  afierit  «f  oM  nun,  being  ony  e«e  /eon  mIm#,  and  of  one  animal,  bat  not  ony  ene  /fiieaat, 
ibr  upon  tohat  mem  I  aelect,  depends  tohat  animat  I  tdeet.  Some  would  aay  that  the  article 
Ofl,  which  denotes  one  animal,  confine*  the  subject  to  one  man  :  how  else  can  cverv  man  bo  nn 
animal  ?    And  in  truth  they  are  etymologically  right,  for  every  is  eacht  not  otf,  in  meaning. 


'Sir  WiUikcn  H«mtlu>n  i*,  I  have  no  d«ubt,  Uie  tint  ,  true' lafcr^ee,  but  ri»t  wiUttn  the  formt  of  ptedioiimti,  nne  syl- 
adeaeate  of  the  fonn  (' ) :  but  it,  and  the  peculiar  lyllogum  logiitin  In  the  nev  part  of  Sir  William  Hamilton *t  ijriitcin  ;  in 
deriTcd  fram  it  ( with  two  particular  prrmius )  hare  been  seen  |  tbe  loUowiiy  mmim  t  "  The  weaken  syllogiim  ftom  which  »ueh 
and  rejtcled,  bjr  mjaclf  at  leant,  probably  hj  oiher*.  I  men- 
tiso  tiM  feUtwiag  ss  a  oiilwis  artacUKncc.  Sir  Williwn 
HsnOMB  ittMs  *M  Iw  Iwi  fa  •n  hU  ttilral  M  dM 
Jtam,  'aioit  Ksan  2i,iiMatirs  ut  X*,  theNtaessnc  Xtm 
A*  tiftn  w,  and  thraes  b  impiwinilpwJ,  a 
cumbrmit  and  uieleia  mbdatf.  Ha  bad  Am*  mdt  tks  «p- 
piMcb  «f  a  liitgle  iniHaw  imm^  lit  mam^mBg  Malic 
syUigiiBi.  NmrlfSaflir  VOitiM  BMdiSMidpKUttlmliasft 


nqgative]  can  be  dtawn  would  ihtn 
MlMasMbWfc  Sons  JTsan  f>,Mne2sawiiM  Ki, 
Zt  ■«  ast  Jrt-..lhit  b«  It  iriilapi[fMVOTs 
IttOs  auuiiintln.dnt  Iks  csoduSloii  Is  «ly  Urn  nut. 
An  tfaew  whldi  an  Ki  eannat  be  thaw  Zi  whkil  Mt  nut 
Yt....(Firtt  Xolioru  of  Logic,  1839,  rvprinMd  (•llh  ilisllt 
alteiMioD)  as  the  intndDctoty  chapter  of  F, 

13— « 
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Some  would  be  ineUned  to  lay  tbcy  were  aometimet  cumular,  and  aometiniM  exemplar :  and  a 
givaC  many  would  bedtate  to  aflbm  perfect  identitj  of  mode  of  thought  aa  exiating  between 
'  Every  man  is  an  ammal*  and  '  ail  men  arc  animals ; '  and  would  admit,  when  it  wai  put  to 

them,  tliat  there  is  more  or  leas  of  this  tliffereDcc — the  former  frfls  ojf,  tlif  latter  ntms  up  : 
the  former  5s  n  complettd  hidurthm,  tho  lattor  a  tranafurmation  preparatory  to  deduction. 

The  next  question  would  be,  Are  the  general  propoaitions  of  any  science,  at  actually  proved, 
cumular  or  exemplar:  and  here  the  answer  mnst  he^  that  what  ia  prored  is  the  exemplar 
propoettion.  Eudid,  ueMiiag  to  pwire  that  «V  Isosodcs  triaof^ea  have  equal  angles  at  the 
bases,  fulfils  his  meaning  by  proving  that  any  one  isosceles  triangle  is  so,  and  the  perception 
of  the  goodness  of  his  proof  \%  entirely  dependent  on  the  perception  of  the  force  of  the  word 
any  before  one.  A  student  who  looks  at  the  definition  of  prupurtiun  &ce&  iiutliing  but  a 
hopihrn  heap  of  eooditiooa  between  him  and  the  knowledge  of  any  possible  proportion,  until 
he  sees  a  case  sstaUishcd  in  which  any  vns  multiple  of  the  first  ia  shewn  to  lie  amoi^  the 
multiples  of  the  aeoond  as  that  tame  multiple  of  the  third  lies  among  those  of  the  fourth. 

If  the  cumular  proposition  can,  genprnllv  speaking,  onlv  be  proved  by  the  help  of  the 
exemplar,  it  follows  that  the  exemplar  projwsition  must  preeede  in  order  of  thought :  and  it  is 
justifiable  to  propose  it  as  the  basis  of  a  logical  8y»teni.  The  distinction  of  tbe  two  modes 
exiata  in  every  language  in  whidi  I  can  Ibrm  the  sentence:  if  there  be  one  in  which  both  Ibtms 
do  not  existt  the  study  of  the  minds  of  those  who  qieak  that  language  would  he  curiotts. 

Of  our  language  and  many,  I  suppose  most,  others,  it  must  he  obvious  that  the  exemplar 
and  cumular  forms  of  expression  are  much  more  apt  to  be  confounded  as  to  sti!)jcct  than  as  (o 
predicate,  as  to  affirmation  than  as  to  negation.  The  li^ician,  who  must  have  fomu,  has  to 
make  a  choiee;  and  he  has  invented  cumular  expresdons  whieh  do  not  suit  the  genius  of  com- 
mon  thought  or  eommon  langui^  <*  All  man  is  not  iah"  is  the  form  in  wMch  a  hsgidao 
denies  that  any  man  is  a  fish  :  Sir  William  Hamilton  aaya,  **  All  man  h  not  all  fish."  Common 
lan^iage  would  deny  the  first  by  saying,  "No,  nor  anv  ]>nrt  of  him."  Even  "  All  men  are 
not  fishes  ^  only  means,  in  common  language,  "  some  iiiea  are  nut  fishes,"  with  emphasis  upon 
the  great  number  that  are  implied  to  be  so ;  and  would  therefore  be  held  ialse.  Tbe  predi- 
cate of  a  negative  must  he  exemplxr :  it  is,  *^  Every  man  is  not  any  one  ilsh."  The  examine" 
tion  of  the  following  table  will  shew  that  there  is  much  less  fordng  of  oomsion  expression  in  a 
list  of  nothing  but  exemplars,  than  in  a  list  r)f  nothing  hut  cnmnlars. 

Quantity  now  Incomes  mode  of  ii'ltction  of  the  i'.rampie :  universal  is  replaced  hy  wholly 
indefinite,  particular  by  not  wholly  indefinite,  having  some,  no  matter  how  much  nor  iiuw 
little,  Umitation  on  the  right  of  sdection,  under  conditions  known  or  unknown.  Tbe  opposi- 
tions of  logic  must  always  he  mere  eootnufiotions,  of  which  one  must  «cist  IF,L,  pi,  59). 
Aciwrdingly,  definite  is  (o  Bsean  mt  wAoffjf  tnd^ils,  The  terms  of  selection  may  he  oMf 
one  ami  ^omt'  (tne. 

Now  apply  the  two  selective  forms  in  every  way,  and  the  following  exemplar  forms  of  pre- 
dioaHoo  wiU  oecnrf  arranged  in  contrary  pairs  and  presenting  a  system  of  predication  free  from 
the  objections  which  1  have  urged  against  the  cumuhnr  forma*  so  finr  as  contradietion  is  eon- 
eemed. 
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Aoy  one  X  is  any  one  Y 

There  is  but  one  X  and  one  K,  and  X 

u  Y, 

o 

Some  oM  ^  is  not  tome  one  Y 

There  can  be  bundaome  one  ^  and  aome 

one  Y  which  are  not  (he  aame. 

A. 

)) 

Any  one  X  is  some  one  Y 

giving 

AUA'sart  Fs. 

O 

(( 

Some  one  A"  is  not  any  one  Y 

giving 

Some  Xh  are  not  Kg, 

A 

(( 

Some  one  X  is  any  one  Y 

giving 

Every  I'is  A'. 

€t 

).) 

AnBj  one  X  it  not  looit  one  Y 

giving 

Some  Ft  an  not  JlTi. 

M 

Any  one  Tie  not  an/  one  Y 

gMng 

HoXvtY, 

() 

Some  one     it  MMne  one  F 

gMng 

Some  jTi  are  Fa. 

The  dctdied  notatioti  needs  no  explanation.  The  form  given  to  the  old  notatioa  nay  he 
explained  thus.  In  the  qrstem  of  eontnriesi  the  aecents  leftr  to  (he  relation  of  standard  tenna 
and  oontmiiei.    Thus     being  X{JiXy  ^  is  'C(y  ^  the  exemplar  system,  the 

accent  refers  to  the  exRtnple,  jrw^accent  to  «»5ject,  superaccent*  to  predicate.  Every  accent 
whieli  occurs  shews  that  its  term  is  named  after  the  proposition.  Thus  in  /'  both  subject  and 
predicate  are  like  the  proposition,  particular  or  not  wholly  indefinite  :  but  in  only  the 
sulgect  ill  Eke  the  proposition>  universal  or  wholly  indefinite.  The  S  and  i*  of  the  system  of 
coatrwies  cannot  exist  here^  Imt  M*,  wd  //  have  doable  neoents,  and  we  have  the  new  prapori- 
tions  A]  and  0*y  which  have  similar  selective  forma  in  both  term?;. 

The  non-entrance  of  contraries  keeps  the  following  rules  of  syllogism  intact.  The  middle 
term  must  be  iode&nite  in  one  of  the  premises — negative  premises  give  do  conclusion.  But  on 
the  oUier  hand,  the  system  of  oontnriea  sdcnowledges  the  rule  that  parrieular  premises  give  no 
oonduaioo— which  is  not  a  rule  of  the  exemplar  system  and  does  not  adcnowledge  the  two 
first  named. 

Taking  the  64  cases  of  combination  of  premises,  in  any  one  fifrurc,  we  miist  then  reject 
16  ca»e6  of  negative  premise!*,  and  \'l  others  in  wliicli,  the  premiiies  not  iK'ing  hoth  negative, 
both  the  middle  term's;  are  not  indefinite.  There  remain  36  cases  lor  examination,  and  all  admit 
of  inferenee:  so  that  the  canon  of  validUy  is;— one  affirmative  premise  and  one  indefinite 
middle  tenn.  This  is  also  (he  case  when  exem^ar  fenns  are  abandoned  In  favour  of  eumular 
ones:  but  the  conclusions  in  the  second  (or  Sir  William  Hamilton's)  fonn  are  not  always  the 
aame  as  those  in  the  firi^t. 

The  validity  of  every  case  in  which  there  is  one  indehnite  middle  and  one  premise  is  aflirma. 
ttve*  immsdiately  appears:  the  any  one  Fof  one  premise  may  be  tsken  to  be  the  mm*  one  Y 
of  the  other ;  and  the  same  Is  then  eompared  with  two  othtarsj  both  giving  agreement,  or  one 
agreement  and  one  disagreement.  Further  it  will  appear  that  in  every  case,  the  selective  forms 
of  the  terms  of  the  conclusion  are  the  sfime  a<!  they  haii  in  the  premises.  Thus  '  .my  one  X  is 
some  one  Y,  any  one  Y  is  some  one  Z '  gives  ^  any  one  A'  is  some  one  Z,'  for  whatever  some  one 
Y  the  first  premise  can  allow,  the  second  premise  makes  it  some  one  Z  :  and  similarly  of  others. 


*  Subject,  u  BMd  in  reference  to  a.  |iropiinuii)ii.  i."  liable  to 
■Mu  otgsctioM.  Ue  votUd  be  •  bold  laan  who  would  dm  to 
tfllMtftaiw  jhMM  id4  sappnllflt ftv sabjcct  sad  fitdltala: 


retkining  tuiject,  to  call  thr  rn-JiiMie  ilit  >M}.frjn'l  .  bui  i 
weed  on  ihe  rubDcti  of  thia  inuiginu;  individual  muj  bclp 
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HeDce  the  sjtubolic  canon  of  inference  is  the  same  as  in  the  system  of  contraries,  namely,  the 
entuM  of  tibe  middle  pMNsothean  gnm  the  syaiboljc  form  of  tbe  condudon. 

But  Jd  die  cunralKr  aytton,  thn  canon  of  mlcronce  is  modi6cd.  In  the  exemplar  iTstcm, 

the  proposition  or  'Anyone  X  h  any  one  F,'  though  it  appear  to  be  of  the  widest 

character,  is  restricted  by  its  donhle  indefiniteness;  doubly  indefinite  produces  douMv  •.inijiilar. 
This  will  explain  the  mode  iti  which  conclusions  are  admissible  ia  the  exemplar  form  winch  are 
not  adminilile  in  the  ewnmbr.  For  example,  in  the  fonner,  ))  )(  gives  )(  or  '  Any  one  n 
some  one  Ft  and  any  one  Fi»  any  one  Z»'  (pves  'Any  one  JC  ii  any  one  Z.'  Hcce,  if  ill  we 
knew  were  that  Y  and  Z  are  identical,  all  we  could  infer  would  be» '  Any  one  JTii  aaaie  one  Zi^ 
Tnit  berause  we  know  from  I')(Z  that  tliore  is  but  one  Z,  we  may  say  that  any  one  ^is  any 
one  Z.  In  the  cumular  system,  then,  )) )(  gives  )) :  and  the  modification  of  the  canon  of 
inference  which  the  cumular  system  requires  is ; — Erase  the  middle  parentheses,  but  when  they 
both  tern  Mie  iCNiy,  any  paientbeais  of  indeBnitencss  which  turn*  the  «M«r  way  must  itadf  be 
turned,  unless  it  be  protected  by  a  n^tiTe  point.   Thus  (  )X  gives  ( ),  but  ))).(  gives  ).( . 

To  collect  the  syllof^'isms,  we  may  observe  that  there  arc  two  doubly  indefinite  forms  J'  and 
K'^  each  of  wiiich  has  three  less  indefinite  varieties ;  the  first  A^,  A',  and  /' ;  the  second, 
0^  O't  and  O/.  A  syllogism  then  in  which  both  premises  arc  double,  admits,  in  original 
and  weakened  fimBS,  of  16  Tarieties;  and  there  are  three  sueh  double  syllogisms  which  are 
▼alid.  CSanifyiiig  tbe  aylkgims  by  the  degrees  of  relaxation  in  their  forme,  we  have  the 
following  list: 


a;a;a;  )0(=)( 


a;e;e. 


)().(-).( 


e;a;e; 


).()(-)•( 


)))(-)( 

i;a;a' 

())(«(( 

a'a;a' 

(0(«(( 

))))-» 

A 'A  A 

tit 

)())-)) 

A'A,i; 

(())=() 

J' A' J' 
t  t 

)(((-)( 

A' A' A' 

((((-(( 

)(()=)) 

A  e;e; 

)))•(=)•( 

i;e;o, 

())•(-(•( 

A  e;o' 

(0(=(( 

AO'O' 

»).)-)•) 

A'O'O' 

)0.)-)) 

A'o'o; 

(0.)-O 

a:o,e: 

)((.(-)( 

AGO, 

(((•(-(.( 

A'o;(/ 

)((.)-)) 

o  a;e; 

)»(-).( 

O'A'O 

1     1  1 

(•))(=(•( 

o,a;o' 

(•()(=(.( 

O'AO' 

)•)))-)•) 

e;a,o'' 

)0)-).) 

(.0)-(.) 

e;a'b/ 

).(((-)■( 

A'O, 

(•(((-(•( 

).(0-).) 

i;m;  o))-o 
A'i;i;  ((0-0 


i;o'o;  ()).)=(.) 
A'o;o;  (((.)-(.) 


o  Ao;  (.)))=(.) 

(.(o-() 


The  caseH  in  which  the  cumular  system  requires  the  aboTe-mentioned  modification  of  the 
law  of  infoience  have  their  cqatal  letters  in  Italics.  The  three  fondanental  syllogiaim  give, 
eadt  of  them,  fonr  cases  with  one  relaxation,  five  with  two,  and  two  with  three.  Many  diflerent 
rules  of  formation  might  be  prodaoed,  and  nuny  analogies,  but  it  is  not  neceasary  for  my 
present  jwiipose  to  examine  them. 
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One  however  may  be  mentioned,  as  giving  the  mode  uf  arrangerneut  preferred  by  Sir 
.  William  Hamilton.  The  preaediQg  ia  a  tdde  of  doutda  entry,  and  the  passage  from  compart- 
ment  to  eompartment  in  the  aame  column  tfaewa  that  all  the  negative  iyUogisas  are  formed 
from  the  affirmative  OQc*  by  simple  insertion  of  tho  negn^TC  distinction  into  one  or  the  other 
premise  and  the  conclusion.  Thus,  in  the  second  column,  at  the  head  of  the  three  compart- 
ments, stand  )))  (  •=  )  (  and  ))).(  =  ).(  and  ).))  (  =  ).(.  In  the  cumular  system,  the  modified 
modes  of  inference  occur  with  certain  a^rtnative  propusitiuns,  which  are  therefore  exceptional. 

Looking  at  the  preceding  aa  one  «»y  of  meeting  the  fixmal  difficaltiei  of  Sir  William 
HaniiUon*i  system,  it  will  easily  be  conceived  pomible  that  there  may*  be  others,  for  one  or 
more  of  which  we  are  to  look  to  its  inventor,  and  one  more  of  which  I  shall  presently  give 
myself.  Hut.  in  thi-  manner  in  which  it  has  been  given  out,  up  to  the  present  time,  the  defects 
wliicb  I  have  pointeti  out  exist  unanswered. 

The  exemplar  system  and  that  of  contraries  have  Si  syllogisms  io  oommcm.  Of  the  re> 
mdning  15  of  the  6cst,  7  eorreapond  to  7  of  the  syllogisms  with  both  premises  negativie  in  the 
aeoond.  The  remaining  8  of  the  first  belong,  a  pair  to  each  of  tlu-  four  syllogisms  of  the 
second  whicl>  have  Ijotli  middle  terms  particular,  one  of  t()cn>  l)cing  the  remaining  syllogism 
with  premises  both  negative.  When  a  symbol  taken  from  the  exemplar  system  is  invalid  if 
read  iu  the  other,  first  try  it  by  annexing  the  negative  sign  to  each  premise  which  is  affirmative  : 
if  this  do  not  make  it  valid,  alter  the  eurvatare  of  both  the  middle  paientbeaee,  and  then  eiAer 
the  addition  or  removal  of  n  negative  symbol  will  maike  it  valid. 


Section  V. 

ON  TUS  THEORY  OF  THE  COPULA  AND  ITS  OOmiSXIOK  WITH  THE  OOCTBdE  OP  FIOVRE. 


The  analysis  of  the  so  called  mnple  proposition,  or  judgment,  shews  that  it  is,  in  every 
one  of  its  particulars,  of  a  complex  character.  Tlus  is  readily  admitted  in  regard  to  the  terms, 
and  to  the  quantity  in  its  connexion  with  them.  But  the  copula  has  always  been  considered 
as  the  extreme  both  of  simpb'city  and  generality;  and  nnv  attempt  at  the  resolution  of  the 
copular  relation  into  its  elements,  is  likely  to  be  misunderstood. 

In  algebra,  as  it  now  stands,  the  formt  bom  and  edncatad  in  arithmetic  have  left  their 
parent  and  set  up  for  diemsetves.  Any  meanings  which  obey  certnin  specified  laws  may  be 
adopted  as  the  means  of  giving  expression  to  the  forms:  and  the  results  moat  be  accepted  as 


*  Of  couTue  I  might  iiWMicc  mj  own  numerically  definite  t  ftpn  Sir  WiUiam  HBtnilton's  commonkatiaa,  conialiiiiig  ia- 


fiyaiem,  which,  m  Sir  M'llliam  Hamilton  »cknowlet)gr«,  coa- 
(ain*  hi«  tjlinn,  and  whirh  \\  not  npcn  !(>  any  cli«rgr  of  innm. 
■ialency.  The  acl(no»lei.)).:njent  w:u>  nmilc  in  tlic  a^iifnion 
that  my  nuircTiciil  »)'«ti  n  ,  i  ts  it  t^'iicy  cx))^£>^L■^;  <(Lmntiiy 
of  all  kind*  to  the  pfcdicale,  waa  derived  from  injormation 

itoiiiiMlrMa.  I  an  i*iU  vaMaf  te  two 


fbrmation ;  one  from  my  own  >ulue<|Uent  writing*,  contalninf 
UM  made  of  it.  I  want,  in  fact,  an  ixciniilar  propoiition  of 
the  fonn  )( :  having  hitherto  ob(ain»l  nchin^'  bnl  )  K  oe  (  )  : 
I  h-ivc  Ji.nl  cnoiiyli  nt"  Hm^]<'  iniic.'iuiteiuMi,  iinJ  waiu  ail  in- 
stance of  the  double  character  which  ^vn  singulaiiiy  to  the 
lUiip  ipl 
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true  in  every  instance  in  which  the  oombinatioDi  uaed  an  condsteiit  and  intelligible  aoder  the 
memiDgi  given.  Thus  we  may.bave,  and  haTe*  a  cakulus  in  wtiieb  the  lymbola  are  in  ftwquent 

caK»  not  magnitudes  at  all,  but  din-ctions  bow  to  operate:  and  though  this  calculus,  when 
pujslied  ht-yond  a  certain  point,  has,  for  tlie  present,  its  uninttlligihlc  symbols,  wliicli  play  the 
part  of  tlie  impossible  quantitu-s  of  tlu'  olikr  algebra,  »o  h.ivt-  good  reason  (o  think  that  «>riie 
6&y  the  victory  over  these  will  be  cited  as  encouragement  under  the  difficulties  of  a  yet  mure 
advanced 'atage  of  progren. 

In  my  worlt  on  FtnuU  lAgie  (pp.  4l6s*)  I  fiiUowed  the  hint  given  bj  nigrina,  and 
separated  the  est^cntial  from  the  accidental  charactcristictof  tlia  GOpda,tlMnhj  shewing  the  eaa- 
ditions  of  invention  for  a  €o])ula  different  from  the  ordinary  one,  or  for  a  copula  which,  being 
substituted  for  the  ordinary  one,  shall  leave  all  the  forms  and  conditions  of  inference  unaltered. 
On  this  a  komed  critic  icmarka  that  I  ddn  the  ahrtnct  copula  aa  an  impravement :  adding, 
that  lone  of  my  nnidea  at  malting  tlie  eopula  are  lew  abettaet,  none  moie  eo,  than  it  and  i$  mi. 
Aa  tilia  remark  either  embodies  or  suggests  the  whole,  or  nearly  the  whole,  of  what  wouM  be 
■aid  bv  a  logician,  tcchnicnllv  so  called,  it  will  be  worth  while  to  dwell  upon  it. 

By  an  "abstract  copula"  of  course  is  meant  a  formal  mode  of  joining  two  terms  wiiich 
carries  no  meaning,  and  obeys  no  law  except  such  as  is  barely  necessary  to  make  the  forms  of 
inference  follow.  Any  concrete  or  actual  copula,  fulfilling  other  conditiona,  u,  to  the  extent 
tit  thoee  conditions,  less  abstract.  The  best  proof  of  the  perception  of  an  abstractioD,  ia  the 
invention  of  an  abstract  designation,  which  must  be  a  technical  symbol,  if  convenience  be  to  dic- 
tate. The  mode  of  dtnuting  terms  by  Icfter.'i  fnlly  shews  us  tluit  the  abstract  term  is  arrived 
at :  but  AS  there  is  no  symbol  for  the  copula  except  the  verb  U,  we  are  left  to  ascertain  from 
the  nee  of  that  word  how  the  matter  atanda  with  raqpect  to  the  copula. 

If  an  ahatvart  oopnUn-  symbol  bad  been  used,  the  copular  conditions  wouU  have  been  ex- 
pressly laid  down.  They  are  two  in  number ;  together  sufficient  for  all  forma  of  inference,  but 
not  both  neoemary  in  alL    Tlie  first  is  what  I  i.h;dl  call  trantUiveiUMt  symboliied  in 

X  r  Z=^— Z; 

* 

meaning  that  if  X  stand  in  the  relation  ilinoted  by  —  to  V,  and  Y  to  Z,  X  therefore  stands 
in  that  relation  to  Z.  Very  many  copula;  exist  in  which  this  transitive  relation  is  seen;  as 
ia,— rules,  lifta,— draws, — leads  to, — is  sujierior  to, —  is  ancestor  of, — is  brother  of, — joins, 
—^bpends  ttpoof— is  greater  thao>— is  equal  Uv— is  km  than»— agrees  with  (in  a  given  par* 
tieulai),  &c 

The  second  condition  is  eonserfifiilfty,  symboliied  in 

in  whicb  the  relation  is  its  own  correlation.  Of  those  mentioned  abofe,  convertible  relation 
is  seen  in — ^is,— is  brother  of, — ^joins  (if  a  middle  verb),— is  equal  to, — agree?  with.  As  instances 
of  the  convertible  without  the  transitive  character  wc  may  take— converses  with, — is  io  the 
habit  of  meeting, — is  cousin  of, — is  in  conlroverby  with,  &c.  8tc. 

The  connexion  between  the  aiBnnative  and  negative  copula  is  merely  that  of  contrariety : 
in  X^Y  and  X  —  K  it  is  supposed  that  one  «r  the  other  must  be.  It  ia  not  necessary  that 
one  should  Im  the  denial  of  the  other,  as  I  may  say,  over  Ac  wliola  universe  of  thought :  it  is 
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enough  if  within  the  universe  of  the  8yllogisiu,  either  X — Y  ox  X  —  "  ¥  must  be  true.  Thus 
•  agrees  io  Golour/  '  agrees  in  fin/  may  be  alteniative  cupulae  in  a  ludTerH  iIm  tiHenurtim  of 
which  is  that  any  X  m  dibcr  of  the  colour  or  of  the  an  of  aooie  F. 

When  GODtniiei  are  introduoed,  the  oopiikr  eooditko  ftuther  required  it  that  cither  X-—Y 
or  X'      if  ahoidd  lioild  lor  any  X. 

The  least  abstract  uf  all  copula;  is  the  ia  and  is  not  of  the  logicians,  when  employed, 
whether  subjectivelj  or  objectively,  in  the  sense  of  idontity.  But  logicians  rarely  confine  it  to 
that  sense.  It  takes  many  meanings  in  their  inudes*  of  speaking  and  in  their  examples:  and 
perhaps  may  be  etated  as  generally  signifying  agreeoleot  ill  kudo  mderrtood  and*  pro  eioe, 
unvarying  partieuhr.  I  have  never  seen  it  eanried  ftirther,  fiMrmaUy  at  least :  and  I  ftd  eafe 
in  affirming  that  w. — used  as  merely  satisfying  the  transitive  and  convertible  conditions)  with  a 
consequent  right,  fur  cxampk',  to  treat  it  as  standing  for  *is  brother  to»' — ^is  a  more  afaetraet 
(Xipula  than  the  is  of  the  lo<,neians. 

I  &liould  almost  presume  this  from  the  silence  of  the  writers  who  distinguish  between  reniliiig 
the  extenmon  and  reading  the  intension  of  a  proposition,  as  to  any  other  change  of  the  copula 
being  posaibk.  'Every  man  ia  an  animai*  ia  send  either  in  cxiendon,  *AU  man  is  animal,* 
or  in  intemdoiii  as  by  saying  that  Iba  notion  of  animal  foran  park  of  the  notion  of  man ;  every 
ntfrilnite  of  an  animal  is  an  attribute  of  roan.  Without  at  all  denying  the  existence  of  the 
distinction,  or  its  mefrtphy^nrn/  value,  I  feel  convinced  that  it  is  not  another  rcndin<j  of  the 
proposition,  but  another  proposition,  derived  in/erentialtyt  though  not  m/Uogisticalfy,  by  aid  of 
the  Mdum  db  mt^ontimmtorB,  For  a  term  used  mdversBlly  wo  may  substitute  a  lesser  term  i 
nod  the  attribute  of  ott  animals  is  the  attribute  of  all  aMit.  The  proposition  ooly  says  that 
man  is  the  lesser  term  ;  and  intensive  reading  is  thus  derived  from  the  dictum.  Invent  a  sub- 
xtnntive,  A,  such  that  ex  vi  terminif  the  '  A  of  an  animal,'  5s  one  in  nhieli  tlie  word  animal 
must  be  construed  universally;  and  then  we  may  affirm  that  'A  of  an  animaF  is  'A  of  a  man.' 
And  though,  undoubtedly,  the  word  attribttte,  used  nietaphyucally,  will  be  the  one  most  often 
employed  in  place  of  J,  yet  the  foimal  prooen  of  reading  by  intensioa  will  be  ooly  a  case  of 
that  prindple  on  which  we  say  that  *  EngHsbtnan  who  does  not  use  tobacco*  is  indhdad  in  *  Euro- 
pean who  does  not  take  souiF/  obtained  by  enhrgement  of  the  particnhr  and  diminution  of  tlie 
universal. 

Formally  Rpenkinj^,  the  change  from  extension  to  intension  is  as  follows;  and  it  will  be  seen 
that  a  new  distinction  is  introduced,  and  further,  that  the  two  modes  of  reading  are  not  con- 
vertible ;  the  cxtentive  mode  gives  the  intensive,  but  not  cice  veraa  in  all  eases. 


*  llut  not  in  their  fomikl  iki:m:i<Mi'<  und  niu'ielBllotui.  Th*  To  take  twa  L■xt^cnle^  of  ihc  pait  of  tinii-  hi  »tiirM  «ciiiilxitir 
iu^ttaiiitct  Ttrb  u  ibe  moil  coiiiUiOn  detuiiuoD.  The  Port  |  lo|,'ic  Ljid  pnniiiif,' fiLiuri»o<(i  together,  wc  iwve  y'aaA...  V,ur!us 
Ri'vu!  Logic,  which  I  choote  rrom  tluwe  lying  before  me,  «'<      (U74  i,  "CDpubi  Kcmpet  e»t  verbuin  «ub«t«niivimi  >c!licci 


uiiii,  ei,  est,"— kCMi  CraekaHlhcrp  (4lh  ed.  VSis),  "£(  hs« 
[mt.  copula]  n(  in  omni  Prcpoaitione  Verbum  Im 
vnm,  iiium,  tt,Jui,  mu  aUqaa  penoo*  aUus." 


Vol.  IX.  Past  L  14 


a  work  which  dun  to  differ,  or  to  revive,  at  pIriwtUT,  make* 
its  deiiaition  raj  diitinct.  **Nod  aulficit  ho>  duo*  tem.ino* 
ftiuflmet  Kd  debCBt  ncntc  vd  ttaiai^  vd  wpm^.  £i 
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HverjXUr.  Every  Miiiby  pnt  of  oil  Fi  !■  aa  pnt  oT  a«  JTi, 

No  JCit  V.  No  efficient*  part  of  any  F  is  an  emsting  part  of  any  X. 

Some        an-  I's.  Every  CTimfhsi;-  ]iartof  all  I's  is  an  e-vistinir  jiart  of  some  Xn. 

Some  Xi  are  not  Ks.  No  mij^cient  part  of  any  Yi»  wa  emtting  part  of  some  A's. 

Intninon  f^iven.  Ertemion  deduced, 

A  tufficient  part  of  some  one  K  is  an  existing  part  of  every  X,  Every  X  is 

An  existing  part  of  any  Y  b  not  an  existing  part  of  any  X.  No  JT  u  Y. 

A  sttfident  pari  of  some  Ft  is  an  existing  pert  of  some  JTs.  Some  ^s  are  Fe. 

An  existing  part  of  onj  F  is  not  an  exiatbg  part  of  some  JTa.  Some  JT*  am  not  Fs. 

By  trmtukg  tbe  pradieate  itself  as  one  attribotive  notion,  tlie  modes  of  leeding  botli  kinds 

of  propositions  intensiTeiy  may  be  asdmilated  :  but  not  without  losing  sight  of  an  important 
ilisdiiction.  In  tlu'  affirm/itive,  any  portion  of  tlic  inti  nsion  of  tlio  pridicaU'  ni.iy  be  aflirmed 
of  the  subject ;  in  tlie  neirative,  it  is  not  true  that  aynj  portion  of  the  intension  of  the  prcdic.ite 
may  be  denied  of  the  subject.  Thus  '  no  planet  moves  in  a  circle*  gives  us  a  right  to  deny 
any  coruHtu^  attriliate  of  cirsular  motion  to  diet  of  a  ptanett  but  not  any  attribvte;  not, 
Jbr  iastanoe»  the  pfogrcssion  tbniu^  every  longftude. 

Leaving  the  distinction  of  extensive  and  intensive  reading  entirely  out  of  view,  as  not 
connected  with  the  theory  of  the  copula,  T  proceed  to  inquire  into  the  connexion  of  the 
doctiine  of  figure  with  that  of  the  copula;  a  connexion  which  I  take  to  be  the  most  im- 
portant  part  of  tin  ftnner  doetr^M.  And  first,  I  take  the  aystam  from  which  contraries  ai« 
excluded.  Looldng  at  tbe  two  eopuhv  eonditions,  tbe  tnmsitive  and  llie  conTerdble,  I  ask 
what  inferences  hold  good  when  only  the  transitive  condition  holds :  for  this  one  must  hold, 
as  lon^  as  there  is  but  one  species  of  copula ;  v*e  shall  presently  see  that  it  is  the  eondifinn  of 
pemmncnrc  of  the  copula.  Asa  re{)resentative  of  a  transitive  but  inconvertible  copula,  let 
us  take  the  verb  give,  assuming  that  he  gives  who  gives  that  which  gives.  Then  '  X  gives  y, 
F  gives  Z,  dicvelbre  JT  ^vcs  is  legitimate^  lieing  the  mere  expression  of  the  trensitiTe 
bypotbcais.  And  tbe  opponent  Ibrros  of  this  must  be  kgltinale.  Tbns  *^  gives  F,  X  does 
not  give  Z'  leads  to  Y  does  not  give  Z :  for  if  Y  gave  Z,  X  giving  Y,  X  would  >,'ive  Z :  this 
is  in  the  third  figure.  Again,  'A' docs  not  give  Z,  F  jjives  Z'  leads  to  ^X  does  not  jive  }':" 
for  if  X  gave  y,  Y  giving  Z,  X  would  give  Z :  thit>  is  in  tbe  second  figure.  When  these 
propoutions  are  made  comidative,  irith  quantities  proper  for  inferemw^  the  asual  inftienoes  are 
obtained.  Accordingly,  meanbg  afirmative^  and  -  negative,  di  -f  +  syUogisms  in  the 
first  figure,  +  -  syllogisms  in  the  second  figure,  and  +  sylkgisns  in  the  third  figure 
(reading  premises  in  tbe  Aristotdian  order)  do  not  need  a  convertible  copula.  Tbey  are 
I.  IT.  III. 

Barbara  ))))  Camettres  ).({(  Fektpton  (Q.( 

DarU      ()))  Jrorafto     (.(((  Ftritcn  0).( 

Bokardo  (((.( 


■  MwilDg pan wMhat to delsmte  it  (b  beF.  1  d»  sot  iitfMHMt,l«itiut  the  toftwnec does  Mt4cpm4  nponihe 
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'1' liming  to  Sir  Wiiliaui  Hamilton's  system,  I  find  that  his  peculiar  syllogisms  will  not 
follow  thi»  rule:  but  in  the  exemplar  system  it  is  preserved  throughout.  The  fourth  figure 
it  incqMlib  of  JaJarenee,  m  loiig^  «i  one  inMmwrlttfe  eopnlB,  and  tliat  floly,  b  uwd. 

The  eopaila  bdog  neawrartiUe,  m  imy  complete  the  modes  of  iafennee  bj  allowing  the 
eondttiTe  cnpula;  as  'JT  gives  <  F  is  given  by  JT.  That  is,  whenever  eooTersion  is 
necessary  to  turn  the  syllogism  into  +  +  of  the  first  figure,  -f  of  the  teBond,  or  —  +  of  the 
third,  the  correlative  copula  must  somewhere  be  introduced. 

The  fiiillovuig  addition  to  the  poetry  of  logic  may  be  euphonized  by  any  oot  to  Us  owd 
taste :  the  letter  jv  ftillowiag  a  Towd»  denotea  that  tho  preniiie  (or  condiuion)  denoted  by  that 
Towdl  takes  the  conrelative  copula. 

Barbara,  Celagrent,  Darii,  Ferigoque  prioris 

Cesareg,  Camestre^,  Festinog,  Baroko  secundte 

Tertia  Darapgi,  Disagmis,  Datigsi,  Fekpiua 

Boltardo  FeriioD  habet.   Qnarta  insoper  addit 

Branaatigp^  Camegnes,  Dimarigs,  Fegsapo,  Fregstsoti. 

This  neans*  for  ezampK  that  Fmapo  may  be  read  in  the  ^bnHAfigofe  under  the  additional 

condition  seen  in  Fegsapo,  namely,  that  the  copula  of  the  first  premise  is  to  be  correlative  of 
that  usetl  in  tlic  swond  premise  and  conclusion:  and  Darapgi  in  tlio  third,  if  the  second  copula 
used  be  correlative  of  the  other  two.  Thus  'all  the  piles  supported  arches;  all  the  piles  were 
supported  on  gravel,  therefore  gravel  did  llieu  liupport  arcliL-s  lis  a  good  syllogisiu,  and  not 
capable  of  reduction  to  an  Atistotdiau  syllogism^  The  propositian  'snpport  of  support  is 
support*  is  neeeetaiy  to  the  inl!mnee»  whieh  inflwenee  can  only  be  obtained  firani  a  sorites,  and 
nut  then  except  by  help  of  the  dicium  already  quoted.  It  may  he  vad  that  this  is  more  than 
an  Aristotelian  syllogism;  I  maintain  it  to  be  less,  if  either.  The  outstxinding  copular  relation 
(always  implied)  of  an  Aristotelian  syllogism  is  '  is  that  which  is,  gives  is : '  of  the  preceding 
case,  *  support  of  support  is  support.*  The  ftmnar  dcBands  tmuBtifn  and  coavertible  mriamng 
for  is,  or  that  is  shall  be  its  own  corrdatiTet  the  latter  demanda  tranritiva  meaning  Ifar  eupporf, 
and  the  allowance  of  its  correlatirCf 

The  following  table  shews  the  way  in  which  .my  combination  of  premises  is  to  be  read  in 
any  figure,  it  being  presumed,  as  ia  Sir  William  Hamilton's  system,  that  every  syllogism  may 
be  read  in  any  figure. 

!.+■».+     (+)--  -(+)- 
11.  (+)++  -+(^) 

III.  +(+)+     +-(->     -  +  - 

IV.  ++{+)     +(-)-  (-)♦- 

These  cases  may  be  remembered  as  follows.  Let  +  +,  +  —  •f,and  —  — ,  be  called  the 
primifirf!  /nrrns  of  the  four  figures :  the  fourth  figure  talcing  its  root  in  an  inconclusive  form. 
In  every  primitive  form  the  correlative  cupula  need  not  appear.  When  one  premise  of  a 
primitive  form  is  altered,  the  necessity  of  a  correlative  copula  is  thrown  upon  the  otlter;  when 
AoM,  upon  the  eonctestan. 

The  prindplea  laid  down  in  Sectton  I.  cnaUa  us  to  nndw  n  still  fbirdier  enlaigement.  The 

14^ 
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logician,  followed  by  the  algebraist,  has  restricted  biinself  to  one  copula :  the  former  mes  is, 
tin  latter  m ;  aai  both  we  mti  Ib.  mm»  variety  of  mum.  The  dgebraitt,  indeed,  eometiiiies 
goet  a  tittle  farther,  and  introditoet  die  oortdativea  >  and  <,  which  might  he  genendjaed  for 

the  purposes  of  logic  into  symbok  of  correlative  copulae  in  general.  In  every  hind  of  kgle, 
formal  and  applied,  the  transitive  copula  is  insisted  on.  This  however  is  not  neceswiry  : 
inference  may  be  aeeo  without  it.  The  perception  of  relations  by  means  of  relations  does  not 
reqnfae  in  to  nee  only  one  relation.   Jt  J  cm  lee  that 

Every  JT  has  a  relation  to  some  V 
and  Every  1^  hat  a  rdatioa  to  aome  Z, 

it  foUows  that  every  has  a  conpoand  rehdon  to  lonie  Z.  Be  the  pvemiced  relattom 
what  they  may,  there  it  a  eonduding  rdatioo,  which  may  or  may  not  be  expresdhle  by  one 

word.  Thus  if  John  can  persuade  Thomas,  and  Thomas  can  conimatui  William,  we  cannot 
infer  that  John  can  cither  persuade  or  command  William :  but  il'  we  ixprcss  hy  onr  wnnl  the 
process  of  gaining  an  vnd  by  persuading  one  who  can  command — say  we  choose  to  use  tht;  wtjrd 
eonlmf*  for  this  purpose — then  John  can  control  William.  We  have  then  a  bioopular 
ayllogiim,  in  which  the  intranaitivenee>  of  the  individual  copula;  i»  MippKed  by  the  invention  of 
a  compound  copula  for  the  conclusian.  This  ia  the  ttep  by  which  we  uioend  to  the  general 
theory  of  the  cupula  :  but  those  wlu>  proceed  from  a  general  copula  to  a  particular  one,  will 
merely  see  how  to  read  the  general  conditions  in  the  particular  case. 

Can  a  bicupular  syllogism  be  reduwd  to  a  compound  prooeaa  oi  unicxipttlar  syllogism  e  In 
the  caee  before  u»  the  eonditiom  are 

Postulate,  Coaini  imdudes  the  inftocnoe  exerted  over  the  governed  by  one  who  can 
persuade  the  governor. 

Prenitet.     John  can  ])ersuade  TliuinQs. 

Thomas  can  command  William. 

ConeiiMioii.  John  can  control  William. 

The  only  way  in  which  this  can  be  reduced  to  unicopular  ayUugiam  is  by  the  followtng 
sorites. 

Given  premise.     John  is  |<>ne  who  can  persuade  Thomas  J. 

Postulate.     |Oue  who  can  persuade  Thomas|  is  \unv  who  can  control  all  whunt 
Thomas  commende.} 

Seeand  given  itremise,      lOoe  who  can  control  all  whom)  .  (  One  who  can  1 
and  ttiet.  de  maj.  et  min.  \        Thomas  conimand.s.        j     icontrul  WUUamj  ' 
Conclusion.    John  is  |ono  who  can  control  William |. 

The  algebraical  equation  y  «  0j  has  the  copula  relatively  to  y  and  fp  r  :  but  relatively 
to  y  and  ,c  the  copula  is  sip.    This  is  precisely  the  distinction  of  'John  can  persuade 


*  Tlilsliast«itaBfiaptr«e>l;totlMenB9inm«i«lstioa, 
ai  w*nattttOfiginsI<BSi,Mnm  in  spwtiadir.witaaiiivtt. 
•d,  naanCT.  It  b  fnongh  diat  penuading  mt  who  esa  com- 
mand ia  me  of  the  way,  of  contioUlDg.  And  let  thert  be  any 
piunber  of  fonna  of  pe rtuHion,  and  of  coiBmand,  it  it  enoogli 
ikst  SM  «f  dw  feniis  sT  poNMloB  pncwlat  MM  «f  At  inns 


af fBHiMiil, Jswiataiwliiwaf ttaawl.  AaddiiukiMqr 
happen  that,  kgllimatdjr,  iba  cspalar  vcnl  of  the  Mmduiioa 
may  bedMt  of  the  ymniM  to  a  difticM  scbm;  a  vcty  cpn> 
mon  thing  in  the  lo^e  of  MBlMa  Ufth  Bat  ia  thr  nafaliw 
copula,  the  copolar  «otd  ntMl  be  oahwiMlL 
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Thumas'  and  'John  is  {one  who  can  persuade  Tbomaa}.*  The  deduction  of  y  m  ip'^it  from 
y  <■  <f>j>,  X  m  y^g  it  the  fimmtloii  of  the  oomponte  eopuU  m  Ami  dm  nuj  he  eeen  die 
analogy  hj  which  the  iMtruneDlal  part  of  inftffeiiee  nay  he  deeerihed  ae  file  eHmhuUkn  a 
itrm  hy  comporiiion*  ofrelaiianB.   For  though  in  ordwaiy  inference  the  ooDdudiog  copula  ii 

ii<;unlly  identical  with  thosn  prrniT<;rd,  yet  it  is  no  le<i5  true  that  the  compodtioa  niUt  iiavo 
taken  place;       is  1',  }'  is  Z,  therefore  X  is  that  which  is  (=  i*)  Z. 

Upon  two  given  relations,  there  is  but  one  species  of  affirmatt%'e  syllogism,  aud  two  species 
of  opposing  negative  syllogisme;  that  i«,  if  the  alternative  nlatioD  be  merely  negative,  and  no 
eonelaiive  he  pemitled.    If        and  he  the  oopuhr  ijrnhale,  and  that  of  the 


compnund  relation  ;  and  if  —  —  and  ...  ...  and  7 

reUtions,  the  three  syllc^ane  are 

Fint  Agm, 
-Z. 
.Y 


represent  the  n^tivet  of  the  fint 


{I: 


Second  flgure. 


Third  figam. 

Y  7T7  TTTZ 
Y  X 

X  z 


The  terms  are  here  singular :  if  we  make  them  cumulative^  we  introduce  the  usual  laws  of 
quantity.  And  the  three  6gures  shew  their  primitive  forme  -f  •!■>  — >  -  +•  If  the  coneU' 
live  eopulae  be  introdueed*  the  pieeeding  theory  of  figure  may  he  extended  to  the  Uoopohur 
syllogism.    And  we  now  see  ns  follows ; — 

First,  the  fourth  figure  is  (Irpendent  far  its  existrncp  upon  the  entrance  of  tlie  copular 
cnrrelntirr.  1  have  always  IcMikcd  with  surprise  upon  the  arguments  for  and  npainst  the  fourth 
hgure.  If  the  inferences  therein  made  be  good  inferences — if  the  man  who  can  establish  the 
preoiieea,  doet  cetablith  the  conetoeioni  of  iMoMrie  or  Cgaiewet,  how  coo  it  be  snld  tiiat  the 
fourth  figure  ia  not  to  be  uaed  t  llkerv  U  and  it  cannot  he  reasoned  out  of  existence.  But 
in  the  above  system,  the  fourth  figure  yields  no  true  inference  until  the  copular  correlative  is 
allowed  :  this  mny  \ye  excluded  from  dafn  l»v'  hypothesis,  but  on  what  principle  of  reason  CAD 
true  constKjuencex  of  data  he  excluded  by  hypothesis^  and  what  is  the  correct  English  of  the 
word  hypothesis,  in  lueb  eaae?  flliere  ou|^  to  be  no  boundi  to  any  adenoe,  except  auch  as 
are  determined  by  its  data. 

Secondly,  it  appears  that  the  affirmative  syllogism  gaim  its  conclusion  by  composition,  the 
nepntivc  by  resolution  :  fhf'  vr^'ntive  premhe  has  n  rompound  rupitlar  rrlofum,  which  it  to  ftp 
remived.  We  see  this  plainly  when  different  relations  are  compounded  :  just  as  a  beginner  in 
algebra  sees  properties  of  a  x  6  which  would  be  much  cloudeii  by  taking  his  initial  examples 
firom  «  X  o.  Indeed,  tlie  forme  of  bj^c,  etinted  down  to  the  Arietotelian  syllogisin,  much 
reaemble  thoee  of  an  algebra  in  wMch  all  the  lettere  are  equal,  and  all  equal  to  unity.  For 
example,  taking  our  previous  instance  of  composition,  firom  *  Z  can  command  F»  X  cannot 
control  r*  we  deduce  JC  cannot  persuade  Z.   And  we  mutt  deduce  it  by  resolving  control 


•  Of  comfXuUion  and rmUutieri,  hui  ihc^e  two  wriri1»  never 
HnaJty  nicau  more  thAn  ooe.  C^mponuinn  of  an  oppoocnt  is 
icMilution.   Whcdicr  the  wnnU  thall  both  occur  or  not  de- 


AntlimeticUD*  begin  with  muMpliealum  and  divuien,  and  end 
by  dccluinjc  them  identical.  The  ol<i  (,-itiiiu-UT'i  hcLran  »iih 
mwfwn^Mm  at  ntiM,  Mtd  Mver  anivcd  iii  rttoiutivn,  for  thry 
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into  pmmuiM  to  commaodi  and  n^ng  'Jt  canooc  pemndc  107  one  who  cm  ooawiMiiid  F* 
or  X  CMmot  penuade  Z, 

But,  it  may  be  said,  dds  «MMMi|  be  shewn  on  the  ordinary  syllogism  '  Z  h  F,  ^  is  not  F 
therefore  A'  is  nut  7y ;'  nor  on  any  syllogism  in  wbieh  the  otg/uivt  premiN  i»  ooCexpnialj 
composite.    This  objection  I  proceed  to  exHmine. 

When  tilt*  copula  is  means  pure  identity,  as  in  *  that  horse  u  that  horse'  (in  which  case 
I  diaU  write  it  In  cqiitds)  I  own  that  the  moltttion  it  to  purely  fonnal,  and  the  railttj 
NpKMntBd  undar  the  omnpoond  form  ao  elusive  of  our  attempts  to  mean  aMoetliing  more  than 
was  meant  by  the  simple  form,  that  I  should  compare  the  resolution  to  that  of  1  into  1  x  t  in 
arithmetic.  And  though  this  arithmetical  resolution  be-  often  useful,  and  even  requisite,  as  a 
preliminary  to  clear  notion  of  some  higher  development  of  thought,  yet  the  logical  type  of  it 
might  well  wait  until  the  time  eomei  lAen  the  eame  may  he  aaid  otit.  **  That  hone  *  IS  that 
which  IS^  that  hatte"  may  therefore  he  abandoned  to  the  objector.  But  when,  as  more  fn- 
quently  happens,  the  copula  is  only  denotes  some  agreement,  or  something*  transitive  and  ron- 
vertible  which  is  not  pure  identity,  I  maintain  the  actual  resolution  to  be  part  of  the  process  of 
inference.  Let  us  take  a  material  instance,  which  may  represent  anything  objective,  as  will  be 
admitted:  and  I  think  that  the  procesi  may  find  its  analogue  in  purely  subjective  matters. 
Let  la  represent  agreement  in  eohur.  Then  it  will  be  instantlj  admitted  that  *  2  is  F*  and 
'  Z  is  that  which  is  V  are  two  different  propositions.  The  question  is,  how  do  we  infer  from 
'  Z  is  F,  A'  is  not  )'.'  Our  M'cond  premise  i*  X  has  not  'the  colour  which  Y  has:'  and  fi>r 
the  last  words  wo  Hubstitute,  as  an  identity,  'the  colour  which  Z  has,'  the  identity  being  purely 
subjective.  Here  the  resolution  was  mode :  our  second  premise  became  <'  A'  is  not  that  which 
Fis'. 

Logical  writers  do  not  cclleet  their  ooptds:  and  their  praeeems  seem  redueihle  to  com- 
mon form  in  no  way  but  this.  They  postulate  that  the  copulic  they  use  (which  they  take  good 
care  shall  be  transitive  and  convertible)  have  the  inferential  force  of  the  identity  IS :  they 
examine  and  dwell  upon  syllogisms  of  identity,  thrieliv  givini;  the  c)p])onent«»  of  logic  f;onie 
reason  for  their  scull's  at  the  syllogism,  and  return  with  their  re!>ull»  to  other  copulie,  by  aid  of 
the  postulate.  To  this  there  can  be  no  ohjeetion  as  to  the  truth  of  its  results,  but  much  in 
every  other  way.  This  subgect  however  is  too  wide  a  one;  and  requires  the  preliminary  con- 
sideration of  the  manner  in  which  the  tgrm  has  been  used,  and  a  disentan^ement  of  the  con- 
fusion of  ideas  under  which  kgidans  speak,  in  one  sense,  of  man  as  a  partf  of  the  notion 


*  In  the  IS  pf  iilcnlisy,  the  iran»;uv£  juhI  cotiVt-rtiljlc  rcln- 
iliini  ari.'  s  kiuJ  of  irro  forma.  There  U  DM  mucli  irirmiion  iD 
truTcHinjf  trora  Vork  to  Vurk  anii  from  ihcncc  to  Ycnrk:  nor 
w.uch  •.!>  ner,  in  spite  of  ihf  Itslics,  in  thf  )<r<>po«itlon  th«t 
from  Vork  to  Vork  is  the  HlDe  distance  w  ttom  i'ork  lo  Vork. 

+  In  all  th.-it  rcJates  to  quaotitr,  there  is  no  occasion  for  the 
matbematical  logician  to  pay  the  1mm  defCNUM  tu  Um  Cfariadun 
foUowcfs  «r  AilMotle ;  the  maMcr  hiuHdf  *as  »  nwdicn*- 
tidaB.  a»  w>  wm  «f  bh  Oxedt  SMCiiwiiis.  ThoiS  who  coald 

W—sd  w>  M  yiKtoeiisfc  Bttdrisfevillbtnldlskitlw 
«iitii«l«rthtitiMw.  Itk  Wikat|k«qwid«i<,wh«afr 


It  be  not  ohvinus  intLT|N>l.itioii.  The  i  iwo  Hiandit  lhu» ;  111 
the  n:xth  rliiipter  of  the  (:alcnor.c\.  (luanliiy  h  made  diKictr 
or  cootinuou* ;  the  di»cTete  ia  aV<0^ot  ««i  Aoyot,  the  eontinuom 
is  Irngth,  surface,  tiC  Faither  on,  Aoym  is  changed  into 
iprnmi  —  \iym  ii  tti^<i¥  to*  fi.trd  ifMniiit  \6yar  ytvdumw  — 
and  the  reasoii  giren  is  that  it  is  meatured  by  long  and  short 
•yllaUei.  On  this  I  say  first,  that  Aristotle  would  probably 
have  teCD  what  his  detenniiMd  diadple  Cnekaniharp  aftei- 
wantoiftw,  that  the  tfn«  jfMoM^ia  not  jpfMh/  asooDdlr, 
tktt  it  is  iacMdiU*  thu  bs  ihwdd  ksvs  oicil  •  vraif  smnl 
■■d  iHm  ■fbrwards  corrected  himself  by  a  tyiiMyns  bucnd 
SBWMUKl  thirdly,  that  dpSfiii  khI  XiiyMthltlwlMCaSlie 
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•niina^  and  in  another  of  aninial  at  part  of  die  noUon  nmn.  Tlic  "  iniegrata  or  matlieinatieal 
whole"  whidi»  accordiog  to  Sir  WmUin  Hamiltoo,  **  the  phUoaopliers  contemned,"  and  wMdi  h 

seen  in  *A11  men  are  animals',  must  take  its  proper  place:  and  "philosophy",  which  "tends 
always  to  the  tTnivcrsal  ant!  the  necessary"  must  be  taught  that  the  universal  beloogl  to  the 
matbematical  whole,  as  surely  as  the  necMsary  to  the  metaphysical  whde. 

The  admiaMon  of  rebtion  hi  genernl»  and  of  the  ownpuritlon  of  rdatiooi,  tends  to  throw 
light  upon  the  diffierenae  between  the  uTonted  if  liogiam  of  die  logiciana  and  the  natund  ejrlloginn 
of  the  external  world.  The  logician,  tied  to  a  verb  of  identity,  from  which  if  be  wander  it  if 
never  quite  out  of  sight,  is  bound  to  subject  and  predicate  of  fh<.»  satne  class ;  objective  both,  or 
subjectiva  both.  He  cannot  »ay  the  rose  m  r«d,  for  his  is  would  require  the  inference  that  some 
red  is  the  raw.  He  has  ootbiog  bot  a  method  of  mdueiog  bis  {Redicale  to  an  object :  the  rose  is 
a  nd  thing;  lome  red  thing  fa  a  meeb  The  comrnoo  nan  ueea  a  eoptda  widdi  tiee  the  object 
up  in  rdation  to  a  more  subjective  predicate ;  not  reading  inversely  by  intension,  not  dwelling 
on  redness  as  an  attribute  of  tlie  rose,  but  directly  by  extension,  thinking  of  the  family  rntie  as 
his  external  object,  and  the  sensation  red  as  one  condition  under  which  it  appears  to  his  sonses. 
Again,  on  ordinary  person  says  that  the  rose  is  red,  and  red  is  pretty,  so  that  the  rose  is  pretty. 
The  ]ogidan*8  pupU«  whan  not  fkr  advaneed,  will  interpret  him  a«  eayuig  that  *  The  roM  i$  a  red 
thing;  a  red  thing  fa  a  prettj  thing,  fce«'  thus  commitdng  him  to  an  opiubn  upon  red  oabboge 
which  perhaps  was  not  within  his  meaning.  The  logician  himself  will  substitute  another 
process:  *  The  colour  of  the  rose  is  red  colour ;  red  colour  is  pretty  colour  ;  therefore  the  colour 
of  the  rose  is  pretty  colour:'  he  thus  reduces  it  to  the  equation  of  two  terms  by  comparisoo 
with  a  third ;  when  moat  probablj  the  real  form  of  diought  (and  logic  profesaee  to  be  the 
•Ciidy  of  exietfaig  Ibrme)  ie  notUng  but  the  oonpodtion  of  rdationa.  The  row  te  (in  it* 
relation  to  one  sense)  red ;  red  it  (in  the  relation  of  the  perceptions  to  the  judgment)  pretty ; 
therefore  the  rose  is  (to  one  sense  thnt  which  is  to  the  judgment)  pretty.  This  distinction 
of  eojtni.e  is  more  nearly  present  to  the  mind  than  any  one  of  the  transforuiations  by  which  the 
technical  form  is  arrived  at :  it  is  visible,  more  or  less  distinctly,  that  the  first  premise  is  matter 
affiett  the  eeeond  matter  tfttutti  here  fa  a  reoognidoo  of  dlArenee  between  ae  of  dm  fint 
premise  and  w  of  the  aeoondt  whiob  kada,  with  proportionate  ttrength,  lo  the  reeogoithm  of 
the  eompoeite  character  of  is  in  the  conclusion.  Nor  does  the  logician's  form  OToid  it,  except 
by  a  pure  uRsumption  that  the  copula;  are  the  same;  an  assumption  not  true  in  fact.  Nor  can 
an  answer  be  given  by  saying  that  logic  takes  no  cognizance  of  the  matter,  but  only  of  the 
form;  for  it  is  bound,  by  the  laws  of  fi>rro»  oat  to  represent  diflcrences  by  agreements,  except 
when  it  fa  formally  diown  that  the  dilRiieuces  cannot  afact  the  object  to  be  gdaei. 

In  one  very  mntenal  oannderation,  the  logfaiane  have  ovidenosd  the  manner  in  whteb  thefa- 


conimen*anblea.  An  ediKnr  mho  *as  tuM  a  iDAthemsdcian, 
tMiag  kiym,  which  to  him  was  m\y  rammunication  in  its 
HMSt gnanl  Mnse,  ma;  have  exc<>i;iiiitttl  the  abiurdiijr  abore 
alladad  tOf  bjr  hdp  of  ^wmi.  Ffodvt  bM  bem  mcd  ia  a 
shnilarWBf.  Bsmtas  enkss  Mm  Mm  «  tint  (te  ind^ 
MMOn  of  Euclid  hid  written  on  inexpUcaUM  (fiw«Ma«a|HI* 
cari  poituni):  Procliis  wyi  oXvyo,  aoA  BMUt  taMOvaOttH' 
nblas. 


But  how  CM  Koyo:  be  csUcd  dilcrcte?  Before  EadM  it 
muit  bavt  b««a  m.  Endid'a  dtfimtko,  which  bringa  ineaU' 
menHmbhs  udt?  (ht  SBSH  law  witb  eootmeiw arables,  give* 
tlM  m  talis  a  tiUe  M  «nttml«r,  wtiA  It  ImA  mm  bsftm: 
jaat  as  is  Mdn  dans,  As  laMnaiiiiKIs  dsdu^  wksa  ad. 
■doai  as  adisdNct  intajiika  af  widuaMlc,  gircsetniaatif 
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eoipiils  *U*  pvttktt  of  the  mb  of  identity  on  vbleh,  m  above  i«mariEed»  they  test  aU  their 
infereDces.  When  the  copula  of  kiendty  ie  employed.  It  ie  of  neeessity  that  one  mbject  example 

can  only  agree  with  one  predicate  example :  any  one  man  IS,  merely  because  he  TS  one  man, 
«)ttly  o-ne  animal.  Extend  the  copula  to  a  meaning  short  of  perfect  identity,  and  the  cupular 
relation  may  belong,  in  an  aiiirumtive,  to  more  than  one  example  of  the  predicate.  For  instance, 
when  tlie  copula  ie  agraement  in  colourj '  Every  ie  F*  may  mean  that  each  ie  of  the 
ooilour  of  one  or  mon  of  die  Fe.  The  perticalar  character  of  the  predicate,  that  is,  the 
description  of  its  extent  as  being  *one  or  more,  possibly  alP  may  belong  to  it,  independently 
uf  the  number  of  instances  of  the  ftubject,  in  right  of,  and  by  derivation  from,  one  instance  of 

the  subject.   And  the  proposition  'one  A  Every  Y"  may  be  true  without  our  being 

oU%ed  to  eay  that  there  ie  therefore  only  one  F  in  exiitenoe,  by  reaean  of  the  rdation  indi- 
cated hy--  exietiag  between  that  one  .X*  and  everjr  Fin  ezietenoe. 

Hence  follows  an  extended  mode  of  interpreting  Sir  William  Hamilton's  system  into  con- 
sistency. Let  the  quantity  of  the  predicate  be  detcniiined  by  the  least  number  of  iiistariees  of 
the  predicate  which  arc  declared  to  t>tand  in  the  copuiar  relation  to  each  instance  of  the  t>ubject  : 
it  being  understood  that  the  declaration  of  the  copuiar  relation  existing  between  a  certain  JC 
and  a  certain  F'does  not  deny  that  the  relation  may  exiit  between  that  X  and  other  Fb,  or 

between  other  Xt  end  that  F.   Thag»  **AU  Xt  oU  Fa,"  or  .X')(F,  now  means  that 

every  X  stands  in  the  copuiar  relation  to  each  and  every  V.  If  there  were  ten  Xs  and  ten  Is, 
Sir  William  Hamilton's  proposition  wrmJd  a!>Rcrt  ten  agreements :  the  form  here  proposed 

declares  a  hundred.    And  it  is  now  contradicted  by  A'{.)Y  or  "  some  Xs  some  Vs :"  tor 

eithec  each  JT  and  end)  Y  agree,  or  eome  Jfe  do  not  agree  with  eome  of  the  Fe. 

Thie  view  of  the  eubjeet  meete  another  d^eetion  of  ndne  to  the  qretem  oe  propoaed.  It 
can  no  longer  be  asserted  that  X}(Y»%  profKiaitioD  compounded  of  two  others  of  the  system, 
X))V  and  fur  each  T  may  agree  with  MMiie  of  the  Fa,  ood  eocb  Y  «itb  tome  of  the 

Xs,  without  every  X  agreeing  with  every  }'. 

There  is  however  a  distinction  to  be  drawn.  When  the  quantity  uf  the  affirmative  predi- 
cate ie  determined  aolely  by  the  number  of  initanoee  which  ecwA  initeitce  of  the  eubjeet  it  related 
to^  let  ue  say  that  the  predicate  has  e^emptar  quatiHty.  But  in  the  common  system,  in  which 
the  quantity  of  the  predicate  is  cumulated  from  all  the  instances  of  the  subject,  let  us  say  that 
it  has  cumufar  quantity:  this  second  system  permitting,  like  the  first,  each  instance  of  the 
subject  to  be  related  to  more  tlian  one  instance  of  the  predicate.  Thus,  quantity  being 
exemplar,  we  muit  iny  of  *  Every  man  le  an  animal'  that  the  predicate  ie  singular:  quantity 
hdng  cumular,  that  the  predicate  is  arithmetically  coextensive  with  the  eulgect.  But  when  it 
ie  Every  man— agrees  with  in  being  comivoeooe— a  bnite,*'  the  predicate  ie  not  singalar, 
even  when  its  quantity  is  extiiiplar. 

[An  extension  of  the  numerically  definite  system  here  ari!>es,  which  I  shall  not  atop  to 
invcstigaco  the  coa^ucnces  uf.  If  ^  be  the  whole  number  of  X*  in  the  noiverse,  9  the  num- 
ber of  Fe,  end  » the  number  cf  Fe  (at  leoet)  to  which  ceeh  of  mX»  is  rdated  ;  them  mn  ie  the 
least  number  of  relations  asserted.  If  mn  be  greater  than  -  I) if,  then  mn  —  —  1)9  at  least 
of  tl)e  »;  }'s  must  be  related  to  f  Xi,  that  is,  to  all  the  Ts.  Now  as  n  cannot  esoeed  rh  mmuet 
be  ^ :  and  a  oeccssarlly  convertible  propositioa  may  then  exist,  if  n  exceed  9  -  9  r> 
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Bj  merely  allowiog  a  complete  exetupiar  form  of  quantification  we  procure  the  extension 
of  Sit  W.  Huuilbm'B  sjstcm  which  I  him  dflteribtd  fai  the  hut  «Mtioin :  w  nmr  annex  to 
this  admifldoiii  a  predicate  qvmAty  of  mote  Hum  one  ezaiiiple. 

And  the  fomii  with  their  tneauDg*  are  a*  ibll»wa»  each  univerMd  with  ite 
tredictioii. 


fX){  V  Each  X  is  related  to  aU  the  Ks. 

)A'(.)K  Some  A's  are  not  rclatt  d  to  some  of  the  Yt. 

{X))  V  Each  A'  is  related  to  one  or  more  i'a. 

A'(.(l'  Some  As  are  not  related  to  aujr  is. 

IXiiV  Some  Jr»  are  (anumg  them)  related  to  all  ^  Ki. 

I  JIT).)!'  No  JT  ift  idated  to  eonie  one  or  more  Fi. 

(X).ir  No  X  is  related  to  any  one  F. 

\2r(}F  Some  JTs  are  rdated  to  aomc  one  or  more  F«. 


This  syBtem  ai  it  elands,  is  free  from  iU  olgectionB  which  I  can  raise.  Every  proposition 
has  its  contradictory,  the  form  (.)  is  not  generally  spurious,  no  numerical  dictum  is  established • 
by  the  mere  assertion  of  a  proposition.  The  symbolic  law  of  inferctice  docs  not  presrrit  any 
modified  cases ;  and,  transitive  copular  relation  existing,  though  inconvertibly,  the  use  ot  the 
oonehttive  idatian«  in  the  flaees  previonsljr  niarked  out*  wiU  aUow  of  inference.  The  manner 
in  which  the  introduction  of  more  general  copular  rdation  allowB  of  mocegenend  inftrence^  and 
the  alterations  in  the  import  of  the  forms  )  (  and  (.) ,  with  the  value  of  those  alterations  in  the 
expression  of  the  forms  of  thought,  would  admit  of  considerable  discunioDj  if  the  length  to 
which  this  paper  haa  attained  did  not  forbid. 

Taking  the  predicate  ae  both  exemplar  and  comalatlve  in  quanti^,  the  copular  idatiaB  as 
both  tranatiTe  and  oonvertih]^  wc  see  a  system  which  ^Hhre  Ihmi  that  of  8b-  WiUiam  Hami). 
ton  only  in  the  admianon  of  n  wider  alternative  of  copular  agreement :  instead  of  '  one  F  or  no 
Y  at  all '  it  is  'one  or  more  Fs  or  no  Y  at  all.'  Circumstances  require  mo,  I  think,  to  point 
out  mv  reasons  for  concluding  that  this  extension  of  alternatives  has  uot  been  made  by  Sir  Wil- 
liam Hamilton.  They  are  first,  his  description  of  his  own  use  of  quantity,  made  in  tormsf  so 
technical,  that  it  is  impossible  to  suppose  ha  Tariea  from  the  ancient  inodiei  of  quantity,  in 
extending  dm  0pplieaiion  of  them :  secondly,  that  the  antfior  of  die  "OnflbMa,''  an  accredited 
expounder  of  the  details  of  this  system,  not  only  does  not  give  the  smallest  Idltt  to  the  contrary, 
but  adopts  the  conclusions*  suggested  by  the  old  modes,  as  "of  course." 

I  shall  now  proceed  to  the  application  of  correlative  copultc  to  the  system  of  predication 


•  If  in(!rc<l  wt  »tre  10  ileclarf  that  the  number  of  coml«lcd  i  its  cxtcniion  (p«»Ufnl»j]jj,  The  McoW  •cbrme  is  that  which 
in.tiuicM  ihould  rcvfT  exceed  10,  then  )(  would  imply  that  |  In^'ically  — cxlcnds  the  upnuion  of  quantity  to  6o(A  the  pro- 
there  are  not  luorc  than  iri  A  n  nor  more  than  10  I  t.  Ii  is  the  |  )><»iiiijnal  tmiiK,  uir!  ullowi  the  Prrdieale  to  be  of  any  quan- 
refusal  to  admit  of  more  ilian  mit  innuncc  of  each  in  relation  /i(y.  in  propositions  of  t  iMrr  fUd'iVjf.,.. The  Aral  doctrine  i«  the 


which  Tcducet  )(  to  double  (ingularit;  in  the  eaceniplar  fonn 
iirst  diMiaied. 

t  "  The  fift  (cheme  i<  that  which  lngieoUf— confinei  all 
i  qoantlty  to  the  Suijref,  [>wnimil>n  tkc  Predkatt  to 
i  «tgiiH»t  TMi|iMiti«a%  alvi^  dcMnilaMclr  Id  tas 
I  totf  MWutai  (mihWMilf  nd  riagididfX  in 
r  propositiooi,  alwayi  indctftniliatdjr to  <>liWjwir<  vt 


cotnuion  or  AritUKclic;  the  acfood  i>  mine;..."  "Letter, 
&c"  >uhs«quenttasy*8tatcmem,'' pp.  31,33. 

{  Mr  Thomaom  tgiett  wiih  me  at  to  the  tpurioumeu 
tt  *Amw  Xs  are  not  uume  V»"  In  Sir  Wm.  Hamilton't  syt. 
MS,  met/t  "tt  tvmm"  ■■  •  dmlal  of  limMhri^  aai  Um^ 
%t»Bimp(sr«HMllMrM|MMMiadl«ldada.»  «0m- 
Ua«,Ac."niUa,U». 


Vol.  IX.  Part  I.  1« 


Digitized  by  Google 


lU  tVOPESSOR  DB  1IOB0AN,  ON  THE  SYMBOLS  OF  LOGIC, 

by  cuDtraries.  I  iosert  a  slight  and  prrliuiinary  notice  of  this  extension  more  as  an  example  of 
the  itudy  cf  cxtradoD  Am  Iweanie  of  itt  repraeDUdoD  of  may  very  comtnoiii  modes  ei  thouglit. 
At  ihe  Mwe  time  it  ahould  be  TCnembeicd  thet  wc  cannot  appeel  to  existiog  modet,  and  to 
tbdr  agnenMOt  wHh  the  Aristotelian  forms,  as  conclusive  evidence  of  the  miurel  dttrtcter  of 
those  forms,  or  of  iinv  rtstriction  which  results  from  their  use.  For  many  centuries,  and  in 
particular  during  tho&c  centuries  which  saw  the  relations  of  the  OHNlera  and  ancient  languages 
finally  settled,  every  man  vho  karnt  to  read  was  a^thalieiicallj  diRkd  m  the  AriitoteKan  ^Uo- 
gism.  If  tedmiesl  ftnns  eould  |Hoduoe  tndi  an  dKxt  as  either  to  supplant  more  mtnral  ones, 
or  to  pvevent  the  natural  ^rrowth  of  the  most  natural  ooest  the  Azistotclian  forms  have  had  every 
advantage  given  them,  and  may  have  donf  it.  ConseqDently,  no  mocks  of  thinkinr;-  which 
arc  not  caHily  reconcileahlc  with  the  Aristotelian  forms  ought  to  be  suppressed  because  they  do 
not  seem  to  have  any  usage  in  tluir  favour. 

The  oopoU  to  be  extended  is  the  word  it,  in  its  widest  sense ;  the  extended  oi^a  maj  be 
said  to  be  lUu  rdkUkm  io»  the  relatbn  bemg  expressed  or  understood,  but  distinctly  conceived 
as  trantitive.  The  correlative  copula  may  be  expressed  by  has  correlation  to:  and  it  is 
demonstrable,  or  is  rather  seen  to  accompany  than  to  follow,  that  all  transitive  relations  have 
transitive  correlatives.  As  a  short  mode  of  speaking,  we  may  «ay  that  our  relations  are  ^oee 
lo  and  raeeiee»  >rem.  The  tenss  oetfvc  and  patrive  might  be  genersliaed  into  wovds  of 
deacriptkn  for  the  eoridatives;  and  middle  into  a  word  of  deeeription  far  retaliona  which  ai« 
their  own  conelat)ves> 

In  the  common  system,  if  a  certain  A' be  a  certain  V,  tiiat  V  is  that  same  .V:  but  the 
correlative  (tlien  called  converted)  relation  need  not  be  much  dwelt  ujion.  Of  tlie  two  *  is 
i*'"  and  '  1'  is  either  may  be  called  direct,  and  the  other  inverted.  In  the  extension, 
eacb  Instance  may  stand  both  in  direct  and  inverted  relation  to  something:  so  that  ever/  X 
gives  somethings  every  F gives  something;  every  X receives  from  sooMHhing,  every  F receives 
from  something.  And  it  must  be  that  no  gives  to  nor  receives  from,  any  coDtraryt  Mf 
either  directly  or  by  transition.  If,  for  instance,  a  certain  X  give  to  one  or  more  }%  no 
one  of  those  ¥s  can  give  to  any  x :  but  aa  each  of  those  y'6  must  give,  and  either  to  JC» 
or  mtf  it  must  be  that  they  give  to  A's,  bnt  not  ■eoesaarily  to  those  from  which  they  recdved 
Nor  must  tlie  same  JT give  to  both  Zand  y*  ftc. 

We  have  then  for  any  one  X  cither  X^V  and  I'X'  or  X^  and  y^X* :  meaning  that 
either  an  X  selected  gives  to  Ks,  and  each  of  those  I's  to  Xs ;  or  to  f/s,  and  enrh  of  those  ys 
to  Xt.  And  the  subscript  and  superscript  accents  may  be  applied  to  the  parentheses :  thus 
X^yy  may  stand  for  'every  X  gives  to  one  or  more  i  s.' 

[Acoordmgly*,  if  we  adopt  this  hypothesis,  namely,  that  a  direct  and  inverted  relation 
always  exists,  it  follows  that  all  syllogisms  arc  valid,  put  what  marks  of  relation  we  may. 
For  X)yV  never  exists  without  A"))  J':  and  the  same  of  all  the  other  form.s.  And 
X^))'  y  has  A'  ).('if  ami  fj  ))'■!'  and  i'  amnnn;  its  equivalents.     From  this  most  complete 

of  all  puesible  assignuieuls  of  relation,  we  may  descend  by  two  steps. 

First,  we  may  dismim  the  condition  that  every  existing  relation  has  its  correlative :  and 
then  we  may  adt  under  what  rdations  eadk  syllogism  is  validt  there  being  one  existitig 


*  The  pnagmplu  faMirecn  []tt*  nibctitkited  tta thoic  arifioalljr  fireo :  their  date  U  Julj  1,  ISSO. 
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iMtwam  each  of  the  fiain  JTY,  YZ^  and  one  (inferred)  betwtea  JTZ.  Here  each  rcladoa 
i>  suppoMd  to  extend  over  the  terms  and  tbdr  contratie*:  thus  fton  X,y\'Y  we  are  to 
infer  ^J.f'y,  and  mnj  uie  it.     Secondly,  we  may  dismiu  the  condition  that  tlw  reladoD 

extends  over  the  rontrary,  antl  then  we  arrive  nt  tlie  modification  of  the  common  or  Aris- 
totelian sjllugism,  already  discuased  :  in  this  case,  the  inference  can  be  obtained  without 
any  use  of  the  contrary,  or  extcouon  of  the  relation. 

I  now  gire  tile  heads  of  the  Ninlta  irhkb  aiiie  from  the  hypothens  that  one  of  the 
eonehtiona  it  aadgned  or  inlenred,  and  die  other  not  admitted.  The  eqidvnient  praporitiona 
are  tboie  of  the  ordinary  lyatem,  with  die  nlatioae  undteied:  diua 

^,))'r-jr,).('y 

Here  jp^(.)'F  must  be  read  as  follows;  in  e%'ery  instance,  either  x  gives,  or  F  receives, 
or  both:  and  a^i^y  means  that  there  are  some  ia«Uu)ce>  in  which  neither  m  gives,  nor  F 
receives. 

Theae  equlTalenees  msy  be  essily  proved  by  thoie  who  remember  Ae  meaning  of  the ' 
rdntive  symboL    The  aaaertion  Arj)'F  is  that  of  n  rdation  in  whicb  every  X  and  every 

is  a  giver,  and  every  Y  and  every  y  is  a  receiver ;  but  so  that  no  T  nor  y  can  receive 

both  from  a  X  and  from  a  no  X  nor  r  ran  give  both  to  a  Y  and  to  a  y.  Accordingly, 
f  (Cy  immediately  follows:  for  every  y  receives  either  from  a  «  or  from  a  but  not  from 
the  latter,  because  then  a  F  and  a  y  would  both  receive  from  thst  X. 

The  kw  entnmoe  of  the  relatums  is  es  follows.  When  the  syUog^i  is  toad  in  an 
Aristotelian  figure  (the  first  or  the  third)  which  begins  with  the  middle  term,  all  that  is 
requisite  is  that  the  major  and  concluding  relation  should  !)c  the  same:  when  in  a  figure 
(the  second  or  the  fourth)  which  doi-s  not  begin  with  the  middle  term,  all  that  is  requisite 
is  that  ti)c  major  and  concluding  relation  should  l>c  correlatives.  Each  syllogism  therefore 
««n  be  rend  in  two  ways,  according  as  the  major  and  minor  relations  are  the  sane  or  oor> 
relative. 

For  example,  the  i^rllogiBm    A^ff  or  ))((•)(»  read  in  the  first  i^gon,  ia 

y((z+-r»r-x)(z, 

which  may  be  either 

r,(('z+^j)'r  =  ^,)('z,  or  Y^icz^x'nj'xxz. 

To  prove  the  first,  remark  that  since  every  X  supplie;*  a  Y,  there  are  but  the  jts  to 
supply  the  remaining  Fs  and  all  the  y.s.  But  since  tlie  Zs  are  all  supplied  by  is,  all 
the  ys  supply  zi,  being  themselves  supplied  by  j^s.  Hence,  by  the  transitive  character 
of  the  nintion,  we  have  or  Xy^Z^    To  prove  the  sKood,  observe  that  every  y 

supplies  a  sr,  and  if  any  sudi  m  supply  •  %  the  y  which  snpplies  that  m  also  anppliee  that 
Z;  but  every  Z  is  supplied  by  a  F.    Coneequently  ajtyx^  or  X^)(Z,  as  before. 

In  each  syllogism,  one  or  other  of  its  t^vo  cases  must  involve  the  direct  entranoe  of 
contraries:  so  that  the  Aristotelian  form  never  allows  two  cases.     For  instance, 

Y))'z+x,)yYmjc^).yz 
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k  bbrioudy  true  withoiit  ciMMid«r«tioa  of  eontrtricf  s  etcrjr  X  supplies  a  and  evcrjr  F 
a  Z.  Bm  jyiZ-^Xy^J^XyiZ  mutt  be  proved  thai.  If  any  K  ettpplied  a  » 
(here  the  oontnorj  entered  «  Y  would  eupply  lhat      and  would  thef«foiie  rapply  both  a 

2  anci  a  k. 

The  remarkably  simple  muditicatiou  wbich  occurs  in  the  Aristotelian  forms  depends  upon 
thow  Ibnm  bang  eanfiiied  to  particular  predkatee  in  ^rmatives,  aod  uniTcrwl  ones  io 
negatiTei*  When  all  rdatJoae  have  their  oorralativcs,  the  teadiiig  by  H^nre  ia  a  matter  of 
ind^aranoe;  when  the  two  correlatives  are  not  allowed  hi  the  same  propoiilkm.,  the  figures 
arc  grouped  in  pairs,  the  first  and  third,  the  second  and  fourth  ;  when  no  term  is  allowed 
its  alternative,  or  contrary,  the  four  figures  become  distinct  in  their  properties. 

The  primitive  forms  of  the  four  figures  being  +  +,  +  -,  -  +,  ,  the  mode  of  reading 

by  thickened  parcntbceea  nuiy  be  connected  with  then  as  fellows : 

.in  which,  oeer  liie  thick  lines  in  I,  occur         in  II,  -f  <> ;  in  III,  -  4- ;  in  IV,  — . 

All  these  relations  may,  no  doubt,  be  connected ;  but  a  genenl  denumstration  of  the 
law  of  relations,  when  two  correlatives  are  not  admitted  in  one  proposition,  would  be 
requisite :  this  demonstration  is  very  easy. 

In  my  written  communicatioa  to  the  Sockty,  having  seen  that  the  +  +  ,  +  - ,  and 
-  -I-  syllogiHne  of  <he  first  three  figures  required  no  correlative,  I  oaadoded  that,  on  in. 
vcatigation,  the  —  <»  syllogisms  of  the  fourth  figure  would  require  none.  And  as  this 
turned  out  to  be  true,  I  looked  no  further,  at  the  time.     But  I  afterwards  found  that, 

though  this  be  all  correct,  the  entrance  of  the  contraries  inuier  which  alone  a  syllogism 

gains  existence,  gives  rise  to  the  validity  of  every  syllogism  vithout  any  correlative.] 

When  an  intermediate  rdation  exists,  which  is  equally  related  to  both  the  correlatiTei,  as 
in  tiie  oaae  of  graatar,  efwoj;  and  b$$t  that  iniennodiale  relation  may  be  emfdoyed  for  cither* 
The  effitet,  if  any,  upon  the  condnrion,  is  easily  connected  with  the  law  by  which  the  fstrengtb< 
ening  or  weakening  one  of  the  premises  produces  its  effect  on  the  conclusion.  But  the  length 
of  this  paper  compels  me  to  omit  the  detail  of  this  and  other  points.  The  combination  of  the 
system  of  inrention  of  predicates  with  that  of  oontraiies  remains  for  oonaidention. 


Sbchom  VL* 

APnJOATIOlf  or  THB  THBOBT  OV  PBOBABILIZIBB  TO  BOMB  FOIMTB  OOiaiBOTKD 

WITH  TESTIMOZn'. 

EvnnY  application  of  the  numerical  theoiy  of  probabilitiee  requires  and  presuppoMs  an 
bypothedi  on  tlie  caaes  enumerated  in  the  proMem :  they  ate,  or  they  are  not,  equally  pro- 
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baUe*  If  DoC,  the  assignment  of  their  w&fml  probdnlitiM  it,  h  it  were,  eqnirikat  to  a 
farther  wtbdiTiiiao  of  tlie  chm,  cadi  of  whicb  is  made  to  oooHtt  of  «evei«l:  aU  the  individuela 
of  the  ultimate  resolutkm  bdng  aoppoaed  oquallj  pniboblo.    TUi  laat  ixrangeinettt  I  caD  the 

primary  distribution. 

Not  only  do  a  great  many  acknowledged  errurs  arise  from  mistaken  modes  of  making  this 
primary  distribution :  but  it  is  a  fair  matter  of  inquiry  whether  diveriitj  of  method,  witlioot 
emr,  may  not  he  Ibroed  upon  die  nbd  by  ile  omi  Icg^dmate  aet. 

A  little  consideration  will  shew,  with  regard  to  the  matfaeniatieal  part  of  the  theory  of 
probabilities,  that  the  primary  distribution  is  out  of  the  subject,  as  much  as  the  matter  of  a 
premise  is  out  of  the  subject  in  logic,  or  the  material  substance  of  a  solid  out  of  the  subject  in 
geometry.  Numerical  application  may  be  made  to  a  false  distribution,  as  well  as  to  a  true  one. 
The  weU-knowii  miatalw  once*  made  by  lyAlembert,  wai  one  of  primary  dirtiibittieii :  it 
oould  not  be  to  the  power  of  a  Mathematician,  as  sadi,  to  oooTinoa  him  of  his  cffvor.  The 
replies  of  Lacroix  and  Laplace  both  amovot  to  nothing  more  tbail  a  perfectly  oorreet  dedal  of 
D'Alenibert's  primary  distribution,  and  the  proposal  of  another. 

The  primary  distribution  is  a  mental  act.  It  matters  nothing  that  the  circumstances  of  the 
problem  appear  to  dictate  it.  When  it  is  stated  that  an  urn  contains  100  white  and  100  black 
boDe,  and  that  thAefiMPe  theie  h  an  eten  chance  of  drawing  a  white  ball,  it  is  the  want  of 
rafldent  reaiOD  for  any  other  sllotment  which  produces  a  provisional  assent.  Experience  may 
shew  suflReirnt  reason,  and  may  dictate  a  difTorcnt  distribution.  Thus,  should  it  turn  out  that 
SOOO  drawings  produce  18(X)  bbick  balls,  that  circumstance  alone  would  demand  the  change. 
Both  distributions  may  be  true :  that  is,  true  expooents  of  the  rational  result  of  the  existing 
knowledge  of  the  party  whose  mind  is  addresaed,  at  two  dilfttent  times. 

I  was  led  to  eoosidnr  tlie  foUowing  queition ; — ^Wbat  is  the  primary  distribution  of  the 
mind  in  regard  to  a  proposition  and  its  oootrvdictioo,  antendcntly  to  the  prodaotion  of  any 
evidence  in  favour  of  either.  In  the  writings  of  logicians,  although  no  formal  exposition  of 
their  ideas  upon  probability  is  made,  I  thought  I  had  detected  a  leaning  to  the  notion  that 
'Every  JT  is  T,*  and  *sone  JTs  are  not  JTs,*  are  i  priori  of  equal  probability.  And  by 
i  priori,  I  mean  antecedently  to  Ae  production  of  the  qwdfic  collect  and  predicate.  Say  that 
opposite  to  -Y  and  Y  are  to  be  written  at  hazard,  by  two  persons  selected  at  hazard,  and  not 
in  communication,  the  verbal  descriptions  of  two  objects  of  thought.  Which  is  most  likely  to 
turn  out  true,  that  every  A  is  1',  or  that  some  A's  arc  not  Wi-  sVimtld  pronounce  with- 

out  hesitation  in  favour  of  the  latter,  and  should  even  say  perhaps,  that  its  extreme  case,  no 
JTis  K,  ftr  eioieds  in  pirahabjlity  all  the  otiiers  pat  together. 

Nevetthden,  writers  on  kgpe,  in  their  tadt  refbrenees  to  authority  and  its  eilbets,  seem  to 


*  [  Mj  once  mnde^  bctJiasc,  though  never  mcntionot.  it  is  ^  l^*Al<nnbc7t,  c^ninlly  probable)  CSMS  btinp  7/,  T//.  und  TT. 

pmty  certain  he  ww  liin  error  hcftm  he  died.  The  lecond  ,  But  in  the  coUection  of  D'Alenibert'i  trorki,  {niblinhed  by 

edition  of  hl>  Optuculti        the  first  >Uo,  I  believe)  eontalnt  j  Boitien  (IMS,  Puis,  IR  vols.  8vo.)  in  the  rourth  Toluine  of 

the  reftexioo,  on  the  Theof7  of  Probabilitin  prefixed  to  hij  |  which  the  memoir  on  inoculation  and  in  pnUmiiMciH  sn 

dlMertaiim  «0  tbe  dTectf  of  iooculation  for  the  amall-pox.  nomewhat  recast  and  augmented,  duwgh  the  psndl  «f  llw 

Mcwtii  to  wmUtoMj  as  dud  ly  Incnto  and  tAm,  the  cde-  Petonhng  pmblam  and  lomi  other  olyMSiiaM  ttt  icpndacad, 

IMadtaMM(t«Dia«M^lilMAnsfOHiliiUi(aii4MaifdiBr*<>  ItoerfiiMqrsslniiSiVsnsinKkMt. 
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ainit  that  •  g^rm  authori^t  prodncfag  «  uaimwl  pn^poritioii,  Imi  hu  weq^t  in  no  nateriil 

degree  lovaed  by  the  very  great  anteoedent  improbability  of  his  •tatenwDt  Thdr  diBiMimi 
is  quite  correct,  but,  so  far  as  I  know,  not  yet  explained  by  the  theory. 

On  limking  at  this  theory,  we  find  it  appear  that  almost  every  sound  process  of  mathe- 
inatical  applicatioo  has  results  oounteipart  to  its  own  Mnoog  the  results  of  the  operatioiis  of 
oomalsted  tbougbt*  I  abouJd  nooder  at  no  one  wbo  snspeeted  that  a  naoifieataliaB  of  the 
secrets  of  the  brain  would  exhibit  sooiethhlg  more  like  a  calculatit^  laadiine  for  the  apprecia- 
tion of  probaljilities  tlian  any  one,  as  matter?  stand,  could  venttirc  to  mention  without  ridicule, 
or  to  maintain  without  deserving  it.  Kant  has  ;;^nne  so  far  a»  to  call  our  mental  OlgailiaaCi<MI« 
in  this  respect,  a  weighing  machine  with  ututlamped  weightt. 

The  Terifications  of  theocy  above  neDlaoiied  will  lead  all  who  ftcl  Adr  fiwoe  to  bare  conli- 
deoce  ia  the  ooiiv«ne»  namdy,  in  the  theory  ultimately  eooilrauiig  every  widely  observed 
result. 

Now  we  have  before  us  the  foUowijiig  phienomeoa,  gathered  from  observatioii 

1.  That  an  authority,  or  a  vitneas,  of  whose  value  we  have  a  previotisly  aeqoited  notion, 

produces  an  effect  upon  ua  by  his  testimony  which  partly  depends  upon  the  preconceived  pro- 
bability of  his  statement:  so  that,  whatever  his  general  credit  may  be  (short  «if  imputed  infalli- 
bility), his  particular  credit  with  regard  to  any  one  statement  is  a  function  of  the  proba- 
bility  of  that  statement,  as  well  as  of  his  previous  character. 

2.  That  the  universal  proposition  is,  n  priori,  very  much  less  probable  than  the  contrary 
particular :  that,  JC  and  y  being  terms  on  the  connexion  of  which  evidence  has  never  been 
olTeTed,  it  is  eisry  nmeft  (not  to  say  htfinUelif)  more  probable  tiiat  aome  X»  are  not  Ts  than 
that  erery  X  is  K 

3.  That  an  authority,  stating  a  proposition  on  the  connexion  of  the  terms  of  which  we 
have  no  previous  opinion,  does  not  produce  any  very  marked  difference  in  our  disposition  to 
tvttst  lam,  hj  stating  the  particular  rather  than  the  univertsL  We  teoeiTe  hia  statement,  one 
of  us  with  another,  with  mucb  the  nune  idianoe,  whether  it  be  *  evesy  JT  is  F,*  or  'some  JTs 

are  not  I's/ 

The  difl'"'',i)( V  derived  from  the  apparent  incompatibility  of  tlie  t'n'rrl  phrrnomcnon  with 
the  first  two,  and  ihc  necessity  of  admitting  tiiat  the  universal  and  its  contrary  particular  are 
eaoh  made  to  be  of  an  even  ehanee  d  priori  was  with  »a  long  antecedent  to  the  explanation. 
This  adniesion  I  imagined  to  have  been  made  by  the  logidana:  nor  was  I  singular  henii  I 
have  heard  more  than  one  person  versed  both  in  mathematics  and  in  technical  logic^  express 
himself  for  the  superior  antecedent  probability  of  the  particular  propoaition,  in  terms  which 
implied  that  he  thought  himself  in  opposition  to  general  opinion. 

An  obmrvation  wtndi  contains  the  spirit  of  the  true  answer  would  be  triumphaotly  met  by 
many  from  the  comman  maxims  of  the  theory.  Suppose  a  person  in  whoso  accuracy  (accuracy  of 
statement,  a  compound  function  of  veracity  and  judgoient)  we  have  ocdinary  confidence,  to  draw 
a  card  from  the  pack  and  to  announce  tliat  it  is  the  sc^'en  of  spades.  Wc  cannot  conceal  from 
ourselves  that  we  believe  he  ha»  made  a  correct  statement  as  much  as  we  believed  that  he  teat 
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going  to  make  one :  and  jct  he  has  ventured  an  assertion  against  the  cuniing  truth  of  which  it 
woB  51  to  1«  But  a  comnMn  penoD  mjs  ttt  oiwe»  Why  not  die  mmo  of  spades  as  wdl  as  any 
other?  against  whidi  the  student  of  the  theory  is  templed  perhape  to  retort,  Yes,  hut  why  the 
■even  of  spades  rather  than  some  one  or  another  out  of  the  51  others? 

The  observation,  Why  not  the  seTen  of  spades  as  well  as  another,  is  a  sound  one :  it 
remiods  us,  that  in  our  abaence  of  all  knowledge  of  motive  or  bias,  it  is  a«  hard  to  believe 
in  error  having  ftlltn  ciaedy  on  the  swren  of  spades,  aa  it  b  to  hdieve  in  the  seven  of 
spades  iiaviiig  been  actually  drawn :  if  I  nuiy  apeak  »  chesncaUy,  these  difienlties  oomhine 
and  neutralize  each  other,  and  disengage  our  original  belief  in  the  witness.  The  reply  is 
fallacious  :  ft  rubs  out  the  distinctive  marks  from  the  other  51  cards,  and  writes  on  each  of 
them  'not  the  seven  of  spades^  as  its  only  tsponcnt. 

The  difference  of  these  two  casc^  is  atluiirably  elucidated  by  Laplace,  in  two  successive 
prcblenas  (T%  da»  Fnb.  Sid  edit.  pp.  440-~i$|,)  hut  the  eftet  of  the  contrast  is  destroyed 
by  a  rtiinge  Tenuvk.  First,  tliere  are  n  oountera,  caeh  of  which  is  marked  wtdt  a  nuntbcr; 
and  a  witness  of  veracity  p  and  judgment  r  announeea  that  n*  i  was  drawn.  The  probahOily 
tliat  it  was  sa  drawn  is  made  to  be 

,  (i-p)0-*') 

in  witichit  winbeeliaerved  that  how  great  soever  the  nmnlxr  of  counters,  that  is,  how  improbable 

soever  the  event  announced,  a  jjrhtri,  tlic  probabiHty  which  the  testimony  gives  cannot  be  less 
than  pr.  In  the  second  problem,  «  —  J  balls  are  black  and  one  white,  and  the  same  witness 
aooounces  that  the  white  ball  has  been  drawn.  The  result  is,  q  representing  +  (1  -p)i}  -*")» 
that  the  probability  of  the  event  & 

 1   

9  +  0  -9)  {«-  0' 

so  that  the  best  witness  living  might  be  incredible,  if  n  were  great  enough. 

On  this  last  proldem  Laplace  lemarks  as  follows } — *  Ainsi  Ton  voit  comment  lea  ftits  extrn- 
nrdinahes  aflhOdiaaent  la  croyance  doe  aux  t^moins ;  le  mcnscmge  on  I'errenr  devenant  d'autant 
pIuB  vraisemblable,  que  le  fait  atteet4  est  plna  extraordinaire  en  loi-mcme.* 

ithout  denying  all  the  conclusion,  we  may  see  that  n  comparison  of  these  two  problems 
shows  it  by  no  means  sufficiently  arrived  at.  If  the  counters  were  lO'"  in  number,  all  diflcrently 
marked,  the  prodnetian  of,  say  n°  50oo,  is  just  as  improbable  beforehand,  as  the  production 
of  the  white  ball  when  one  only  is  white,  and  10**  >  i  black.  And  the  first  case  more 
nearly  represents  our  mode  of  primary  distribution  than  the  second.  If  an  astronomer  were  to 
tell  us  that  he  had  seen  in  the  telescope  a  dragon  fly  ofT  the  moon,  we  should  certainly  never 
think,  pro  hac  vice,  of  dividing  all  possible  evints  into  that  of  a  dr.ipun  tlyinp;  IVonj  tin? 
taooD— and  others.  From  among  other  events,  \vc  ahould  sckct  and  give  pruniineuce  to  lite 
poaribilitie*  of  a  dteam,  n  dMIect  in  the  object  glaaa,  an  atmof^herie  phaenomenon,  a  fly 
in  the  tdeaoop^  k&  &c.  &c. 

Ibe  case  in  wUch  enor  of  judgment  is  dtttingdshed  from  wilful  falsehood,  need  hardly 
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be  entered  upon,  except  in  a  vanamr  tiibaequentl;  mentiooecl.  Let  the  gmural  tn^UHif 
of  u  vitncei,  with  refereBce  to  a  particular  eventy  be  the  measure  of  our  previoui  beUef 
that,  should  that  event  happen,  he  will  slate  it  to  have  happened,  if  he  auke  any  state- 
ment  at  all.  Should  his  gcntral  credibility  be  the  ume  with  reference  to  enrh  event  which 
can  happen,  we  have  the  case  to  which  calculation  is  usually  applied.  But  it  is  necessary 
to  recognize  the  distinctktts  wUch  exist  in  fact,  between  our  opinion  of  a  witneas  as  to  one 
event,  and  as  to  another.  We  nay  haTereawa  to  tMnk  we  know  beforehand  that,  aoooiding 
as  J,  or  J,  sbsll  happeUt  the  nanator  will  be  a  wOlmg  or  unwilling  witneasi  a  sagaeioua  or 
a  foolish  expositor. 

Let  the  particular  (•'■  ■dihi/ifij  of  the  witness  bo  the  measure  of  our  belief  in  his  statement, 
after  it  has  been  made,  and  know  what  it  is.  Let  Aj,  ,..A^  be  the  names  of  the  events 
any  one  of  which  may  haTe  hajqpeaed,  and  one  of  whidi,  A„  the  witneei  asserts  lo  have  hap> 
poied.  liOt  v»  H»  ^  ^  prababilides  of  these  several  events,  befbre  the  assertion,  in  the 
mind  of  the  receiver  of  the  testimony.  Let  signify,  in  the  same  mind,  the  previous  proba- 
bility that  if  .4  .  should  happen,  the  witness  will  state  A^.  Hence  the  general  credibility  of  the 
witness,  before  any  statement,  is  |i.  «>  i>,  i,  +  pjg,  +  ;  after^ statement  of  A^^  it  iik^-  But 

the  previous  probability  of  his  asssrting  A^  is  K|Ar,  +  v^k^  +■••  +  v,K. 

The  particular  credibiliQrt  aJtor  assertion  of  Af^  is  thus  finind.  Either  jI,  has  iiappened, 
:iik1  he  has  announced  it,  of  which  the  previous  probability  was  v^h,  or  .i,  (if  ik  be  not  •  l) 
has  happened  and  be  announces  A^,  of  which  the  previous  probability  was  r. /r,  ;  or  At 
{k  not  being  -  S)  has  happened,  &c.  &c.    Hence  the  particular  credibility  of  the  witness  is 


*     f I  &,  +  ft  Aj  +  +  r.A,  ' 

If  there  be  only  two  cases,  then,  if  1,  -  2^,  we  have     «=  I, ;  and  1,  +  2i  =  1,      -i-     ■>  I, 
give  Ij  =  2,  =  !  -  ^.     Hence  the  particular  credibility  is,  for  the  statement  Ai,  r^u  divided  by 
ViM ~  "i)  ( I  ~  t*)*  which  agrees  with  the  result  of  Laplace's  second  problem,  in  which 
•  1     N,  II  •  9« 

Tile  geoersl  credibility  as  to      remains  nnsltefcd  by  the  statement,  if  pj^  -  Sr,ilr^  Tbst 

is  to  say,  the  witness  is  unaltered  by  the  statement,  with  reference  to  the  event  stated,  if  the 
asserted  event,  and  fh«»  ai?«crtion  of  that  event,  be  d  priori  equally  probable;  if  what  he  says 
be  just  as  likely  as  that  he  should  have  said  it.  And  according  as  the  first  is  more  or  less 
likely  than  the  second,  the  witness  is  raised  or  lowsied  by  hia  assertion. 

Again,  let  tw,k,  stand  for  Sy,jfc,  with  p^k^  omitted.  Then  •  S'^it,  -j-  (1  -  fr^).  When 
kf^lk,  part:  ii]  Illy  when  the  immediate  source  of  tbi-^  equation  is  1]  an,,  this  last 

residt  is  of  a  well  known  and  admitted  character.  For  S'l",*,  (T  -  fi)  then  represents  the 
probability  that  of  all  erroneous  announcements  any  given  one  shall  be  A^  :  and  we  thus  see  that 
the  credit  of  the  witness  is  unaltered  by  his  statement  if  the  previous  probability  of  the  event 
slated  be  equal  to  the  previous  probability  of  its  erroneous  statement}  that  is,  its  previous  pro- 
bdiility  in  the  winds  of  those  who  know  that  some  error  is  oomlng. 

When  a  witness  asserts  an  extraordinary  thing,  his  credit  may  be  maintained,  in  spite 
of  his  assertion,  by  our  previous  feeling  of  the  great  unlikelihood  of  hit  making  such  an 
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assertion.  The  strangeness  of  the  assertion  is,  at  it  were,  balanced  by  the  Btrangeness  of 
kU  mSdag  iL  In  tfaa  Ibnoulft  >)t-Sy,*^  >!k  1>«  ^  "noil*  *is  ik^-k,  dao  very 
flnaU,  tiMM  droannlaiiGM  maj  produoe  tha  baliiioe  inenlMined,  to  thtft  > 

If  thsN  W  no  fMrMovter  Mot  towinb  fanceuncj,  thao*  If 4w  bdng  i  -      tm  u 

(l.flO-»*(>»-l)>  «  (l-|t)-r(«-I), 
escept  ooly  when  «  •  m.   Henoe,  when  die  chrace  cf  aceurM^  h  the  mud*  for  «ve^  event, 

and  no  bias  whatever  towards  one  inaccuracy  rather  then  nnotheTy  the  perticilbr  erediUlitj, 
after  the  asaertioD  of  A^t  being  1  -  vj) 

p  ^  

Here  «  ;i  when  -  1  -r  n,Hlie  rufnn  prohabilitij.  So  tlvit.  \v\\e.ti  we  know  nothing  of  any 
particular  bias,  thi;  particular  credibility  exceeds,  equals,  or  talis  iihortof  the  general  credibility, 
acoordiug  m  the  previous  probnhOitjr  of  the  aawrtion  esoeedi,  equals,  or  falta  ahoct  ef,  the 
mean  prahafaOity. 

When  n  is  very  great,  the  preceding  is  very  near  to  ttui^,  unless  i/j^yu  be  of  the  cor- 
respon(]inf;  order  of  sniallness.  For  a  given  value  of  fx,  the  supposition  of  absence  of  particular 
bias  will  make  a  very  bad  vitoess  almost  an  infallible  authority.  Practically,  ve  allot  more 
than  his  general  aredMUty  to  tha  partienlar  atatemente  of  any  witneas,  when  ««  eea  no  leaaon 
to  auppoae  a  parUenlar  hiaa.  But  esperimente  upon  extreme  caaea  cannot  be  made:  for  in 
fact,  tha  want  of  particular  bias  is  almost  the  sufficient  reason  for  a  growth  of  general  hahit 
of  accuracy:  so  that  the  preceding  case  is  almost  always  one  in  which  u  is  not  small. 

In  luiinan  affairs  it  generally  happens  that  a  great  majority  of  the  cases  have  probabilities 
of  the  same  order  of  magnitude  as  1  -i-  n ;  and  these  are  the  ordinary  events.  Cases  uf  a 
probabfltty  much  diffoiing  from  1  -^^  n  are  comparatively  few.  Hcne^  when  we  diibdieve  the 
dr^on  €ying  foom  the  moon,  aibova  auppoied  ai  an  anertion,  h  li  not  iaoauae  tha  probability 
is  email,  for  so,  fenerally  epeaking,  is  that  of  an  ordinary  event.  Bttt  die  prohnbility  of  the 
OMertnd  event  is  small  compared  with  I  -r  n  ;  or  nr^  is  $mall. 

Any  one  event  which  we  were  nut  expecting,  and  for  reasons,  will  be  such  as,  ct  priori,  we 
should  call  improbable.  And  in  the  common  run  of  occurrences,  things  improbable  (but  still 
otdinaTy)  are  happening  one  after  another.  D'Alembert  pronounced  tha  oeeurrenoe  of  100  eve. 
CMfivc  tosses  of  head  to  be  vietaphyncally  possible,  and  physically  impossible.  In  our  day, 
we  ihn-^M  translate  hie phnaee  into  enl^eeMealy  poaaible,  and  «li^«o(i«efy impoMible$  conceivable, 
but  unattaiuable. 

In  the  remarks  made  upon  this  assertion,  whether  with  or  without  reference  to  D'Alerobert, 
there  are  eeveral  diflbrent  points  to  notice;  and  some  matters  irrelevant  to  my  main  subjeet 
muat  be  touched  upon,  to  dear  die  way  for  the  conaideration  of  the  manner  in  which  the 
question  of  primary  di«trUnMoii  enters. 

Vol.  IX.  Past  I.  16 
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The  o^yiidiM  ioipoMibility  has  disappcarad  bdbn  thmi^t  and  axpatjanoa.  All  who  ctther 
tUnk  or  trjr  ave  now  aatiafied  that  npctitkn  «f  trial*  will  praduoa  any  etant,  howaver  rave. 

Bufibo,  ID  2048  trials  of  the  Petersburg  problem,  found  only  one  case  in  which  the  first  ha«d 
was  deferred  as  late  as  the  9th  throw.  In  the  other  instance  of  as  manv  trinlx  i;u  nfinn*xi  in 
my  Formal  Logic,  p.  I85>  head  was  once  deferred  till  the  l6th  throw.  A  third  tri.ii  uf  iois 
■eta  waa  made  hj  a  gentlainan  hi  the  country,  who  iMnaiuiilGated  the  results  to  me :  be  also 
had  ooe  caae  in  which  head  was  defarred  to  the  I6U1  throw.  Both  thaw  cases  are  extraordinary : 
for,  d  priori,  moie  Aan  S8,ooo  trials  moat  he  undertakant  to  have  an  ercn  dianoe  of  aeeing 
liead  deferred  bcyound  the  fifteenth  throw. 

It  ia  sometimes  replied  that  any  given  order  of  head  and  tail  in  100  throws  is  just  as  unlikely 
as  a  hundred  consecutive  heads :  and  is  therefore  objectively  as  impoAsible.  But  this  reply 
does  not  attend  to  the  drcunstanoe  that  the  ibUUment  of  preoedrat  conditions  is  the  e»ti«- 
ordlnary  event  counted  n|KNi  as  inpoasihie. 

And  it  is  to  be  noted  that,  in  looking  out  for  the  way  of  judging  the  probability  of  what 
may  take  place  in  100  throws,  tlie  priin-try  distribution  of  our  minds  does  not  take  in  9"^ 
cases,  on  the  one  hand ;  neither  do  wc  divide  into  the  case  of  100  heada— aiwj  others.  We  group 
the  caseain  thought  into  something  betwaen  these  two  extremes:  in  feet,  we  imagme  collections 
of  the  same  degree  of  renurkalnli^.  IMiRwent  minds  will  do  dds  in  djiftrsnt  ways:  if  we 
could  stamp  the  weights  in  some  one  mind,  we  might  find  perhaps  only  S*  groups,  many  (tf 
them  involving  each  more  than  2**  cases.  We  should  thus  have  ordinary  event??,  each  of  a 
probability  of  nearly ;  and  cases  more  or  leas  extraordinary,  varying  in  probability  down 
to  2-'» 

Those  who  iiave  uot  attended  to  arithmetic  would  make  the  primary  distribution  in  a 
mamier  essentially  wrong.  Nothing  would  lie  celled  ordinary  which  T«ry  much  differs  Aram 
alteniate  head  and  tail :  so  that  they  would  he  surprised  at  almost  any  thing  that  might 
happen. 

This  method  of  distribution  into  rrroups,  the  members  of  each  group  being  of  equal 
notability,  is  that  which  prevails  in  our  methods  of  judging:  and  it  serves  to  explain  the 
conclusions  which  we  actually,  tliough  unconsciously,  draw  on  the  subject  of  evidence. 

The  preceding  remarks  may  now  be  applied  to  tiie  caae  of  an  authority  asserting  a  universal 
propositioD. 

If  we  suppeae  ft  •  1  to  he  the  number  of  ^s  in  existcnoe,  and  if  we  admit  into  our 
thoughts  aU  the  varietiea  of  the  nnmeriically  deHnite  prapositiott,  from  <  Every    is  Y*  tbioogh 

<  Every  X  but  one  is  V*  8cc.  down  to  *no  AT  is  K: '  then,  if  all  these  n  cases  be  of  eqiul 
probability  <i  priori,  that  is,  before  any  consideration  whatever  of  the  connexion  of  the  terms, 
it  follows  UuU  the  credit  of  the  witness  is  neither  raised  nor  lowered  by  the  assertion  of  any 
one  of  dMB.  And  the  mme^  if  we  make  groups  of  equal  notahiUty,  m  in  number,  provided 
that  the  probability  of  the  nnlTenal  d  prioH,  is  looked  upon  as  bebg  exactly  or  nearly  l-r  ai. 
The  two  umvenala  would  each  form  a  group,  the  idea  of  necessity,  as  distinguished  from  that 
of  contingency,  not  only  securing  thcni  tliis  character,  but  perhaps  giving  them  rather  a 
higher  share  of  probability  than  deliberate  consideratioa  would  approve  of.    I  do  not  profess 
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here  to  ttamp  the  toeigkU :  but  odIj  to  show  that  ihc  appUcatioa  of  the  theorj  explains  the 
mp|MNiit  iiMoiMMtancjr  of  the  diiw  plunioiiMiM  Atm  Mted. 

Let  in  nov  mppose  Uuit  the  atatenMnt  of  file  vitiwn  i»  a  dedal  that  4»  lMppeofld»  and 

nothing  morv.  Then  either  happened  and  he  denies  it,  of  which  the  previous  probability 
is  ^  (I  -  k^) :  or  A,  (k  not  being  ■>  i)  happciuxl,  and  he  denies  of  whidi  the  pMrioui 
probabili^  is  V]  (l  —  Jc|),  &c.    So  that,  from  his  assertion, 

are  the  particular  probabilities  that  Jj^  did  and  tUd  not  happen.  The  first  is  the  probability 
of  bit  inaeeunej  after  tlie  itateBeot;  aod  the  pnfloiii  prababilhj  that  he  ehdl  ineecunildjr 
dcDj  J»U  i-kg>  So  that;  looking  at  the  pcevioua  Ibree  of  Sn;*,  when  equal  to  we  eee 
that  hie  pverioue  reputation  for  inaccuracy  as  to     ,  is  increased,  unaltered,  or  diminished, 

according  as  the  probability  of  the  event  depird  greater  than,  equal  to,  or  than,  the 
probability  against  the  event,  the  a^rmatiwi  of  which  would  have  left  bis  reputation  for 
aceuraej/  unaltered. 

The  particular  proposition  beinf  eonddered  a*  more  probable  than  the  universai,  the 

denial  of  the  universal  A^,  which  is  the  affirmation  of  the  contrary  particular,  generally 

makes  the  universal  still  more  improbable.  But  wc  can  hardly  suppose  a  formal  affirmation 
of  the  particular,  except  in  op{>ositir>n  to  bome  amount  of  belief  pained  for  the  universal,  of  a 
larger  amount  than  its  natural  probability.  About  such  an  iiypotiiebis  tiiere  is  nothing  parti- 
cular to  examine. 

The  Mowhig  ia  the  meet  pbudfaie  aapfioatioD  ae  to  the  biaa  of  ioaeeuraqr.   The  reoeiTer 

of  the  testimony  supj  v:;^^  that  the  probabilities  of  the  n  events  are  Xti  \i»  ...  X.  in  the  mind  of 
the  witne«is;  and,  being  still  the  previous  probability  of  accuracy  when  k  happens,  he 
divides  l  —  k^,  the  probability  of  inaccuracy,  among  the  events  which  may  be  inaccurately 
stated,  in  proportion  to  the  presumed  probabilities  of  these  events  in  the  mind  of  the  witneea. 
That  Ibp  amca  1.  ♦Su  «^  1*  he  makee  pb  ■  A,  (l  -at^-r  (l  -         On  tfaaae  eop> 

potttionai  the  fMurtieuhw  credftilitj  of  the  aaaertion  ia 

J..  

Here,  for  a  given  probability  in  the  receiver's  mind,  both  as  to  the  event  and  the  witness  stating 
it  if  it  happen,  the  more  incredible  he  is  supposed  to  think  it,  the  more  must  the  receiver  be 
indioed  to  bdieve  it. 

If  «^  fer  an  Talnes  of  ^  that  ia,  if  the  jMrevious  probability  of  the  witness  asserting  an 
event  when  it  happens,  be  exactly  the  previous  probability  in  his  own  mind  that  it  shall 
happen,  then  »  Vj,,  and  his  testimony  is  nothing  either  way.  According  to  the  point  of  view 
from  which  this  result  is  looked  at,  it  appears  exceedingly  rational  or  exceedingly  absurd. 
That  the  more  cxtraordiDary  ha  thinka  an  event,  the  leea  likely  ia  he  to  atate  H,  even  if  it 
happen,  would  by  itadf  make  m  tmat  him :  but  tihen,  on  tlie  oAer  hand,  the  mora  likely  he 
thhika  an  erant,  the  more  likdy  la  he  to  atate  it  when  it  doea  not  haiq;Mn  $  which  by  itadf 
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lowen  bis  credit  The  balance  of  the  two  u  perfect,  od  the  definite  suppontioD  above:  and 
Ana  an  indispaaitloato  ttate  what  he  thinks  CKtraontfaary^is  not, by  itM,timy  m prima  fiuie 
indication  of  a  good  wiuwoi  to  an  axlraoidinary  event. 

If  instead  of  \, we  take  a,  •  0Xj,  «e  find  that     - 1^  when 

This  is  the  case  in  which  the  dis|>r->«!tion  to  accurate  statement  varies  as  the  witness*!  pre- 
vious expectation  of  the  event.  But  ii  i  -  «,  -  d  (1  -  X,)»  that  is,  if  the  Uas  a^punat  inaccuracy 
vary  as  the  previoas  expectation  Aat  the  erant  shall  not  happen,  we  Ind 

This  is     when  0- 1,  as  befeie. 

Let  thate  be  two  distinct  sources  of  mistatement,  by  the  double  action  of  irilidi  Nil  kleorrect 

inaeruraey  may  he  n  ci^Treci  statement:  as  in  intentional  and  unintentional  inaccuracy.  Let 
aU  the  precciling  syinhols  apply  to  error  of  judgowDt,  tiuU  is,  let  signify  (be  chance  of  bis 
helieTing  when  happens }  and  let  p^'  represent  the  prerioos  pnibaUlity  in  die  uiDd  of 
the  leoelter,  that  the  witness  will  wflfufly  state  A,  when  Ae  foKeees  A,  happcM.  The  state* 
ment  A^  having  been  made,  the  possible  originataes  of  this  statement  are  the  compound  events 
of  which  the  probabilities  arc  thu-i  stated. 

Let  J,  happen,  let  the  witness  juilge  that  yf^  happened,  and  state  that  .4^  happened.  The 
previous  probability  of  this  combination  is  v^v^k^:  and  the  denominator  of  the  particular 
prabahiUty  is  ZS  k^)  for  all  comhbisd  values  of  «•  and  v.  Select  only  those  eases  in 
whiflh  mmkf  and  we  have  S  (jffjojt^  tor  the  numeralor.  Acooidin^y 

If  and  lb'  be  always  j»  and  r,  as  in  Laphoe's  case,  and  s^  ■  1  •4-fi»  and  if  the  biases  both 
to  ndsebood  and  eitor  of  jttdgnent  he  sH  equal,  we  have 

AM,  -  (I  -  p)-a>(»  .  1),  and  «;  >  (1  >■  r)  4-  (n  - 1); 
Sno.*;  -  »»-»pr  +  («-!)  |«-t  (I  -  p)  (1  -  r)  (i»  -  0-«} 

the  rest  of  22  {v^v^  -  (n  -  l)  {ii^  (*"  +  Ht^*  "  '"^)}  "^^ii^l  " 

•  |(l_p)r  +  (i  -r)p+ji^*(l -p)(l  -r)|i, 

whence  the  whole  denoninator  is  !-»-«» and 

P^m  pr  +     ~  P)       ^)  ^  as  gi^^  *>y  Laplsoe. 
fi  —  I 

There  is,  however,  but  otie  case  of  the  above  which  need  be  especially  considered.  When 
we  suspect  intentional  falsehood  in  an  atserUoo,  it  is  usually  because  there  is  some  partictUar 
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reason  wfay  want  of  rmtaitf  should  lead  to  that  ooe  particular  assertion.  Taking  the  extreme 
cam,  kt  m  nippow  J,  to  be  the  loAy  ncitfon  which  hu  anjprobahOity  of  hebg  Midj  meik^ 
an  that  m,'  -  0,  except  onl^  when  m k.  So  far  the  formula  it  WMfleeted :  but  as  it  generally 
happens  that  the  previous  bian  towards  falsehood  is  towards  the  assertion  itself,  and  nearly  or 
altogether  indepeadeDt  of  what  may  really  have  happened;  let  k^^' 1,  and  i;/  ^rnk'^ a  ...  « «• 
Then  we  have 

lyings  i»  of  eowne  might  ham  been  predicted^  hetmen  w^l^  -i-  SirA  and  sj|. 

If  tfact«  he  no  pnihahiUty  of  eiMr  of  judgnuDt,  ^  » and  k,^0  when  « ia  not  «  ft.  We 
have  then 

The  foimuU  ibr  any  number  of  wilnesMS  may  he  ooutracted  as  Mlovs :  Let  p,"  repremnt 
the  prerions  probability  that  the  w/^  witneia,      h$tfing  happened,  will  judge  that  baa 

happened ;  and  p^*,  the  previous  probability  that  the  m*^  witness,  judging     to  have  happened 

will  state  Jj,.  If  the  statements  made  by  the  several  witnesses  be  J^,  A,,  J^,  Sec,  tlic  denomi^ 
nator  of  the  probability  thence  ari<iing  in  favour  of  At,  is  the  sum  of  all  terms  of  the  form 

I-  «•  'k     X  r  V  X  y ^  x  

H         U         W  US  V  »  wm 

for  all  combinations  of  values  of  »,  9,  jftStc:  the  numerator  is  the  collection  of  all  the  terms 
of  the  denominator  in  which  u  m  t. 

If  eU  die  witneasee  be  of  the  same  dmraeter  ia  every  respeet,  and  all  agree  in  aamrting  A^, 
the  coeflldent  of  y,  ie 

^(ff^jf^     ^  ***) 
ibr  all  oomhinatioas  of  vafaiee  of  w> «,  y.  its. 

In  all  that  has  precededj  it  b  to  be  remembered  that  application  can  immediately  be  made 

to  the  case  in  which  the  n  events  are  not  the  only  possible  ones :  that  is,  in  which  "^v,  is  not 
equal  to  unity.  For  this  is  but  the  suppositioQ  of  one  case  more,  namely,  no  event  at  all,  with 
the  probability  1  - 

A.  DE  MORGAN. 
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ADDITION. 

It  may  be  uaeM  to  «i!««rt  to  tihe  nuniicr  in  whidi  logidma,  wlio  all  eootend  moire  or 
less  explicitly  for  the  mfidency  of  ordinary  syllogisin,  meet  the  cases  in  wbich  picmiitt 
give  inference  which  cannot  be  reduced  to  one  ordinary  •^^yllo-risni  with  those  premises.  T 
pass  over  the  following,  us  extra-logical.  First,  giving  the  inference  a  bad  name,  as  call- 
ing it  a  subtlety,  or  the  like ;  logic  is  the  science  of  the  neceatary  laws  of  thought,  subtle 
aod  not  tubde.  Secondly.  afflnniBg  thit  the  infifenoe  it  very  easy :  viiidi  ia  juit  aa  mueh 
the  oaae  with  Ae  &TiHiied  modea  of  ayUogiam.  I  proceed  to  one  which  i»  both  logical 
and  sufficient,  but  which  again  appUea  joat  aa  much  to  the  ordinary  ayUogiam  aa  to  the 
caaes  which  will  not  fall  under  it. 

In  every  inference,  there  is  an  act  of  the  nund,  uliich  we  may  perform  with  or  with- 
out ooiHcMMianeH  of  leferenoe  to  the  general,  «df<evident,  and  indemoutmfale  poatulate 
under  which  the  vnU^y  of  tliat  act  mighl  he  maintained.  UaeTal  aa  reCnence  to  tlie 
postulate  may  be,  it  is  not,  or  need  not  be,  formally  necessary,  since  the  act  of  the  mind 
by  which  wo  refer  the  instance  of  inference  to  the  |)ostulate  is,  lo^'cally  considered,  of 
the  ^nic  kind  as  that  by  wliich  we  draw  the  inference  at  once  from  the  premises.  Never- 
theless, the  formal  syllogism,  in  the  first  caact  ia  never  anything  but  that  easiest  of  aU 
caaea»  the  ayUogiam  of  jwine^  and  euompttt  {F,  L.  tS7).  And  thua  we  have  for  the 
ordmaiy  ayHagicni,  two  forms  of  argument:  the  common  one,  and  the  nftmce  to  the 
postulate.  Now  this  postulate  always  has  had,  perhaps  always  must  have,  a  composition  of  rela- 
tions, such  as  I  have  generalized  in  Section  V.  Coiisecjiuntly,  I  assert  that  the  logicians  have, 
when  compelled  to  declare  the  ordinary  syllogism  incapable,  had  recourse  to  instances  of 
the  camporidon  of  lelationa  out  of  whidi  I  bnve  conatracted  the  bieopular  aylkgiHn; 
though  in  truth  they  have  not  aeen  the  eztennon  of  the  theory,  merdy  beoauae  thdr 
reference  of  the  example  to  the  priodple  may  bo  made  under  the  form  Barbara. 

First,  I  take  a  common  syllogism,  say  A'))  r).(Z  =  X).{Z.  Usinp  th.-  terms  of  my 
work  (F.  L»  ch.  xiv.,  in  which  every  syllogism  is  thu6  reduced,  though  composition  of  re- 
latiooa  ia  not,  as  it  ought  to  have  been,  the  leading  idea,)  we  see  that  is  a  spedea  of 
y  which  is  an  external  of  Z,  ao  that  A*  ia  a  apedea  of  an  external  of  Z.  Now  if  we  merely 
eomponnd  the  rehtiona,  we  see  that  qpedea  of  external  ia  external ;  whence  JT  ia  an  external 
of  Z.    If  we  dtooie  to  make  our  last  step  in  the  greatest  form,  we  have 

£very  apecim  of  an  external  (of  any  notion)  is  an  external  (of  that  notion), 
A*  is  a  species  of  an  external  of  Z; 
Therefore  X  h  aa  external  of  Z. 

If  I  wcM  to  attadi  the  syllogistic  theory  in  n  manner  anakgoua  to  that  hi  whfeh  lo- 
gtdana  have,  in  certain  iaolaitd  eaae^  aupp^  ita  defieienciee,  the  attack  would  involve 
the  assertion  that  the  precedii^  tiansfermation  is  the  legitimate  form. 

I  now  give  instances  of  the  supplementary  use  of  this  method.  Reid  justly  remarks 
that  "  A  ia  equal  to  B,  and  li  to  C,  therefore  A  it  equal  to  C,  cannot  be  brought  into 
any  syllogism  in  figure  and  mode."'    On  which  Sir  W.  Hamilton's  note  (p.  70S)  is  as  fol- 
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low» ; — "  Not  as  it  stands ;  for,  as  expressed,  this  reasoning  is  elliptical.    Explicitly  stated* 
n  at  foDcnra:— 

What  are  equal  to  the  tamg,  are  equal  to  eaeh  other; 
J  and  C  ar»  mpM  Iv  M«  mmt  (A) ; 

TkensfinrOy  A  and  C  are  equal  ta  each  other." 

I  am  quite  at  a  loss  to  see  how  the  second  is  an  expanded  form  of  the  first.  But  I 
see  distinctly  the  imposition  of  relation,  'equal  of  equal  is  equal/  expressing  the  tran- 
sitiveness  of  the  copula  equal*,  which*  with  its  convertibility,  renders  it  of  equal  validity 
with  It  ai  Um  copula  to  be  emplojed  id  a  syllogum. 

Agnn*  a  naaiit  and  leaned  effilar  of  AMiieli,  the  Bev.  H.  L.  If  eaMl,  obeerviM  of  die 
preceding,  that  **d)e  reaaoning  ia  elliptical,  and  therefore,  as  it  atande,  material;  though 
owing  to  the  suppressed  premise  being  self-evident,  its  deficiency  is  apt  to  be  overlooked." 
This  suppressed  premise  is  the  major  ^ven  above.  But  does  it  not  then  follow  that  the 
ordinary  syllogism  ia  elliptical?  Is  there  not  alwaye  the  suppressed  premise  (as  I  fed 
bound,  00  thew  authoritiM,  to  call  it),  ^What  an  the  eame  ore  eadi  oOierr 

There  is  eome  want  of  distinctness  in  the  use  of  the  word  material,  as  distinguished  from 
formal.  When  the  last  named  writer  makes  it  "  material  and  therefore  extra-logical  "  that 
Alexander  was  the  son  of  Philip  hrcause  Philip  was  his  father,  he  uses  the.  word  historically. 
The  formal  connexion  of  relation  and  correlation  exists,  though  Aristotle  did  not  recognize 
it  a«  oopnlar  except  when  the  relation  it  ita  own  oorrdationf  and  Aen  ooly  in  a  limited 
caae.  Certainly  the  natter,  in  the  eaae  of  fvtiur  and  eoM,  mpplies  the  knowledge  cf  the 
correlative  relation  existing,  but  not  the  mode  of  udng  it  in  inference,  when  known  to 
exist.  In  this  and  a  great  many  other  instances,  matter  is  opposed  by  writers,  not  to  form, 
but  to  what  is  recognized  as  form  in  the  school  of  Aristotle:  the  assumption  of  course 
being  that  ^t  adioat  ezhauata  the  fonns  of  thou^t  Hiatoricelly  speaking,  the  copula 
has  been  material  to  this  day :  this  I  must  contlnne  to  believe  until  it  be  pointed  out 
where  the  formal  conditiona  have  been  sepaiated  from  the  matter,  and  made  tlie  initru^ 
ments  of  inference,  independently  of  the  separated  matter. 

A  certain  indifPerence  to  close  description  of  the  oopular  relation  is  manifest  in  many 
logical  works,  accompanied  by  negligence  in  its  application ;  and  this  may  produce  strange 
oomequencM  in  litexal  tiandationa.  The  proposition  '  X  is  7C  may  bear  aqpramian  in 
Freneh  as  *X  doit  Itre  K,*  and  in  Latin  aa  *X  debet  erne  F,'  though  both  an  rather 
negligent  forms  for  a  strict  work :  but  the  English  *  X  ought  to  be  K'  is  of  a  different 
signification.  i3oth*  the  English  translations  of  the  Pr'vf  Hnyal  Logic  give  a  paralogism 
for  the  instance  cited  in  iliustratioa  of  the  definition  of  the  word  reaeotutig :  ^'  having  judged 
that  true  viztim  ooght  to  be  wfiwrsd  to  God^  and  Aat  the  victue  of  the  heathens  was 
not  ralbted  to  bini»  we  thenoe  conelude  that  ^  virtiie  of  the  heathens  was  not  true  virtue." 
Had  the  copula  been  as  Ailty  treated  of  as  the  terms,  sudi  inaocoraeies  could  hardly  have 
oecuneda 

•  A  am  set  hM  iweuilr  bMU  puUUi**  V  T.S.  BtyiH^  BAafansh,  MSB. 
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(BMd  AtrH  16,  1860.3 

1.  Trees  have  appeared  of  late  yaart  many  works  upon  the  lubjaet  of  Politieal  Eeonomy 
in  wKicb  the  reasoning,  iDuatnted  by  nmnerieal'examplM  or  in  oilier  ways,  ia  of  nicli  a  kind 
that  a  penon  of  mathematical  habits  of  mind,  in  reading  the  works,  is  naturally  led  to  reHaet 
upon  the  possibility  of  putting  the  reasoning  into  b  general  algebraical  form,  and  upon  the  con- 
sequences which  would  result  from  such  a  mode  of  treating  the  subject.  It  is  cvid«ot  that  such 
a  mathematical  mode  Invntigation  moldt  when  the  fondamental  principles  «f  the  auhject 
were  once  diilinetly  etatod  and  czpreiMd  in  algehraical  i^mholi,  give  the  leeultt  with  a  certainty 
and  aimplidty  of  incthod  which  would  fae  more  latiafaclory  than  apedal  numerioal  exaniiileaf— 

at  least  to  a  Qiatlicniatician.  And  among  mnny  other  advantages  of  such  a  process,  w<r  mny 
expect  that  wc  should  olitain  these  : — that  wc  should  st-c  h»>th  liow  the  doctrines  may  l)e 
generalized,  and  huw  they  must  be  limited,  much  more  eaiiily  and  clearly  than  we  could  do  by 
die  li^t  of  special  nnnerical  examples  only.  Aooixdingly,  attempts  have  not  been  wanting 
to  nudte  such  an  application  of  mathematical  methods  lo  Politieal  Economy ;  amo^g  whidi 
I  may  refer  to  a  psper  of  my  own>  pnbliahed  in  the  TVoMoefioiw  of  thi*  Society*. 

SI.  It  would,  however,  be  to  take  a  very  erroneous  view  of  the  consequences  of  this  applica- 
tion of  mathematics  to  Political  Economy,  to  luppose  that  it  can  add  anything  to  the  certainty 

flf  the  fundamental  principles.  There  is  perhaps  in  some  peTBCMls  a  propensity  to  believe  that 
any  subject,  when  clothed  in  n  matlu  niatieal  shape,  acijuircs  something  of  matheniaticid  demon- 
strative character;  and  that  by  applying  mathematics  to  assumed  principles  of  knowledge,  we  in 
some  measure  create  a  science.  I  must  beg  leave  very  distinctly  to  repudiate  all  prtitensions 
cf  this  kind.  By  stating  distinctly  our  fimdamental  principles,  whidi  such  an  nndwtaking  as 
the  present  requires  us  to  do,  we  may  bring  them  more  clearly  under  notice  and  examination 
than  would  otherwise  be  done  ;  but  we  add  nothing  whatever  to  the  evidence  of  the  principles. 
All  that  wc  pretend  to  say  is,  that  if  the  eon  elusions  be  false,  the  fallacy  must  be  in  the  prin- 
ciples, if  the  process  of  deduction  be  truly  mathematical. 

3.    The  questions  which  I  now  intend  to  consider  are  some  which  relate  to  the  connection 

of  demand,  supply,  and  price,  whether  in  the  same  country,  or  in  different  countries.  And,  first, 
in  tlie  same  country.  That  the  price  of  anv  comttTo<Hty  depends  upon  the  relation  of  the 
demand  and  the  supply  is  commonly  and  truly  stated.    But  in  order  to  express  this  dependance 
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in  a  mathnDalinl  nu»ner»  w«  matt  define  with  pnediioa  the  qtientities  which  enter  into  the 
rdation. 

4.  Let  p  be  the  price  of  a  oommodity  C,  and  q  the  quantity  eflcctually  demanded,  that  is, 
bought,  at  that  price;  pbeuig  nf  coime  eipreMei  in  onits  ofmoDey,  and  9  in  tern*  ef  MNnc 
unit  which  measures  the  commodity  C. 

The  demand  for  C  depends  (ccr/eris  paribus)  upon  the  price:  q  depends  upon  p.  Let  p 
iiii Ttasc  in  any  ratio:  the  deniaiid,  that  is,  tlie  quantity  wliich  buyers  are  willing  to  piirchaso, 
will  cuinmonly  diminish :  but  it  may  diminish  cither  in  the  same  ratio  in  which  the  price 
inereaeea,  or  lew  rapidly.  If  the  price  of  com  be  itkcnaied  by  one^Duitb,  the  eoosuDptioii  majr 
be  diminiebed  bj  one-fiftht  one^ghtb,  or  one^enth.  Im  the  Hret  case,  the  money  demand, 
that  ii,  the  maa&j  expended  on  the  eonmodity,  would  be  unalteied:  (for  it  would  be 


•'5*v»i  1  t         ,,m.  5     7     S5  7 

«  price  X  quantity  ■  -  x  -  «  1).   In  the  eeoond  CMe,  it  would  become  a-x-^  —  -  1  +  — , 

or  would  be  increased  between  one-fourth  and  one-fifth.    In  the  third  case,  the  money  demand 

5     <)    y  1 

would  become  ^i-x  —  m  ~  m  i  +     and  would  be  increased  by  one-eishth. 

5.  In  order  to  express  such  a  relation  generally,  let  p  become  p' s  |>  (1  +  »),  and  let 
q  become  9^,  such  that  pV  "P^U  ■*■        vbere  m  ia  a  certain  ooefllGient,  This  expreaaea  the 

cases  just  mentioned  according  as  m  >  0,  m  ■■     or  in  a  - . 

6.  But  the  price  may  also  be  eonildcred  as  depending  on  the  supply,  that  ia,  on  the 
quantity  supplied  for  sale :  and  the  quantity  supplied  to  buyers  at  a  given  price  is  the  same  as 
the  quantity  boutjlit  at  that  price;  therefore  the  equation  jttSt  given,  p'9' (l a*'), 
expresse*  the  relation  between  supply  (j)  and  price  (p'). 

if  tlie  quantity  supplied  of  any  given  commodity  be  diminished  by  one-fourth  (for  example), 
tH(e.^ee  may  inereaae  by  one-third,  or  it  may  increase  one>fifth,  or  it  may  increase  one^balf. 

s  4 

In  these  crises  the  money  demand  respectively  becomes  s  -  x  -  «  I,  that  is,  remains  unaltered; 
becomes  -  -x--—  si-.^,  or  diminiahcfl  by  one-tenth ;  beoanca  -  -x-«^si  4^-,  or 

45      so  10  '  4288 

increaaet  hj  one^tghtb.   And  since  « ia  in  these  cases  •  ^  p ^ >«)pwt>vcly, and m»oOt~-^,\ 

9  9m  Iv  8 

respectively  ;  we  have  in  the  three  cases,  tn  =  0,  nt  =  —  -,  m  —  respectively. 

If  the  quantity  supplied  be  iiicreriscd  by  one-fourth  (for  example),  the  price  may  be 

diniini«hcd  by  one-Hfth,  or  une-lenth,  or  one-half.    In  these  cases,  tlie  uiutiey  demand  becomes 

8     4  5991. 
respectively  a  -  x  -  •  1,  that  is,  remain*  unaltered ;  becomes  a-x  —  —  -ai-f-,  that  is, 

5     18  8 

increases  by  one^gfath; — ^becomes  -  -x---»l        that  ia,  dimimshea  by  thre»«ighths. 

Vol.  IX,  Pabt  I.  17 
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Since  « is  in  theae  caaee  •  "Zt  -  respectivdy* and  m*  «  0, 4*  we  bave  m  «  0, »  • 
ai  •  -  -  in  the  three  caaea  icipcctiTelj. 

4 


7.   WUeh  of  these  daaiet  of  caaes  ie  likdy  to  exist  in  praeticeP 

It  will  be  apparent,  on  consideration,  that  one  or  other  will  occur  according  to  the  nature  of 
commoditv,  and  thus,  that  m  has  different  values  for  different  commoditiea.  We  shall 
endeavour  to  indicate  certain  classes  of  commodities  according  to  this  relation. 


8.  C^)  There  may  be  some  cavmaditiea  on  which,  in  a  given  aoeietj,  the  sine  sum  is 
expended  whatever  be  the  price  of  the  article  (per  unit) ;  a  smaller  quantity  being  bought 
exactly  in  proportion  as  the  price  \s  higlur.  Such  would  he  the  cast  wilh  DrnaincntJil  attire, 
for  instance,  if  each  person,  or  if  persons  ou  au  avt-rage,  were  to  spend  upon  it  a  dcterniiuatc  sum 
every  year;— an  nUbttMMee  Jbr  drasvi  aa  it  nigbt  he  termed.  In  thia  eaie^  when  p  beeomea 
f  (1  +  «),  pV*  the  money  demand,  remains  unaltered,  whence     (1  +  m»)  -  pf.  Here  m  -  0. 


9.  (5)  There  mav  be  oiIut  commodities  of  which  thf  ipiantitv  Iwirpjht  is  the  •<ame 
whatever  be  the  price  ;  such,  for  example,  may  be  articles  which  arc  looked  upon  as  necosisarv 
by  rich  persons;  as»far  instance^ official  dresaes^  and  conventional  appendages  of  persona  in  office, 
and  the  like.  Here»  when  p  becomes  p(l  +  »)» 9  mnains  nnaltered.  Therefore  p^  (I  -i-  m«) 
mpq(l+        Here  m  ■  1. 

10.  (C)  There  are  other  commodities  uf  which  the  price  increases  Dtor«  rapidly  than  die 
quantity  supplied  Am&idslies  t  Sac  instance,  the  general  neeesaaries  of  life.  It  hns  been  «u  pposed 
that  a  deficienej  of  one-fifth  in  the  anpply  of  com  will  raise  the  price  four<fifUta.  Supporiog 

this  true,  the  money  demand  beeomes  »-x-b  —  sl^-— .    And  since  x  <b-  and  mji;  -  — , 

S     S     95  95  &  95 

11 

90 

11.  TI)c  more  wc  suppose  price?  to  rise  for  a  given  tiiminution  of  supply,  the  more  will  m 

approach  to  l.    If  we  suppose  that  a  diminution  of  one-fifth  in  the  supply  will  treble  the 

-1  IS         7  7 

price,  we  have  the  money  demand  a-xSa  —      +        And  shice  ai«    ■>  and  9, 

o  S  D  o 

7  U 
m  «  —  •  — . 

10  20 

In  all  these  caaes  m  is  between  0  and  1. 


12.  {D)  There  may  be  other  commodities  of  which  the  price  inereases  in  a  leas  pro- 
portion than  the  supply  diminiahea :  or,  as  the  case  ie  perhaps  more  evident,  there  may  be  com- 
modities,  of  whidi*  when  the  price  diminishes,  the  demand  increases,  and  in  so  great  a  proportion 
that  the  whole  sum  expended  on  them  is  greater  than  before.    This  may  be  the  case  with 
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some  luxurio:  for  instance,  vfaen  ta«  or  coffee  fall  to  half-price,  they  maj  come  into  use  with 
new  and  numenNu  daaaea  of  penons,  lo  that  the  whole  ram  expended  on  dmn  may  be  doabk 
what  it  was,    In  thU  caae,  It  i«  evident  that  the  qiionti^  bought  muat  be  four  timn  what  it 


waa»    In  this  caee»  «  a  —      m»  m  i ;  hence  mm  —  n. 

This  may  be  the  case  in  a  smaller  degree  ;  if  h  u  suppt»t;  tiuit  a  fall  to  half-price  increases 
the  monejr  demand  by  oneJialf,  we  have  «  —  -  ^ ,  mx  •  ^  ;  whence  m  «■  -  1. 

If  we  suppose  that  a  M  to  ludf-friee  incieaaes  the  nonej  deniaad  by  one  quarter,  we  have 

11.  1 


»  »  ,  mx  ■  -;  

«  ♦  « 

In  the  but  two  cases,  die  quantity  bought  is,  in  the  former  case  trdilnd,  in  Che  latter, 

5 

increased  in  the  ratio  - . 

S 

In  all  these  cases  m  is  nc^tive. 

18.  We  most  suppose  that  die  above  itermnlss  apply  also  in  die  cases  in  whidi  » is 
negative,  or  die  price  fidls.  Applying  this  remarit  to  the  four  ekssee  of  eonditiaiis  A,     €,  JD, 

we  see  that 

For  clasi  A  oi  coiiiaiodities,  (m  <■  0,)  if  the  price  fall,  the  money  demand  remains  un- 
altered, and  the  quantity  sold  increases  inversely  as  the  price. 

For  dass  B»  (m  •  1,)  if  the  price  All,  the  numey  demand  iSdls  in  the  same  proportion ; 
and  the  residue  is  saved  by  the  purebasers  for  other  empbyueots. 

For  daas  C,  («> 0  and  <  1,)  if  die  piioe  lalU  the  money  demand  £dk  alaoi,  but  in  •  less 

proportion,  die  qoandty  sold  being  incrsnsed.   TliiH»  if  Ibr  any  commodity  for  wbieh  "» -  ^* 

the  price  foil  one-half,  the  money  demand  will  fall  ooe-dghtb.  If  when  "* "  ^  *  P"<^® 
foU  oncJialf,  the  money  demand  will  foil  oofr^fourth.  To  produce  the  ftnner  eifoct  die  qnaiu 
dty  sop|)ly  must  inereaae  in  the  ratio  - :  to  piwluce  the  latter  the  quantity  supply  must 

increase  in  the  ratio  -. 

2 

14.    If  HI  be  very  nearly  -  1,  for  instance  if  m  -     ,  and  die  price  foil  one^lb,  the 

y  1 
money  demand  will  foil  — :  to  produce  dtis  effect,  an  increase  in  the  quantity  of  ^  will 

18 

sufice.  If  the  price  foil  two-tenths,  the  money  demand  will  fall  —  :  to  produce  tUs  elfbet,  an 
incrsase  in  diequandty  of  ~  will  suffice.  If  the  price  foil  omeJislf,  the  money  demand  will 
fidl  by  ^ :  to  produce  diis  effect,  an  jocrwii  in  dm  quantity  supplied  of  ~  will  sv&e. 

17—8 
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Henoe  it  appears  that  wlimi  iit  h  very  newrly  equal  to  i,  a  amaD  hicrtMe  in  the  quantitv 

supplied,  ^~^f  will  pruduce  a  large  diminution  in  tiie  price  ~»       •     I"  such 

cases  we  may  say  thul  the  price  is  very  susceptible  of  cliuiigo,  (by  alteration  of  tlie  su]>ply), 
and  since,  as  Hi  is  larger,  this  msceptibilUtf  is  greater,  we  ma^  take  m  to  measure  the  suscepti- 
bility of  chatigt.*  of  price  of  each  commodity. 

IB.  But  if  we  Ooniider  the  demand  a«  varying  with  the  price,  it  is  evident  that  for  a  piven 
increase  of  price,  n  greater  increnae  of  money  demand  indicates  a  stronger  effictiial  dt  niand  : 
and  as  this  i«  greater  according  as  m  is  greater,  m  may  measure  the  strength  of  demand  for 
eaeh  coDmuiditjr,  as  ahewn  when  the  price  dumgn. 

16.  We  may  include  these  two  ways  of  rcgarditif^  m,  by  calling  it  the  .sprrific  rate  of 
ehnnge  of  each  commodity  ;  mcauiog  thereby,  both  the  change  of  price  when  the  supply  varies, 
and  the  change  of  demand  when  the  price  varies. 

17,  For  an  example  of  the  value  of  i»,  we  may  take  data  given  by  Mr.  Tooke  {High 
and  Low  Prices,  p.  ^si).  He  says  that  to  diminutions  in  the  aupply  of  com  we  have  comqMod- 
iog  ai^gmentaticins  of  price,  in  the  toUowing  proportion  : 

J>u»mutian  of  supply  ^,  ^.  ^,  ~; 

S       S      H>     S8  45 
Increase  of  price         ^,  -, 

Nov  if  we  take  us  -  ^*  we  have  the  fiilbwing  cergeapondaww : 

DimiDUtiop  of  supply  ~,  1.  i .  1,  ^; 

Increase  qf  pnee        —  ,  -*  ,  — ,  — ,  lofiDite. 
For  a  deiicidicy  of  supply  of  one-lmif,  the  pricet»  would  be  infinite.  This  shews  that  the  formula 
with  the  value  «■     is  not  applicable  for  logteata  defieiency  of  supply:  but  upon  the  whde, 

m  at      appears  to  be  near  the  value  of  the  specific  ratie  of  ehaoge  Ibr  com. 

I  8  17 

If  we  take  the  dininutioB  of  aupply  «  — ,  and  inonMae  of  price  -    ,  we  have  m  •  >- . 

"^^     10  10  so 

5  4,5  7 

If  we  take  the  diminution  of  supply  ■  — ,  aod  increase  of  price  «  —  .we  have  m  «  — . 

The  former  is  gNsler  than  |t  the  latter  is  leas  dian  ^  *. 


*  ll  tfpma  Ikat  whtn  the  diminution  of  supply  ii  unall,  I  it  newljr  DM-tMlf,  the  «tllW«lKl  Is  M*  iMfl.  Thereron  At 
flit  wIb>  ■> » t  h  in  himII,  ind  whm  U»«  dtoinniiwi  of  supply  |  Ibiieiliin  j»f(l+««)  is  sat  laalljr  dte  me  Dmnalft  of  ifa* 
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18w  For  the  class  of  commodities  />,  (m  negative,)  if  ilm  pries  rites,  the  quantity  eiFectually 
demanided  dimbiihes  in  a  higher  ratio. 

In  the  CtK  mippoged  lidEbW}  ai  whidi  n  fall  of  price  to  one-half  produced  a  fimrJcdd 

amount  of  sale,  we  might  at  first,  ]>erhaps,  suppose  that  the  rule  applies  in  the  inverse  order 
i)f  change,  and  that  if  the  price  be  apain  doubled,  the  quantity  demanded  will  again  fall  to 
one-fourtli,  and  the  muuey  demand  to  one-half.  But  this  result  will  not  be  given  by  the 
fonnida.  For  in  tins  caae  m  ma  ■  —  S;  and  if  when       * M(}  ~      ^  fuppoaa  9  to  be 

-9,  w« have  t  +  9im  4(1  .  winch  would  give  « •>  denotuig  an  inermae  of  ntjee  of 
ooe-third,  and  a  money  demand  diminitbed  to  one-third. 

19.    This  apparent  inoonsistencj  ariaea  tnm  the  fimnula  p'q'  ^pq  (1  -mr*)  being  made  to 

rest  on  a  given  medium  standard  price  and  quantity,  p  uaA  q,  and  to  express  the  changes  by 
an  increment  or  decrement  r.    Ileoce  large  changes  avs  not  pToportionaUy  the  same  above 

and  below  the  standard  point. 

WlMtt  M  at  -  ^ ,  we  have  the  money  demand    F9     ~  ^  j  *  *^  hence,  liooe 

1-? 

p'g  =  p9  ^1  -      ,  /*'  -  p  (1  +       we  have  g  =  . 
When  the  quantity  Inereases  by  one  and  one-half  times  its  tsIuc^  wa  ha-va  this    |,  whence 

«  B  —  -  ,  and  the  price  is  reduced  to  uoe-half,  as  in  the  case  above  stated*   When  tbe  quatitity 


1  - 


decreaies  by  one>hslf,  we  have  ■  which  would  give  «  -  and  tbe  price  is  in- 
creased  by  one4ialf. 


9 

1  — 

2 


When  the  quantity  decreases  by  one-third,  we  have  ——  -1  -  •  wheoee  «  •  - ,  the  price 

1  +  >p    s  7 

9  5 
is  increased  in  the  ratio  - :  the  oumej  demand  is  diminished  in  the  ratio  - . 

7  '  7 


20.  It  appears  from  what  has  been  .said,  that  we  have  four  classes  of  commodities,  which 
difler  according  to  difl'erent  values  of  m,  the  suaoeptibiUty  of  change  in  the  price  by  change 


money  demuxl.  It  would  hr  caiiy  to  deriie  a  formula  wbidi 
»houl4  more  ni;a  ' ,  n  ] n-cut  Mr,  Tooke'a  progreiaiOD;  but 
eren  If  bis  numbim  wtrre  tiertvt^  flora  facta,  they  would,  of 
tbemselrea,  be  inaecure  groundt  for  genetalUation.  And  the 
nature  of  the  pcagraaaion  makaa  ii  probable  Ibat  tbe  progrtMleo 
ialijrpoiiiciletlBiiMilridMtlilid  difliHui       cooMit  i  m 


0         3         R  16         38  45 

5         S         «         12  17 

8         3         4  !, 
1  I  1 

Tb»  gmeni  tent  of  the  miu  3,  &,         *$  ii 

9 
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of  supply,  or  tbe  rate  of  cliange  m  tbe  money  deaumd  for  a  change  of  price.  The  daiaet 
occur  at  m  it  1,  u  between  i  and  Q,  {>  0,  or  is  iu7;ut!v(>.  So  far  as  these  daieea  of  com- 
modities are  exemplified  by  tlic  instancM  abovt-  aildiicftl,  we  may  call  thc'in  C'inventional 
yetvssdric^',  Gnieral  Neceamriea^  Afticirs  nf  Fi  red  E  tpendifurc,  and  Popnhir  Iji.rnries.  Tor 
the  tirst  class,  the  quantity  sold  is  the  same  whatever  be  the  price.  Fur  the  second  class, 
wfaeo  the  price  nice  the  quantity  told  diminiebec,  but  tlia  money  demand  increaaee.  For 
the  third  dam,  the  money  demand  is  always  the  lame,  and  tlierefete  the  quantity  sold  is 
invendy  as  the  price.  For  the  fourth  claas,  when  die  price  ftUs  die  quantity  sold  is 
augmented,  so  that  the  money  demand  alto  is  augmented. 

21.  I  suppose  that  there  are  no  commodities  of  whMi  a  greater  quantity  would  he 
sold  if  the  price  were  increased,  and  a  less  quantity  sold  if  the  price  were  diminished.  It 

is  conceivalile  that  this  might  be,  as  a  matter  of  caprice  or  fashion.  For  instance,  we  may 
eonceive  that  diamonds  might  in  some  way  (by  tbe  discovery  of  abundant  mines  or  tbe  like) 
become  su  oommun  as  to  grow  out  of  use,  so  lSb»t  a  less  quantity  might  be  sold  than  at 
present.  If  there  should  be  such  commodities,  they  would  correspond  to  values  of  m 
greater  than  i. 

22.  If  it  were  possible  to  arrange  commodities  according  to  die  vslue  of  m,  the  specific 
rate  of  change,  (as  h  done  hypothedcally  for  the  salte  of  example  in  the  above  instances)  so 
that  we  should  for  every  quantity  know  the  value  of  m,  we  might  solve  a  great  variety  of 

problems  respecting  tiie  variations  of  price,  of  demand,  and  of  supply,  so  far  as  these  quan- 
tities depend  on  each  other.  And  so  far  as  the  formulsE?  arc  applicable,  we  have  the 
equations 

j>-p(l+ar),  p  9  - /jg  (1  +  «  -  9 -r"  * 

1  +» 

S3.  It  is  well  observed  by  Afr.  J.  S.  Mill  {J^^.  Econ.  i.  599)  that  instead  of  saying,  as 
writers  have  often  said,  tliat  the  price  depends  upon  tlie  Tnfio  of  demand  and  supply,  we  fuight 
ratlier  to  say  that  the  price  depends  upon  tlie  equntirm  of  demand  aiid  supply.  And  we 
may  apply  the  term,  the  equation  of  demand  and  supply  to  the  equation 

p'q'  -pq{l  +  mx). 

24.    At  examples  cf  the  above  formulir,  let  it  be  supposed  dmt  an  increase  of  ^  in  the 

supply  (the  whole  being  sold)  piroducM  a  fell  of  -  in  the  price. 

m 

Then  «  «  — ,  and         >  — ,  whence  «•  -  - . 

6  1    10  5 

1 

5 

This  beii^  the  ease»  what  eCect  on  the  priee  would  be  pioducod  by  an  incrsMe,  and  what 
by  a  diminution,  eneh  cf  ^s         ""W^  • 
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1  +  '* 

For  the  increase   ^  »  - :   jt  m  ~        the  price  falls  in  the  ratio  — . 

3» 

For  the  deenaae  ■        =      .v  »  -  :  the  price  rise*  in  the  ratio  ■- . 

I  +x      *  S  *^  8 

85.    Hitherto  we  hive  not  considered  the  manner  in  which  the  extent  of  the  supply  is 

determined  by  its  causes.  But  it  is  evident  tliat  in  general  tJiere  is,  between  the  quantity  sup- 
plied and  the  price,  a  relation  depf  ndinn;  upon  the  conditions  which  govern  the  supply,  a»  being 
the  produce  of  agriculture  or  of  manufacture,  or  of  same  other  agency. 

26.   So  far  as  this  dependaoce  goea,  there  ere  three  main  dasaea  of  eaonioditiet 

(J.  S.  Mill's  Polit.  Ecmi.  i.  '>2\). 

(«)  ArticU  s  (if  aljsolutcly  limited  and  ftxed  supply,  in  which  no  increoie  of  price  can 
increase  the  supply,  as  old  pictiirps,  peculiar  wines,  building  ground  in  a  town. 

(/3)  Articles  of  unlimited  supply  with  prui>urtionaI  labour ;  as,  in  general,  manufactured 
articles,  cottons,  woollens,  linens,  which  might  be  produced  in  unlimited  abundance  by  a 
proportional  application  of  capital  and  labour.  In  these,  the  priee  or  eoef,  in  the  iot^  run, 
and  independently  of  temporaiy  fluctuations,  is  constant ;  except  so  far  as  it  may  be  diminished 

by  improvements  in  manufacture  or  ciiUi\iitii>n,  or  increased  by  tlie  int  reasttl  cost  of  the  raw 
material ;  or  raiaed  for  a  time,  and  iu  ultimate  value  delayed,  by  want  of  capital  or  want  of 
labourers. 

(-y)  Articles  of  increased  supply  at  increasing  cost,  as  agricultural  produce  iu  a  given 
limited  oonotry.  In  aodt  artidei«  every  addition  to  tlie  quantity  prodnced  inereaees  the  cost 
of  some  portiooi,  and  therefore  the  prior  of  alL  To  add  a  million  quartien  of  com  to  the 
annual  produce  of  a  country,  would  raise  the  cost-price,  it  may  be»  I  shilling  a  quarter.  To 
add  a  second  millinn  quarters  to  the  prixlnoo,  would  raise  the  price  still  further,  it  may  be  a 
sbilliog  mure,  or  two  shillings  above  the  original  standard ;  and  so  on. 

87>   But  it  nwy  be  that  the  incteaae  of  coat-prioe  goea  on  in  a  liigha  ratio  than  tbe 

increased  amount  of  produce.  Thus  the  original  standard  quantity  of  produce  being  q  millions, 
and  the  cost-price  of  a  unit  of  that  quantity  being  p  shillings,  let  it  be  supposed  that,  in  ordf  r 
to  add  to  f/  rchpteiivily  J  million,  2  million,  3  million  units,  the  price  must  rise  at  each 
atep  auceenivcly  by  i  shilling,  3  shillings,  shillings,  tie.  at  the  auooetaive  atepa  of  extended 
and  more  expenaivc  cultivation.  Then  Ae  whole  rise  of  price  at  these  steps  above  tiie 
original  standard  will  he  1,  4^  9,  &c.  which  arc  as  the  squares  of  2,  .'i,  &c.  the  increase 
of  quantity.  We  mny  express  this  relation  thus;  n  being  a  coefficient  hereafter  to  be 
determined,  we  may  suppose 

q  mq{\  +  ,/),    //  -  p(l  +ntr), 
and  we  may  call  thii>  tiie  equation  oj  increased  cost  of  prwiuctum. 
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28.  It  ia  not  pretencted  diat  the  Uw  of  the  incNiaMd  oott  of  increaBcd  quantitj  it  exactly 

represented,  for  agrieultttnl  or  any  other  |  n  !  hm;,  by  the  formula  just  given;  but  only  that 
such  a  formola  may  serve  to  cacemplify  a  Uependance  having  »uch  a  character  n  has  been 

deKribed. 

29.  In  coainaditiea  of  the  first  of  the  three  dame*  aboveanentioaed,  (a),  (eommoditiee  of 
FUud  Supply,)  the  price  depends  entirely  upon  the  intcnnty  of  the  demand.  A'^  the  amount 
of  Mipply  is  invariable,  the  price  ran  vary  on!y  frnrn  some  variattoo  ID  the  demand;  and  thii 
must  arise  from  change  not  expresised  in  our  formulae. 

In  commoditiet  of  the  aeoood  class,  (commodities  of  Fiaed  Coat)  the  quantity  supplied 
will  depend  upon  the  amonnt  of  capital,  labour  and  skill  employed  in  the  production.  When  this 
quantity  varies  for  a  unit  of  the  commodity,  the  price  will  vary.  And  the  relation  will  be  given  by 
the  equation  of  dumnnd  and  supply  (J  'O-  If  /',  tlie  silling  price,  be  greater  that)  tlif  cost  price 
with  the  usual  rate  of  profits,  capital  ami  labour  will  tiow  into  the  pmploymrnt,  till  j>  f  r^'duced 
down  to  cc^t  price.  If  by  any  cau!>e,  fur  instance,  improvement  in  the  process  uf  uiauutucture, 
the  cost  price  is  dfaBiniihedf  the  diminution  may  be  expressed  by  in  that  equation ;  and  (m 
being  known)  the  flqaatioa  wiU  ^ve  the  quantity  whidi  will  be  sohl  at  the  new  piioe. 

In  commodities  of  the  third  class,  (7),  (commoditie*  of  Incre<uing  Cott)  the  quantity  sup- 
plied will  be  (felcrmined  hy  the  cmt  price  which  purchasers  arc  willing  to  j^ve.  The  selling 
price,  in  the  long  run  and  on  the  large  scale,  will  be  the  cost  price  with  the  ordinary  profit. 
If  the  purehaaere  are  willing  to  give  a  higher  price,  (as  for  instanoev  in  consequence  of  the 
increase  of  wealth  and  population)  the  quantity  produced  will  be  increased  by  extended  or 
more  expennvc  cultivation.  And  the  amount  of  increase  will  lie  given  by  the  equation  of 
increased  wt  {~7)-  (If  by  improved  methods  of  cultivatioTi  tin  cost  price  /;  bo  diminishetl, 
this  eqiiaticjn  im  loii<j;er  applies  to  that  change.  The  case  tbea  comes  into  the  second  class 
and  the  equation  of  demand  and  supply  is  to  be  used). 

30.  For  example;  let  the  price  which  purcliasers  are  willii^  to  pay  rise  from  9  to 
10  shillii^,  and  let  n  -  i.    Then  isjf  *     and  y    ^  ■    Theiefore  f  will  be  increased  in  the 

.4 

ratio  -. 
S 

An  inciease  of  -  in  the  population,  with  a  pmportionBl  increase  in  the  means  of  livingf 

would  on  these  suppositions,  correspond  to  an  inciease  of  price  from  9  to  10. 

On  the  saiije  siip|K>$itiuns,  what  rise  of  price  would  take  place  on  the  next  equal  increase 
of  populatioD,  under  the  like  conditions? 

Herey-i-,  whence  p'apli  Hence  the  price  would  be  nearly  half  as  much 

again  as  at  first. 

If  the  original  populaticn  be  doubfed  under  the  like  conditions,  y  ■  1,  p'^  Sp,  and  the 
price  is  doubled,  though  for  the  increase  cf  -  in  the  population,  the  price  was  only  incicascd  - . 
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31.  But  It  nuitt  lie  recaUected  that  tbcte  «i|^xMitM»i|  of  a  |iopabtiMi  vlMh,  duriag  lu 
ioemte  in  numbers,  increases  in  the  MCDe  pioportiOD  an  OMMMj  demand  for  com,  vliik  tbe 
increased  production  of  corn  is  not  accompanied  by  any  improvement  of  cultivation  occasioning 
a  diminution  of  cost,  is  an  arbitrary  hypothesis,  made  io  order  to  apply  the  formulas,  and  not 
likely  to  be  realized  in  fact. 

32.  And  on  the  other  hand,  if  the  quantity  of  produce  of  this  claw  haa  been  iilcKaaed 
whili"  iho  price  has  not  hean  increased,  or  has  been  diuiinished,  that  circumstance  shews  that 
in  the  country  and  during  the  period  in  question,  the  commodity  has  rot  been  one  of  increasing 
cost  of  production.  In  this  case  improvements  in  cultivation  must  have  balanced  or  more 
than  NlntM?wl  the  incf  eaaed  diflwultici  which,  without  Hum,  wiould  have  made  the  coat  of 
«verjr  added  portioo  of  pioduce  greater  than  the  preeedbg.  To  tfaia  caw  our  equatioii  does 
not  applj. 

88.  The  preceding  formula  apply  to  prices  as  affected  by  demand  and  production  within 
the  limits  of  our  country.  Prices  within  such  a  circle  are  governed  ultimately  by  the  cost  of 
ptoductioD.  The  prices  of  a  iroit  of  each  of  two  ooaanaodities  C  aad  A  •>»  ss  the  cost  of 
production  of  the  two ;  that  is,  as  the  labour  (including  skill  estimated  in  labour)  by  which 
each  is  produced  and  brought  to  market.  For  if  the  ratio  of  the  prices  were  different  from 
this,  labour  would  be  transferred  from  the  production  of  the  one  to  that  of  the  other,  so  as  to 
tend  to  restore  the  equality.  But  between  foreign  countries  there  ia  no  such  tendency  to 
equilibtiuni  between  price  and  labour,  because  laibour  ia  not  tranifemd  from  one  country  to 
another  when  the  prices  are  in  a  diflSMrent  ratio.  A  pound  of  tea,  if  produced  in  China  by  tlie 
aanie  labour  which  produces  a  yard  of  cloth  in  England,  may  nevertheless  exchange  for  two 
yard)!,  or  for  half  a  yard:  for  there  will  not  be  a  transfer  of  tea-proclucinp  labour  to  produce 
cloth,  in  the  first  case,  or  of  cloth-producing  labour  to  tea  in  the  second.  Hence  then  the 
rdatlon  of  priosa  of  oommodities,  native  and  imparted,  is  not  governed  by  the  equations 
already  given.  By  what  then  k  it  governed  f  What  is  the  principle  wtudi  ngubles  inHsr- 
naHtmal  wUun  t   (IfiU,  FtMt,         ii.  ISl.) 

34.  The  principle  which  regulates  such  values  is  (in  addition  to  the  principle  of  supply 
and  demand  already  spoken  of,)  this : — that  when  the  international  trade  has  been  established, 
the  relative  value  of  all  comnodttieB  which  are  exported  and  imported  is  the  same  in  the  two 
countries  (omitting  for  the  present  the  cost  of  carriage).    This  we  may  call  the  principle  of 

vniformify  nf  infernnt'ionnl  pricM.  It  is  evicient  that  if  tea  arul  cloth  are  exchanged  l)etwcen 
China  atid  Kngland,  the  rate  of  cxciiaiige  of  the  two  must  be  the  same  in  the  two  countries  : 
for  if  it  were  not,  the  current  uf  trttde  wuuld  bv  deltiruiined  one  way  or  ulhcr,  and  would,  by 
increasing  the  import  of  the  one  oommodlty  or  the  other,  tend  to  restore  the  equiGbrium. 

36.  In  order  to  apply  this  principle,  let  there  be  two  commodities  (C)  and  (Z))  (cloth 
and  linen  for  example) :  and  let  C  and  D  represent  the  value  of  a  unit  (yard)  of  each  in  terms 
of  any  other  commodity. 

Vol.  IX.  Paet  L  18 
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Suppow  that  in  England  p  is  the  price  of  D  in  tern*  of  C:  and  let  9  be  tbr  quantity  of 
(Jff)  muiiiiied  (that  it,  bought)  in  En^aiid  at  that  price. 

Then  DmpC,       —  m  En^and. 
P 

Suppoee  that  in  Gcnnany  P  is  the  price  of  C  in  tenna  of  JD,  and  lei  Q  be  the  quantity  of 
(C)  eonnmed  in  Gennany  at  that  price. 

(J 

Then  C * PD,  D»-io  Germany. 

Now  D  in  England  costs  pC  when  ihere  is  00  internatiunal  trade;  but  if  obtained  from 
Gmnany  by  czporting  C,  would  there  ooet  -p. 

Tbeiefare  tliere  would  be  a  gain  fbr  Ekifl^nd  in  (Acuning  D  by  exporting  C  rather  than 

C 

prodttdng  it  at  home  if  J»C> ^;  Aat  iB»  if  Pjv  >  1 :  for  the  ooet  would  be  leta. 

In  like  manner,  there  would  be  a  gain  for  Germany  in  obtaining  C  by  exporting  D  rather 

D 

tbao  by  producing  it  at  home,  if  PD  >  — ;  that  is,  if  Pp  ^  i :  for  the  cost  would  be  lea«» 

P 

Hence  on  the  supposition  that  England  exports  C  aod  imports  and  Gennany  exports 
D  and  imports  C,  both  countries  gain. 

36.  What  will  be  die  amount  of  the  exports  and  imports,  and  the  prices,  when  the  inter- 
nadonal  tnde  exists  'f 

In  order  to  solve  this  problem,  we  must  introduce  another  principle;  iiatiulv  this:  that 

in  the  long  run,  and  in  the  permanent  condition  of  the  trade,  the  value  of  the  exjiorts  of  ench 
(»untry  must  equal  the  value  of  its  imports.  For  eadi  country  pays  for  its  imports  by 
its  exports. 

Under  the  trade  kt  p,  the  price  of  D  in  terms  of  C,  in  England,  become  p';  and  9,  the 
quantity  of  (D)  consumed  in  England,  become  q'.  the  whole  being  im|iortcd  from  Germany. 
And  let  P,  the  price  of  ('  in  teriK-  of  !)  in  Germany  bec<  i!  <■  P"  ind  let  Q.  the  quantity 
of  (C)  consutDed  in  Germany,  become  W ,  the  whole  l)eing  impuncd  irom  England. 

In  England  p'C  *  A  itt  Germaoy,  F'D  ■  C  i  and  ainoe  these  equationB  expre&s  prices 
under  the  tKsde»  by  the  prinriple  of  uniformity  of  intemattooal  prices*  tbe  relation  of  C  and  D 
is  the  mme  in  the  two  countries,    llierefore  multiplying  together  the  two  equations, 

wbidi  is  tbe  egiMiMefi  ^ifn(^brmil!y  «fi$ugni^ionai  prku. 

37.  EDglaoU  exports  Q'  of  {C)  and  imports  q  of  (D)  ;  and  of  this  last  the  value  Is  p'q 
in  terms  of  C  t  Aerefiire,  by  (S6)  p'q'^  (f. 

In  the  same  manner  Germany  exports  q  of  (/))  and  imports  Q'  of  (C) ;  aod  of  this  but 

the  value  is  P'Q'  in  terms  of  D:  therefore  P'Q'  -  7'. 

The  equation  p'q'=Q\  or  FQ' ^  q.  v  fhv  pquation  of  import  and  export.  The  two 
equations  are  identical  in  virtue  of  the  equation  Pp'-  I. 
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38.    Now  to  find  tlie  quantities  of  the  imports  and  the  prices. 

The  consumption  of  (Z>)  in  England  varies  with  the  price  {H).  When  the  price  falls  from 
pC  to  p'C  let  the  quantity  coamnned  befatcnMed  from  q  to  rf.  Let  p'>  p  (I  -  «),  and  let  die 

law  of  altered  money  demand  be,  as  before,  p'^ m pq^\  -  mx).    Hence  q' m  ql — 

In  like  maBner  the  denumd  for  (C)  in  Gcrmanj  ▼aileo  with  the  priocw  Let  F'^Fi}-  JQi 

F<tmP(li\-MtX)\  whenn  ^-QyIX^' 

Since  p  (i  -     -  p',  J» (l  -  JT)  «  J**,  we  here  Pp  (l  -  Jf)  (1  -  *)  -  Pp'm  i,  by  (36). 

Doe  (1  -  ^ 

gfCBter  than  1. 

&  —  « 

The  equation  (1  •  ^(1  - «)    I  - i,  givca  JT-  . 

1  —  wtst 

The  equation  9'-  FQ",  (37),  gives  g  ^  _^  •  -  if^T). 

Put  for  ilT  ita  value  ^    ^  »  ancl  aolTe  the  equation  in  x  \  and  we  find 

PQ(\  -Mk)-q 

89*  The  values  of  x  and  X  depend  upon  the  ratio  eziatuig  between  PQ,  and  q  otiginallyf 
before  the  trade:  that  is,  upon  the  relative  value  of  (C)  consumed  in  Germany  and  of  (J5) 
consumed  in  England :  and  also  upon  m  and  Jf,  the  apcdfic  rate  of  change  of  each  com- 
modity. 

In  general  let  P(l»nq\  and  we  hive 


40.  I  will  apply  theie  formula  to  the  nnmeiical  cxampln  given  hy  Mr.  Mill,  (Attf. 
Ecfm,  II.  lii). 

He  euppoiea  that  oi^pnallj,  in  En^and,  C  »  rA  altad  in  Gemanjr*  C  m  %D.  Hence 

p»-,  P^itt  Pp*'  -  which  being  >  I,  the  trade  is  advantageous; 

1-  whe««*.i, 
Pp     *  4 

Let  m  and  Jf  he  eadi  ■  -  •    Hence  we  have 

3 


6-sn 


18—8 
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If  we  mppoie  «  fo  be     ^  ^  *  "  i ' 

I 

Hence  the  price  of  D  in  terms  of  C  falls  -  iu  iingiand ;  that  is,  th«2  price  of  D  becomes 
S     6  18 

On  this  suppodtioa,  moce  9' «  9  — 9  rr  1  quantitjr  of  (/>)  consumed  in  England 
»  gKMer  by     than  it  wu  before  the  tnde. 

The  quantity  of  (C)  consumed  in  Gennany  is  —  greater  than  it  was  before  the  trade. 


41.   If  we  Mippoee  »  to  be     ,  w«  find  «  •  7 1  ^  «>  0. 

o  4 


10        .  .  1 
? 

Hence  the  prioe  of  J>  in  terms  of  C  in  fioglaod  falls      that  ia,  the  price  of  D  becomes 


-  X  -  Cor  ^C.    The  quantity  of  (Z>)  cotisumod  io  England  becomes  —q. 

In  this  case  the  relative  price  of  C  and  D  in  Geraiaoy  is  not  altered  bj  the  trade,  and  Q 
is  not  altered. 

if  we  suppose  a  to  be  ^ ,  we  iiad  «oO,  jr>^,<2'  -  ^(2. 

In  this  case  the  xehiiTe  prioe  of  C  and  D  in  ESq^and  is  not  altered  by  tlie  trade,  and  q 
is  not  altered. 

42.    If  we  suppose  n  to  be  greater  than  -  ,  for  instance,  if  x  >  - ,  we  should  find  from 

5  4 

the fonnula,  0m^\,  Xm  —  . 

But  this  solution,  implying  that  the  price  of  D  in  England  is  increased  by  the  trade, 
is  of  course  inapplicable. 

In  like  manner  if  n  be  less  than  —  we  shall  find  A'  negative,  and  iiave  an  inapplicable 
solution. 

48w   We  can  now  tmoe  the  gain  of  each  country  by  the  trade  on  the  above  suppositions. 

%  84 
LetfB«-andP«Sas  above  (40).    Tiicn  PQ.  =  -q,  and  dnce  P»  S,  Q  ■  ~o. 

7  7  T 

In  this  case,  before  the  trade,  England  produees  for  her  own  eonsnmption  a  quantity  q 
of        and  a  certain  quantity  of  (C).    During  the  trade  she  exports  ^  Q      (Q  ^''^ 
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which  the  oblaiiw  ^9  of  (1>).   The  —Q  of  (C)  ^  «4wd  to       vt  (C)  which,  in  Bittland, 

15  <7  *7 

s 

it  produced  by  the  saaie  labour  as  -q  of  (i?).    Therefore,  of  the  labour  before  emplo^yed  in 

9 

prodiidflg  q  of       ~  is  Uheratcd,  md  naj  be  employed  io  produeiDg  (O  or  mj  other  com- 

modity :  and  Una,  aloog  with  the  -^q  of  (/>),  ia  the  gm  leaidling  to  En^and  Aonn  the  trade. 

15 

B^we  tlie  trade*  Germany  pvoduoes  lor  lunne  conMimptioo  a  quantity  Q  ot  (C)  and  a 

1') 

certain  quantity  of  (D).  During  the  trade  she  exports  ~q  of  with  which  she  obtains 
M  16  28 

—Q  of  (C)<   The—f  of  (D)  b  equal  to        of  (D)  whkb,  in  Garmany,  ooaU  die 

Sv  15  15 

14  1 

Uboor  8«    (2  of  (C).    Theiefiue  Germany  obtaioa  an  additkm  of  —  io  the  amount  of  (C), 

15  87 

and  of  so  mtich  labour  m  would  produce  ^  of  Ae       originally  oonsnmed,  whidi  may  be 

employed  in  producing  (D)  or  any  other  commodity. 

44.    Let  »  -     ;  therefore  Q  •  -0. 

9  9 

In  thia  case  during  the  tiade,  Bngtand  exporta  Q  of  (C)  with  which  alie  obtaina  in 

10  5 
Germany       or  —  ^  of  (Z>).    The  Q  of  (Q  is  equal  to  -q  of  (C)  which  in  England  ia  pro. 
9  9 

5  1 
dttced  by  the  tame  labour  aa^^of  (i>).   Hanee  Enfl^nd  gmna-g  ^  (^)         8^'  ** 

much  labour  as  produced  ^q  of  {D),  which  is  ready  for  any  new  employment.  Germany 

10  s 
exporta— 9  of  (H),  with  which  ahe  obtains  in  England*  -q  of  (C)  that  ia»  Q  of  (C).  The 

10  5 

—9  of       is  produced  with  the  same  labour  aa  -9  of  (C}<    Therefore  she  gains  nothing  by 

the  trade. 

But  still  thp  trnd(!  will  go  on,  f'^r  England  offering  (C)  in  Goniianv  at  tbf  same  price  as  (C) 
produced  in  Germany,  this  sujiply  ot  (C)  will  Ik;  sold  along  with  the  rest;  and  if  not,  a  tem- 
porary depression  of  its  price  in  relation  to  (D)  will  find  it  a  market ;  and  then,  by  the  principte 
ef  tratufsrabh  copffoi,  there  will  be  a  transfer  of  German  capital  fmm  (C)  to  (O)  till  the 

whole  quantity  requisite  to  produce  the  —q  oi  (/>)  is  transferred. 

9 

S  9 

In  the  aame  manner  itnm^,  Qm-q.   Germany  exporta  q  of  (D)  with  which  ahe  purduMS 

5  5 

in  England  -q  of  (O,  which  is       of  (C).    Therefore  she  has  -  more  of  (C)  than  ahe  bad 
99  9 
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1  5 

before.  Abo  tbe  9  of  (IT)  coatin  Gomanj  the  Mine  latioar  m  ^  of  (C),  that  i«,as  ^Qcf  (C). 

Th«Nlbr«  2  of  the  labour  at  first  employed  in  producing  (C)  is  set  free  for  any  new 
o 

•Wployment. 

Englaad  gains  nutliing,  consuming,  as  before,  g  of  (D)  and  a  certain  quantity  of  (C)  :  but 
the  kbour  which  produced  9  of  (/>)  is  tranifemd  to  the  productioD  of  -9  of  (Q  for  the 
Gorman  cmtMQer. 

(i  5  3  5 

45.    If  »  be  >  -,  as,  if  n  ■     PQ"  -9,  Q  -  -9.    In  this  case,  Germany  wants  Q  of  (0) 

3  %  •  S 

whidi  she  can  procure  in  Eogbncl  by  CTporting  |<2  of  (JO)  ioitead  of  produdog  it  at  bone 

wher*  it  would  cost  SQ  of  (D).  Hcace  she  gaint  of  {D),  and  this  maj  be  expended  on 
(Oi        or  anj  new  oonniodily. 


*  5 

Engjbnd  exports  Q  of  (C),  wbicfa  raquim  as  much  cost  as  -W>  that  is,  -^9,    (D).  Hence 

the  kbour  or  cost  which  produced  —9  of  {D)  is  Uansferced  to  produce  (C),  and  |»odnoea  -9  of 

(CX  io  addition  to  the  qnantitj  required  for  borne  conaumption.   And  the  piradnction  of  (D) 

S  15 

In  England  it  diiainidied  by  -Q  or  -^9  which  ia  braught  Irom  Garmasy. 

4fi.  The  case  in  which  or  or  A*  is  negative  by  the  formula',  is  the  ca.M  ii  ,  liich  the  inequality 
of  mutual  (!i>manf!  is  such  that  no  relative  value  of  C  and  D  interiimliiite  between  that  in 
Germany  and  that  in  England  will  satisfy  the  equation  of  import  and  export  (^7).  In  that 
ease,  the  gain  ia  ell  on  one  eldet  as  in  tbe  caae  laat  examined. 

To  determine  tbie  gain  in  general  in  tucb  cases,  we  muit  connder  thet  0«many  wants 


Q 

Q  of  (C)  which  she  can  procure  in  England  by  exporting  -  of  (D)  instead  of  producing  so 
much  (C)  at  home,  where  it  would  co&t  PQ  of  (Z>).    Hence  her  gain  is 

=  - of  (II).  or  *<l  of  (C), 
P       P  P 

which  may  be  spent  in  adding  to  (C)  ur  to  (D),  or  on  any  other  commodity. 

47.   It  appeara  by  what  baa  been  said  that  in  tlie  cbm  euppoied,  where  p  -    i>- «, 

(Mr.  MiVt  example),  there  ia  00  poaribility  of  a  trade  in  which  both  countries  shall  gain,  except 

.  10     .  6  6  10 

n  be  between  —  and       If  n  be  greater  than  -  ,  Germany  alone  gains :  if  n  be  leas  than 

*'         *  S  J 

England  alone  gaiaa. 
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This  is  on  the  supposition  ibal  m  -  -.    In  genera),  since  «  must  be  less  than  A,  and 

wc  mint  bave  f  >  n{l  -  Mk)  in  order  that  the  oumerttor  imy  be  poddve.    And  linee 

1  -  km       -  ' 
n>  ,  and  n< 


1-*  '  i-lf* 

IfJc  -  |,  m  -  ^,  tbia  giffci  »  >  ^  and  «  <  -  as  above. 
♦        S  9  « 

II  8  7 

4a    It  mm     Mm  ~,   ThtD  «  >  -  and  «  <  ^. 

In  due  caae  »  -  ^ — Sbioe  •  mum  be  between  -  and    that  is,  between      and  ^ 

♦  -  *«  7       6  M  S4* 

Hence  —  -  (l  .  (i'-  -  (l  ^ 

Both  9  and  Q  are  inoreaaed  by  a  ftvetimi,  and  both  eountriea  gain. 

8  7 
If  •  be  kw  than  -»  England  alone  gaina :  if «» be  greater  than  g,  Gerauuij  ah»e  gains. 

49'    It  wc  have  to  use  the  fominla  jr  ■  — Afky-j^ 

1  -  t»A  1 
we  myst  have  n  <  >  —  t  od  »  > 


50.    Let  now  England  produce  another  exportable  ooininodity  (£},  and  let  the  price  of 

Et  a  unit  of  (/7),  be  -  rC  in  England. 

Let  Germany  produce  another  exportable  commodity  {F),  and  let  the  price  ui  F  be  m 

Germany  ;  and  let  S  be  the  quantity  of  (£)  required  in  Germany,  and  c  the  quantity  of  {F) 

required  in  En^and  at  the  original  prices. 

It  is  required  to  iind  the  amount  and  prices  of  the  imports  and  exports- 
Si.     Let  the  trade  be  established :  let  (E)  be  exported  and  (/*)  imported  by  England. 
In  this  caae,  when  p  becomes  p  ~  p{l  -  .r),  and  P  becomes  J"  ^  P(l  -  X),  let  r  becooie 
'  t\  and  R  become  Itt  e  beeonae«,  and  S  beoone  S^. 

It  England  be  entirely  supplied  with  (F)  by  Germany,  and  Germany  entirely  supplied 
.  with  {E)  hy  Knglanil,  tlu-  inipiirt  of  England  is  now  ^  of  (D)  and  «'  of  {F)\  and  the  export 

of  England  is  now  Q'  of  (Q  and  S  of  (E). 
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52.  But  we  must  introduce  an  additional  consideration.  The  relative  price  <>f  (C)  and 
(£■),  both  of  which  arc  produced  in  England,  will  depend  <ni  thtir  rt-lative  cost  in  F'tilI  nd,  and 
will  not  be  altered  by  the  trade.  And,  in  like  manner,  the  relative  price  of  (/>)  and  (F),  which 
arc  produced  in  Germaa^,  will  depend  upon  tbcir  rdative  coct  in  German^i  and  will  not  be 
altered  by  the  trade.  This  we  my  term  the  pHmeti^  of  the  rtMkm  tf  coU  im  ike  jm^ 
dlHUf^  country. 

Hence  the  ratio  of  r'  to  p'  is  the  same  as  the  ratio  of  r  to  p.  T.et  r  t=  yp^  then  r'  ^  yp'. 
In  the  mme  way  if  £  «  F/*,  It  m  TjP'.    And  hence  x  is  the  same  for  p  and  /;  A',  for 

P  and  li'. 

.53.  The  quantity  «'  of  (F)  in  equivalent,  in  flcrmany,  to  Ts'  of  (D) :  henco  the  whole 
import  of  England  is  equivalent  to  q  +  r«'  of  which  in  terms  of  (C)  ia  p  q  +  Vp'a,  The 
export  of  England  wljt  td  (C)  wxAffvS  (F),  equivalent  to  Q'  4-  7  <^  of  (C).  Hcnee  the  equar 
tion  of  import  and  cxportj  (<7)i  beoomea 

In  like  manner  the  equation  of  import  and  export  for  Gennany  ie 

Hence,  if  the  eqoatioB  of  eupply  and  demand  for  (2r)  and  {F)  (tS)  be  reapectivelj, 

-  rt  (1  -  nmy,  gST-RSi} -NX), 

we  aball  have 

q  LZJ!^  +  r#  —      -  PQii  -  VX)  +  yPS(t  -  NX). 

1  —  or  1  —  .r 

But  we  have,  as  before,  under  the  trade,  by  the  uoiformity  of  intemattonal  prices,  (36) 
P'p'  -  I.    And  if,  aa  befefe,  ^  •  1  .  ft, 

k  -  a 

(1  -  A')  (I  -  4?)  -  1  -  k,    wbeoce  X  -  - — ^ . 
Hence 

9(1  -  «»*)  +  r«(l  -  nz)  =  rQ{  \  -  Mk  -  (I  -  M)x\  ^  yPS \\  -  NK  ~  (\  ~  N),t\, 

wbcnoe  m  -  i+IlHO,"  +     -  Nk)yPS\ 

mq  +  nVa  -  \  (\-  M)PQ  +  y{\  -  N)PS\  ' 

If  we  auppoee  that  t>  «  m  and  N  -  M,  this  becomes 

q  +  Tt-i\~  Mk)  PjQ  +  ys) 

**m(9+ra)-(i -Jtf)n<i  +  7«)' 

And  if  P(Q  +  7*)  -  »'(?+  Fa), 

1 -  n'{l  -  Jfifc) 
at-ftO-JO  ' 

as  before  (39).  And  the  applicable  values  of  je  will  occur  only  for  values  of  n  between  certain 
limits,  as  before.  That  is,  the  trade  will  be  profitable  to  both  countries  only  when  die 
inequality  of  mutual  dnnaQd  is  within  certain  moderate  limits. 
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54.  It  M  evident  that  if  we  bad  any  other  commoditiM  (£|)  {E^  expofted  hy  England, 
apd  any  other  comtnoditu  s  (F,)  (F^)  ei^Nvled  by  GflrmaDyi  we  should  have  equations  of  tbe 
Mine  fonn>  to  any  number  of  terms. 

If  Pp  be  coDsidenUy  greater  than  i  (35),  the  ntoge  of  Talun  of  «  witbio  wbidi  tbe 

tnde  i»  possihle  with  mutual  advantage  will  l)c  wider. 

ThuSf  let  a  ^ard  of  cloth  (C)  exchange  for  1  bushel  of  corn  (Z>)  in  England;  but  for 

4 bttshds  in  Poland.    Here p -  I,  i* - 4.   Pp  «  4;      ^ -'^t  Let  ai«  Jf- ^ . 

1  1  ~  ffhic  8 

Hence  «,  (39),  which  must  be  between  — -  and  — -  -  ,  (48),  must  be  between  -  and  - . 

1                    Jp  —  dr  1 
Sfi.   For  instance^  if  II  «S»      *-»  wluoeejr*  

8  1  —  <r  2 

and  (M)  q'mq   •   =  -Q,  p  •  -n,  F  <^-P. 

Here,  since  PQ  ■=  nq,  and  /*  —  4,   n  -  2,  SQ  «  9. 
In  this  state  of  the  trade,  a  yard  of  cloth  will  exchange  for  2  bushels  of  com.    Poland  will 

produce  and  export  of  corn,  besides  her  own  consumption.  England  will  produce  and 
export      of  cJoth,  which  is  -f,  betides  her  own  consumption.   And  in  this  ease  England  has 

3  4 
half  as  much  more  corn,  Poland  half  as  much  more  cloth,  as  before. 

57.  But  this  mutual  advantage  ari&es  from  the  mutual  demand  being  nearly  equal. 
Poland  is  Rupposcd  to  demand,  at  first,  half  as  many  yards  of  cloth  as  England  demands 

biidiela  irf  oom,  lor  <2  *  ^ff* 

If  this  be  otherwise  i  if,  for  example^  Poland  demand  at  first  only  one^nirth  aa  many 

yards  of  doth  as  Eo^nd  demands  bushels  of  com,  or  Q  ^9 :  once  P«  4,  PQ  =  q ;  theie- 
fote  ft «  1. 

In  this  case  ^supposiDg  m  and  M  each  «      by  (Sd)  9     9  " 
land's  import, 

also  P'<^  B  England's  export; 

and  since  Jr=  =   ,  P((»*PQi\  -  MX)  m  PQ   «  , 

And  the  export  will  he  less  than  the  import  for  every  positive  value  of  «;  that  is,  there  cannot 
be  any  fidl  of  the  price  of  corn,  with  rdntion  to  doA  in  England,  an  small  as  to  make  the 
imports  and  exports  equsl. 

In  this  case  tbe  relative  price  of  cloth  and  corn  in  England  will  under  the  trade  be  ulti- 
mately what  it  was  before  the  trade  ;  and  therefore  ultimately,  the  relation  of  the  prices  will 
Vol.  IX.  Pabt  I.  19 
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i^K»  Im  tbe  MUM  in  Pbhnd.  When  tbm  cooditiott  hw  bem  attatoed  Poknd  wID  obtain  tbe 
-q  yards  of  doth  wUdi  the  requires,  hy  exporting  -q  buabdi  of  eon,  which  will  purchaae 

^  yaids  in  England,  thoogh  the  doth  wonld  have  eoit  q  buahd*  in  Poland.   Poland  Mvet 

3 

-9  bushels  of  corn :  England  gains  nothing. 

58.    Since  Kngland  gains  nothing  hy  the  trade,  why  doos  she  carry  on  the  trade  ? 

Because  otherwise  the  Polish  corn  would  he  ooKi  in  lliii^hiiid  at  a  lower  price  thnn  p  =  1, 
(a  bushel  for  a  yard  of  cloth).  And  thus,  capital  and  lahuur  in  England  would  be  ilriveu  from 
corn  growing  to  doth  msking.    When  this  transfer  has  begun,  it  will  go  on  till  capital  has 

been  transferred  enough  to  produce  the  -q  yards  of  cloth  which  Poland  wants,  and  then  p  will 

again  become  1.  There  is  a  temporary  depression  of  the  price  of  mm,  hut  the  price  of  cloth 
is  brought  down  to  agree  with  it  by  the  transfer  of  producing  capital.  The  depression  of  the 
price  of  com  relattve  to  dotb  is  only  temporary,  and  has  no  permaneat  vdue  whidi  aatis> 
fiee  the  equations  of  international  demand  and  supply. 

In  this  case  Eughiad  imports  only  {Mit  of  her  supply  of  oom,  namely,  ^q,  the  remaining 
^  are  pradvoed  at  home. 

59>    Upon  the  principles  here  laid  down,  can  a  country  lose  by  foreign  trade  ? 

Upon  the  prindpks  here  laid  down,  a  country  cannot  lose  by  foreign  trade. 

Bat  anm^  the  prindpka  here  Idd  down  is  (44)  die  principle  of  trm^itraUe  eofUat ; 
that  is,  the  principle  that  capital  and  labour  can  be  transferred,  without  loss,  from  the  pro- 
duction of  one  commndity  to  another,  whfn  the  state  of  trade  produces,  or  threatens,  a 
diminution  of  profits  in  any  branch  of  production. 

This  can  never  be  exactly  the  case.  In  almost  all  transfer  of  capital  there  is  lass.  But 
the  loss  nwy  be  tvmporary:  the  gwb»  or  saHug  of  further  loss  is  supposed  to  be  enducmg; 
Uwrcfbre,  on  the  aasumptioD  h«e  auide,  there  may  still  be  a  general  saving  in  all  fbrdgn  trade. 

60.  But  if  it  be  not  true  that  capital  and  hbour  are  transferable  without  enduring  1osB| 
the  results  here  obtained  are  vitiated  by  the  fkilare  of  that  part  of  the  fimndatioD.  If  when 
a  portion  of  a  home-produced  commodity  is  displaced  in  tbe  home  market  by  importation  Urom 
a  foreign  country,  the  capital  and  labour  thus  set  free  cannot  be  enipk)y«l  in  produdng  any 
other  commodity  for  which  there  is  a  demand,  the  assumptions  of  our  investigation  fail. 

If,  for  instance,  the  laboarsfs  disfdaced  become  paupers,  and  bare  io  bo  supported  by  the 
country  in  which  the  displacement  occurs*  there  may  be  loss  to  the  country  arising  from  the 
trade. 

61.  We  have  hitherto  left  out  of  consideration  the  coat  of  earri^  the  exported 
and  imported  conmodities :  what  will  be  the  result  of  introdudng  this  dement  into  the 
cdcttlatioo  f 
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In  tltt»  tut,  An  two  oommodiliiei  (C)  Mid  (D)  (35)  will  oo  longer  txcbugt  at  pvadielj 
the  Mme  rate  id  the  two  oountiiei.  TIm  oanmodity  (JJ)  wUeb  has  to  be  canned  to  E^gbnd, 
will  b<:>  dearer  there  by  its  cott  of  caixiage;  and  (C)  will  be  deuer  in  Genoanj  by  the  coat  of 

carrying  it  from  England. 

Suppose  that  the  cost  of  carrying  a  unit  C  to  Germany  is  a  fraction  u  of  the  price 
of  C,  and  the  cusl  uf  bringing  a  unit  1)  to  Eoglaad  is  a  fraction  U  of  the  price  of  />• 
The  price  of  C  in  Germanj  is  I'D,  if  I>  be  the  price  of  a  unit  of  (D).    TherefiiK  the 

P'D 

price  of  a  unit  C  in  Eughmd  is  ^— j- — .  Also  the  price  ot  a  unit  D  in  England  isX>(l  U). 
But  the  price  of  C  in  England  is  to  the  price  of  />  as  I  to  Therefore 

«  I>(1  ^  m  aod       -  (1  +  I7)(i  +  v). 

i+tt 

This  equation  takes  the  place  of  the  equation  of  the  uniformity  of  international  prices, 
Fp  s  1,  (J6)  in  the  fbnacr  inTestigatioo. 

68.   If,  aa  before,  p'  -  PCl         i'-  Pil         and  if  we  put 


we  shall  have,  as  before,  (39)  the  equations, 

I  -  «  (1  -  Mk') 


m-n(i-M) 


i  (I- Jr)(l-«).l-lr'. 


68.   There  ^  be  no  export  of  O,  and  import  of  D,  except 

(i  +  r7)(i-«) 

IS  1 

ThiM»  iff  as  before,  (40),  ^  -     but «  and  CTeaeh  •  ^, 

(l  +  U)(l  +  u)  *9 
Pp 

and  there  will  be  no  importation. 

61.  This  may  be  illustrated  by  a  numerical  example.  Let  the  commodities  be  cloth 
and  linen. 

Since     "  ^  *  ^    |;  >  for  <^och  6  yards  of  C  (cloth)  manufactured  in  England,  one  yard 

must  be  manufactured,  or  the  cost  of  one  yard  supplied,  to  provide  for  the  expense  of  carriage 
to  Germany :  that  is,  the  cost  of  7  yards  must  be  incurred  to  take  6  to  Germany.  In  like 
manner  Ae  coat  at  7  yards  of  D  (linen)  must  be  provided  in  order  to  take  6  to  finglaod. 

Hence  9t  (■■  S  x  7  x  7)  yards  of  doth  in  Engfamd  which  ia  (oo  our  former  euppositioo) 
equivalent  to  147  (■  3  x  7  x  7)  jank  of  linen,  bring  axported  to  Genmnj,  is  ndnced  to 
M  (-  s  X  6  X  7)  yards  bj  tfie  expense  of  eanjage^     And  tida  in  Gcnnanj  exdhaages  for 

19^ 
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108  (■>  4  X  6  X  7)  yards  of  linen.  But  this  quantity  is  reduced  to  144  (■  4  x  6  x  6)  by  th« 
expense  of  carriige  to  Eng^Mid.  Hence  bgr  exporting  doth  and  importing  linen,  En^and 
would  only  obtain  144  yards,  instead  of  147  whicb  she  could  obtain  by  the  same  labour 
employed  on  linen  at  home. 

s 

Hence,  though  the  price  of  linen  as  compared  with  doth  is  only  -  as  great  in  Germany  as 
io  England,  the  expense  of  carriage  preTcnts  the  trade  being  pradtabk. 

65.  In  Hr.  Mill'*  example  {PoRi.  Eeon,  ii.  tiS)  the  coet  of  carnage  of  each,  Cand  D,  is 
supposed  equd,  nearly,  to  ^  of  the  price  of  2>;  whidi  is  equal,  nearly,  to      of  the  price 

of  C,  or  nearly  to  ^.    Henoe    •  ^»  ^^TZ' 

(1  +  U)  (1  +  «)      30  X  18  X  3      UriU  I 

Fp        "  99x17x4  "  mil "  *  ~ i '  ^^^y- 

£  I 

And  taking,  aa  in  (40),  m  -  Jf  -     and  making  *'  -  -, 

1  -  w  (i  -  Mk')    \:,  -  13» 
' "  M - f» (t -  JT)  *  10->  5n 

In  order  that  there  maef  be  an  applicable  value  of  «,  we  must  have  (47)  n  between 

15     «  IS 
—  and  — . 

IS        IS  • 

If  «•  be  — ,  whidi  u  between  those  limits, 
9 

5  1 
40  8 

Also  for  X,  (1  -  JT)  (I  -  a?)  -  1  -  i'  -  1  -  -  ; 

whence  l-X »  -  x  -         and  Xm—. 

5     7     *S  9S 

7      7  2 

The  rdative  price  of  1>  and  C  in  ESn^^d  ia  p'm  p~  ^  —,  for  p  »  -  ,  (40). 

The  rdative  price  of  C  and  2)  in  Germany  is  P'l^—  "  »  "  T  ^^J*  for  P-«,  (40). 

In  England  7  ywds  of  doth  exchange  Ibr  IS  of  linen ;  in  Germany  7  yards  of  doth  finr  13 
of  linen  nearly ;  the  difference  depends  on  the  cost  of  carriage  both  wayi, 

66.  In  the  preceding  investigations,  I  have  done  little  more  thnn  put  into  a  gentnil  and 
algebraical  form  tbc  reasonings  which  Mr.  Mill  has  presented  to  his  readers  in  uuniericol  examples. 
But  I  think  it  wSI  have  appeared  that  by  this  mode  of  dealing  vildi  subject,  the  Ihnita  of 
the  truth  of  the  theorems  of  the  solutions  of  the  problems  are  much  more  easily  Iwought  into 
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view,  at  leAtt  for  the  mAthemalieal  reader,  tbao  io  the  mmwrieKl  way.  It  has  beeo  seen,  for 
imtanoe,  (57))  that  if  there  be  a  trade  1iet««eii  any  two  ooantriee,  aay  Poland  and  England* 
Poland  exportinig*  we  will  rafipoee,  corn, and  England,  cloth,  the  ca^€  in  which  the  trade  isadTan- 
tageouB  to  both  countries  is  (on  the  suppositit)ns  made)  confined  within  narrow  limits,  namely, 
when  the  mutual  demand  is  very  ncarlv  equal  :  and  that  if  the  demand  of  Poland  for  oiir 
(»miaodity,  cloth,  be  much  smaller  than  our  demand  for  theirs,  corn,  the  advantage,  according 
to  the  matheinatical  principles  ben  i^lied*  rats  entirely  with  Poland. 

67.  But  there  it  another  consideration  to  be  attended  ta  AU.  the  priaeipleB  here  applied 
are  jiriftejplet  t^equUUiriUM:  that  it,  prindples  depending  on  the  assumption  of  an  enduring 
state  of  equality  on  the  two  side» :  such  are  the  principles  of  uniformity  of  international 
prices  (3(>),  the  equality  of  import  and  export  (37),  transferable  capital  (44).  These  principles 
are  each  expressed  by  au  equation,  wbid)  enters  into  the  investigation.  But  in  fact,  we  never 
can  have  an  abeolute  equilibrium.  Even  if  the  principles  just  mentioned  be  true,  they  exist 
as  tendencies  only,  not  «s  cunditions  attained:  just  as  the  prindpk  that  wat»  finds  its  level 
governs  the  state  of  fluids,  (rivt  r.s  and  oceans)  not  by  producing  equilibrium,  but  by  producing 
motion,  the  level  never  being  attained.  The  equilibrium  theory  of  the  tides  is  highly  imperfect, 
and  in  many  respects  erroneous :  the  equilibrium  tiieory  of  traiit'  is  prubably  no  Im  so.  Yet 
the  equilRiriuni  theory  of  the  tides  has  been  very  uiefol  in  suggesting  the  ibimi  and  laws  of 
many  of  the  principal  iieatares  of  tidal  phenomena ;  though  it  is  absdutdy  necessary  to  obtain 
the  amount  and  epoch  of  the  iiK()ualities  by  local  observationB.  It  is  possible  that,  in  like 
manner,  the  equilibrium  theory  of  trade  may  siif^gcst  propositions  respecting  the  natural 
progress  of  trade,  wliieii  propositions  may  be  afterwards  ainfimied,  limited,  and  reduced  to 
their  due  measure  by  experience. 

TBunrr  Collkus, 
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VI.   Second  Memoir  on  the  Intrinsic  Equation  nf  n  Cin-re  and  its  ApplkaUon* 
Bp  W.  WHEWELLy  D.D^  Master  qf  Trinity  CoUege^  Cambridge. 


38.  The  method  of  dedudng  properties  of  curves  which  I  employed  in  a  former 
OQ  the  Intrinsic  Equation  of  Curves*  is  capable  of  many  other  applications.  I  the  more  readily 
proceed  to  point  out  some  of  thete,  io  cxNuequence  fA  reinuks  which  have  bceo  made  to  me 
upon  the  former  memoir, 

ScniplM  hBT«  been  eatertained  hf  tone  of  mj  veeden  m  to  wliether  «•  rightly  suppose 
the  partiao  cf  curve,  added  after  reaching  a  euap,  to  be  negadve.  It  baa  been  aaid  that  eveiy 
cusp  may  be  cotK-cived  to  be  the  remnant  left  by  a  loop  when  the  breadth  of  the  loop  vaniihee ; 
and  as  in  a  looped  curve  the  increment  of  the  length  of  the  arc  could  nowhere  beoooie  IM^ItTe, 
it  ought  not  to  do  BO  in  the  ultimate  form  of  the  looped  curve. 

39.  In  order  to  aee  whether  thie  venark  ia  generally  true,  let  the  intrionc  equation  to  a 

ds 

curve  be  «  =  a<h  +  &sind>.    Therefore  — —  «  a  +  6cos0;  and  if  h<  a,  it  is  evident  that  the 

d<b 

radius  of  curvnttire  will  vary  between  the  limits  a^b  and  a  —  i,  but  will  never  become  0  or 
negative;  and  the  curve  will  a  looped  curve. 

Bat  let  in  begin  by  eonndering  a  <  6.   When  a  «  0,  we  have  •  «  ft  sin     the  equation  to 

tlx 

a  cycloid.    And  since  — —  =04-  bcotKb,  it  is  evident  that  the  curve  is  tliut  which  is  produced 

by  taking  the  involute  of  a  cycloid,  adding  a  to  the  describing  radius.  In  tig.  1,  if  CD  be  a 
semi-cycloid,  of  which  D  is  tlie  vertex,  and  b  tlie  length,  and  if  the  string  OQ  unwrapping 
from  OD,  produce  the  (K[utt\  somi-cytloid  1)B,  tlien  if  OQ  be  produced  to  P,  &o  that  (^F  —  a, 

P  will  describe  a  curve  of  which  the  equation  is^-a^-dcoe^the  curve  proposed. 

It  b  evident  that  we  have  a  cuap  when  ooe  ^  -  -  ^ ,  as  at  Z;  and  at  Z'.    The  curve 

consists  of  sinuses  alternately  larger  and  smaller,  as  in  the  figure. 

'2  b 

40.  The  base  EC  of  the  semicydoid  is  «  — .    If  this  be  «  a,  it  is  evident  that  the 


"  Maiittlj,antqu«tioD  b«v«n«,tii«laRgi|i4tf  ifa«cgm,aad^tbeaagteord«ffisto 
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pdnU  Yt  T*  whidi  taatxpoDA.  to  the  ▼ertez  D  at  tbe  «voliit«^  will  conieide ;  md  the  fiwoi  of 
the  corre  vill  be  M  in  finiTC  S.   This  is  if  f  - . 

If  I  be  gVMtef  than  thii,  the  laiger  einueee  of  the  curve  Intereect,  m  in  figure  S. 

41.  The  cusps  Z,  Z'  approach  nearer  to  each  other,  as  ^  approaeha  nearer  anci  nearer 

to  ].  Wheu  a  mb,  the  two  cusps  didappear,  and  tbe  curve  becomes  Icraped.  Yet  at  tbe 
Tertex  of  the  loop  tbe  radius  of  curvature  is  •  0. 

When  a  >    the  curve  is  looped,  and  the  radius  of  cumture  never  vanisbei. 

In  this  ezample  the  loop  ariaes  from  the  evanescence  of  fipo  cu^a;  and  if  we  take  the 

order  of  changes  inversely,  the  evanescence  of  the  loop  gives  rise  to  two  cusps.  Id  the  curve 
*  ■!  ff  0  +  A  sin  ^,  the  smaller  sinus  between  two  cusps  is  negative,  and  when  a  vanishes,  the 
smaller  and  larger  sinus  become  equal,  which  is  the  case  of  tbe  cycloid ;  and  hence  in  that 
case  the  alternate  dnusee  arc  negative. 

42.  The  cydiMd  may  however  be  considered  as  the  ultimate  form  of  a  looped  curve, 
namely,  of  the  protracted  cycloid.  If  wliile  the  circle  VB,  fig.  5,  rolls  upon  the  straight  line 
DB,  a  point  JP  in  tbe  radius  produced  describe  a  curve  JFf  this  curve  is  the  protracted 
cycloid. 

To  find  the  intrinaie  equation  to  the  protraicted  cycloid,  let  J}A  be  the  original  pontioo  of 
QFf  PJf»  and  C£,  perpendiealar  on  JDi  AMm  »,  MPm  y,  TCPmB.    And  let  CP-u, 

Thea  mm  AM  ~EJ~  EM CP' CN' a -acM^, 

yw,MP~  MIf+  NPmDB*  NP^-  BQ  +  NP^maB  4>  uiintf. 

Aiso  the  cui-ve  at  F  h  perpendicular  tu  BP :  and  the  curve  at  A  is  perpendicular  to  DA. 
Henoe  the  angle  between  BP  and  DA^  that  is,  angle  PBN  m  ^ 

Whence  tan <^ •  --;-si"  s  (I) 

^    BN   m  +  COS*  *  ' 

We  have  da?  ■=  o  sin  ^ .  dB,  dy  -  a  (cos  0  +  m)  d0 :  whence 

d«  -      (d«»  +  dy*) -adtJy' (1  +  TO* +  2i»cose).   ...  (8) 

...  (l  +  mcos0),- 

Alao^  from  (I),     ae^^.d^  -  \  ^ttBi 

'         *  "  -r    T         +  cos  $y 

but  lec*^  - 1  +  tan*  A  -  ^  ^  , —  i  hj  (l) 

(m  +  cost/)' 

d0     1  4-  m*  -f  Smcosd 
dtp  l-fmcosd 
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And  before       =  « -v/  (i  4  »•  +  Smcos 

a(f 

.           dt     a  (I  +  m*  +      con  6\i 
whence        =  ;  ...(«) 

dtp  I  +  m  cosB  *  ' 

which  is  the  intrinsic  (diU'ereulial)  equation  to  the  protracted  cycloid. 

To  find  •  in  tennt  of  <p,  we  hiTC  (I)  and  (3).  The  integration*  would  give  au  uliipuc 
tranaoendant.    Bot  we  may  integrate  hj  the  following  conttruetioii. 

43.    Let  abf  fig.  C  be  an  elliptical  quadrant,  in  wluch 

ac  mi  a  {l  +  m)  -»  J)A,  be  =  a{l  -  m) 

and  let  a  <2  be  a  quadrant  of  a  circle  with  radius  ac,  and  let  deo  -  ^0,  mpo  an  otdinate  to  the 
ellipie  and  circle. 

Then  <|>*  - /w' +       -  — j  + —  mo*, 

out  oc^ 

to*  -  (m"  +  01©'  =  — ;  +  mo*. 


Henoe 


nto*     bi?    mo*  Ac* 

tp*     nil-     oc'     cnr     'ir*  mo'     be''  em* 

ttf      mo'        "      oc*  ac'^^at^a^' 
7m*  *  *  em* 

-«o^4e  +  P^^'iin«M, 

*       (1  +  m)'  " 

I  +  m*  +  2mcos9 

But  the  dtini«ntial  of  the  are  l^p  ia  to  the  dHFerential  of  the  are  do  aa  to  4I0, 
And  it  it  evident  that  the  differential  of  do  ia  ae-^,  or  ~ — -  dO,  Henoe 

E  ^(/dy^  (1  -f  m*  -I-  8«i  cos  Q). 

But  by  {*\  d.JPm ad$ -s/ii  4- m*  +  S«  coa^. 
Henoe  AP^  fig.  5,  «=  ibp^  fig.  6,  rinee  they  begin  together. 

44.  Now  when  m  becomes  1,  the  protracted  cycloid  heoomes  the  ordinary  cyclr>id,  and  the 
loop  vndshes.  Bnt  in  this  case  eb,  ma(i  -m),  abo  vanidiea,  and  the  are  whidi  was  sbp 
heeomes  tout,  and  the  increnkent  becomes  negative  when  we  go  bqrond  o.  Therefore  in  this 
case  we  have  a  confirmation  of  the  mode  in  which  we  have  measured 

The  same  would  be  the  case  if  we  had  begun  with  the  cimtracted  cycloid  or  trochoid.  The 
equations  are  the  same  as  in  the  cose  just  examined  except  that  m  is  >  1.  The  curve  becomes 
the  oooimon  cycloid  when  m  « 1,  and  the  elliptical  integration  changes  its  nature  for  this  case. 
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iff.    I  will  coke  MNiw  other  cbm  of  (he  iatrintie  eqmtioD. 

,  da 

Let  ^»  aaa^  +  ban2^m:  atiinp  +  ib  axupCM^. 

It  M  evident  that  there  ii  a  cuip  when  ain  ^  »  o,  and  when  cos  6  «  -  —  . 

Hence  the  form  of  the  curve  is  that  in  figure  7, 

We  have  dp^dtmn^mu ma*^d^  +  itb nn'^ecw^ 

But  /iin*0  d^m^^^dn^cM^ 

a       a  sh 
Tbere/ore  yB-^--aiD^co80  +  —  sin'  ^ 

Fraoi  ^  «  0  to  ^  »     this  ~  ~  " 
Also  »  m  fdaeoB^m  f(fl  rin  ^oot^  -f  ft  da     eo*^)  d^ 
-  /(aab^coa0  +  Sfrib^ooiF^)d^ 

a  Si 
mm  C  —  ^eoa*^  —  '^oof^ 

o  26 
46 

When  ^  -     this  -  y  -  i/C. 

Henee  .Uf  dqwiids  on  a  aloiWf  and  Jf  C  on  b  ahme. 

46.  Again,  a«n^«f  ftd]i3^-adii0  +  6(<sin^-4aIaP0) 

■  (a    36)  no  ^  -  *6  sin'  0. 
There  ii  a  euqi  when  ito^    0,  and  when  aitt* ^  ■ 

dy    de  sin  0  B  (a  +  Sb)  iin*<p  -  't>6  sin'  <p, 

dmm  dtooup  ■  (o  4  S6)  sin^oos^  -  46sin''0cos^, 

{m  +  8b)  ...    .  .  J - 
«  at  2 — 1^ — -  mr  0-6  nu*^ 

When  0 ■  ^>  •  - :  when  ^  * ir» «  ■  a   Fom  as  in  figure  9, 

47*    All  sudi  oixres  as  have  equations  of  these  forms  may  be  called  generally  efoMdai 
eurvea.    They  have  cusps  and  siausee  whidi,  afler  going  through  a  certain  cyde^  recur. 
Vol.  IX.  Fast  I.  SO 
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4&   If  we  hm  t  mm  tnj  tme»  of  inttKnt  powers  of  ^»  we  diall  still  have  •  curve  of  this 

cycloidal  kind,  as  to  its  finite  part. 

Thus  let «  -  vaj  iatcfcsl  fuDctiou  of  (»  +  1)  dimensioos  of  ^ 


d8 

Then      =  (</>  -  «)     -fi)(<t>-  y)      *»  ♦» 

And  there  is  a  cusp  when  <p  m  a,  when  (p  =  /3,  when  0  =  "y: 
And  in  the  sinuses,  a  is  altcrnntely  positive  and  negative. 
With  regard  to  the  infirito  brimcbes. 

If  •  •  a^***,  we  h«Te  ^  «  (n  4>  1) 

.  .  d« 

And  it  is  evident  that  if  n  be  positive,  ^  goes  on  incressiog  as  ^  increases,  that  is,  as  < 

IDCfeases.    Hence  tliere  is  an  infinite  divergin  tr  spiral 

Thereforo  if  //  =  uny  integral  fraction  of  0,  of  (n  +  I)  dimensions,  the  curve  is  a  cj^cloidal 
formed  curve  luiving  n  cusps  and  at  each  end  an  infinite  diverging  spiral.    Fig.  9. 

da 

49.  If  n  be  negative,  — ^  goes  on  diminishing  a.s  ^  increases,  that  is,  as  «  increases,  if 
»  +  1  be  positive.    In  this  case  we  have  a  converging  infinite  spiral. 

«... 

ineieawB ;  whetcftife  we  have  «  dirergmg  uk0fliite  spinL 

When  n  is  negative  and  n  1  positive,  n  is  a  negative  proper  fraction,  and  n  +  1  a  poaiHre 
proper  fraction :  and  if  we  get  rid  of  fractional  indices  liy  involution,  we  shall  have  ^  ■  MDie 
integral  power  of  a  ;  which  equation,  it  appears,  gives  a  converging  spiral. 

Let  ^  B  way  series  of  integral  powers  of  a.    Then  we  shall  have 

(p  =  {S  -  a)  {n  -  Ij)  (9  -  c)  &C. 

^  will  be  alternately  positive  and  negative  with  maxima  and  minima,  and  the  curve  will  U< 
a  dnuoiis  curve  m  the  neighbouilHMd  of  the  Talues  «  ■  a,  A,  0  fcc,  and  wOl  have  a  eonverging 
spiral  at  each  end.   Fig.  la 

Thne  resemble  the  running  paltem  curves  ^  -  m  atnt'f  nsiast,  fte.,  except  that  they 
have  not  a  ^cle  of  reeiurrenee,  and  have  spiral  tails. 

Ml  The  running  pattern  curve,  noticed  Art.  17,  fce.  of  the  fbrmer  memoir,  (of  which  the 
equation  is  ^  «  m  sins)  may  he  further  examined. 

As  we  have  remarked,  Art  M»  to  find  the  rectangukr  co-ordimites  of  this  curve,  we  have 

/■cos<pd<p  I"  sin  <p  dtp 
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cos  d)  A  <b 

+  v/n»»-  <p*  (B  +  SC^  +  5D^'  +  &c) 
Hence  c<m^-  J  +m*S  -  {B<p*+  C<p'  +  D(l)'+  kc.) 

+  3Cm*<p*+5Dm*<f>*+7Eni?<p*  +  Uo, 

ii«  «^.,-*L^^;  

^  l.«     1.2.3.4     I. i. 3,4. 5. 6 

Hence  equating  coefficiento; 

1-2  l.S.3.4  1.2.3.4.5.6 

„         _  1  TEm' 

Hence  ■         -    +  — ^ ; 

"~1.«.«.4.4        4     ""l  .t.3.4.4''' I.«.a,4^.^  ■**  4.0 

S    "  !,«,«"  I. a».4^'''l.««.4P.ei"    g.4.6  * 

^  =  -»«5-,-^  +  ^-_^-fcc. 
Taking  the  integral  from  ^aO  to  ^"in,  we  have  it  mA. 

51.    In  the  saiiu'  manner 

sin  A  a  dt 

Hence  tin  ^  ■  a  >  (b(p  +  c(p*  +  dtp^  +  8rc.) 

4-tcm'^  +  4dm»^»  +  6em*0*+  &c 

But     m^«4^  ^ — .f.  ifc. 

Henoe  equating  coettdenls 

umOi  A-S«m*-l$  9e~4<f.«*- — 1— J  sd^6€m*~  '  ;  flie. 

i.S.a  l.£.3.4.« 
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Tftkiag  die  intcgnl  finn  ^aOto^-iiiiUM-i  -  Mft. 

52.  As  already  remarked,  Art.  34,  there  is  a  certain  toIuc  of  m  for  which  the  whole 
absciua     from  ^  «  O  to  0  >  m,  is  o.    That  is 

m'      TO*  m*  - 

WbcD  m  «  1,  the  series  i«  evidently  positive. 

TUe  is  evidently  positive;  theRfore  tbeve  ie  no  value  which  naket  the  aeries  o  between 
m  ■  1  and  m 

Let  fn*  .  8 ;  the  senes  u  i  -  g  +  i  -  -  +  -j-^  -  +  &c. 

This  is  evidently  negative ;  therefore  there  is  a  value  which  makes  tlie  series  0  between 
m*  ■  4  and     ■  8 ;  or  between  m—st and  m    Sy^ i, 

53,  In  like  manner  there  is  a  certain  value  of  m  which  makes   -  0,  dtat  b 

W.  WHEVVELL. 

4|)ri<  IJS,  I860. 


Digitized  by  Google 


VO.    On  the  Knotdedge      Body  and  Space.    By  H.  Wedgwood,  Esq., 

Carta's  allege,  Cambridg$. 


[Rod  Xttfdk  II,  1990.2 

Thbbb  h  hardly  a  question  in  the  entire  range  of  meotal  philosophy,  a  satisfactory  answer 
to  wUeh  would  be  *o  influential  in  diuipatiag  error  and  in  fiirnithing  the  groond  of  aolid 
acienoe,  as  that  which  has  for  its  object  the  origin  of  our  notions  of  Body  and  Space. 

The  problem  concerning  the  evidence  for  the  existence  of  the  material  world  which  has 
given  rise  to  sn  much  ineffectiml  controversy  and  has  been  made  the  pivot  of  so  man}-  sytems 
of  philosophy  can  only  be  solved  by  a  detailed  exposition  of  the  iutellectual  action  involved  in 
the  qtprehensiain  of  bodily  existence,  and  the  same  line  of  inquiry  is  the  quarter  to  which  we 
mvit  kiok  for  the  removal  of  the  difleulties  which  eneunber  the  outset  of  Geometrical  reason* 
ingand  throw  so  great  incertitude  on  tlw  entire  theory  of  demonstrative  knowledge.  If  every 
sfcp  in  the  process  hy  which  the  plieiiomcna  of  form  and  mnj^TiitiulL'  are  apprehciukd  in  ;ictual 
fxistfiicc  were  clearly  iititierstood,  it  wouki  appi  nr  'vh;if  is  the  ullimate  object  uf  apprehension 
or  of  thought  in  each  indivisible  element  of  burtacc  and  of  Line  (the  raw  materials  uf  iigurc) 
and  in  what  Tariety  of  relation  tiic  linear  and  superflcial  dement  is  intrinsically  capable  of 
presenting  itself  to  our  inrngination.  Then  by  eomlnning  indeflnite  series  of  such  elements  in 
certain  rdations  to  each  other  we  should  attain  the  conception  and  establish  the  fundamental 
definition  of  the  simplest  species  of  Gwimctricjd  figttre.  as  straight  lines  .md  phinc  surfaces ; 
the  laws  of  whose  inmost  coiutitution  being  thus  laid  bare  should  furnish  us  with  adequate 
gnmnds  Ibr  the  iorestigMlon  of  all  thdr  esaenlial  letallmis,  when  employed  in  the  oonstruction 
of  more  oompliGated  spedes  of  figure. 

The  fuTeatigation  of  the  primary  elements  of  figure  would  carry  us  too  far  for  the  limits  of 
the  present  paper,  in  which  vrc  shall  confine  ourselves  to  the  details  oi  the  aotire  prooesB  by 
which  we  become  acquaintct!  with  the  existence  of  body  in  space. 

It  is  hardly  necessary  to  premise  that  we  have  no  knowledge  of  Body  by  any  of  the  five 
senses.  What  I  immediately  percdve  by  sense  is  the  sennble  phenomenon  itself  and  not  the 
bodily  sttbatanee  with  which  it  mi^  locally  be  connected  cither  as  proximate  cause  of  the  sen^ 
sation,  or  as  the  organ  by  or  in  which  it  is  felt.  When  I  suffer  under  toothache,  or  when  a 
pin  is  run  into  me  unawares,  the  tiling;  of  which  I  have  actual  a])prehcnsion  is  the  pnin  T  suffer 
and  not  the  bodily  substance  of  the  pin  or  of  the  tooth.  Wlten  a  gun  goes  off  bcfoi-c  my 
windows  what  I  Aear  or  perceive  by  the  ear  is  neither  the  bodily  gun  nor  the  vibrattona  ai  the  air 
by  whidk  the  matciiat  action  is  conv^ed  to  my  car,  but  the  sound  itsdf.  When  I  gaxe  upon  the 
stars  the  visible  image  befere  my  eyes  affotda  n  substantive  dgeet  of  oontemplation  apart  from 
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all  speculation  as  to  the  bodily  nature  of  th«  object  seen.  Thus  tba  cxareiM  of  tlw  «Mwea 
displays  to  us  fife  clsmeotaTy  nodes  of  bdng  logically  aneonneoted  with  the  notioo  of  bodOy 

fubatance — five  kinds  of  being  upon  which  we  may  think  independent  of  all  intellectual  refer- 
ence to  a  bodily  support.  We  have  now  to  investigate  the  source  of  our  knowledge  of  that 
material  and  extended  universe  in  connexion  with  which  all  the  phenomena  of  soiisl  are  exhi- 
bited to  our  apprelicnsiuD,  and  of  which  the  centre,  to  each  individual,  is  bis  own  living  body. 

The  complexity  of  the  praiUen  was  baldly  suspected  by  Lockeb  **  There  ia  no  idea"  lie 
says  **  which  we  receiTe  more  constantly  from  sensation  than  toUdi^"  (or  ied%  tuMame). 
"  The  idea  of  solidity  we  recdve  by  our  touch,"'  by  the  resistance,  as  he  subsequently  explains 
H,  which  body  oppo<es  to  manual  pressure.  The  idea  of  space  be  supposes  to  l>e  acquired 
independently  by  touch  and  by  sight,  but  how  the  same  simple  idea  could  be  derived  from  the 
citereiBe  cf  two  dhtinet  iaeolde^  or  how  hf  touoh»  as  understood  by  him,  oonU  be  considered 
as  an  elementary  fiKuIty,  it  did  not  occur  to  him  to  inquire. 

The  rt-latlrtn  between  visible  and  tangible  extension  was  investigated  by  Berkeley,  who 
shewed  that  the  fundamental  standard  of  form  and  inagnitudt-  is  that  which  is  measured  by  the 
hand;  our  visual  perceptions  bi>iiig  mainly  of  importance  as  euabling  us  to  judge  of  the  corre> 
spending  phenomena  of  touch. 

On  ekwer  examination  the  ca^>penition  of  two  distract  powers  became  eridcnt  even  in  the 
tactual  apprehension  of  extended  things,  vis.  lint,  tbo  sense  of  Touch  properly  so  called  in 
which  the  sentient  being  is  no  otherwise  active  than  in  adverting  to  the  phenomena  SUbstao* 
tively  dfsplaypd  by  organic  action ;  and  secondly,  the  muwular  power  exerted  in  moving  our 
hand  over  the  surface,  or  in  pressing  against  the  solid  body  of  which  wc  acquire  sensible  expe- 
rience. 

It  was  conelusirely  estaUiriwd  by  Rdd  and  Thomas  Brown  that  the  pfaenomenaof  eztenaiMi 
form  no  partof  the  original  information  of  touch  independent  of  muscular  exertion :  while  a  lo^- 

cal  difficulty  was  supposed  t<i  forbid  tlie  obvious  and  apparently  the  only  remaining  supposition, 
that  these  conceptions  are  acquired  by  the  motion  of  the  hand  or  other  organ.  Tl)e  knowledge 
of  the  movement  of  the  hand,  it  was  argued,  plainly  involves  the  knowledge  of  the  object  in 
motion,  that  is,  the  knowledge  of  a  body  of  certain  «sey  and  tarn,  and  phee.  It  would  seem 
tiien  that  in  tryti^  to  account  for  the  knovMge  of  space  from  the  notion  of  the  band  we  are 
compelled  at  the  outset  to  give  ersdit  tar  the  Tery  notions  whidi  ought  originally  to  arise  out 
of  the  experience  indicated  in  our  reasoning,  and  Stewart  expresses  his  belief  in  the  impoesi- 
bility  of  escape  from  the  apparent  paralogism^ 

The  difBculty  occurred  to  tiie  modem  fchool  of  Frendi  philosophy  under  a  somewhat 
diflerent  aspect.  **  The  utmost"  says  Cousb  **  that  era  be  attained  1^  touch  (including  the 
power  of  muscular  action)  and  sight  is  the  knowledge  of  body."  But  all  bodies  are 
endowed  with  a  certain  form  and  size,  and  occupy  n  certain  place.  The  idea  of  space  then  {in 
which  those  of  form,  and  size,  and  place,  are  comprehended)  is  logically  involved  in  the  idea  of 
body.  In  the  order  of  actual  experience,  oo  the  contrary,  the  idea  of  body  is  antecedent  to 
that  of  spacer  We  have  no  coneqitlan  of  apace  ontll  we  are  made  acquainted  with  body* 
but  amoltaneotts  widi  the  first  s^pprehenaian  of  body  the  idea  of  space  enters  the  mind  by  a 
prindple  or  law  of  the  understanding  in  virtue  of  which  m  neeeasarily  judge  that  every  body 
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IB  GCNDpidMiided  io  BjNce.  Cknnohgieattjff  in  tbe  lugiMge  «if  Coann,  tfac  ides  of  vpaet  ntp- 
pom  or  is  preceded  by  that  of  body,  wbile  logMljf  the  idea  of  body  comprehend**  or  esMo- 

tially  involves  the  idea  of  space.  Tbe  same  contrast  between  the  logical  and  chronok|pcaI 
order  of  dujx'iuKnce  of  correlative  ideas  is  pointed  out  by  Cousin  in  sevcrnl  other  casps  besides 
that  of  body  and  space,  the  conception  of  the  logical  antecedent  being  accouute<l  for  in  every 
case  by  a  separate  principle  of  uecesaary  judgment. 

The  TaliM  of  aneh  an  explanation  nuit  depend  upon  dw  knowledge  we  nay  have  of  this 
suppoied  capadty  in  tlie  noderatanding  tut  the  cooceptioD  of  relatione  and  qoalitiet  logically 
involved  in  the  notion  of  things  made  known  by  experience,  but  forming  no  part  of  that  whicli 
experience  itself  reveals.  If  we  hav«?  a  clear  conception  or  independent  knowledjje  of  such  n 
mode  of  intellectual  developem^t  the  theory  may  be  admitted  (as  far  as  it  goes)  as  a  sound 
expIanatifliB  of  tlia  seT«nl  eoneeptions  for  wUdu  it  proftsiii  to  aeeount ;  bat  if  the  principle  of 
judgment  Io  which  the  appeal  is  made  in  each  of  these  eases,  be  known  only  by  inference  ttota  the 
single  fact  which  forms  the  subject  of  inquiry,  it  is  hard  to  tee  what  useful  end  can  be  promoted 
hv  the  hypotliesis.  Now  it  cannot  be  pretended  that  we  have  any  kiiowlcd;^L'  of  tlio  neeessnry 
principle  assumed  in  accounting  for  the  notion  of  space,  except  in  as  far  as  it  may  In-  inferred 
from  finding  that  the  firi^t  appreliension  of  body  involves  notiuiia  of  Torui  atm  KxteiiMon,  which 
do  not  f^tpear  to  be  the  proper  object  of  any  recognized  faculty,  and  whidi  disiefore  most 
apparently  be  deiiTed  from  some  other  principle  than  that  of  direct  ofaeervation  in  actual 
existence.  It  is  certain^  mctteover,  that  the  theory  of  Conrin  leaves  the  matter  open  after  all 
to  qtiostionA,  a  satisfactory  answer  to  which  would  afford  an  effective  edution  of  the  problem 
on  purely  empirical  principles. 

The  idea  of  space,  it  is  mid,  arises  spontaneously  in  the  mind  on  the  occasion  of  the  first 
apprehension  of  body.  But  the  apprebemdon  of  a  finite  body  is  not  a  momentary  set.  The 
knowledge  of  tbe  form  and  size  of  the  body  apprehended  is  only  acquired  by  degrees  as  we 
pass  our  hand  over  the  solid  surface.  At  what  precise  mnment  then  in  this  operation  does  the* 
body  become  clothed  in  the  relations  of  space  under  the  influence  of  the  necessary  judgment  ? 
And  what  is  the  exact  purport  of  the  judgment  suppUed  on  this  occasion  by  the  constitution  of 
the  nndentanding  independent  of  experience  ? 

Does  the  infsnt,  the  moment  lie  first  pressm  bis  band  against  a  bodily  obstacte^  before  be 
has  an  opportunity  of  forming  any  judgment  of  its  sliape  or  magnitude,  suddenly  become 
inspiri'd  witli  the  conception  of  space  rcachinj^  away  from  (lie  oljject  nmdc  known  by  tmich  to 
au  infinite  distance  in  an  infinite  variety  of  directions  P  Or  is  the  idea  of  space  superinduced 
only  after  tbe  infant  has  some  experience  of  distance  and  direction  as  exanplified  in  bodily 
surface  7  In  the  latter  alternative  it  is  phunly  supposed  that  tbe  fdienomeoa  of  distance  and 
direction  exemplified  in  bodily  tnutaoe  may  be  the  object  ef  podtiTe  experience^  and  it  will 
accordingly  be  incumbent  on  the  metaphysician  to  shew  how  that  experience  can  be  acquired 
by  the  exercise  of  tbe  faculties  employed  in  the  apprehension  of  bociy.  But  if  we  f^iicceed  in 
tracing  the  notions  of  distance  and  direction  to  an  empirical  origin  it  may  perhaps  be  found  that 
not  much  of  tbe  notion  of  apace  will  remain  to  be  accounted  Jbr  by  a  mysterious  neeemtty. 

On  the  other  band»  if  it  be  bdd,  not  only  that  the  genend  notion  of  spaoe  is  given  by 
neoesmry  judgment,  but  also  the  knowledge  of  the  specific  dimennons  ascertained  in  peaaing 
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our  IiMid  over  •  partieular  body,  it  must  at  least  bp  adoitied  that  our  oonception  of  the  sliap* 
and  dMMieBMOoa  of  the  body  iik  qontion  is  practically  dependant  on  the  tactual  sensation  and 

muspiilar  exertion  of  w!nc!i  we  are  eonwioits  in  the-  experiment,  just  nt  the  particular  colour  or 
tn<^te  apprehended  in  the  act  of  sight  or  of  eating  is  dependant  upon  the  phy&iological  aiTtH-tionB 
simultaneously  taking  place  in  the  eye  or  the  palate.  It  will  then  in  the  first  place  be 
incuinbMit  oa  the  eupporter  of  the  neeeiiary  theory  to  ezplaia  io  irhat  eiieiitial  particular 
a  Kvetation  by  necessary  judgment  so  depeoding  upon  simultaneous  modificatioiu  of  the 
organic  system  differs  from  the  ordinary  experience  of  sense  ;  but  whether  he  succeed  in 
establishing  suth  a  distinction  or  no;  wlicther  the  muscular  and  sentient  action  practically 
efficient  in  the  apprehension  of  a  given  body  be  considered  as  the  occasion  merely  on  which 
certain  oonoeptiooB  ot  form  and  in^itode  are  nipplied  from  the  inherent  conatitutioD  of 
the  underetanding  itaelf,  or  whedier  they  be  coniidered  aa  dementa  of  a  complex  operation  in 
which  the  form  and  magnitude  as  well  as  the  substance  of  the  body  under  examination  are 
nifidc  t!)c  ()l)jcct  of  iliri  ct  i  xperi^nc? ;  the  investigation  of  the  conditiotis  of  tattual  Rensation 
and  nuiMJular  action  in  dependence  on  which  the  elementary  notions  of  form  and  magnitude 
are  originally  revealed  to  the  understandings  will  remain  a  proUem  of  equal  interest. 

The  stumbliog^Uock  which  haa  so  long  stood  in  the  way  of  a  suooeaaful  theoiy  of  the 
notion  cf  extensiao  is  the  assumption  tltat  the  intelligence  can  only  derive  information  from  the 
exercise  of  muscular  power  through  a  conception  of  the  outward  manifestation  in  the  Ixxlily 
member  employed  m  special  or;^f»n  of  the  exertion.  It  is  taken  for  granted  that  nothing  can 
be  learned  from  the  action  of  tlic  hngor  but  what  can  be  gathered  from  the  knowledge  of  tlw 
motion  effected  in  that  member  of  our  body,  or  prevented  from  taking  place  by  aome  external 
obstade. 

In  this  assumption  there  as  an  entire  oversight  of  the  cardinal  fact  of  instinctive  actioo* 
Tin-  rational  evt  iiise  of  a  power,  or  exertion  to  which  the  apcnt  is  le<l  from  regarding  it  as  a 
means  of  obtaining  some  real  or  supposed  gratification,  obviously  supposes  a  previous  acquaint* 
ance  with  the  power  to  be  exerted,  and  as  the  knowledge  of  each  elementary  faculty  can  only 
be  acquired  by  actual  experience  of  the  function  it  fulfils,  it  is  plain  that  the  rational  (or 
as  Couab  ealla  it  the  ooltmlary)  exercise  of  eadi  of  our  fncuUies  roust  be  preoeded  by  what 
he  terms  the  spontaneous  exercise  of  the  same  power  ;  that  is  to  <:.iv,  by  netion  spotUtHMOUB  as 
it  were  in  the  organic  system  unguided  by  the  intentinn  of  tlie  thinking  faculty. 

The  knowledge  of  aiut>cular  action,  or  capacity  Uiiukuig  on,  and  consequently  of  intend- 
ing a  definite  exertion  of  muscular  power  can  only  be  acquired  by  previous  experience  of  that 
kind  of  action.  It  is  pilain  therefore  that  there  must  be  some  provision  in  our  aentlent  frame 
by  means  of  which  we  may  l>e  excited  to  muscular  action  in  total  ignorance,  as  well  of  the 
power  to  be  exerted,  m  of  every  obj('<  t  of  thoiiglit  tlie  knowledge  of  which  essentially  depends 
upon  the  exercise  of  the  some  power — in  ignorance  accordingly  of  the  existence  of  body  of  any 
kind,  and  especially  of  the  bodily  member  employed  as  organ  of  the  exertion.  Such  a  provision 
may  be  found  in  the  principle  of  Instinctive  Action,  the  more  complicated  instances  of  which 
.  arc  so  striking  to  the  imagination  where  an  animal  is  seen  laboriously  compassing  a  purpose  of 
wliic  li  he  can  have  no  previous  conception.  The  extent  to  which  we  are  indebted  to  the  tame 
principle  in  executing  the  ordinary  functions  uf  active  life  may  easily  escape  observation. 
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The  hDmediate  inoeatlve  in  UMtmetiTe  aeCion  leemi  to  coosiit  in  nniple  inpiMdoni  of  one 
or  other  of  the  wntee»  the  inJltteaoe  «f  the  aeoMtioii  id  iodtiBg  to  actioD  being  eawetine* 

woMer  of  direct  intuition,  while  at  other  timea  it  can  only  be  inferred  firom  seeing  that  the 
sensation  is  the  immediate  antecedent  of  the  iiistimli  ve  action  ;  but  in  either  case  the  connexion 
between  the  sensation  and  the  corresponding  exertion  is  as  profound  a  mystery  as  that  between 
the  phjaad  affection  of  a  special  organ  ia  sensation  aod  the  aeoaibk  experience  of  the 
orgamaed  being.  When  I  draw  mj  breath  after  holding  it  as  loi^  as  I  oonveotently  can,  I  am 
oodeeious  of  being  inunediately  actuated  by  the  extreme  and  rapidly  increasing  uneasiness 
I  suflfer,  and  not  from  any  conviction  of  danger  to  be  apprehended  from  a  further  continuance 
of  the  experiment.  We  observe  that  tlie  infant  begins  to  suck  the  moment  ll)e  breast  is  placed 
between  his  lips,  before  he  can  have  any  knowledge  of  the  mechanism  of  his  mouth  or  any 
notioii  of  the  gtatifieation  to>be  attdned  by  the  exertion ;  but  how  the  sensation  of  touch  npoD 
hia  Hps  (and  probably  also  the  aeeompanyiog  sndil)  can  bidiioe  the  exertion  of  muscular  power 
it  a  question  beyond  the  reach  of  human  inv^tigation. 

Again,  if  we  phicc  our  finger  within  the  palm  of  the  hand  of  a  very  young  infant  unseen 
by  him,  even  when  bin  attention  is  engaged  in  another  quarter,  we  shall  find  that  he  will  imme- 
diately grasp  our  finger,  of  wUdi  his  only  intimation  most  arise  from  the  aenaatioD  of  touch 
produced  by  oontaet  of  the  foreign  body.  On  the  other  liaod,  w*  see  him  instinetivdy  with- 
draw his  limb  from  a  burn  or  irritation  of  a  painful  nature  at  a  period  when,  as  remarked  by 
Sir  C.  Bell,  he  makes  no  nttempt  with  his  hnm\  to  ward  off'  the  most  |)!iinfiil  operation  on  any 
other  part  of  his  body,  shewing  phiinly  tliut  the  sense  of  feeling  alone  dues  not  originally 
involTe  any  conception  of  the  bodily  member  in  which  the  pain  is  organically  seated. 

In  like  manner  when  the  horse  twitches  the  skin  of  his  back  in  the  place  on  which  a  iy  has 
settled,  he  can  have  no  objective  knowlet^  of  duit  particular  porUoo  of  his  skin,  or  of  the 
mosdas  by  tlie  actioa  of  which  the  fly  ia  shaken  off,  but  Ike  must  be  directly  actnated  by  the 
tidtling  senMtion  or  sting  of  the  fly. 

From  thc«e  and  similar  facts  it  would  appear  that  there  is  a  constitutional  connexion 
between  the  sense  of  touch  and  the  muaculw  system,  in  virtue  of  whush  tile  sensations  of  touch 
opeXite  as  motim  to  muscular  cxertioo,  instinetively  inciting  the  sentient  bdng  to  make  use  of 
the  member  in  which  the  sensation  is  felt  in  pursuit  or  avrndance  of  the  external  cause  of  the 
sensation,  and  subsequently  guiding  him  in  the  voluntary  execution  of  the  like  purposes. 

Nr>w  h  t  ii^"  endeavour  to  phice  ourselves  in  the  intellectual  position  of  the  infant  at  the 
niununt  when  he  begins  instinctively  to  clow  bi»  hand  upon  the  unseen  Hngcr.  The  first  effect 
of  the  museubr  action  will  be  an  increased  experience  of  tactual  aensarimi,  arising  from  the 
larger  surfiuie  of  his  hand  brought  into  closer  contact  with  our  finger.  But  in  addition  to  this 
increased  activity  of  the  sense  of  touch,  it  cannot  be  doubted  that  in  some  shape  or  another  the 
infant  will  be  cngnis^nnt  of  the  resistance  of  the  finger,  the  consciousness  of  which  would  form 
so  large  a  portion  of  our  own  experience  if  we  were  in  his  position.  He  cannot  be  altogether 
without  sense  of  the  muscular  exertion ;  otherwise  the  contraction  of  bis  hand  on  our  finger 
would  no  more  be  entitled  to  tlie  designation  ai  kit  act  than  the  beating  of  his  heart  or  a  cramp 
io  hia  leg.  The  final  test  of  agency  is  the  consciousness  of  the  agent  himself ;  and  this  it  is 
that  leads  me  to  <i»y  '/  traolibe/  but  *  w^f  heiui  btattf  bccausr,  although  the  function  ot 
Vol.  IX.  Pakt  I.  21 
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blMtbtag  goo  on  m  well  whether  I  think  of  it  or  no,  yet  whenever  my  cttentioii  u  directed  to 
the  question,  I  am  internally  roiiscious  of  the  exertion,  while  thi-  action  of  my  heart  lies  wholly 
without  the  sphere  of  my  efi'urt.  Bii'.  in  nur  experinrT.^  tlie  muscular  exertion  though 
iastinctive  is  undoubtedly  the  act  uf  the  iniant  himself,  and  dierefore  must  under  some  aspect 
or  anotlwr  oooM  wiUdn  the  grasp  of  his  intelligence.  Tlie  experience  however  of  tlie  reiieted 
exertion  eennot  at  onoe  give  riee  to  the  notioD  of  reeittaDoe  to  motion,  beeatise  the  infant  bai 
a>  yet  oo  luiowledge  of  the  bodily  existence  of  his  hand,  and  oo  intention  of  setting  such  an 
organ  in  motion.  It  seems  to  me  tliat  the  eflVct  of  the  entire  action  in  his  intulli^i-iuc  will  be 
the  direct  apprehension  of  that  which  we  understand  by  thr  term  I'fxltf,  a  complex  object,  con- 
sisting of  surface  (undeveloped  as  yet  to  form  and  uiagnitude),  apprehensible  by  touch,  and 
wAilntteet  revealed  by  mistanoe  to  muacular  exertiant  fonuahing  a  new  type  of  being  eeaentialty 
diftrent  fivm  any  of  the  five  fundamental  kinds  with  which  the  infant  is  hitherto  acquainted. 

The  muscular  power  oxcrtLtl  l)y  the  infant  in  closinf;  lii»  hand  on  our  finger,  being 
instinctirelv  <TUt(led  hv  the  seniH;  of  touch,  his  atteiilion  "  ill  be  directed  by  the  joint  exercise 
of  the  faculties  to  a  single  object,  which  will  appear  as  ttolid  in  virtue  of  the  resistance  it 
opposes  to  muacular  exertion*  wbUe  the  imprewioo  it  make*  on  the  oigan  of  external  Touch 
will  give  it  a  deiiaite  piiaoa  in  the  material  world. 

The  apprehension  of  bodily  substance  aa  a  direct  and  elemenlaiy  toleration  of  the  intelli- 
gence was  correctly  referred  hy  Locke  to  the  exertion  of  muscular  power,  although  he  failed  to 
distinguish  the  latter  as  a  perceptive  faculty  from  the  passive  sense  of  touch.  *'  If  any  one 
ask  me,''^  he  says,  [ii.  4.  ^  6.J  "  what  this  lolidity**  [or  bodily  »ub«tance]  ^'  is,  I  send  htm  to  his 
aenaea  to  infimn  him.  Let  bini  pat  a  flint  or  a  football  between  hie  hands  and  then  endeavour 
to  join  them,  and  he  will  know.  If  he  thinka  this  not  a  snffieient  explication  of  solidity,  what 
it  is  and  wherein  it  consists;  I  promise  In  tell  him  when  he  tells  me  what  thinking  is  or 
wherein  it  consists." 

When  I  press  my  hand  against  the  table  I  feel  the  solid  substance  of  which  it  consists  as 
a  po^ive  object  of  thought,  as  completely  independent  of  any  logical  reihrenoe  to  tile  motion 
of  my  band  prevented  from  taking  place  by  the  interposition  «f  the  talile,  as  b  the  thought  of 
colour  or  irf  sound  of  any  logical  reference  to  the  mechanism  of  the  eye  or  the  ear.  In  the 
latter  rase  the  affection  of  the  eye  or  the  ear  by  tlie  luminous  or  aeriiil  undulations  is  ph^in'mln- 
gicaliff  instrumental  in  the  act  of  sight  or  of  hearing,  atid  precisely  in  the  same  way  it  appears 
to  me  that  the  resisted  exertion  of  muscular  power  under  the  guidance  of  external  touch  is 
physiologically  instrumental  in  the  apprehendon  ct  bodily  substance.  The  dilference  is  that  in 
the  former  case  the  organic  oooditioQ  instrumental  in  the  display  of  the  phenomenon  is  depend- 
ent upon  forces  external  to  the  percipient  being,  of  the  action  of  which  he  has  no  immediate 
con!<cion»nes«,  while  it  consists  in  the  latter  case  in  the  exertion  of  hii*  own  muscular  power  by 
the  percipient  himself.  Seeing  then  that  the  percipient  is  necessarily  cognisant  of  the  physical 
means  employed  in  the  apprehension  of  body,  it  was  an  caqr  error  to  suppose  that  the  thought 
of  the  means  was  an  essential  dement  in  the  thou^t  of  the  object  apprehended — the  thought 
of  the  resisted  movement  of  the  hand  in  the  conception  of  the  resisting  object.  But  if  it  be 
true  that  the  connexion  between  the  pressure  of  my  hand  a<^ainst  the  table  and  the  information 
of  a  solid  obstacle  thereby  obtained  is  aiudogous  to  the  connexion  between  the  physical 
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modification  of  the  organic  system  in  sight  or  hearing  and  the  dependent  sensation,  there  will 
be  no  grnter  difficulty  in  supposing  the  fint  appftbeddon  of  body  (independent  as  yvt  of  wj 
referenee  to  the  notions  of  Form  or  Magnitude)  to  take  pinoe  nnteeedent  to  all  objective 
knowledge  of  tbe  hand,  than  there  is  in  aoppa«i>g  *  aeowiion  of  right  or  of  hearing  ante* 

cedent  to  the  earliest  knowledge  of  the  eye  or  the  ear. 

The  relation  between  body  and  space  may  be  illustrated  by  comparison  with  the  case  of 
light  and  darkness ;  the  second  of  tbe  two  ooneUtive*  bi  both  instances  belonging  to  the  cleat 
c^led  bj  Lodce  jMiMve  Idea*  finm  n^aHce  eawm.  It  ia  certain  that  a  nan  born  blind  can 
have  oa  Kttle  knowledge  of  black  or  darkness  as  he  has  of  colour  or  of  light;  but  as  soon  aa 
his  eye  has  once  been  opened  to  the  visible  world  he  will  be  able  to  look  in  a  direction  from 
whence  no  light  ronchcs  the  i^ye,  or  even  to  try  to  see  in  the  total  absence  of  all  lif^ht,  when  the 
c^ect  of  the  eiibrt  will  be  to  direct  his  attention  to  a  phenomenon,  which,  under  the  name  of 
black  or  darknen,  will  oonstitute  aa  poaitive  an  objeet  of  thought  aa  that  which  ariee*  tnm  the 
adoal  impact  of  light  upon  the  retina. 

In  like  manner  it  it  generally  admitted  that  the  infant  antecedent  to  the  first  apprehension 
of  IxkIv  is  as  ignorant  of  the  spacf  wliicli  surrounds  liim,  as  the  bom-blind  is  of  darkness.  But 
as  soon  as  the  infant  has  once  apprehended  Imdif,  without  as  yet  havinc^  any  thought  of  liis  own 
corporeal  Irame,  he  will  be  able  (like  the  blind  man,  who  after  recovering  hio  sight,  tries  to 
eee  in  the  abienee  of  light)  to  seek  with  the  museuhur  oigan  after  the  phenooienan  with  which 
he  hea  newl j  beoome  acquainted ;  that  is*  to  feel  for  body  In  a  direction  in  whidi  there  is  none 
within  his  reach,  when  of  course  he  will  move  his  hand  freely  through  apace.  The  question  is, 
what  effect  will  such  an  action  produce  on  tlio  knowledj^e  of  the  agvnt?  Under  what  .ispoct 
can  such  an  action  be  contemplated  in  the  mind  of  a  being  who  has  no  thought  of  himself  and 
no  omiception  of  a  botfily  instrument  in  muscular  exertion  f  It  cannot  he  sappoied  that  the 
infant  in  stretching  out  his  hand  in  the  eearch  after  body  will  be  sensible  of  none  of  thoee  fnn- 
damental  impressions  by  which*  if  the  action  were  ours,  we  should  appreciate  the  extent  of  the 
exertion.  Mo  cannot  he  wliolly  uncotineious  of  i\n  effort  not  induced  liy  mere  organic  oxcite- 
ncnt  hut  aimed  at  an  object  of  distinct  tl»ou<,du,  viz.  the  body  represented  to  his  im.ijjinntion. 
It  seems  to  me  that  the  case  is  precisely  analogous  to  that  of  the  boni-blind  wiio  is  trying  to 
see  when  first  replaced  in  darkness  after  the  recovery  of  TiiioD ;  and  as»  in  the  latter  case  the 
attempt  to  exerrise  the  eitoal  bculty  has  the  eiRct  of  directing  the  attention  of  the  sentient 
Iteing  to  the  darkness  ^vhieh  meets  his  efforts,  and  thereby  beeodoes  manifest  to  his  intelligence ; 
so  it  appears  to  me  the  attempt  to  apprehend  body  with  tho  or<»an  nf  extern.il  touch  will  direct 
tbe  attention  of  the  infant  to  the  tpace  traversed  by  his  hand,  as  a  positive  phenomenon, 
ezbihiting  an  demcntary  kind  of  being,  the  idea  of  which  will  thus  be  acquired  in  the  same 
empirical  manner  by  the  exercise  of  the  same  faculties  with  tlie  idea  of  Body. 

When  once  we  have  learned  to  consider  Space  as  the  olyeet  revealed  by  musci  l  r  i  rt  in 
the  absence  of  Body,  the  resistance  of  a  rigid  body  to  the  pressTjro  of  our  hand  will  be  felt  as  the 
action  of  the  bo<iily  substance  opposing  our  effort  and  preventing  us  from  obtaining  experience 
of  space  lying  beyond  the  resisting  surface,  and  pervading  the  solid  substance  underneath. 

In  prooem  of  time  drenmstaneea  wiU  arise  which  will  lead  us  to  pas*  our  hand  over  the 
sorfhoe  of  bo^Hes  hi  a  lateral  dlrec&n,  when  the  absence  of  reefstanoe  to  muscular  exertion 
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will  give  eiperieooe  of  ipMP,  while  the  «ente  of  touch  will  give  witnen  to  the  cantinued 
preMMe  of  hfidily  sarfme.  The  ooexiiteoee  of  Spce  and  bodily  Surface,  or  lateral  extennoD 
of  Surface,  will  thus  be  known  by  actn  i)  experieaoe»  and  the  notion  of  Body  will  be  completed 

MS  occupying  space  both  in  hrefidtli  and  depth. 

-Having  thus  aucceedeil  in  tracing  step  hy  step  the  course  of  experience  terminating  in  the 
actual  appfehendan  of  space  hy  die  exerdae  of  faculties  whose  operation  is  wdl  understood,  it 
might  seem  superfluous  to  turn  baek  to  i  prferi  aiguments  iqpunst  the  poesihiilitj  of  an  empi> 
rical  origin  of  the  idea.  There  Me,  however,  two  objections  taken  on  so  high  n  ground  and  on 
whicli  so  mucli  stress  has  hcen  biid,  t!iat  it  will  be  worth  while  to  meet  them  with  a  direct 
answer  iiisttad  of  trusting  to  the  practical  refutation  of  the  foregoing  investigation. 

It  i»  saiii  tliat  experience  is  conversant  only  with  the  limited  and  the  finite,  and  is 
therefbre  necessarily  incapable  of  giving  rise  to  the  knowledge  of  thai  infinitude  whidi  is  an 
essential  attribute  of  space.  It  should,  however*  be  borne  in  mind  that  the  knowledge  derived 
ftnm  the  exeroiae  of  the  senses  is  not  oonflned  within  the  limits  of  actual  or  even  poaiSiln 
experience.  We  have  seen  that  the  sense  of  reMstancc  gives  rise  to  the  conception  of  the  space 
pervading  the  substance  of  the  resisting  body,  which  can  by  no  possibility  be  known  by  actual 
apprehmion* 

When  oDoe  the  infant  has  attained  to  the  oonception  of  space,  the  node  in  which  he  obtaina 

the  knowledge  of  distances  heyon  1  I  ::iiiiiediate  reach  of  his  limbs  may  easily  be  understood. 
He  learns  by  dcjjrcrs  his  power  of  transferring  his  entire  body  from  place  to  place  and  gradually 
forms  a  more  and  more  extensive  notion  of  the  world  in  which  he  lives.  He  lias  only  to 
imagine  the  continuance  of  action  with  wliich  he  is  familiar  in  order  to  conceive  the  extension 
of  vptee  in  any  given  direction  to  an  indefinite  distance,  and  when  we  aeek  tor  the  uttnost  limits 
to  which  sudi  extension  can  be  carried,  we  find  that  the  only  padtive  obstacle  to  the  continued 
experience  of  space  of  which  we  can  conceive  the  possibility  is  the  occurrence  of  a  bodily 
obstacle.  Rut  the  imagination,  as  wc  have  seen,  on  the  occurrence  of  bodily  resistance  siipplies 
us  with  tlie  notion  of  ulterior  space  in  the  direction  in  which  we  are  prevented  from  pursuing 
ovr  experience,  and  thus  we  are  driven  to  the  conception  of  space  atietdiing  away  in  all 
dhreedons  around  us  without  limit,  and  further  conception  of  infinity  than  this  can  be  enter- 
tained by  no  one. 

Again  it  is  said  that  we  can  conceive  the  dLslruetion  of  all  the  bodies  in  the  universe  but 
not  the  destruction  of  a  single  particle  of  ^<pace,  and  so  great  a  difference  is  this  distinction 
supposed  to  imply  between  the  ideas  of  body  and  space,  as  to  give  rise  to  the  assumption  that 
they  must  be  derived  from  fundamentally  different  principles  in  the  understanding.  The  idea 
of  body  it  is  said  is  coittfwgwi/;  it  involves  an  object  which  may  or  may  not  be  given  in  actual 
existence,  while  space,  being  a  thing  of  which  it  is  impossible  to  conceive  the  non-existence 
constitutes  the  subject  of  n  necessary  idea;  nnd  hence  it  is  concluded  the  notion  of  space  itiust 
have  a  deeper-seated  origin  in  tlie  constitution  of  the  mind  than  simple  experience.  I  confess 
I  see  no  connexion  whatever  between  the  premises  and  the  eondusion  in  the  foregoing  syllogism. 
For  how  does  it  appear  i  priori  that  such  an  origin  as  that  attributed  hy  Cousin  to  the  idea  <d 
apace  should  render  it  impossil)Ie  to  conceive  the  destruction  of  the  thing  conceived  P 

Moreover  the  necessity  of  the  idea  of  space  (understanding  thereby  the  impossibility  of 
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divesting  ourselves  of  the  notion,  or  cfKicdviog  the  nan-existence  of  the  thing  itself)  may,  as 
ftr  as  it  can  truly  be  admitted,  lie  aatisfiKtorily  aoommtod  fiir  fivm  the  native  foundation  of 

the  idea  as  expounded  in  the  preceding  pages.  The  aole  external  condition  neoestaiy  for  the 
apprehension  of  spaco  by  tlic  exercise  of  muscular  power  being  the  absence  of  body,  the  mani- 
festation of  space  docs  not  depend  upon  the  positive  action  of  any  external  principle  the 
removal  of  which  would  be  felt  as  the  destruction  of  the  phciiouieuoa.  So  long  therefore  as 
ve  fetaiti  the  oooMMuaMse  of  tomh  md  anttcular  activity  we  find  it  iuqKMriUe  to  tueufa  from 
the  noCiba  cf  die  tpmot  required  ffsr  the  exercise  of  those  fSseulties;  But  if  we  luppose  a  being 
whose  whole  experience  was  confined  to  sound,  and  smell,  and  taste,  and  passive  toudi,  he  could 
have  no  conception  of  space,  and  it  is  hard  to  say  that  nn  extended  universe  would  in  the  nature 
of  things  be  necessary  fur  his  existence ;  though  of  course  we  can  fonn  no  positive  conception 
of  the  node  in  which  an  uocmbodied  life  could  actually  be  carried  on. 
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In  a  paper  *'  On  the  Intensity  of  Light  in  the  neighbourhood  of  a  Caustic*,"  Mr.  Airy  the 
Afltronoowr  Royal  has  t^tomi  Aat  the  andtilatory  theory  leads  to  an  exprearion  for  the  Uluiiii- 

nation  involving  the  square  of  the  definite  integral  /     cas  -  (u'"  -  mtr)        where  vi  is  pro- 

portional  to  the  pcrpctuliciilar  distance  of  the  point  considered  from  the  caustic,  and  is  ri  i  koncd 
positive  towards  the  illuminated  side.  Mr.  Airy  has  also  given  a  table  of  the  numerical  values 
of  the  above  integral  eztendiDg  from  4  to  mB4  4,  at  intccTala  of  OJI,  whieh  was  caU 

cidated  by  (be  method  of  quadraturea.  lo  a  Sapplement  to  the  aame  paperf  the  taUe  baa 
been  re-calculated  by  meant  ni  a  aeries  according  to  ascending  powers  of  m,  and  extended  to 
m  —  5.f>.  The  siries  is  convergent  for  all  values  of  m,  however  great,  hut  wlieii  vi  is  at  all 
large  the  calculation  becomes  exceedingly  laborious.  Thus,  fur  the  latter  part  of  the  table 
Mr.  Airy  was  obliged  to  employ  10-figure  logarithms,  and  e?en  these  were  not  sufficient  for 
carrying  the  table  further.  Yet  this  taUe  gives  only  the  first  two  roots  of  the  equation  Wm  o, 
W  denoting  the  definite  integral,  which  answer  to  the  theoretical  places  of  the  first  two  dark 
bands  in  a  system  of  spurious  rainbows,  wliereas  Profc>s.or  l^filli-r  was  able  to  observe  SO  of 
these  bands.  To  attempt  tlic  coniinitalion  of  30  roots  of  the  equation  If  =  0  hy  means  of  the 
ascending  series  would  be  quite  out  of  the  question,  on  account  of  the  enormous  length  to 
which  Ibe  nnmeiical  calculation  would  run. 

After  many  trials  I  at  last  succeeded  in  putting  Mr.  Airy's  integral  under  a  form  from 
which  its  numerical  value  can  be  calculated  with  extreme  facility  when  m  is  large,  whether 
positive  or  negative,  or  even  moderately  large.  Moreover  the  form  of  the  expression  points 
out,  without  any  luiiuerical  calculation,  tlie  law  of  the  progress  uf  the  function  when  m  is 
large.  It  is  very  easy  to  deduce  from  this  expression  a  formula  which  gives  the  »"*  root  of 
the  equation  IF  ■  0  with  hardly  any  numerical  ealoulation,  except  what  ariaea  from  merdy 

pasbing  from  ^— |  ,  the  quantity  given  iimaediattly,  lo  »i  itself. 

The  ascending  series  in  which  W  may  be  developed  belongs  to  a  class  of  series  which  are 
of  constant  occurrence  in  physical  questions.    These  series,  like  the  expansions  of  «~',  sin 
costf,  are  oonvergent  for  all  valuea  of  the  variable     however  great,  and  are  easily  calculated 
numerically  when  »  is  anall,  but  are  extremely  inoonvenieiit  foe  calculation  when  « la  laiget 
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give  no  htdieatiaii  of  the  Uw  of  progre«»  of  the  fiinetidn,  and  do  not  even  nnlw  known  what 
the  fttoetiiNi  heooaMM  when  «  ■  «• .   Theie  eeriee  praMot  themedves^  emnetiiBes  m  de*elape> 

ments  of  definite  integrals  to  which  we  are  led  in  the  first  instance  in  the  sulutiun  uf  physical 
problems,  ^metimes  as  the  integrals  of  linear  difTerential  equations  which  do  not  HtJitnt  of 
integratiuQ  in  finite  teriaa.  Now  the  method  which  I  have  employed  in  the  case  of  the 
integral  W  appears  to  he  of  very  general  application  to  leriea  of  thia  daia.  I  thall  attempt 
here  to  give  some  lort  of  idea  of  it,  but  it  does  not  well  admit  of  heing  described  in  general 
terma,  and  it  will  be  beit  nndenrtood  from  examples. 

Suppose  tlun  that  wc  hnvo  got  a  series  of  tliis  ehtss,  and  let  the  series  be  denoted  In  t/  or 
y  (if),  the  variable  according  to  ascending  jjowers  of  which  it  proceeds  being  denoted  by*. 
It  will  generally  be  easy  to  eliuiiuate  the  trantiveiideutal  function  J'{x)  between  the  equation 
jfmf(x)  and  its  derivatives,  and  so  fann  a  linear  difletvntial  equation  in  y»  the  ooedidcnts  in 
trhidt  involve  powers  of  m.  This  step  is  of  course  unmeesiary  if  the  diilhrenUal  equation  is 
what  presented  itself  in  the  first  instance,  the  series  being  only  an  integral  of  it.  Now  bj 
takinnj  the  terms  of  this  differcntin!  cqu.ntion  in  pair!?,  much  as  in  Lagranpe's  method  of  ex- 
panding implicit  functions  which  is  given  by  Lacroix*,  we  shall  easily  find  what  terms  are  of 
most  importanoe  when  er  is  lat^ge:  but  this  step  will  he  heat  undentood  ftom  emnples.  In 
this  wajr  we  shall  he  led  to  asMine  for  the  int^ral  a  dreular  or  exponential  function  muitiptied 
hj  a  series  according  to  descending  powers  of  in  which  the  OoelBdents  and  indices  are  both 
arbitrnry.  The  diil'erential  equation  will  determine  the  indices,  and  likewise  the  coefficients  in 
terms  of  the  first,  which  remains  arbitrary.  We  shall  thti?  huve  the  complete  integral  of  the 
differential  equation,  expressed  in  a  form  which  admits  of  ready  cH>niputatioD  when  a;  is  large, 
but  oontaining  a  eertnn  nuoiher  of  arUtraty  constants,  according  to  the  order  of  the  equation, 
which  have  yet  to  he  determined. 

For  this  purpose  it  appears  to  be  generally  requiMte  to  put  the  infinite  aeries  under  the 
form  of  a  definite  intcjrrnl,  if  the  scries  be  not  itself  the  developement  of  such  an  integral  which 
presented  itself  in  the  first  instance.  We  must  now  endeavour  to  determine  by  means  of  this 
integral  the  leading  tenn  in  /(«)  for  indefinitely  large  vsluea  of  j;,  a  prooem  which  will  he 
rendered  more  easy  by  our  previous  knowledge  of  the  Jbrm  of  the  term  in  question,  which  is 
given  bj  the  integral  of  the  diiferential  equation.  Tlie  arbitrary  constaiitH  will  then  he  deter- 
mioei!  hy  comparing  the  integral  just  mentioned  with  the  leading  term  in  _/"(.r). 

There  are  tsvo  steps  of  the  process  in  which  the  mode  of  proceeding  must  depend  on  the 
particular  example  to  which  the  method  is  applied.  These  are,  first,  the  expression  of  the 
ascending  series  by  means  of  a  definite  integral,  and  secondly,  the  determination  thereby  of 
the  leading  tenn  in  /(•)  fiar  indefinitely  large  valoea  of  m.  Should  either  of  these  steps  be 
found  impracticable,  the  method  docn  not  on  that  account  fall  to  the  ground.  The  arbitrary 
constants  may  still  he  detirinined,  though  with  more  trouble  and  far  less  elegance,  by  calcu- 
lating tlie  numerical  value  of/  («)  for  one  or  more  values  of  x,  according  to  the  number  of 
arbitrary  coDstanta  to  be  determined,  ftom  the  ascending  and  descending  aeries  separately,  and 
equating  the  results. 


'  nwM«■c«iMlJ;4tc.T«n.I.^Iel. 
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In  tbii  paper  I  hanre  fpwa  Ant  czampln  of  the  neCbod  jut  deecribod.    The  liitt  idatei 

to  the  integral  W,  the  second  to  an  infinite  series  which  occvci  in  a  groat  many  physical  inves- 
tigations, the  third  to  the  infugral  wliidi  occurs  in  tlip  ca?e  of  difiraction  with  a  circular 
aperture  in  front  of  a  lens.  The  first  example  i»  a  good  deal  the  most  difficult.  Should  the 
reader  wish  to  see  an  application  of  the  method  without  involving  himself  in  the  difficulties  of 
the  ftnt  eumple^  he  is  raquented  to  tam  to  the  aeeond  and  third  eiamplea, 

FIRST  EXAMPLE. 
1.   Let  it  be  required  to  calculate  tb«  integral 

Wm  f  coel(«0*-mip)dw     .   .    .  (l) 

for  different  values  of  r»,  especially  for  large  valued,  whether  positivo  or  negatiTet  and  in  paiv 
titular  to  calculate  the  roots  of  the  equation  W  -  0. 

8.   Conaider  the  int^;r«l 

e-<«"+^">'*^')d*,  .  .  («) 

where  B  i»  anppoeed  to  lie  between        and  •i-^i  hi  order  that  die  inti^  v»y  he  eon- 

Tergent. 
Fttttuig 

«  -  (cos  0  -         tin  0>  »> 

we  get  da»  -  (coaO-\/^I  •in0)dar,  and  the  limite  of  »  are  0  and  «  j  whence,  writing  ibr 
diortnew 

pm{c»t9+y/^m98)n  {») 

we  get 

ff «  (00*0  -  v'^^nn  0)  j^**-(**->"> d« •  («) 

3.    Let  now  $,  which  hitherto  has  been  suppoaed  leas  than  ^»  become  equal  to  ^ .  The 


6' 

integral  obtained  Ikom  (2)  by  putting  ^  ■  ^  under  the  integral  sign  may  readily  be  proved  to 


•  The  IrptimMy  of  thii  traiMramMtini  mia  «■  fln  dM».  j  In  dw  jfmM  ens  dw  VuUm  of  #  ut  Oaa^  ml  Ininiv,  aa4 
f(>>  t>M^^/(')l>*B«BiiaMn»ftiiicti<a  of  #,  wUeh  4ms  not  !  •crordingly  wewy  tint  inirRratc  with  mpictto*  AtMOtoa 


'  tt  Ae  saiMriar  Hmlu  It  ia  uDneccMiry  here  la  etius*.  iii*)-  lie  );ui  in  n  toimal  nhape  m  )i»  An.  It,)  that  the  lecond  inic 
cUic  the  theorem  whicliupplici  n.  rl-.c  cmc  in  which /ij)  be-  grnl  vmi-hcn  when  a,  beeoii^L-s  inliru-.c  ami  niti»«|n««itlr  we 
coma  infinilc  fa  one  or  mort  real  or  imaginary  value*  of  #.  I  have  ool/  to  inu^te  with  retpect  to  *  froiu  0  to  real  infoliy. 
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be  oonrergeot.  But  this  is  not  ■offidcDt  in  order  that  we  nay  be  at  liberty  to  aMert  the 
equality  of  tbe  result*  obtained  from  (2),  (4)  by  putting  ^  =  ^  before  integration.  It  is  more- 
over ncwMiy  that  the  ctamrgeacy  of  tbe  iotegral  (S)  ahould  oot  beeome  infinitely  alow  when  $ 
approaehes  indefinitely    ^>  word*,  that  ilJT  be  tbe  luperior  Uiait  to  which  we  muit 


integrate  in  order  to  tender  the  remaonder,  or  rather  ita  modulua^  leaa  than  a  given  quantity 
which  maj  be  as  amaO  aa  we  plcaie,  X  diould  not  beooine  infinite  when  $  heeomes  equal  to 


— *    This  nay  be  readily  proved  hi  tibe  puiant  caae,  ainoa  Ae  mtegral  (2)  is 

6 

vergent  than  tbe  integral 

•'a 

which  n»y  be  readily  proved  to  be'conTergent. 

TT 

Putting  then  0  "  -  in  (2)  and  (4),  we  get 
o 

m    " 

»-  /    cos  (a*  —  n«r)  d« %/  -i  f  sin  («' -  h»)  rf*,  .    .  (5) 

«- ^«)s^-v^ata|]  jp^-t-'-'^Jdis,   ...  (6) 

where 
Let 

and  in  the  czpreanon  for    got  from  (5)  put 

..(i)'-.  « 


Aen  we  get 


4,  By  the  transformation  of  i*  from  the  form  (5)  to  the  form  (6),  we  are  enabled  to  differ- 
entiate it  as  often  as  we  please  with  respect  to  «  by  merely  differentiating  under  the  integral 
ngn.  By  expanding  the  exponential  e'"  in  (6)  we  should  obtain  u,  and  therefore  U,  in  a 
series  acooidjag  to  ascending  powers  of  tu  This  series  is  abeady  given  ui  Mr.  Airy's  Supple- 
ment.   It  is  always  CdnTMrgent,  but  is  not  eonveoient  for  numerical  odculation  when  «>  is 


*  Sec  Section  iii.  of*  paiwr,  "On  tl)«  Criiictl  Valuei  of  Uie  M»t  of  Pwiedk  ScriM."  Comb.  PHU.  Tram.  Vol.  tiii.  p.  Ml. 
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get  ftom  (<9 

^-'T-K-^^-»i)/"-"-'("-l)"-5H-^'*i) 

irliid)  tweomet  by  (7) 


Equating  to  t«ro  the  real  pftrt  of  tbe  fint  mcnilMr  of  thia  equalioD,  «e  get 

5.  We  might  iategrate  thit  equation  Beries  according  to  asceuding  powers  of  »,  and  wi- 
should  thus  get,  after  detemnniiig  llie  arlritrary  ooniteatot  die  eniet  wbidi  hvpe  been  elreadjr 
mentiooeA,   Wbat  ii  required  at  praaeot  ii«  to  obtdn  for  C7  an  wtprewion  iHiicih  thatt  be  eo»> 

Tcnient  when  n  is  large. 

The  form  of  the  difi'iTc-ntial  equation  (II)  aln-ady  indicates  the  general  form  of  for  large 
values  of  n.    For,  suppose  n  large  and  positive,  and  let  it  receive  a  small  increment  In.  Then 

die  proportionaAe  faiereiiMnt  of  the  ooeflicient  ^  will  be  verj  amaD;  and  if  we  repvd  thia  ooeffi* 

dent  ae  eonatant,  and  tn  aa  variaUek  we  diaU  get  lor  the  integral  of  (11) 

IT-     cos  \       ^  ,ln\  +  JVsin  J  ,    .  . 


where  iV  are  regarded  aa  conatante»  ii»  being  email,  wbidi  doea  not  prefcnt  them  from 
bdng  in  the  true  intqjral  of  (11)  dowtf  varybig  funcdons  of  n.  The  approzioMte  integral 
(IS)  pointa  out  the  existence  of  dreular  fnoetum  endi  as  oOf/(«),  >iii/(f»)  in  die  true 

integral ;  and  ainoe  \/      .  In  must  be  the  email  tnerament  vSf{n^t  we  get  /(m)  •  ^\/^  > 

omitting  tht  constant,  which  it  is  unnecessary  to  add.    When  n  is  negative,  ant!  equal  to  -  «', 

the  same  reasoning  would  point  to  the  existenoe  of  exponentials  with  ^  f  ^/'—^  in  the  index. 

o 

Of  course  the  exponential  with  a  positive  index  will  not  appear  in  the  particular  integral  of 
(n)  with  which  we  are  concerned,  but  both  exponentials  would  occur  in  the  complete  integral. 
Whether  n  be  pusitive  or  negative,  we  may,  if  we  please,  employ  exponentials,  which  will  be 
red  or  imaginary  a«  the  caae  rnnj  be. 


6.    Amums  then  to  aadafy  (11) 

Umf^      ^         + +  Cn^ +...}•,     .    .    .  (13) 


*  Tbe  idcs  of  mnluplying  the  ciicular  functions  bj  •  tai*»  aceotdiDg  to  deicending  powen  of  n  wm  (uggetted  t«  me  by 
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vbere  J,  B,  (7...  a,  /3,  7...  are  coostanU  which  have  to  be  deterauned.  Difierentiatiog,  and 
iabrtitnliDg  in  (11),  we  get 

a  (a  -  1)  An*-*  +  Bnf-*  +  ... 


As  we  want  a  series  according  to  descending  powers  of  n,  we  must  put 
4a +  1-0,    i3-a-|,  7-0-f... 

^         4/3  +  I    •        ^         47  +  1 

whence 

1  k/-Sr'i,  1.5.7.11    /   y/~  \ 

U^An-i^^  r  le^isn^)  *    i.s  lleTM^ 

By  changing  the  sign  of  -  l  both  in  the  index  of  e  and  in  the  series,  writing  B  for  A,  and 
adding  together  the  results,  we  shall  obtain  the  complete  integral  of  (11)  with  its  two  arbitrary 
coMtMita.  The  ioccgrel  will  Imv«  dtffittvnt  farm  •cootding  e»  •  ia  poiitive  or  negatiTe. 

Kmt,  lappoie  n  poadvck   Puiting  tihe  ftineiioii  of  «  of  vliieh  A  is  tlie  coefleieBt  at  tlte 

aeoood  ride  of  (U)  under  die  fam  P  +  V'  —iQt  and  obaervii^  that  an  vxfKttAm  of  the 


when-  A  and  B  arc  imaginary  arhitrnry  constants,  and  which  is  supposed  to  be  teal,  It  equiva- 
lent to  AF  +  BQf  where  A  and  B  are  real  arbitrary  constants,  we  get 

UmAn-i  ^^cos|\/'^  +  .ymi^V^'^')  +  Bn'i{jI»in-^\/^  -8«09^  \/^'^  ,  .  (l.'i) 
vhere 


•I 


^    ^      1.5.7.11  1.5.7.11.13.17.19.2s 

....  (16) 


MlwIaglHiinlB'wUck  U.  CimdiflMS  gfTen  for  the  calcuU- 
ril  rf>1llMsrilmntJtlbtll«ft,<rsMlJg«tcly  l&rgc,  Tiluei 
•r  Iks  snpcrier  limit: 

r*      *»■  1  ir  ir 


I       1.3     l..l,-,.7       .    „      1  1.3,.'. 
imr    m'lr'       ra  ir  m'»'      m  ir" 

The  dcmonxtntion  of  thcM  fonDiils  will  Iw  rouri<l  in  the 
IMl  Volume  of  tb«  Cvmpla  Rendtu,  pp.  .164  aad  473.  TlMjr 
naf  rtadiljr  obtained  by  putting  v  s* = 2  x,  aod  IHigHMlOf 
by  psMs  belveta  the  UmiM  IwM*  and  «  «r A 

82— S 
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Secondly,  Ruppow  n  ntgiative,  and  equd  to  - Then,  writing  -n  fam  in  (H)» 
and  changing  the  arbitrary  eonalant,  and  the  ngn  of  the  radiealy  ve  get 

^  ,  1  -Wx  i  1,5.7.11  1  ,  ^ 

It  ia  needles*  to  mite  down  the  part  of  the  complete  integral  of  (ii)  which  involTea  an 
exponential  with  a  podtive  index,  beeauae,  at  haa  been  alraadj  ramaiked,  it  doc*  not  appear  in 
the  partieolar  faitegral  with  which  we  are  concerned. 

7.  When  n  or  n'  is  at  all  large,  the  series  (16)  or  (17)  are  at.  first  rapidly  convergent, 
but  they  an  ultinMtely  in  all  caaea  hypergeometricaUj  direigcnt.  Notwithatanding  this 
diTergeoce*  we  nay  employ  the  teriea  in  numerical  calculation,  pravjded  we  do  not  take  in 
the  divergent  termi.    The  employment  of  the  teriea  may  be  jaatified  by  the  following  oon- 

aiderations. 

Suppose  that  wu  slop  after  taking  a  finite  number  of  terms  of  the  series  (iii)  or  (17),  ihc 
terms  about  where  we  »top  being  so  small  that  we  may  regard  them  as  insensible ;  and  let  Ux 
he  the  reault  ao  obtained.  From  the  mode  in  which  the  eonatants  J,  B,  C,^  a,  /3,  7 ...  in 
(IS)  wefe  determined.  It  is  evident  that  if  we  form  the  expreaaion 

aooording  as  n  is  positive  or  negative,  the  terms  will  destroy  each  other,  except  one  or  two  at 
the  end,  which  reriiain  undestroyed.  These  terms  will  be  of  the  same  order  of  magnitude  as 
the  terms  at  the  part  of  the  series  or  (17)  where  we  stopped,  and  therefore  will  be 
Insenaifate  for  the  value  of  it  or  »'  for  which  we  axe  cakolating  the  teriea  numeiiealfy*  and, 
much  more^  for  all  superior  valuea.  Suppom  the  arbitrary  constants  Ay  B  In  (t6)  determined 
by  nuans  of  the  ultimate  form  of  (7  for  n  »  «e  ,  and  C  in  (17)  by  means  of  the  iiltiiiiate  form 
of  for  u' =  3c  .  TlieM  Uy  satisfies  exactly  a  diflerential  eiiuatioti  wliich  ilifl'ers  from  (11)  by 
having  the  itero  at  the  second  side  replaced  by  a  tjuantity  which  is  insensible  for  tlic  value  of 
n  or  n  with  which  wc  are  at  work,  and  which  is  still  smaller  for  values  comprised  betiveen  that 
and  the  particttlar  value,  (namely  w  ,)  by  means  of  which  the  arlritraiy  constant*  wen  deter- 
mined BO  as  to  malte  Vi  and  V  agree.  Hence  Vi  will  be  a  near  approximation  to  U,  But  if 
we  went  too  far  in  the  series  (16)  or  (17),  so  as,  after  having  gone  through  the  insensible 
terms,  to  take  in  some  terms  which  were  not  insensible,  the  differential  equation  which  Uy 
would  satisfy  exactly  would  differ  sensibly  from  (11),  and  the  value  of  Ui  obtained  would  be 
ftulty. 

8.  It  remaint  to  determine  the  arbitrary  constants  B,  C.  For  tltia  purpose  consider 
the  integral 

Q-  J""«-''+»»''d*,  (18) 

when  q  is  any  imaginary  quantity  wheae  amplitude  does  not  lie  beyond  the  limits  —  -  and 
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+       Sfaioe  the  qiMuntity  under  tlie  integral  mga  it  finite  and  continnoitft  liar  ill  finite  Taluet 
o 

of  «,  we  niay,  without  aSiKtiag  the  molt)  make  a  pass  firom  its  initial  value  0  to  its  final  tbIuc 
«tt  thraugb  a  Mxiei  of  iiM^g^naiy  valow.    Lat  tlieo  mm^  +  ff,  and  ««  gee 

Q»t»i'  r  c-*'-»»y'(iy, 

J -9 

where  the  values  through  which  y  passes  in  the  integration  are  not  restricted  to  be  such  a<>  to 
render  i>  real.  Pulling  y  ~  (S^)"-  f,  where  that  value  of  the  radical  it  tuppoted  to  be  taken 
which  has  the  smallest  amplitude,  we  get 

Q~iSqyi^t'ft-i*ii*^-''dt,.    ,    -    .  (19) 

The  Hmita  of  /  are  -  3)fl  and  an  imaginary  quantity  with  an  infinite  uodulut  and  an  ampli- 
tud*  equal  to  ^a,  wbetn  a  denotrt  the  amplitude  of  q.   But  we  may  if  we  pleeae  integrate  up 

to  a  real  quantity  p,  and  then,  putting  t  m  |»e'^^,  and  leaving  p  constant,  integrate  with 
respect  to  9  from  0  to  ^;a,  and  lastly  p»t  p  =  <r,  .  The  first  part  of  the  integral  Trill  be 
evidently  cotivergent  at  the  limit  ae  ,  since  the  amplitude  of  the  couOicient  of  ^  in  the  index 

w  w 

does  not  lie  beyond  the  limiti  -  ^  and  +  - ;  and  calling  the  two  parte  of  the  integral  with 
reapeet  to  I  in  (i9)  7\  T^i  wc  get 

r  t-<»«y*^'''dt,  (80) 

T,  -  liBljt(,^  ,  p  ^  '  -^^•^•♦•Vrirfft    ,  (8,) 

We  shall  evidtntly  obtain  a  superior  limit  to  eithi^r  thc>  real  or  the  imaginary  part  of  by 
leduciog  the  expression  under  the  integral  sigti  to  its  niwlulus.     The  modulus  is  e"®  where 

cos  20, 

e  being  the  modulut  of  q.    The  first  term  in  thia  exprewion  it  never  negative,  bebg  only 

reduced  to  neio  in  the  particular  eaie  in  wbidi  0  <■  0  nnd  «  a  a  — .   The  iccond  term  ia  never 

6 

lees  than  p^  cos  ^  or  ^p*,  and  is  in  general  greater.    Hence  both  the  real  and  the  imaginary 

parts  of  the  expression  of  which  7*,  is  the  limit  are  numerically  less  that  ^o^e'*'*,  which 
vaoitbee  when  |i    «  ,  and  therefore  T^  -  o.    Hence  we  have  rigoraualy 

Q=i  (39)-*e»»*r  (22) 

Let  us  now  seek  the  limit  to  which  T  tends  when  r  becomes  infinite.  For  this  purpose 
divide  the  integral  7' into  three  parts  T,,  7^  where  T,  is  the  integral  taken  from  -  .^iyl  to 
nveal  negative  quantity  -  a,  T,fnmi  <-  a  to  a  real  positive  quantity  +  6,  and  from  6  to  <»  ; 
and  Mippoae  o  first  to  heeome  infinite,  a  and  6  ranaining  conatant,  and  lastly  make  a  and  A 
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Chaogiog  the  sign  ol  <  in  Tn  md  the  order  of  the  Bniiti,  wt  gst 

Vntt  m  ps*>r^i.  Then  we  oiay  integrate  iirsl  frum  p  m  a  to  p  ^  S^c'  while  0  remains  equal  toO, 
and  aftcrwardt  from  0«Olo4^-|a  wMIe  p  ttauia*  equal  to  jM.  Lat  the  two  paitaof  die 
iMi^  be  denoted  by  f*  We  «h«]l  evidendy  obtain  a  anpaiiar  limit  to  IT  by  naking  tbe 
Mlowing  changes  in  the  integral:  first,  replacing  the  qiinr.n'tv  under  the  integral  sign  by  its 
modulus  ;  «m>ndly,  replacing  f  in  the  index  by  the  pn>duct  of  f  and  the  greatest  value  (namely 
sic^)  which  t  receives  in  the  integration ;  thirdly,  replac  ing  a  by  the  smallest  quantity 
(namely  0)  to  which  it  can  he  equal,  and,  fourthly,  extending  the  superior  Unit  Co  to.  Hence 

the  real  and  imaginary  parts  of  'I*  art  both  numerically  less  than  [  c~l'*({^,  •  quantity  which 

vanishes  in  the  limit,  when  a  iHtomes  infinite. 

Wo  shall  obtain  a  superior  limit  to  tlie  real  or  jmapinnry  part  of  T"  by  reducing  the  quan- 
tity under  the  integral  sign  to  it*  modulus,  and  omitting  vZ-'l  in  the  coefficient.  Hence  L 
will  be  such  a  limit  if 

M 

i.  -  3M  jf  where  /(C)  -  s  coa  «d  -  co» (3d  - 

We  may  evidendy  tttppoee  a  to  be  paeidTe»  if  not  equal  to  sero,  sfaioe  the  caie  in  which  it  it 
nqpdve  may  he  ledueed  to  the  case  in  wlueb  it  ia  poaithre  by  changing  the  signs  of «  and  0. 

  w 

When  9  >  -^j  tlie  first  tenn  in  f{Q)  is  equal  to  |,  which,  being  greater  than  I,  determinea  the 
sign  of  the  whole,  and  therefore  f{d)  is  positive  i  and  j\B)  is  evidently  poative  from  6  =  0  to 
tf-  ^  ,  rince  for  auch  values  cosstf  >  4.    Also  in  general/(9)  -  -  6  sin  20  +  S  aio  (80  - 1  a), 

which  u  evidently  positive  from  d  s  ^  to  0  =  - ,  and  tlie  latter  is  the  largest  value  we  need 

O  4> 

consider,  bebg  the  extreme  Talue  of  9  when  a  has  its  extreme  value  ^ .    When  9  has  its  ex- 

6 

treme  value  |a,  /(0)-i£  cos  So*  which  ia  positive  when  a<~,  and  vanishes  when  a*  ^. 

Hence /(0)  is  positive  when  0<  |a ;  for  it  has  been  shewn  to  be  positive  when  0  <  ^ ,  which 

o 

meets  die  case  in  which  a  <  -  or  ■  - ,  and  to  he  conatandy  decreasing  iWwi  0 «  7  lo0  >2a« 

which  meeu  tbe  case  in  which  0  Hence  when  «  < ^  the  limit  of  L  for  c  -  eo  is  aeiDi 

0  6 

inasnudi  as  the  coefficient  of  c*  in  the  index  of  c  is  negative  and  finite  ;  and  when  «     ^  ^''^ 

same  is  true,  for  the  same  reason,  if  it  be  not  for  a  range  of  int^ation  lying  as  near  as  we 
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please  to  the  superior  limiL  In  thb  case  put  for  shortness -  ^  regard  -  0  as  a  func- 
tioD  of  St  F(S),  and  iotagrato  fton  3»0  to  I- jS«  whm  fin  »  eammmt  nUeb  vulj  be  as 
flDDaH  M  ira  plMMk  By  vlwt  preeadei^  F'it)  will  be  finite  in  die  integration,  and  nay  be 
amde  m  neaily  ai  m  pleMe  equal  to  tha  oooatalht  ■F'(0)  by  diminiahlng  fi.  Henoa  the  mtegnl 

nMmataly  baoooics  siF(0)e*j^^«-«'*dl,  «bkj»  vanttbea  wfaan  0  baeooMa  mflnite.   Henoe  die 

limit  of  Ti  is  sero. 
We  have  evidettdy 

which  vanishes  when  b  becomes  infinite.  Hence  the  limit  of  7*  is  equal  to  that  of  TV  Now 
making  c  first  infinite  and  afterwards  a  and  b,  wc  get 

limit  of  T.-Umit  of  f  6"<l#-  f^^t'^it^y^w, 
and  theidbre  we  liave  ultiniately,  ton  very  large  Taloea  of  ^ 

«- (i?)'"--  •  •  •  <-) 

In  ocdar  to  apply  tbii  ezpraaiion  to  tbe  iotegnl  u  given  by      we  mart  put 
wlMnoe  we  get  ultimately 

Urn.  *'      ,       l7->    ^iCOS^S    -)    -  -V*     .  (S3) 

Cootparing  with  {15)  we  get 

^'^'^  

9.  Wc  cannot  make  rt  pass  from  positive  to  negative  through  a  series  of  real  values,  so 
long  as  we  employ  the  series  according  to  descending  powers,  because  these  scru-n  become  illu- 
sory wlieu  n  is  small.  When  n  is  imaginary  we  cannot  speak  of  the  intcgrab  which  appear 
at  tbe  i%ht  band  dde  of  becnuse  tbe  exponentiel  widi  a  'poaiiive  index  vUcb  would  appear 
under  the  integral  dgna  would  render  each  of  tbeie  integrals  direigeot.  If  bowever  we  take 
equation  (6)  m  dm  definition  of  and  auppoae  (7  always  doivad  firom  «  bydMO^nf  the  dgn  of 
\/^  in  the  coefficient  of  the  integral  and  in  the  value  of  p^  hut  not  in  the  expression  for  «, 
and  takintr  half  tbe  sum  of  the  resnlts,  wo  nuiv  reannl  u  and  V  as  certain  functions  of  n 
whether  n  be  real  or  imaginary.    According  to  thiit  dctinition,  the  series  involving  ascending 


*  This  rcaoll  might  aiao  have  been  obuined  Itom  the  In-  |  tos^.r,-i-b,  and  from  r  =  x,i-6  to  x=  et  ;  then aitin M  iaflails 

while  a  and  &  remaiii  finite,  and  laatl;,  let  a  and  i  miilll.  la 


,  ,r  .    .       ■  ■    ,  ^  .     r*      .  .       .  .       white  a  and  A  renuun  Unite,  and  UaUr,  let  a  ana  0  vsniUk  JD 

tegrrf      k.  >t«  ong,n»J  .hape,  namely, c«.(x>-»rKr,  |  ^^^^^.^^^  (.'S)irfa *•  *ttM,lv 

tile  aniliaoce  of  the  knovn  farmulav 


by  a  method  tuailar  to  tlint  employed  in  Art.  31.  If  x-,  be  Ute 
pocitive  value  of  *  which  rcrulcrs  -  ;i  j  a  niiniiiiuni,  i»e  have 
«i Ii«t  Ik*  integral  (/ be  dirided  into  thiee  pant,  bjr 
yiiMdf  ftan  « = •  to  « = Jk «  ^  Ana  «  a  *t — * 
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are 


integral  powers  of  n,  which  is  convcrgtfiit  for  all  value*  of  n,  real  or  imaginary,  however  great 
be  the  modulus,  will  cflotinue  to  Represent  u  when  n  is  imaginary.  The  difiereotial  equation 
(II),  and  coiuequentty  the  d«weodiiig  teriw  derived  from  it,  will  alio  Jiold  good  when  n  k 
ima^nary ;  but  since  this  s«riet  containe  radtoala,  whtia  U  is  itadf  a  rational  function  of  we 
might  expect  beforehand  that  in  passing  from  one  imaginary  value  of  n  to  another  it  should 
aometiin«s  be  necessary  to  change  tiie  ago  of  a  radical,  or  make  some  equivalent  diange  in  the 

ooelBdenta  A,  B.    Let  n  m  kjc'V^,  where  Mi  is  poaitive.    Since  hotb  values  of  S 

eni|dojed  in  tlie  aeiiflB,  with  different  arbitrary  comtants,  we  eoay  without  loaa  of  generality 
iuppow  that  value  of  ni  which  has  |  •>  for  its  amplitude  to  be  iiiiployed  in  the  dreular  func- 
tions or  exponeotials,  as  well  as  in  the  expression  for  S.    In  the  multiplier  we  may  always 

take  -  ^for  tlM  amplitude  of  n'l  by  including  in  the  oonatant  coelReienta  the  Iseior  by 

which  one  fourth  root  of  n  diffm  from  another ;  bat  then  we  must  expect  lo  find  the  arbitnvy 
eonsUnts  discontinttous.  In  ftMt,  if  we  ohaerve  the  forma  of  S  and  5>  and  suppose  the 
circular  functions  in  (15)  expanded  in  ascending  series  it  is  evident  that  the  expression  for  U 
will  be  of  the  form 

Jn-iN-^Bniy  (-,':,) 

where  N  and  iV  are  rational  functions  of  n.  At  least,  this  will  be  the  case  if  we  regard  a« 
a  rational  function  a  series  involving  deacending  iot^ral  powers  of  n,  and  which  is  at  ilrat 
rapidly  convergent,  though  ultimately  divergent,  or  rather,  if  we  regard  as  such  the  function 

to  which  the  Oonvergcnt  part  of  the  seric^i  is  a  very  cliise  appruximation  when  the  modldus  of  M 
is  at  all  large.  Now,  if  A  and  B  retained  the  same  values  throughout,  the  above  expression 
would  not  recur  till  v  was  increased  by  8ir,  whereas  U  recurs  when  v  is  increased  by  2ir- 
If  we  write  p  +  irr  ior  v,  and  observe  that  A''  and  N'  recur,  the  expression        will  become 

and  since  U  recurs  it  appears  that  A,  B  become  y/  -^  -  y/  —  1  By  respectively,  when  v  is 
increased  by  2ir.  Also  the  imafl^'nary  part  of  the  expression  (25)  changes  sign  with  v,  as  it 
ought  i  so  that,  iu  order  to  know  what  A  and  B  are  generally,  it  would  be  sufficient  to 
know  what  they  are  from  »  ■  0  to  v  >  w. 

If  we  pat  for  »  in  the  seoond  member  of  equation  (15),  and  write  ^  for  8  .S~<isi^ 

and  it|»  lit  for  what  R^S  become  when  »,  it  put  for  is  in  the  aeeond  memhera  of  eqimtions 
(l6)  and  all  the  terms  are  taken  positively,  we  shall  get  as  our  result 

ie'^"^*!  *  \iA  -  H)  (i?.  +  ^,)  s'  +  (J  +  \/^\  J)  (Ji,  -  *90  e-^J. 

Now  the  part  of  dna  expression  which  contains  (JK,  -i-  ^j)*'  ought  to  disaf^iear,  as  appeara 

from  (I7)'  If  wij  omit  the  first  part  of  the  expression,  and  in  the  second  part  put  for  A  and 
B  their  values  given  by  (94),  we  shall  obUtto  an  exprcssioa  which  will  be  tdentical  with  tlie 
second  member  of  (17)  provided 

-^-rs  w 
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This  Diode  of  determining  the  constant  C  is  luiythiDg  but  sati«f(wtor^.  I  have  endeavoured  in 
vain  to  deduce  the  leading  term  in  U  for  n  negativs  bam  Ac  ktcgml  itaelf,  whetW  in  the 
origiiMl  fimn  in  wUeh  U  cppeaM  in  (5),  or  io  the  altered  fbm  io  wbidi  it  ii  obtained  fnm 
(Q.   The  oometnaai  of  the  abo?e  value  of  C  wiU  however  he  verified  fiirtbcr  en. 

10.    Expressing  n,  U  iu  terns  of  m,  IV  by  means  of  {8)  and  (9))  putting  for  abortneaa 

where  the  numerical  viiliies  of  m  and  n  are  supposed  to  be  taken  when  these  quaotitiee  arv 
negative,  observing  that  16     (3»')  «=  7^^,  and  r«^ucing,  wc  get  when  m  is  positive 

IP-«l(8>i)-j|jlcot(0- j)  +  Jffin^^-^j|,   .    ,  .  («B) 


_  1.5.7.U     1,5.7.11- 18.17. 19>« 

Ii  ^  I  —       .  + 


l.«(7«(^y       l.«.S.4(7S^)«  ""I 

(29) 


l.<  1.5.7.11.13.17 
l.TS^  ~     1.2.3  (72^)^ 

Whenm  is  acgnlive,  ao  thet  ITia  the  intq^nU  expreaaed  hy  vtiting  -  w  fiw  m  in  (1),  ve  get 

™.         » ^      s   ;        f  > -5         1.5.7.11  I  ^  ^ 

IF..-t(,-)i.-»(,--_^^  +  j-jj^j.-...}.        .  .(») 

11.    Reducing  the  coefficients  of  ip~*,  in  the  series  (29)  for  numerical  calculation, 

ve  have,  not  regarding  the  sign^ 

Older  i  ii  fii  Iv  V  vi 

Iflguithm  S.M16M$  li.segffGBi  a.«T97Ms  S.7«»J^»  1.06<M9;  f. 404775 
eoeflldent     .0^9MM;   .0871555;  .0879950;   .0570190;  .110099;  .881598* 

TbuSf  fat  mm  5»  in  which  cue  ^  « iri  we  get  tot  the  eucceaaive  terau  alter  tiie  iirstt  which 

iel, 

.  022105,  .  003762,  .  001SS5,    .000592,   .000379.  .000303. 

Wp  thus  get  for  the  value  of  the  srriis  in  (30),  by  takin<i;  half  the  last  term  but  one  and  a 
quarter  of  its  first  difference,  .9608l(>;  whence  for  m  —  S,  W  m  6"i  x  .9808l6«-'  «  .0173038, 
of  whid)  the  last  figure  cannot  be  trusted.  Now  the  number  given  by  Mr.  Airjr  to  5  decimal 
phKee»  and  calculated  firom  tiie  aaeending  aeiiea  end  bj  qaadraturee  sqiaialcly,  ia  .  01750j  bo 
that  the  oorrectneas  of  the  value  of  C  given  by  (80)  in  verified. 
For  m  •  .f  5  we  have  from  (88) 

rr-  -5-i(JI  -  5)-  -  8-i (.9905 -.0815) •-.5088, 

which  agrees  with  Mr.  Airy'a  result  -  .50588  or  -  .50885.  As  m  increases,  the  oottvergency  of 
the  series  (29)  or  (50)  inereasea  rapkUy. 

Vol.  IX.  Fakt  I.  88 
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19.  Tlw  eipvewion  (28)  will  be  lendend  mate  cmj  at  mimeiiMl  eakuliliaa  by 
Bm  McM^f  S ^  a ttay^,  and  expanding  Jf  and  tan^  io  aeriee  to  a  few 
NTNt  Will  efidcDtlj  proceed,  the  6rst  according  to  eren*  and  the  second  according  to  odd 

Inverse  powers  of  0.    Putting  the  several  terms,  token  positively,  under  the  form  I, 
ab^~*f  abeip~\  abcd^'*  &c.,  and  proceeding  to  three  terms  in  each  series,  we  get 

Jf-l-a(fe-^)^-  +  a|d0(d-n)  +  ^(6-j)}<^>-*.    ,    .  (SI) 

The  roots  of  the  equation  W^O  ore  required  for  the  physical  problem  to  which  the 

integral  W  relates.  Now  equations  (28),  (2f))  shew  that  when  m  is  at  all  large  the  roots  of 
this  equation  are  given  very  nearly  by  the  formula  ^  =  (»  -  ^)  fr,  where  t  is  an  integer. 
From  the  defioitioo  of     it  follows  that  the  root  satisfies  exactly  the  equation 

^.(i_^)^+^  (S3) 

By  means  of  this  equation  we  may  expand  <^  in  a  series  according  to  descending  powers  of 
<t>>  where  ^}  tt.    For  this  purpose  it  will  be  convenieot  first  to  expand  ^  in  a  series 

according  to  dewending  powers  of  by  menna  of  the  cspanHon  at  tmT^m  and  tbe  equation 
(St),  and  having  aubadtuted  the  icnilt  in  (SS)  to  expand  bj  Lagnoge^i  theoran.  The  teanlt 
of  tbe  expaOAon  oamed  a*  &r  aa  to  it 

^  «  «  ^  a«->.  {a((e  -  a)  4>      +  n*} 

<f  [ahied («-«)- (e - n)]  -f  o^ft (c- «)  + 1 0^ H> 4a iab(e-a)+^^  +  Hf)       ...  (S4) 

13.   To  limUtate  the  numerieal  edeulatlon  of  the  coeflkicnta  let 

l»D  2.D  S.D 

and  let  the  eoeffldento  of  in  ($1)  be  put  under  tbe  forms  ^^j-  ,   ^ — .  , 

md  similarly  with  respect  to  (8B),  (34).   Then  to  ealeulate  IF&r  a  given  value  of  m,  we  have 

fT  -  2K3m)  i  if  COS      -  ^  -   (35) 

JIf-I  -  d.  »+   (S6) 


(«) 


and  for  calculating  tbe  roots  of  the  equation  W  ^0,  we  have 
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The  coefficients  in  thesv  fornuilaf  are  given  by  the  equatioua 

J,  «  a'  (<>'-  a) ;   J.  *  a'  \b'c'  {d' -  4o')  +  3a'  {ib' -  a)\ T 


C,  •  ^ ;  C-  b'A'  («'  -  Sa)  I  C.  "  a'b'  \c'<r  {e-  5a)  -  lOC,}  ; 
£^  -  <;  4  SOoT  (4l>  4>         -f  SM**  +  80«'*i>  (32>  +  S^).^ 


(») 


14.    Putting  ia  theste  formulie 

a'-1.5;  6'«7.li;  e'«lS.i7;  ^•19.SS;  ^-t5.S9;  1>«7«; 

we  get 

^,  =  5.72;  S.5.72».457;    C,  -  5  ;    T,  -  2  .  5  ,  7  . 11  •  103  ; 

Cs  -  4'.5'.7*.  11  .2S8()1  ;    E,  =  5  ;    ^3  =  72.1255;         =  4  ,  5».  72*.  10883  ; 

wbenoe  we  obtoiD,  oo  subitituting  io  (S6),  (37), 

1*4^  41472^ 

T8^       1119744  ^       2902876448"  * 

J  ^  5  ^  ,  1255  ^  .  272075 
^  7S  81104  S9S94M 

Reducing  lo  decimub,  having  previou»l^  divided  tlie  kat  equation  by  ir,  and  put  for  (t>  its 
▼allie  (i  -  ^)  ir,  we  get 

Jf-1 -.0M722^-*  +  UWM97  9-*,  (40) 

I         069444  ^-'-X»854I40'»4'. 110781  0-',    .    .  (41) 

.  («) 


^  .088145      .026510  .12940S 

»  ■         *  *  4i-  I  *"  W'^y  *(4i-l)» 


15.    Snj^XMing  4  -  I  in  (4ft),  we  get 

^  -  .75  +  .0094 4»10  +  O0O5  -  .7tf89; 

i  ■  8  (^)*~  ''^^  deeceodiBg  Miiet  obtdned  in  tbia  paper  fUl  Car  mimU  Taluee 

of  m ;  but  it  sppean  turn  Mr.  Airy'i  table  that  Ibr  audi  Taluee  the  fiinetiflo  W  i«  podtiTe, 

the  first  chungf  of  sign  occurring  between  m«S.4  and  m^HS.  Hence  the  integer  <  in  (4A) 
is  that  which  marks  the  or  lrr  of  tlie  root.  A  more  exact  value  of  tlie  fir.st  root,  obtainpcJ 
by  interpolation  from  Mr.  Airy's  table,  is  -2. P'or  i  =  I  the  series  (1^'-')  is  not  convergent 
enough  to  give  the  root  to  more  than  three  places  of  decimals,  but  the  succeeding  roots  arc 
given  bgr  dib  aerie*  with  great  aeeuracy.  Tbn^  even  in  tbe  caae  of  tbe  second  mot  tlie  value 
of  die  kat  twm  in  (4s)  ia  only  .00000769*.  It  appeara  then  that  this  term  nugbt  have  been 
left  out  altogether. 
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dW 

16.    To  determiiM  wh«i     is  a  naxiinum  or  miniinuin  we  must  put  ^^^^  ^  nugbC 

dW 

get  —  bjdiNctdUfowtMtioDybttttbekvof  tbeinfetwaibeiiion 

diffcMDlbl  cqiMtion.  Benaming  cqiMtkn  (1 1),  and  putting  V  for  «c  get  bj  dividing  by 
n  and  ibcn  diffinrentiating 

d'V     A  dV  n„ 

dn      n  an  3 

'I'lii-^  equation  may  be  integrat«l  by  (Kscending  series  just  as  bi-fore,  and  the  arbitrary 
constants  will  bf  determined  at  once  by  comparing  the  result  with  tho  derivative  of  the  second 
member  of  (15).  io  which  B  are  given  (24').  As  the  procew  cannot  fidl  to  be  understood 
ftom  what  |ireoedea,  it  will  be  nilBeient  to  g^ve  the  reanlt,  whieb  ia 


^  -1 .7.5  .  13     -  1.7.5.13.11.19.17.85 


1.8(7«0)»  l.«.S.4(7«^)' 

-1.7      -  1 .7.5.  13 . 11 . 19 
1.78^        1.8. aiT*^)*     ^  "*  ' 


(♦♦) 


17.    The  expression  within  brackets  in  (43)  may  be  reduced  to  the  form  ilfcos (^  + — ->^) 

just  as  b«foi«»  and  tlie  formalss  of  Avt.  13  will  apply  to  this  case  if  w«  pnt 
a'«-i.Ts  ft'.f.iS;  e'-ii.i9;  Ike.,  D^T*. 

Tlie  roots  of  (he  cnnation  ^^=0  are  evidently  tiie  sane  as  those  of  F^o.   They  are  given 

approximately  by  the  formula  0  =  (»  -  |)  ir,  and  satisfy  exactly  the  equation  0  ->  (i  -  |)Tr  +  ^. 
Tins  mot  conresponding  to  any  integer  i  may  be  expanded  in  a  series  according  to  tlie  invem 
odd  powers  of  4«»  S  by  the  Ibrmulae  of  Art.  13.  Putting  (I  -  «>  for  ifr,  and  tnittng  tbe 
series  to  tbiee  terns  only,  we  get 

£i--7;    E^m -6*168; 

whence 

^  78  SUM 

or>  reducing  as  before, 

4.i..75.:2£2!^  +  -:^,  («) 

This  series  will  give  only  a  rough  approniiaation  to  the  first  nwt,  but  wUI  answer  very  well 
for  tbe  others. 

For  imt  the  series  gives  t~'0  -  .2.';  -  .039  +  -035,  which  becomes  on  taking  half  tbe 
second  Cenn  and  a  quarter  of  iu  first  diffierenoe  .85  -  .019  -       -  .887,  whence  m  >  l.is. 
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The  value  of  the  first  root  got  by  interpc^Atioii  Ikmq  Mr.  Airj't  tiUe  »  1.0845.  For  the  Snd 
and  Srd  roots  we  get  from  (4,5) 

for  t  »  £,  ir-'^  -  1.85  -  .00788  +  .00080  •  1JZ4S8S  ; 
tatimS^  ir-' M  S4>5  -  .00488  +  JOOOM  m  SJ4S6i. 

For  U^er  vtluw  of  i  die  but  tonn  in  (*5)  may  be  laft  out  altogether. 

18.  The  following  table  contains  thefint  50  MOti  of  Ae  equation  W  m  o,  and  the  first  10 
roots  of  the  derived  equation.  The  first  root  in  eatrh  case  wa«  obtained  by  interpt)lation  from 
Mr.  Airy's  table;  the  scries  (42)  and  (45)  wore  sufficiently  convergent  for  the  other  roots.  la 
calculating  the  Sud  root  of  the  derived  equation,  a  rough  value  of  the  first  term  left  out  in  (45) 
wee  calenlated»  ioci  its  half  taken  eioee  the  next  term  would  be  of  opposite  sign.  The  result 
waa  odIj  -  .O0OOS5,  ao  that  the  aetiea  (45)  may  be  used  even  when  <  it  as  amall  as  S.    By  ftr 


i 

m  dir. 

i 

«  dlff. 

1 
i 
s 

4 

S 
6 
7 
8 
9 
10 
11 
18 
IS 
14 
15 
16 
17 
18 

19 

80 
81 

22 
23 
24 
25 

1.8676 

1.520, 

5.8(>'i2 

.     1.35  It 
7.ii43f) 

8.4788 

q.hsoo 

.9899 

'^•^'^  9520 
1.^6924 

14.6138 

15.50^ 

o»  -8452 
172187 

18.0457 

18.8502  -^^^ 

'^•^^^  :;?Jo 

20.4139 

21.1736  -IZI 

28.5757  ; 

24.0868 

25.4755 

.6817 

26 
27 

2H 
*-'!» 
30 
31 
32 
S3 
34 
35 
36 
.'fT 
3S 

•If) 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

^^•^^  -6730 

27.4979  -^ft! 
28.1546  -^'^ 

^^••^J  .6419 
6349 

31.3308 

^••^^  :6^ 

^-•^^^^  6043 

.5H85 
.5836 

^''•^^^^  5788 
86.1044  -fl^f 
o«  •57*2 

:5  i2 

.5532 

^9**"  5404 

^•^"^  :5^6 

40.5805 

1 
2 
8 

!• 

5 

1.0845 

3.4669  ^T' 
5.1446  '-^11 

1.2CK)3 

Ml  5 

6 
7 
8 
9 

"' 

9«^99 
10.1774 

11.9564  '■'''^ 
"■"^  1.0111 

.9710 

l.S.i'l85 
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the  greater  part  of  the  calculation  consisted  in  passing  from  the  values  of  ir~^f>  to  the  corre- 
qmididg  ttive»  of  m.  In  thii  put  of  the  edeiiladoiii  74igiiK  logvithnM  wm»  lued  in  obedn- 
tag  tbo  value  of  ^m,  and  die  remit  vaa  then  multipBed  bj  S. 

A  table  of  dHBeienoei  ie  added,  for  the  sake  of  exhibiting  the  decrease  indicated  by  theory 
in  the  interval  between  the  consecutive  dark  bands  seen  in  artificial  rainbows.  This  iKcrcase 
will  be  readily  perceived  in  the  tables  which  contain  the  results  of  Professor  Miller's  observa- 
tions*. The  table  uf  the  roots  of  the  derived  equation,  which  gives  the  maxima  of  iV^,  is  cal- 
eulaled  for  the  aahe  of  meeting  any  obwrvatiott*  wUeh  maj  be  made  on  the  enpemmacrery 
bows  aoeompanying  a  natural  rainbow,  gJnoe  in  that  caie  the  maodmum  of  the  red  appeete  to  be 
what  beat  admita  of  obierration. 

SECOND  EXAMPLE. 

19.  Let  us  take  the  integral 

which  occurs  in  a  great  many  physical  investigations.    If  we  perform  the  operation  m  twice 

in  auaoeMon  on  the  aeiiee  we  get  the  original  eeriee  multi|died  by  -  df*,  whence 

(fu     1  dv 

20.  The  form  of  this  equation  shews  that  when  x  is  very  large,  and  receives  an  increment 
dx,  which,  though  not  necessarily  a  very  smaU  fraction  itself,  is  very  small  compared  with  «, 
u  is  expressed  by  J  ooal«  ♦  fain  ^ar,  where  under  the  restrictions  specified  A  and  B  are 
■ensibly  cooitaott.   Aaaume  then,  according  to  the  plan  of  Art.  5, 

Um^"^  \A9*'¥B^+0my'¥   (48) 

On  anbetitating  in  (47)  we  get 

^(2a+l)^.r"-'  +  (2/3+l)j?.»'»-'+ 
+  aMa''     +  fi'Bxi>--  +  ...  -  0. 
Since  we  want  a  descending  scries,  we  must  put 

2a +1-0;  /3-a-l;  7  =  /3-l...; 

(8/3+  l)B  =  y/~la*Ji  (87+  l)C~y/^^B  ; 

whence 

o--^;  j3--f«  7--|...5 


« 


ilM  flat  (wa  10  to  the  iaipsnsni  Mfati,««  get  «dti* 


t  TUflB4^fassbamtotaaH«aVrMr.AitrftMn«'0 

to  jr  =  10,  at  iiKcmls  «f  OS,   The  table  will  be  found  la  tkc 
18tb  Volatne  of  the  PkU<uupliical  Maganine,  pa^  1. 

X  That  the  Ul  and  3fd  icrm*  :»  (4?)  :Lre  ultimately  thi  in.    "  „|timalclr  «  =  A,''^,  which  would  rente  dte  IM 
ponaot  tenof,  may  readilj  be  «ecn  by  trylnjf  Ow  teniM  two  and     impgnani  ihM  «idMt  •f  tkc  othm. 
tm  to  llw  wsr  laastiswd  to  tha  taowdnctlwi.  11ni%  tf  wa  I 


tunAf  Urn  A  OT  f7off1og«,  sllbcr  af  vUsli  woald  i 

the  lam  lenn  more  important  ihan  tha  lat  m  tuA,  and  tf  ** 
■uppoM  the  3nd  and  3rd  (o  he  the  important  tatnt,  we  gsc 


Digitized  by  Google 


CLASS  OF  DEFINITE  INTEOBALS  AJUD  iNFtNITS  8BBIB&  188 

Substituting  in  (vs),  reducing  the  result  to  the  form  A  (P  + '\/~^  I  Q),  adding  Miotbar 
■olution  of  the  form  B{P  -  V  -  i  Q),  and  clianging  the  arbitrary  constants,  we  get 
umA«~^{JicMiS  +  Safi»)  +  Bje~i{JtBinai-Scosa),    .  (49) 

where 


!•  1'.  3*.  5' 


SI.  IlMmuMtodetmninethearUtraiyoonitulSilyA  Id  equatioD(46)leCcM0»l»|i, 


vbere 


lf-(2M-M*)-*-(«M)-*, 

a  quantity  which  does  not  become  infinite  between  the  limits  of  /t.   Sul»titutiog  in  (46)  we  get 
«  .        r  cot  {<1  -    »\  triiM  +  -  r  'co.  {(1  -  m)»}  Md,^  .  (51) 


By  considering  the  series  whose  u'^  term  is  the  part  of  the  latter  integral  for  which  the 
limiU  of  M  are  nxor-*  and  (»  +  i)ird7-'  respectively,  it  voold  1m  wry  easy  to  prove  that  lint 
iotagnd  hwi  m  aopeiior  Unit  of  the  foim  Hw~\  wbm  Sim  k  fhdte  comtnt,  and  tliefeftm  tide 
integral  does  not  furniah  any  part  of  the  leading  tenna  In  «f.  Putting  ia*  «  r  in  die  fnt 
integral  in  (51),  lo  that 

obaerviag  that  the  limits  of  v  are  0  and  «,  of  which  the  tatter  ultimately  becomes  oo ,  and  that 

/■'coar.»-*d|fijr*cof  X'dX-  \/f  =  2 /*ii«X»d\  =  /*8i«».^*d», 

we  get  ultimately  for  Tery  large  values  of  s 

u  >-  (ir«)~i  (cos  «  +  sb  «). 

Comparing  with  (4g)  we  get 


ft«n  it  la  uiMng  but  notMlon  and  urangcment,  bM  been  I  MNsat  ^  As  AfHl/rM  itiMinv.y'iiL  uz,  p.  111. 
•tasdjr  obtaintd  la  •  diifocat  maiinei  hj  Sit  WUUam  R.  H*"  I 
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For  example,  when  4?  -  10  we  have,  reUhing  5  dedmal  ptKM  in  ibe 

^  «  1  -  .00070  +  .00001  -  .99931  ;  S  m  .01350  -  .OOCMO  m  MUO 

whidi  agtcei  villi  iIm  niiniber  (-  .8460)  obtained  by  Mr.  Airj  bj  a  fu-  mora  laborious  prooeBa* 
namely,  by  edrailaling  ftem  tbe  ori^nal  aeriea. 

22.  The  second  member  of  equation  {32}  may  be  reduced  to  the  same  form  as  that  of  (28), 
and  a  series  obtained  for  calculating  the  roots  of  the  equation  umO  just  as  befiore.  The  for- 
mule  of  Art.  IS  may  be  used  tav  tbis  purpose  on  putting 

a*.!*;  b'm^i  ^-5*;  ha,;  l>-8, 
aud  writing  r,  A'  for  <p,  *,  wbere  X^ii-^ir.    We  obtain 

^-8;  ^  =  S.8'.53;  C,  -  1  ;  C,-2.3*.ll;  (7^,  •3>.  4^.5.1 
=  1  ;  JF,  -  8  .  ';i  ;       •=  4*.  3779  ; 
whence  we  get  for  calculating  u  for  a  giveu  value  of  w 

Ian  ^  B  -   «  •  +  -= —  »  *« 

2  \1 


(l^)lf«o.(-J-^)  («) 


For  calculating  lbs  raota  of  tbe  equation  m  «  0  we  batve 

Radudng  to  dedmals  as  before,  we  get 

If  =  I  -  .0625      +  .iOS5l6a>-<,  (54) 

tan  >^  -  .1854?"'  -  .0«H4.)3.r-'  +  .208557a?"*,     •    •  (55) 

m                   -OSOtibl      •O.'iSOil      -262051  .  „ 

—  •  s  -  '20   +  .      .  («»> 

As  before,  the  series  (56)  is  not  sufficiently  convergent  when  i  =  1  to  give  a  very 
result.    In  this  case  we  get 


.75  +  .017  -  .008  +  .001  -  •766, 


whence  x^iAl.    Mr.  Airy  »  table  gives  w  »  +  -0085  fcr » -  a'4i  and  »  -  -  •O96I  for  •  « 
wlienee  tbe  vsiltte  of  tbe  root  is  8.40to  nnrly. 

The  Tdxie  of  tbe  last  term  in  (S<9  is  .0000156  for  t  -  2,  and  .00000168  for  i  -  S,  so  that  all 
tbe  roots  after  tbe  first  may  be  cakubrted  very  accurately  from  tbis  sericB. 
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THIBD  BXAMPLB. 

S8.   CoMider  tbe  int^ral 

r  -  -  /    /  »  cos  («r  co«  0)  .r  rf«  rf9  -.  /  tt jrrfj  «  ~  -        +  -.,.»  (57) 

which  ooeun  to  inveat^^ag  the  diffnction  of  an  objeet^^aac  with  a  drcolar  aperture. 

Bj  perfiwmiiig  on  the  eeriei  the  operatioa  denoted  by  we  get  the  original 


dm  im 
with  the  e^  changed,  whenoe 

^-.-_  +  ,.o.   .  (5a) 


We  najr  obtain  the  intcsral  of  thia  equation  in  a  fbm  rinihr  to  {49).  A«  the  procne  is 
exaedj  the  aaiBC  aa  befer^  it  wiU  be  aulBoient  to  write  down  the  iceuU,  wfaidi  ie 


v«(  J'alCJI  cae«-|>^rinjr)  ■f>£'«l(JE  rin«-^coi«)«    .  (49) 

where 


-1.3.1.5  -1.3.1.5.3.7.5.9 

i.a(8»)«  *     i.s.s. — 

-1.8  -»1.<,|.5.».7 


(60) 


the  last  two  f;iclors  in  tlic  numerator  of  any  term  bdng  fimned  by  «l«Kny  s  to  the  Int  two 

factor-i  re^prct-vrlv  iti  th'^-  numerator  of  the  term  of  the  preceding  order. 

Ihe  arbitrary  cousUuls  may  be  easily  determined  by  means  of  the  equation 

d« 

 («0 

Writing  down  the  leading  terms  only. in  this  equation,  we  have 

«1  (-  J*  ain«  4>  ^  coe«)  -  w-M  (oos«r  +  »in  *), 

-(t)*{«°-(-t)***(-t)}-  •  •  <«) 

84.    Putting  in  die  fominle  of  Art.  19, 

**-1.5;    «'-«.?;    d'-S.S:    e'-T.lI;  i>.8; 

get 

^--3.8i    ^=-3\8Ml;     C,  =  -3;     C,=  -2.T.5«;     Q  -  -  S».  4».4«.  187; 
£,•-3;    ^i--3«.«;  -      l  s«.  wi  ; 


•  The  scries  1  -  —  +     **     ...  w  —  hjtt  been  UbuUced  !      ^        °°  Th«  »      liM«»  table  i» 

-.42, 4^.6         X*  *  HKI" 
by  Mt.  .\.ry  from  r^U  to         «l lnter»»U of 0.2.  .Sec  rami.     «"•»»»>«  —  '•       llw WMnwtWI*!  ftMB  0^  tol»W*tt in. 
f*i7.  Tr,i,u  Vol.  v.p.2S»l.  The  ««nne  function  h«  also  been  tcnraUarU*,«iMttllbll«a«>0lO«el9jnMiMmk«raM8 

calculated  in  •  dlfieitnt  nuoan  aiid  tabulated  by  Jtl.  Schirod  '  acady. 


Vol.  IX  PAnt  I. 
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whence  we  get  for  the  fonnul*  Answering  to  thow  of  Art.  tt, 

«    ,     *  99  _i 


tan  ^  B  — «  '  +  — —z — 
^       a         51*  I6SS4 


A*  being  in  thk  cue  cquil  to  (<-t-i)ir. 

Reduebg  to  deeunab  «•  Wofe»  we  get  for  the  cileuUtioa  of  •  for  s  ^tod  value  of 


JIf  -  1  +  .1875*-*  ^  .19S859«'S  . 
tan  iff  -  -  .S75»"  •I'  .14(rM4«-*^  ^ll7«-% 

t2.v\i  Sir 


and  for  ealeoilatiiig  the  loota  dt  (he  cqnation  0  ■  0^. 

»     .     ^.    .1519M  .015399 


.245835 


44  +  1     (4»  +  l)*  + 


(«*) 


(66) 


25.  The  following  table  contains  the  first  12  roots  of  each  of  the  equations  u  »  0,  and 
9~*e  •  0.  The  irat  root  of  the  fonner  was  got  by  interpolation  from  Mr.  Airy's  table,  the 
othera  were  ealenkted  from  the  aenea  (5tf).  The  foota  of  the  latter  equation  were  all  cal- 
culated from  the  series  (66),  which  ia  convergent  enough  even  in  the  case  of  the  first  root. 

The  columns  which  contain  the  roots  arc  followed  by  rolumiis  whirh  contain  the  differenrps 
between  consecutive  roots,  which  nrc  ndded  fnr  tlie  purpose  of  shewing  how  nearly  equal  these 
diiFerences  are  to  1,  which  n  wliat  tiicy  ultimately  become  when  the  order  of  the  root  is 
indeflnlldy  incnaied. 


di<r. 


.7055 
1.7571 
8.7546 
S.75S4 
4.75-^7 
5.7522 
6.7519 
7.7516 
8.7514 
9.7513 
10.7518 
11.7511 


.9916 
.9975 
.9988 

•9997 
.9997 
.9998 
.99JJ9 
.9999 
.9m 


'te«-a 


Ml 


2.23.10 
3.2385 
4.S4I1 
5.2 128 
6.2439 
7.2448 
8.S454 
9.2459 
10.2463 
11JH0S 
».S4^ 


1.0135 
1.0055 
1.0028 
1.0017 
1.0011 

1.0009 
1.0006 

1.0005 
1.0004 

1.0003 
1.0003 
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26.  The  prectxiing  examples  will  be  sufficient  to  illustrate  the  cprtrrnl  mpthnrl.  T  wiH 
remariv  in  conclusion  that  the  process  of  integration  applied  to  the  equations  (ll),  (-VT),  and 
(58)  leads  very  readily  to  tht  complete  iotegnl  fat  finite  terms  of  the  cqnatioD 


wliece  *  it  an  integer,  wUdi  without  Ion  of  generelity  may  be  euppoeed  poritive.  The  fiMrm 
under  vbidi  the  intend  immedhtelj  comee  oat  it 

where  each  series  will  evidently  contain  t  +  1  terms.  It  is  well  known  that  (67)  is  a  general 
integrable  form  which  includes  as  a  particular  case  the  equattoD  which  occurs  in  the  theory  of 
the  figure  of  the  earth,  Ibr  f  in  (67)  is  any  quantity  teal  or  imaginary,  and  dwrefere  the  equap* 
tion  Ibrmed  fiom  (07)  hy  writing  •ff^  §ar  — 9'f  may  be  auppoaed  indnded  in  the  form  (67). 

It  may  be  remarlced  that  the  differential  equations  discuMed  in  this  paper  can  all  be  reduced 
to  particular  cases  of  the  equation  obtainetl  by  replacing  t  (»  +  l)  in  (67)  by  a  general  constant. 
By  taking  gn^,  where  g  is  any  constant,  lor  the  independent  variable  in  {dace  of  n  in  the  dif- 
imntial  equations  whieh  IT,  F  hi  the  first  czamiie  satisfy,  these  eqoatiooa  are  icdueed  to  the 
Ibim 

d'y    99  fb 


and  (47),  (58)  arc  in  tliis  form  already.    Putting  now  y  we  shall  seduoe  the  last 

equation  to  the  form  required. 

O.  STOKES. 
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IX.  ilfoCAMliM/ ^qwtMm  Tkhd 
Mmeir,       W.  Whbwbu^  D  J).  Master     Triiii^  Colbge, 


[Bead  N«v.  ]J«  ISSO,^ 

68.  Im  my  former  memoirs  od  this  subject,  I  have  remarked  that  the  matbematioal 
noda  of  tomting  quesdoni  of  FolitinI  Economy  may  be  very  uorful  in  dedadttg  the  multo 
of  faodnneDtal  prioc^ilMi  aiMiiiwd  or  iadependeotly  ettabliilied,  althoiigh  of  ooiine^  it  oumot 
«dd  AoytluDg  to  l3b»  certainty  of  the  principles  themgdvcs.  It  was  faitber  ramarkfdf  that 
this  mofle  of  treatment  might  be  expected  to  shew,  more  clcarlv  tlian  any  other,  within 
what  limits,  and  under  what  conditions,  propositions  in  Polititnl  Economy  arc  true.  This 
remark  was  illustrated  by  the  mathematical  exposition  of  ccrt&in  doctrines  concerning  the 
raralto  of  tnCenmlMiMl  tnde;  from  wbkb  CKpoudon  it  appeared,  that  «MertioiM  vliidi  have 
bean  made  in  a  general  form,  respecting  the  advantagea  of  stidi  trade  to  (he  countries  oon> 
oerned  in  it,  are  true  only  wiAin  voy  nanov  Uioita^  even  on  the  principlei  which  luve  been 
put  forward  as  their  basis. 

In  the  last  memoir  the  international  exchange  of  commodities  was  constdered  witliout 
vrfemioe  to  money,  as  the  medium  of  exdiange,  or  neana  of  paying  hehuwre.  In  the 
preeettt  tnemoir  I  aball  eooiider  nonej,  that  ia,  gold  end  rilver,  aa  anoDg  the  thinga  en» 
ilttngedy  and  aball  eodeaTonr  to  trace  the  eAct  produced  by  tbb  ekment  in  the  dilBennt 
oountriee,  which  are  porUca  to  the  exchange. 

69*  -As  has  already  been  iaid»  we  moit,  in  audi  matbemacicel  expoaitionii  aiaume  our 
fundanental  principles,  as  being  supplied  to  the  sdenoe  of  PcBliGal  Eocnoniy  by  means  ci 

other  modes  of  reasoning.    The  principle  according  to  which  prices  in  diflTerent  countries  are 
affected  by  the  exports  and  imports  of  gold  and  (silver  may  be,  in  special  cases,  obscure  and 
complex;  but  there  is  one  general  principle  aifecting  the^e  changes,  in  the  long  run,  and  on 
the  large  scale,  wUdi  writers  «ie  in  the  baUt  of  asserting,  and  which  we  shall  aasume  ea  ' 
our  basis ;  leaving  it  to  otbere  to  illustrate  and  oonfirm*  or  to  correct  it 

We  shall  assume  that  if  the  quantity  of  metallic  currency,  that  is,  of  the  gold  and  silver, 
uwd  88  money  in  any  country,  be  augmented,  other  things  remaining  the  same,  (for  example, 
the  quantity  of  commodities  to  be  circulated,  and  the  activity  of  such  transactions)  the 
prices  of  all  oommoditiea  will  be  augmented  in  the  same  ratio.  Thus,  if  the  metaUic  cur* 
reney  of  Englend  he  90  millions  of  pounds  sterliug,  and  if  there  be  added  to  it,  by  extraneous 
cauasa>  10  millions  more,  prices  will  be  increased  in  the  ratio  of  3  to  4.  And  in  the  same 
manner  if  the  currency  be  diminished  by  10  millionat  waa  to  be  only  80  millions,  prices  will 
be  diminished  in  the  ratio  of  3  to  2. 

7(h.    In  every  country  wUdi  does  not  produce  its  own  supply  cf  gold  and  diver,  there 
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mutt  be  a  perpetual  import  of  tfaoM  metiliy  to  lupply  tbe  «e«r  And  tMr»  bolh  of  coin,  and 
of  tbe  otbcr  uim  of  gdd  mud  fDrer,  all  whieb  we  may  indude  to  tbe  term  ptaU.  Aeeonfiiig 

to  Mr.  Jacob  (fi^  <A<  Preeiout  Metals,  chap,  xxiii.),  tbe  loM  by  friction  araiually,  is  on 
gold  coin  ,,  |',,,!  on  silver  coin,  ,,'  of  t^**  value.  If  we  suppose  that  the  compound  loss  on 
tbe  gold  and  silver  is  j,^,,yt  we  should  require,  in  order  to  keep  up  a  metallic  currency  of  SO 
milliona,  an  import  of  gold  and  silver  to  tbe  amouot  of  £CO,000  annualiy.  If  tbe  import  fd 
the  preeknia  metale  were  greater  tbaa  this*  tbe  amount  of  tbe  currency  woidd  be  biereaaed, 
and  prices  would  rise.  If  tbe  amount  of  tbe  precious  metals  imported  were  leat  tban  .£60,000, 
price*!  would  fall:  and  aecordinir  to  the  principle  just  stated,  if  the  excess  or  defect  of 
metallic  imp>rt  were  permanent,  the  rise  or  fall  of  prices  would  be  permanent,  and  would 
not  cease  till  a  new  petition  of  equilibrium  was  attained.  If,  for  instance,  the  annual  import 
of  gold  and  MlTer>  wUch  went  to  supply  the  currem^,  were  condauaUy  i90JiK0  inatead  of 
jEtfOiOOO,  pricea  would  go  on  riaiog,  tiU  the  cmmaiey  waa  40  millioos  inetead  of  SO  millions; 
and  ikeck  there  would  be  ao  equilibrium,  because  £80,ooo  exactly  supplies  the  wear  and  tear 
of  a  currency  of  40  millions.  Prices  would,  in  this  ense,  have  risen  by  one  third,  as  we  have 
already  stated.  If  the  regular  annual  import  of  gold  and  silver  were  Jt40,000,  instead  of 
jC60,ooo,  prices  would  fall  till  the  currency  waa  reduced  to  80  milliona^  which  amount  of  eup- 
reoey  is  exactly  kept  up  by  an  annual  sup{dy  of  iNOyOOO;  and  prices  would  he  icdueed  in 
the  ratio  of  8  to  it)  as  above  stated. 

7l>  In  the  mode  of  treating  the  subject  here  adopted,  we  consider  only  states  of  equi- 
librium, like  those  just  spoken  of.  For  lithough,  as  t  observed  at  die  dose  of  the  last 
memoir  (67)»  a  state  of  equilibrium  is  never  attained,  tbe  state  of  equilftrium  is  that  to 

which  all  the  motions  tend ;  and  an  equilibrium  Ifteory  is  the  best  attempt  at  a  theory  of 
trade  which  we  can  at  present  make.  We  must,  futtlier,  pdot  OUt  some  Other  pirindples 
of  equilibrium  wliich  we  here  adopt. 

We  asamne,  as  in  the  Ibnner  nemdr  (37),  the  equality  of  import  and  export.  But  in 
the  former  memoir,  we  spoke  only  of  commodities  in  general,  as  exdiaoged  for  on*  another, 
witboat  consideritig  the  precious  metals  in  particular.  It  ia  pidn  that  when  we  say  Aat  in 
a  state  of  equilibrium  the  total  exchange  values  of  the  imports  an<1  of  thr  exports  arc  equal, 
we  must  include,  in  tlie  iinjMrts,  the  gold  and  silver  which  are  annually  imported.  Hut  as 
the  metals  which  are  used  as  currency  require  peculiar  consideration  in  tbe  present  discussion, 
we  shall  separate  them  ftom-  the  other  imports.  Let  /  be  lAa  whab  qf  tka  annual  tmportt, 
exdudve  of  gold  and  silver,  P  the  fwuttUp  of  those  metals  annually  required  to  tupply  the 
wear  and  tear  of  plate ;  Q  the  quantity  annually  reqinrad  to  supply  the  wear  and  tear  cf  dw 
eummegi  £  tbe  wbde  annual  value  of  the  exports;  then  we  have 

and  this  is  now  the  equation  of  imports  and  exports. 

72.    Let  us  now  consider  what  the  dftet  upon  international  trade  would  be,  if  the 

equation  of  imports  and  exports  were  deranged  by  some  considerable  addition  to  the  imports. 
Suppose^  for  iostanoe,  Uuit  some  commodity  (J^,  which  had  hitherto  been  priadpolly  pro- 
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duml  at  home,  were  heocefortii  to  be  imported  in  great  <^uautitjr  fruiu  abroad.  In  what 
nuiMr  win  each  of  like  abore  tenn  be  nodifiedP 

Pobapi  h  maj  be  Mid  tbat  in  tbe  new  naulting  ooodition  of  eqidKbrittm  tbe  inqporto 
and  exports  mast  stQI  be  equal,  and  that  thus,  the  derai^gemett  will  remedy  itself.  But 
this  remark  does  Dot  suffice.  It  does  not  shew  how  the  new  position  of  equilibrium  is 
attained,  nor  what  are  its  consequences.  There  is  nothing  in  the  direct  effect  of  the  newly 
added  import  tp  produoe  mj  new  export,  except  the  export  of  money.  If  the  imp<Mrti  be 
increased,  the  exports  of  eonmodicies  lemsining  the  lame,  the  bslanee  muat  be  paid,  so  tu 
as  that  transaction  alone  indicates,  in  gold  and  silvir ;  and  thus,  the  bapoltiag  country  wiU 
fiavf  the  total  import  of  gold  aiul  silver  diminished,  or  turnt-d  into  an  export.  It  is  true, 
that  n.  rountry  not  producing  iiiiich  gold  or  silver  catiiiot  go  on  exporting  gold  or  isilver : 
but  biiii  the  question  remains,  what  is  it  which  slops  this  drain  of  the  precious  nictuls,  and 
^▼es  rise  to  a  new  condition  of  equilibrium  ?  And  to  tiui,  the  reply,  upon  the  principles 
here  assumed,  is,  that  the  efliax  or  diminidied  influx  of  gold  and  silver  nduoes  iSm  currency ; 
this  reduclian  of  tlie  currency  diminishes  prices  in  the  country  in  question ;  and  prices  being 
dimini<ih(>d,  some  commodities  may  be  exported  now,  which  could  not  he  exported  before ; 
and  thus,  tbe  exports  are  increased,  and  tbe  increase  may  balance  the  increase  of  imports,  so 
as  to  give  riae  to  a  new  oondition  of  equilibriuui.  And  the  nutliemadeal  problem  now  to  be 
■olTcd  is,  lo  find  at  what  point,  the  neoeiaary  assumptions  bemg  made^  dns  new  equilibrium 
w}lltakeplae& 

'JB,  Bsmdca  dm  cftet  of  dhnioished  prices  lo  produdng  an  inersase  of  exports,  tlisrr  VMJ 
be  an  •fl'eet  of  die  mnw  hud  prodnced  by  the  diminution  of  wages  in  tbe  oountry  in  question, 

arising  from  the  competition  of  the  labour  preTioady  employed  in  producing  the  commodity 
(A')  which  is  henceforth  lo  be  imported.  Of  course,  the  prito  of  laUour  will  he  diminished 
along  with  all  other  prices :  but,  by  the  competition  of  the  laboiirors  thrown  out  of  work  by  the 
new  importation,  the  price  of  labour  may  be  diminished  in  a  still  greater  ratio.  This  effect 
howerer  we  shall  not  at  preaent  oonsider ;  but  shall  investigate  the  slteratioo  of  etxports  and 
imports  ariwig  hem  die  diaoge  of  prices  only. 

74.  We  had  the  equation  E  =  1+  P  +  Q.  Let  K  be  the  value  of  the  new  imported 
commodity  (K)  which  deranges  the  equilibrium,  and  produces  a  new  state  of  ttiings :  then 
/  becomes  J-t- 1\  and  wa  have  E^I^K'^P-^il.  . Let  P,  the  import  of  gold  and  silver, 
annually  required  for  pkte,  remsitt  unaltered.  Let  the  quantity  of  gold  and  silver  required 
to  pay  for  the  new  import,  when  the  increased  export  has  been  deducted,  be  a  fraction  of  the 
whole  annual  import  of  gold  and  silver;  that  is,  let  it  =  mQ.  Therefore  (!  -  m)  Q  is  tbe 
new  import  of  gold  and  silver.  Let  F  be  the  increase  of  the  exports :  then  tiie  equation  of 
imports  and  exports  under  the  new  condttioas  b 

j5  +  .F-/+ir+P  +  (l  -m)Qi 
and  we  had  /•l-Jr+ P-f- Q, 

whence,  F  =  K  -  mQ,. 

Sfaiee  tim  quantity  of  gold  and  silver  imported,  in  order  to  keep  up  the  currency,  is  not 

25^ 
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now  Q,  but  (1  -  fli)  <^  tlw  quantity  of  cumocj  will  be  mcmtHf  dtataiihrf  $  anil  there  will 
be  no  e(|uilibiiuni  till  the  onrraioy  k  cQmiDiihed  in  the  sane  ntb»  abet  tbo  aBount  of  the 

currency  !s  a  eertaiD  multiple,  (500  in  our  supposition)  of  the  annual  supply.  Hence,  prices  will 
be  reductcl  in  th<»  ratio  1  :  I  -  m.  This  diminution  of  prices  will  produce  an  increase,  of  the 
exports ;  and  we  have  tu  consider  in  what  way  F  may  be  supposed  to  depend  upon  m. 

76.  The  quantity  F  consists  of  commodities  sent  tn  the  ^nwal  market  of  the  world  as 
supply.  It  will  include  all  commodities  which  our  country  can  export  at  such  a  rate  as  to 
compete  with  otlwr  cotnitriee.  The  lower  are  prieei  in  our  country,  the  greater  will  be  F. 
Ae  n  pkaaible  hJrpotbed^  oiade  iSor  the  wke  of  leduelBg  the  rdatkm  to  a  formuh,  we 
amy  wppaee  that  F,  the  value  added  to  the  exports,  is  propf)rtiuna1  to  the  fUl  of  prioe;  Car 
instance,  that  a  general  fall  of  our  prices  nf  one  tenth  would  add  f  100,000  to  our  exports; 
that  a  fall  of  prices  of  two  tenths  would  add  .C200,(X)0  to  the  exports  ;  and  so  on.  On  thia 
supposition,  we  may  put  F»  mG,  where  is  a  quantity  depending  on  the  manufacturing 
ahill  and  activity  of  oar  coantty>  a»  ebewn  in  proriding  artidei  of  export.  Then  our  equation 

mGm  K -mQi  whence m- 


76.  We  thus  find  the  fall  of  price  produced  hy  the  importation  of  K.  For  instance,  let 
if,  the  value  of  the  new  import,  —  i£lOO,000,  and,  as  before,  let  Q,  the  origioal  annual 

import  of  monqr*  »  £60fi00,   Aha  let  mG  ■  £100^000,  when  mv^,ao above (75);  theie- 

100,000  5 


Hence  at  • 


1,000,000+60,000  53' 
In  this  case,  the  prices  in  our  oountij  are  lowered  by  less  than  one  tenth.    In  the  i>ew 
condition  of  equflibrinm,  the  annual  import  of  gold  and  aQver  to  keep  up  the  enrreney  will  be 

48  5 
^654,3*0  "7^*  60,000.    'J'he  new  export*,  F,  will  be  —  x  1,000,000  =  £94,340,  which  compured 

with  the  new  imports,  £100,000,  leaves  a  new  balance  against  us  of  C5660.  On  the  old  exports 
and  imports,  the  balance  in  our  favour  was  £6o,000.  Therefore  in  tlie  new  state,  it  is  i!:54,340, 
which  jiut  Iceeps  up  the  currency. 

77>    Iff  the  other  data  being  the  same,  K  be  1,000,000  instead  of  100,000,  we  shall  find 

100 

Hence  1  -  m  — — ■.  -  —  nearly. 

106  18 

In  this  case,  according  to  the  suppositions  which  we  have  mnric,  the  prices  in  our  country 
would  be  reduced  to  ww  eighteeiuk  of  what  they  were  before,  iu  <  oiis>  juencc  of  the  scarcity 
of  the  piedaua  aetala  ariaiog  from  -the  exportation  of  tlum  to  pay  fur  the  new  import  JT. 
But  it  ii  erident  that  auch  a  reduetion  of  prieea  would  ynMhm  ao  great  a  diflennoe  between 
nelghbouiing  countriei^  that  it  oonid  not  long  aubdat,  while  diere  was  trade  between  die 
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countries.  A  differeace  so  great  (if  it  did  nut  produce  a  great  dimioutioa  of  our  internal 
tnde^)  mniU  produce  ao  esport  of  coininodittcs  beyond  what  our  Ibnnula  supposes.  The 
additMNMl  export  F  would  not  be  uerdy  a»(7»  but  would,  lor  valuca  of  m  appraadiiiig  to  i, 
be  a  gveater  quantity.  It  would  be  easy  to  propose  a  function  of  n»  wbich  l  ould  Mitisfy 
these  omditions ;  but  we  do  not  need  to  do  so,  in  order  to  dbew  the  aatan  of  the  mutual 
depeodeoce  of  the  quantities  which  enter  into  our  formula. 

78.  Tiie  quantity  m     the  value  of  the  new  export,  ii  always  less  than  Ky  the  valoe  of 

the  new  import,  (for  mG  +  m  Q  ^  A';)  therefore  if  the  labour  fiiiplaced  by  the  import  of 
f  be  all  employed  in  producing  m(r,  it  will  obtain  a  smaller  return  than  it  did  before. 

But  this  smaller  return  may  be  of  equal,  less  or  greater  value,  aa  commanding  commodities 
ID  our  country*  in  oonsct^ucnce  of  the  reductioo  of  prices. 

79.  Tbos»  taking  the  first  example  above  given,  let  JET  •  100,000,  Q  -  fio,000 ;  and 
ktmbe^.   Tben  «  0  -  ~  m  1,000^  aSI^SMs  therdbie  the  1d)our  which  befim  earned 

9S  So 

lOO/KW,  (or  more,  for  the  import  K  costs  less  than  the  bome-pvodooed  article  did  which  it 

replaces)  now   earns  <)4,S40,  or  is  diminisheti  in  iLc-  ratio  —  (at  least).      But   jTices  (of 

all  things,  and  therelbre  of  articles  consumed  by  the  labotirers),  are  diuiini&bed  in  the  ratio 
48 

^ ;  and  therefore,  on  these  suppositioos,  the  labourers  who  pass  firom  the  productioD  ol  Jf  to 
^  • 

that  of  mO  nay  be  ^nen. 

80.  But  let  <2  -  100,000,  K  "  100,000  aa  before^  O  •  1,000.000:  then  we  baTO 

JT         1  1 


a +9  lo+i  11 


HeaeemOm      x  100,000,  wbUe  Km  100,000;  and  the  payment  of  the  labour  whidi  JT 

10  10 
dispbces  is  leduoed  in  the  ratio        But  piioes  an  also  vodueed  in  the  ratio  — .  Thetdbra 

on  thoee  suppositions,  the  labour  wUdi  is  diqdaeed  by  the  inportadon  of  JTmay  be  as  wdl 

paid  as  before. 

But  thi«  supposition  that  J?",  the  sum  pnid  for  the  new  import,  is  as  great  as  the  sum  paid, 
before  the  import  of  A",  to  the  home-producers  uf  the  same  article,  is  evidently  erroneous,  'i  lie 
oecadon  of  the  import  of  (if)  is,  that  the  importers*  price  is  Isss  than  the  home-producers' 
priee;  and  lwnee,«rcao(i  the  supposition  madc^  die  previous  boue'prodiioer  of  the  eomniodily 
(JT),  when  driven  fay  the  Import  to  produce  new  exportable  eomnuMStias  (F^  may  be  worse 
paid  than  befim. 

81.   If  f  be  smaller  than  Qi  the  displaoed  labour  cannot  be  so  wdl  paid  as  befere. 

jr      1  105 

Thus  let  A  =  10,000,  G  =  1,000,000,  Q  -  60.000 ;  then  m  -  — — -  «  -r^  =  1  -  f»  -  —2. 

Cr  4'  Q     lOO  100 
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Hence  mG  — -  x  10.000,  which  is  leas  than  A' m  the  ratio  — —  . 

1€6  106 

105 

But  {MricM  are  only  lessened  in  the  nttiu  —  :  heme  the  fbnner  produoera  of  (K)  who  arc 

driven  to  produce  (/"),  lose. 

82.    The  formula  F    mG,  can  perhaps  hardly trusted  for  actual  results  whvn  the  difTer- 
eooes  are  small.    It  may  however  stiU  aenre  to  shew  the  poscible  results  of  our  suppositions. 

88.  It  ai^wan,  hj  the  pvevioua  reaaoiiingt  that  tiie  cqiiali^  of  the  imports  and  expofts 
of  a  country  is  not  true,  even  as  a  permanent  or  average  state,  except  we  include  among  the 

imports,  gold  and  silver;  and  that  there  may  be  and  must  be  a  constant  annual  current  of  cn^ld 
and  silver  into  every  country  which  does  not  itself  produce  those  metals  in  suthcicnt  abundance 
to  vap^j  ila  own  wanta.  It  appcaia  alao  that  tfat  metallic  eomnt  which  thn«  flows  conetantly 
into  any  country,  mi^  change  ita  amount  from  year  to  year,  in  ooniequeDce  of  the  aitentioo  of 
tin  amount  of  other  import!  and  exporta ;  and  further,  that  with  such  a  diange  of  the  amount 
of  the  metallic  current  into  any  country,  there  arises,  when  the  change  has  a  permanent  character, 
a  general  change  of  prices  in  the  country.  When  the  imports  into  a  country  become  perma- 
nently greater,  all  prices  in  that  country  undergo  a  permanent  fall.  Those  countries  have 
the  highest  prioee*  which  produce  the  greatcat  abundance  of  exportable  artielei,  compared  with 
the  amount  of  the  importa.  The  exceaa  of  otfier  commodity  exporta  over  importa,  producea  a 
constant  mercantile  pressure,  which  keepa  the  metallic  currency  at  a  higher  level  in  that 
country  than  in  surrounding  countries.  The  different  levels  of  the  genera!  scale  of  prices  in 
different  neighbouring  countries  depend  upon  the  continual  metallic  currents,  whicl),  in  virtue 
cf  their  mutual  tiade^  aet  in  cadi  to  or  from  the  ofhcra.  The  difireot  lereb  at  which  the 
precioua  metala  atand  in  dttPerent  oountiiaa  are  no  inore  at  vaiianoe  with  the  general  tenden^ 
of  thoee  commoditica  to  find  their  hvA,  than  the  fact,  that  a  series  of  ponds,  connected  by 
pumps  constantly  worHn-r  TT>ny  !>e  at  different  levels,  is  at  variance  with  tlie  tendency  of  water 
to  find  its  le%'el ;  the  pumping  of  international  trade  determines  a  metallic  current  between 
each  two  countries,  which  current  affects  the  metallic  level  in  both  countries,  and  in  turn,  has 
ita  vdoeity  determined  by  the  difference  of  level. 

84.  It  has  generally  been  supposed  that,  for  many  years,  prices  in  general  have  been 
higher  in  England  than  in  most  other  countries ;  and  various  ways  of  accounting  for  this 
fact  have  been  proposed  by  varioua  writen.  Mr.  Senior,  in  hit  Ledum  on  ike  CoU  of  fAa 
Awenwa  JlfeCob*  aaeribea  the  dilferenee  to  tile  auperior  cflldency  Ei^iah  aa  compared 
with  foreign  labour.  But  Mr.  J.  S.  Mill  (PoliL  Econ.  ii.  p.  142)  rightly,  as  I  conceive, 
dissents  from  this  view,  and  gives  an  account  of  the  conditions  on  which  the  general  scale  of 
prices  depends^  agreeing,  in  the  main,  with  the  account  given  here. 

85.  I  have  uot  thought  it  necessary  to  consider  the  atthjeet  of  the  exchanges  between 
different  countries,  although  the  state  of  the  exchanges  may  often  nfTcet  the  amount  of 
exportation.    For  this  effect  of  the  exchanges  is  not  an  independent  and  distinct  effect,  but 
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it  s  derivative  and  exponent  uf  the  effect  of  tlie  tendencjr  of  the  metallic  current  from 
one  country  to  MMther.  The  itate  of  exehinge  mtj  be  looked  upon  ae  an  inetniment  which 
meMUxee  the  finroe  of  that  eunent,  and  doee  not  add  anything  to  Ae  Ibiro^  «r  praduoe  any 
effect  of  its  own,  exeepti  it  nay  lie,  to  v^late  and  vednce  to  ateodineaa  the  oaaual  and 
traosiMt  impuliee. 

96.    It  may  serve  to  illustrate  the  hearing  of  Ae  ahore  hypothetical  dieeuMiooa  upon 

the  actual  facts,  if  I  state  some  of  the  numbers  which  Mr.  Jacob  has  given  in  his  Historical 
Inquiry  into  the  Production  and  Consumption  of  the  Precious  Metals.  The  result  of  his 
investigations  is,  that  the  annual  produce  uf  all  the  gold  and  silver  mines  in  the  world,  from 
1700  to  1809}  was  8  miUioDS  sterling  a  year:  that  of  this  sum,  two-fifUis  went  regularly 
to  Asia,  to  pay  for  tea,  dlk,  qiices,  and  the  like;  that  of  the  renudning  tbtee-ifUia,  two- 
tbirda,  or  twoiififUii  of  the  whole^  were  employed  Jbr  other  purpose*  than  coin ;  and  thua 
tliere  is,  for  the  coin  of  the  whole  of  Europe,  an  annual  supply  of  £\,&)0,000,  The  annual 
wear  of  the  coin  he  estimates  at  about  one-lO(xUh.  And  the  annual  supply  being  much  more 
than  the  annual  wear,  the  amount  of  coin  has  gone  on  increa&ing.  He  reclcons  that  the 
amount  of  coin  in  Europe  ia  1700  ««b  S86  miiUoae,  which  waa  in  I809  ioeieaaed  to  880  mflliane. 

87-  In  the  former  memoir.  Art.  20, 1  divided  commoditip?!  into  four  classes,  according  to 
the  relations  of  supply,  demand  and  price.  In  three  of  these  classes,  when  the  price  falls, 
the  money  dssnand  either  falb,  or  at  least  doea  not  riae.  Them  three  riasaes  included  most 
cases;  and  Aerefine  in  most  eases*  the  money  demand  for  our  new  export  (F),  ercn  if  durt 
commodity  be  ofTered  by  us  somewhat  cheaper  than  it  waa  offered  by  other  seUera,  will  only  be 
so  much  taken  from  the  demand  for  the  same  commodity  at  the  hands  of  others.  In  these 
cases,  it  does  not  appear  likely  that  the  extension  of  demand,  F,  will  increase  with  greater 
rapidity  than  the  price  falls.  But  in  the  fourth  daw  of  commodities,  popular  lumtriea^  the 
money  demand  inereaaes  with  a  fill  el  price.  In  these  caam,  the  ententkii  of  demand  for 
the  new  commodity  may  increase  much  more  ra|ddly  than  tim  fill  of  the  price,  end  a.  difticnt 
formula  inatead  of  .F  -  mG  may  be  neededa 

Trucitt  LOIKIE, 
Hm,  It,  18M. 
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The  great  importance  of  the  results  obtained  by  ineaos  of  the  {pendulum  has  induced 
philosophers  to  devote  so  much  attcntioa  to  the  subject,  and  to  perforin  the  experiments  with 
luch  «  wnipttloas  ngard  to  Mennusj  in  every  partieuUn',  that  pendulum  obeervndons  may 
juetlj  be  ndttd  among  thoM  moet  dirtingaiebed  \vf  modern  exactness.  It  ii  unneceemiy  here 
to  cntimcrate  the  different  methods  which  have  been  cmplovid,  and  the  several  corrections 
which  must  l?e  made,  in  order  to  deduce  from  the  actual  observations  the  result  which  would 
correspond  to  the  ideal  case  of  a  simple  pendulum  performing  indefinitely  stnall  oscillatioDs 
in  vaeuam.  Tlwre  is  only  one  of  thew  eorrectione  wliidi  bean  on  the  subject  of  tlie  pieienl 
paper,  namely,  the  oonrection  usuaUy  termed  tbe  rsAteffefi  to  «  vaeHnm.  On  aoooont  of 
tbe  incooTenience  and  expense  attending  experimente  in  a  vacuttm  apparatae,  the  observationsi 
arc  usually  made  in  air,  and  it  then  becomes  necessary  to  apply  a  small  correction,  in  order 
to  reduce  the  observed  result  to  what  would  have  been  observed  had  the  pendulum  been 
swung  in  a  vacuum.  The  roost  obvious  effect  of  the  air  contiste  in  a  diminution  of  the  moving 
force,  and  oomeqaent  increase  in  the  time  of  vibration,  ariiing  ftom  tbe  buoyancy  of  the 
fluid.  The  correction  for  buoyancy  is  caiily  calculated  from  the  first  principles  of  bydio- 
statics,  and  formed  for  a  considerable  time  tbe  only  correction  which  it  was  thought  neces- 
sary to  make  for  reduction  to  a  vacuum.  But  in  the  year  Be«sel,  in  a  very  important 
memoir  in  which  he  determined  by  a  new  method  the  length  of  the  seconds'  pendulum,  pointed 
out  ihim  tbeoretieal  considerations  tbe  neceeiity  of  taking  seoount  of  tbe  inertia  of  tbe  air  as 
wdl  as  of  its  buoyancy.  The  oumericel  calculatioa  of  tbe  eflect  of  tbe  Inertia  Ibrms  a 
problem  of  hydrodynamics  which  Bessel  did  not  attack ;  but  he  oonduded  firom  general 
principles  tliat  a  fluid,  or  at  any  rate  a  fluid  of  small  density,  has  no  other  effect  on  the 
time  of  very  small  vibrations  of  a  pendulum  than  that  it  diminishes  its  gravity  and  increases 
its  moment  of  inertia.  In  tbe  case  <^  a  body  of  which  the  dimensions  are  small  compared 
with  the  length  of  tbe  smpendlag  wire,  Beeael  rqweecnted  the  increase  <^  Inertia  by  that  of  a 
mam  equal  to  k  times  the  mass  of  the  fluid  displaced,  which  must  be  supposed  to  be  added 
to  the  inertia  of  the  body  itself.  This  factor  k  he  determined  experimentally  for  a  sphere  a 
little  more  than  two  inches  in  diameter,  swung  in  air  and  in  water.  The  result  for  air, 
obtained  in  a  rather  indirect  way,  was  k  ->  0*9459,  which  value  fic^sel  in  a  subsequent  paper 
increased  to  0^6.  A  brass  sphere  of  the  above  size  baring  been  swung  in  water  with  two 
different  l«igtba  of  wire  in  sucoemioD  ^ve  two  values  of  k,  diftring  a  little  from  each 
other,  and  equal  to  only  about  tiro.thirde  of  tbe  value  obtained  for  ahr. 
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The  attention  of  the  scientific  world  having  been  called  to  the  subjwt  hj  the  publication 
of  Besael^s  memoir,  fresii  researcbes  botli  theoretical  and  expeiimeatal  soon  appeared.  In 
otder  to  Mtamnie  the  lAct  of  the  dr  liy  «  moM  dfarcet  melliod  tfan-  dut  employed  bj  Bend, 
a  krge  memm  ipiMmiititB  wm  ended  «t  vxptmt  of  tb«  Boird  of  Lioiigltad^  and  by 
means  of  tbis  appant  is  Captaio  (now  Colonel)  Sabine  deteruilMd  the  effect  of  tbe  air  on 
the  lime  of  vibratiun  of  a  particular  invariable  pendulum.  TBie  results  of  tbe  experiments 
are  contained  in  a  memoir  read  before  the  Koyal  Society  in  March  1829,  and  printed  in  the 
PhUoeophictd  TrcmaaoHoiu  §ar  that  year.  The  meaa  of  eight  very  consistent  experinieiite 
gave  f6M  ai  tbe  ftetor  by  whieh  for  that  pendulum  the  old  eefwetfcm  for  buoyancy  mutt 
be  muldplied  lit  order  to  ffve  the  whole  oorretStioo  on  account  of  the  air.  A  very  remark- 
able fact  was  discovered  in  the  course  of  these  experiments.  While  the  effects  of  air  at  the 
atmospheric  pressure  and  under  a  pressure  of  about  half  an  atmosphere  were  found  to  be 
a*  nearly  as  possible  proportional  to  the  densities,  it  was  found  that  the  effect  of  hydrogen  at 
the  atnoqaheric  peeawitie  w«e  much  greater,  compared  vitb  th*  eibM  of  mr»  than  oaiiea|ioaded 
with  ill  demi^.  In  fiwt.  It  appeared  that  Ae  tnlio  «f  the  ellbeta  of  hydrogen  and  air 
on  thetlom  of  vibration  was  about  1  to  .'i^,  while  the  ratio  of  the  densities  is  only  about 
1  to  13.  In  speaking  of  this  result  Colonrl  S  ihinc  remarks,  '*  The  diffcrrnce  of  this  ratio 
from  thr»t  "ihcwn  by  experim  mt  is  greater  than  can  well  be  ascribed  to  accidental  error  in  the 
experiment,  particularly  aa  repetition  produced  results  almost  identical.  May  it  not  indicate 
•a  inhefent  property  in  the  doede  fluids,  analogoue  to  that  of  viicidity  in  liquid%  ot  icaiitance 
to  tlie  motion  of  hodiee  TptMktg  Ar«ngh  them,  Independently  of  tihdr  dcneity  ?  a  property,  in 
such  ceae,  poeeweed  by  air  and  hydrogen  gas  in  very  different  dagtees ;  since  it  would  appear 
from  the  experiment?  that  the  ratio  of  the  resistance  of  hydrogen  gas  to  that  of  air  is  more 
than  double  the  ratio  following  from  their  densities.  Should  the  existence  of  such  a  distinct 
property  of  Teahtance,  wyii^  in  tbe  diflbrent  d«atie  fluide,  be  confirmed  by  experiments 
noir  In  progreet  irith  other  giaee,  «n  epparatua  move  eoitaUe  than  the  preeent  to  inveatigate 
the  ratio  in  which  it  is  pomemed  hy  them,  could  scarcely  be  devised  :  and  the  pendulum, 
in  addition  to  its  many  Important  and  useful  purposes  in  general  physics,  may  find  an 
application  for  its  very  delicate,  but,  with  due  precaution,  not  more  delicate  than  certain, 
determinations,  in  the  domain  of  chemistry."  Colonel  Sabine  has  informed  me  that  the 
eiperimente  beM  elhided  to  were  interrupted  by  a  eauae  wbid)  need  not  now  be  mentioned, 
bat  tibai  as  far  ae  tb^  went  they  confirmed  tlie  result  of  the  experiments  with  hydrogen^  and 
pointed  out  the  existence  of  a  ^ledfie  action  b  difleient  guee,  quite  disthict  ftom  mere 
variations  of  density. 

Our  knowledge  on  the  subject  of  the  effect  of  air  on  the  time  of  vibration  of  pendulums 
hen  TCodved  n  meet  valuable  adAion  ftom  tbe  labours  of  the  late  Mr  Baily,  who  erected 
a  Tacmtm  appentus  at  hie  own  boum^  with  wbidi  he  perftinned  many  bimdreds  of  cavelul 

experiments  on  a  great  variety  of  pendolums.    The  experiments  ere  described  In  a  paper 

read  before  the  Royal  Society  on  the  Slst  of  May  1832.  The  result  for  each  pendulum  is 
expressed  by  the  value  of  «,  the  factor  by  which  the  old  correction  for  buoyancy  must  be 
multiplied  in  order  to  give  the  whole  effect  of  the  air  as  deduced  from  observation.  Four 
•pberes,  not  quite  1^  in«b  ni  dleueter,  gave  w  a  mean  isa  I'tlSt,  while  three  ephere^  a  Utde 
you  IX.  Faky  IL  26 
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more  dum  S  iDdiM  in  dkmetar,  give  only  1748.  Tbe  kttar  van  nttarlj  «f  die  ne  mm 
M  tboM  with  wUdi  BcHd,  hj  m  dUEnrent  mediod,  htd  obtdned  hmtt-giiS  «r  orgeSt  iduA 
corresponds  to  n  ■  1*946  or  1'956.    Among  the  "Additional  Experiments'"  in  the  latter 

part  of  Baily's  paper,  is  a  set  in  which  the  jjcndulums  consisted  of  plain  cylindrical  rods. 
With  these  pendulums  it  wa«  found  that  n  r^;ularl/  increased,  though  according  to  an 
unknown  kw,  n  the  diameter  ef  the  nd  dwffwwd.  While  a  brass  tube  inch  in 
diameter  gave  n  equal  to  about  9^  a  thin  rod  or  thiek  wire  oaSj  O'OTt  ineh  is  dianetar 
gave  for  A  a  value  as  great  as  7*530. 

Mathematicians  in  the  meanwhile  were  not  idle,  and  »cvcral  memoirs  appeared  about  this 
time,  of  which  the  object  was  to  deteriuiue  from  liydrodynaraica  the  effect  of  a  fluid  on  the 
motion  of  a  pendulum.  The  first  of  these  came  from  the  pen  of  the  celebrated  Poisaoo. 
It  waa  r«ad  helDBe  die  Franeh  Acadeny  en  die  Mad  el  Angoat  IMl*  and  ii  prinled  in  ^ 
nth  Volume  of  the  Memoira.  In  tUa  paper,  Poiiion  conni«B  the  caae  <if  a  apliere  Bua|ieaded 
hy  a  fine  Wire,  and  oscillating  in  the  air,  or  in  any  gas.  He  employs  the  ordinary  equations 
tif  nuition  of  an  elastic  fluid,  simplified  by  neglecting  the  terms  whicli  involve  the  M]uare  of 
tlie  vcloL-ity  ;  but  in  the  end,  in  adapting  his  solution  to  practice,  he  neglects,  as  insensible, 
the  terms  by  wliich  alone  the  action  of  an  elastic  differs  from  that  of  au  incompressible  fluid, 
so  that  the  feiult  thus  amplified  ia  equallj  q>|iliGaUe  to  lluida  of  bodi  claaMt.  He  finda 
that  when  inienttUe  quantidaa  me  na^aated  m  m  i-A,  ao  diet  the  mam  wUdi  i»e  imnt  anp> 
pose  added  to  that  of  the  pendulum  is  equal  to  half  the  masn.  of  the  fluid  displaced.  Thia 
result  does  not  greatly  differ  from  the  results  obtained  experimentally  by  BesscI  in  the  case 
of  spheres  oscillating  in  water,  but  differs  materially  from  the  result  he  had  obtained  for  air. 
It  agrees  pretty  closely  «ith  aoaoe  eipariaMnta  which  had  been  performed  about  fiftj  jaara 
before  bj  Dubnaty  who  had  in  &et  anticipated  Beeml  in  ahewing  (hat  the  time  of  vibratioa 
of  a  pendulum  vibrMii  i.^  ii  a  fluid  would  1>c  affected  by  the  inertia  of  the  fluid  as  well  as 
by  its  density.  Dubuat's  labours  on  this  subject  had  been  altogether  overlooked  by  those 
who  were  engaged  in  pendulum  experiments;  probably  because  such  peraons  were  not 
likely  to  seek  in  a  treatise  on  hydraulics  for  information  connected  with  the  subject  of  their 
rmearchea.  Dubuat  had*  in  faet*  rather  applied  the  pendtdum  to  bydrodjnandea  dian  hj* 
drodynamici  to  the  pendidam. 

In  the  Pkilomphical  Magazine  for  September  18S3,  p.  185,  is  a  short  paper  by  Professor 
Chollis,  on  the  subject  of  the  reinstance  to  a  ball  pendulum.  After  referring  to  a  former 
paper,  in  which  he  had  shewn  that  no  sensible  error  would  be  oommitted  in  a  problem  of 
thia  nature  by  neglecting  the  compressibility  of  the  Huid  even  if  it  he  daatiG,  Prafaiaar  Challiai 
adopting  a  particular  h jpothaaia  raapeedng  tiie  modan,  obtaina  a  for  the  value  of  die  Actor 
n  for  such  a  pendulum.  Thia  mode  of  aoltttion,  which  is  adopted  in  sevend  subeeqoent 
papers,  has  given  rise  to  a  controversy  between  FrofeMoc  Challia  and  the  Aatronomer  fioj^ 
who  maintains  the  justice  of  Poi»fton'8  result. 

In  a  paper  read  before  the  Boyal  Society  of  Edinburgh  on  the  l6Ui  of  December  1833, 
and  prbtad  in  the  ISth  Volume  of  the  9oiktf»  TVamaertwie,  Green  iiaa  datandnad  bum 
the  ooonnon  equatioot  of  iluid  motion  the  rmiatance  to  ao  eUipsoid  performiiig  amaU  oedU 
ladona  without  rotation.   The  result  ia  mtpteiaad  bj  a  definite  integral;  but  when  two  of 
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the  principal  aiM  of  dM  dlipMid  beoovM  ttiwi,  tin  inl^iil  admito  of  oxpraiiatt  in  fioite 
teniis»  bj  ine«iM  of  diwn1«r  or  IcgaiiAmie  iunetiaiiii.    Whea  the  dUpeoid  becanee  a  aphere. 

Green's  result  reduces  itself  to  Pois»oii''8, 

In  a  iiiennoir  read  btfnro  th(>  Roval  Academy  of  Turin  on  the  18th  of  January  1835, 
and  printed  in  the  57th  Volume  of  the  memoirs  of  the  Academy,  M.  Plana  has  entered  at 
great  length  into  the  theory  of  the  resistance  of  fluids  to  pendulunu.  This  awmoir  oontaina^ 
however,  rather  a  detailed  exemiiMtioa  of  variooa  poutte  cannected  with  the  theory,  than  the 
detenninatioo  of  the  resJatance  for  any  new  form  of  penduloiB.  The  author  first  treat*  the 
case  of  an  incompressible  fluid,  and  then  shews  that  the  result  would  he  sensibly  the  same  in 
the  case  of  an  elastic  fluid.  In  the  case  of  a  ball  pendulum,  the  only  one  iu  which  a  com- 
plete solution  of  the  problem  is  effected,  M.  Plaoa's  result  agrees  with  Puisson's. 

In  «  pMp*'  irea<l  belbre  die  Onaiibridge  Philosophioal  Society  on  the  t9th  of  May  1843, 
and  printed  in  the  8tb  Volume  of  the  gVnwaelfane,  p.  108,  I  have  detemined  the  reustance 
to  n  beU  pendulum  oaeiDatiDg  within  a  concentric  spherical  envelope,  and  have  pointed  out 
the  source  of  an  error  into  which  Poisson  hnt\  fallen,  in  concluding  that  such  an  envelope 
would  have  no  effect.  When  the  radius  of  the  envelope  becomes  infinite,  the  solution  agrees 
with  that  which  PoiaMin  had  obtained  for  the  caae  of  an  unlimited  mass  of  fluid.  I  have 
abo  Imraatigtted  the  increnae  of  natataaoe  due  to  the  oonfinemeot  of  the  fluid  by  a  distant 
rigid  plane.  Tlie  aame  paper  oontaina  lilcewiae  the  ealctdation  of  the  redaUnce  to  a  loi^ 
cylinder  oscillating  in  a  mass  of  fluid  either  unlimited,  or  confined  by  a  cylindrical  envelope, 
having  the  same  axis  as  the  cylinder  in  its  position  of  equilibrium.  In  the  case  of  an  un- 
coofioed  mass  of  fluid,  it  appeared  that  the  effect  of  inertia  was  the  same  as  if  a  mass  equal 
to  that  of  tile  llnid  diaphwed  were  diatrihuted  along  tile  aoda  of  die  eylinder,  ao  that  -n  >  S 
in  the  eaae  of  a  pendnlttm  coMiaring  of  a  long  qrlindrical  lod.  Thia  neady  agraea  with 
Daily's  result  for  the  long  1^  inch  tube;  but,  on  confiparing  it  with  the  mults  obtained  with 
the  cylindrical  rods,  we  observe  the  same  sort  of  discrepancy  between  theory  and  observation 
as  was  noticed  in  the  case  of  spheres.  The  discrepancy  is,  however,  far  more  striking  in  the 
present  case,  as  might  ualuraily  have  beeu  expected,  after  what  had  been  obacrved  with 
iplMMa,  on  aGGoant  of  the  ftr  maOer  diameter  of  tlie  aolida  amplajad. 

A  far  years  ago  Profenor  Thonaon  communicated  to  me  s  very  beautiful  and  powerful 
netliod  which  he  had  applied  to  die  tiiaoij  of  electricity,  which  depended  on  the  consideration 
of  what  he  called  eMrhal  imaffea.  The  same  method,  I  found,  applied,  with  a  certain  modi- 
fication, to  some  interesting  problem-s  relating  to  ball  peodulums.  It  enabled  me  to  calculate 
Ae  wawfaMiii  to  a  aphere  oadUatiug  in  preaenee  of  a  flxed  sphere,  or  within  a  apherieal  enve> 
lope^  or  the  raatatanoe  to  a  pair  of  afdierea  mdier  in  contaet,  or  connected  by  a  narrow  rod, 
the  direetian  of  oscillation  being,  in  all  theae  cases,  that  of  the  line  joining  the  centres  of  the 
sj)hpres,  The  effect  of  a  rigid  plane  perpendicular  to  the  direction  of  motion  is  of  course 
inciuil(  (i  as  a  particular  rnsp  'I'h;'  method  even  applies,  as  Profes.sor  Thomson  jxjintcd  out 
to  me,  to  the  uncouth  solid  bounded  by  the  exterior  segments  of  two  intersecting  spheres, 
provided  dm  exterior  angle  of  interaaetion  be  a  anbmnldple  of  two  right  angles.  A  let  of 
oomapoodmg  proUema,  in  which  the  epherea  are  replaced  by  loog  eyUnden,  may  be  aolred 
in  a  aimiJar  mmuier*  Theae  lemlta  ware  mantkmed  aft  the  meeting  of  tiw  British  Association 
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at  Oxford  in  1847*  and  an  notieid  in  the  voIodm  of  rvpotts  Ibr  that  ytar,  bat  thc^  iiav* 
not  yet  been  pnbliihed  in  detdL 

The  preceding  are  all  the  investigations  that  have  fallen  under  my  notice,  of  which  tba 
objcti  was  to  cakulute  from  hydrodynamics  the  resistance  to  a  body  of  given  form  oscillating 
as  a  pendulum.  They  aU  proceed  on  the  ordinary  equations  of  the  motion  of  fluids.  They 
jJl  fiul  to  account  Ibr  ooa  leading  featune  of  the  experiinental  remilu,  namely,  the  iocreeae 
of  the  fbctor  n  iritb  a  decrease  in  tbe  dimensioDi  of  the  body*  Tinrp  ncogoise  no  dlitinetlon 
between  tbe  action  of  different  fluids,  except  wbat  ariees  from  their  diflSeffenoe  of  density. 

In  a  conversation  with  I)r  Robinson  abotit  seven  or  eight  years  ago  on  the  subject  of  the 
apjjHrution  of  theory  to  pendulums,  he  noticed  the  discrepancy  which  existed  hctwteen  tbe 
resulu  of  theory  and  experiment  relating  to  a  ball  pendulum,  and  expressed  to  me  bia  con- 
victiaa  tbat  die  diacrepancy  iii  queatian  ainic  ftom  die  adcflion  of  dw  otdnHyj  diMVjr  of 
jhiid  motion,  in  wfaidi  die  presBore  b  ea|ipoied  to  be  equel  in  all  direetione.  He  elio  da> 
•Bribed  to  me  a  remarkable  experiment  of  Sir  Jan^  s  S  utli's  which  he  had  witneewdi  Tbb 
experiment  has  not  been  published,  but  Sir  James  Soulli  han  kindly  allowed  me  to  mention 
it.  When  a  pendulum  is  in  motion,  one  would  naturally  have  supposed  that  the  air  near  the 
Diuving  body  glided  past  the  surface,  or  Uie  surface  past  it,  which  comes  to  tbe  same  thing 
if  tbe  tdadta  motioo  only  be  conddered,  with  a  vdodty  comparable  with  the  abednte  vdaiky 
of  the  eur&oe  itedf.  Bnt  «a  attaching  a  fueoe  of  gold  leaf  lo  tbe  bottom  of  a  pendulum,  ao 
as  to  stick  out  in  a  direction  perp>endicu]ar  to  the  surface,  and  then  setting  the  pendulum  in 
motion.  Sir  James  Soutli  fnund  that  the  gold  leaf  retained  its  perpendicular  position  just  as 
if  the  pendulum  had  been  at  rest ;  and  it  was  not  till  tbe  gold  leaf  carried  by  the  pendulum 
bed  been  lemovcd  to  eome  dietenoe  from  the  aurfao^  that  it  begea  to  lag  behind.  Thie 
experiment  diewt  deerly  tbe  eiietance  of  a  tangential  action  between  the  pnndulum  and  the 
air>  and  between  one  layer  of  air  and  another.  The  existence  of  a  dmilar  action  in  water  is 
clearly  exhibited  in  some  cxpcrimenti  t^f  Coulomb's  wliicli  will  h»»  miTiti'f>n*>d  in  the  wrond 
part  of  thii  paper,  and  indeed  might  be  concluded  from  several  very  ordinary  phenomena. 
Moreover  Dubuat,  in  discussing  the  results  of  his  experiments  on  the  oscillations  of  spheres 
in  water,  notioei  n  dight  increaee  in  tbe  effect  of  the  water  oomtpontliDg  to  an  Increese  hi 
tbe  dme  of  ▼ibntioil»  and  «x|Hressly  attributes  it  to  the  eiaoM%  of  the  fluid. 

Having  afterwards  occupied  my^4f  with  the  theory  of  the  friction  of  fluids,  and  arrived 
at  general  equations  of  motion,  the  same  in  essential  points  as  those  which  had  been  pre- 
viously obtained  in  a  totally  different  manner  by  otheirs,  of  which,  however,  1  was  not  at 
the  tune  aware,  I  waa  dadrone  of  applying,  if  possible,  them  eqaatioue  to  dm  cakulntlon 
of  the  motion  of  aome  Idod  of  pendulum.  Vhm  diflcnlty  of  the  prdUbn  ie  of  oonne 
materially  iocreaaed  by  the  introduction  of  internal  frietiony  bnt  as  I  felt  great  confidence  in 
the  essentia!  parts  of  the  theory,  I  thought  that  labour  would  not  be  ill-bestowed  on  the 
Hubject.  I  first  tried  a  long  cylinder,  because  the  solution  of  the  problem  appeared  likely 
to  be  simpler  than  ia  the  case  of  a  sphere.  But  after  having  proceeded  a  good  way  towards 
the  mult,  I  wae  stopped  by  a  difflmdty  rdadng  to  iba  determination  of  tbe  aiUtnry  oon- 
ctute,  wbidi  appeared  at  die  oocffldente  of  oertiin  infinite  series  by  which  the  integral  of  a 
certdn  difinntial  equation  wai  espneied.   Having  Idled  in  tho  ceie  of  a  cylinder,  I  tried 
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a  sphere,  aad  preseotly  found  that  the  correspoodiog  differential  equation  admitted  of  int^ra- 
tioD  is  idta  Unaa,  to  dial  Uw  Boladon  «f  iIm  praUem  ocmiU  be  eompletdj  cAetad.  Tht 
i«milt,  I  Ibaiul,  agnad  iwj  «dl  witlk  BaaljVi  cxpennmta,  when  the  munatlcd  ^ne  ef  ft 

certain  constant  was  properly  astumed ;  but  the  subject  was  laid  aside  for  soine  time.  Having 
afterwards  attacked  a  definite  integral  to  which  Mr  Airy  had  been  led  in  considering  the 
theory  of  the  illumination  in  tbe  neighbourhood  of  «  caustic,  I  found  that  the  method  which 
I  bad  emidoycd  in  the  aaae  of  Ob  integral  woiiUI  iqppty  lo  the  pnoblMD  ef  die  leflatanoe  to  n 
eylinder,  and  it  enabled  me  to  get  over  tbe  difleid^  with  wbidi  I  bed  be&ve  beeeii  baffled. 
I  iniDediately  completed  tbe  numerieal  calculation,  bo  far  n$  was  leqnirfte  to  eotopeve  the 
formulfe  with  Bailv's  experiments  on  cylindrical  rods,  an  l  found  a  remnrlfoMv  close  agreement 
between  theory  and  observation.  These  results  were  mentioned  at  the  meeting  of  the  British 
Assodatiofl  at  Swansea  in  18*8,  and  are  briefly  described  in  tbe  volume  of  reports  for  that 
jeer. 

Tbe  preaent  paper  is  chiefly  devoted  to  the  solution  of  tbe  problem  in  tbe  two  eeaee  of 
m  epbere  and  of  a  long  cylinder,  and  to  a  comparison  of  the  results  with  the  experiments  of 
Baily  and  others.  Expressions  are  deduced  for  the  effect  of  a  fluid  both  on  the  time  and  on 
tbe  arc  of  vibration  of  a  pendulum  consisting  either  of  a  sphere^  or  of  a  cylindrical  rod,  or  of  a 
combinatioii  of  a  sphere  and  a  lod.  Tbeee  espreMione  eoDtab  Ottlj  one  diipoiable  oonstant, 
■wbidi  baa  a  v9rj  dnple  phyeieal  oManingi  and  which  I  pnpoie  to  cdl  the  Mm  ^ffkltin 
of  the  fluid.  Thie  constant  we  may  conceive  determined  by  one  obtervation,  giving  the  effect 
of  tbe  fluid  either  on  the  time  or  on  the  arc  of  vibration  of  any  one  pendulum  of  one  of  the 
above  forms,  and  thtu  the  theory  ought  to  predict  the  effect  both  on  the  time  and  on  the 
arc  of  vibration  ot  all  such  pendulums.  The  agreemeot  of  theory  with  the  experiments  of 
Baflj  on  tbe  time  of  vibimtioo  b  veniarlcablj  doee.  Even  tbe  late  of  decmie  «(F  die  «rc  of 
Tibentian,  which  it  fbrmed  no  |iort  of  BeOj^i  olgeet  to  obeerve^  me&pt  eo  farm  waa  neoeHarjr 
for  making  the  small  correction  for  reduction  to  indeflnitely  small  vibrations,  agrees  with  tiie 
result  calcuboed  from  theory  aa  nearly  as  oould  reaaonablj  be  expected  under  tbe  dreinn* 
stances. 

It  follows  from  theory  tliat  with  a  given  sphere  or  cylindrical  rod  the  factor  n  increeses 
with  the  tieoe  of  vibration.  This  aeeonnts  in  a  good  mensnre  Ibr  tbe  cireanaetanee  that  Beiesl 
obtained  so  large  a  value  of  k  for  air,  as  is  shewn  at  length  in  tbe  present  paper ;  thongh  it 
unquestionably  arose  in  a  great  degree  from  the  inerease  of  iwiataiiee  diM  to  the  doee  pRHt- 
imity  of  a  rigid  plane  to  the  swinging  ball. 

I  have  deduced  the  value  of  the  index  of  friction  of  water  from  some  experiments  of  Cou> 
IooiVb  on  the  deorement  of  tiie  are  of  oidllation  of  disks,  nseiHathig  in  water  bi  llietr  own 
phne  by  tlie  lonioo  of  a  wire.  WInb  die  numeiicd  vnlue  tbns  obtained  is  sttbatltuted  in 
the  expression  for  the  time  of  vibratioa  at  a  spbete,  tbe  residl  agrses  aloioat  naetij  with 
Bessers  experiments  with  a  sphere  swung  in  water. 

Tbe  present  paper  contains  one  or  two  applications  of  the  theory  of  internal  friction  to 
proUenis  wbidi  are  of  some  interest,  but  whidi  do  not  rdate  to  pendulums.  Tiie  tesbtaiioe 
to  n  sphere  moving  mdlbnnly  in  n  fluid  nay  be  obteined  as  n  limiting  ease  of  tbe  redstanoe  to 
a  ball  pendulum,  provided  the  cirenmatanees  lie  audi  that  die  equare  of  tbe  vdodiy  may,  be 
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peglected.  Hie  Mbtanw  tliiit  ddcnniiwd  pidvw  to  be  pwpnrtwiMi,  Ibr  «  given  Add  and  « 
given  velocity,  not  to  the  •urface,  bat  to  tfae  radim  of  tiw  ipheK;  and  therefore  the  accele- 
rating force  of  the  resistance  increases  much  more  rapidly,  as  the  radius  of  the  sphere 
decreases,  than  if  the  resistance  varied  as  the  surface,  as  would  follow  from  the  common 
theory.  Accordingly,  the  resistance  to  a  minute  globule  of  water  falling  through  the  air  with 
it*  tennbel  vdod^  depend*  elnmit  wha&f  on  the  intetMl  ftietioiD  of  dr.  Sbee  tJie  indaK  of 
friedoa  of  dr  is  knovn  froa  pfwdnliiiii  mpezimeiitB,  we  may  eanly  calealate  the  tenainal 
vdbdij  of  a  globule  of  given  size,  D^(Iecting  the  part  of  the  resistance  irfaidi  depettde  upon 
the  s.(]iiare  of  the  velocity.  The  terminal  velocity  thus  obtained  is  so  small  in  the  case  of 
am&Sl  globules  such  oa  those  of  which  we  may  conceive  a  cloud  to  be  composed,  that  the 
apparent  suspeasioD  of  l3m  donda  doaa  not  laeD  to  pnaeut  any  dHBcuUy.  Had  the  reiiataiioe 
been  determined  tarn  die  eonunon  tbeo>y,  it  wodd  have  been  neeeaiary  to  Mippoae  the  f^obnlaB 
much  more  minute,  in  order  to  account  in  this  way  for  the  phenomenon.  Since  in  the  caae  of 
minute  globules  fulling  with  their  terniiiial  velocity  the  part  of  the  resistance  depending  upon 
the  Bquarr  of  thr  velocity,  as  determined  by  the  common  theory,  is  quite  insitrnitieHMt  comparcti 
with  the  port  which  depends  on  the  internal  friction  of  the  air,  it  follows  that  were  the  pres- 
•ure  aqnal  in  d1  diiaetioaa  in  air  in  die  itate  of  motioiit  the  quantity  of  water  whicfa  would 
nniain  wayendad  in  tbe  atate  of  doud  would  be  enomMMialy  dimiddied.  The  pendulum 
thus,  in  addition  to  its  other  aaei»  aflbcds  ua  aaaee  intareating  inforaiathMi  idatiiig  to  the 
departn)ent  of  meteorology. 

The  fifth  section  of  the  first  part  of  the  present  paper  contains  an  investigation  of  the 
effect  of  the  internal  friction  of  water  in  causing  a  series  of  oscillatory  waves  to  subelde.  It 
appaara  Ikoni  the  iHidt  diat  in  tli*  caae  of  tlw  long  ewella  of  the  ooean  tbe  eAct  of  Motion  ia 
iuigdieant,  wUta  in  tlie  caae  of  the  rij^lee  idaid  bj  flia  wud  on  a  amall  pod,  the  notian 
adMidea  vary  tt^USj  wban  the  diatnrbipg  fane  oeaaea  to  aet. 
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6i»xiON  L 

«feiBUM  Off  a  iMndttfom.   C^w«raf  Uma  uthich  fallow  fnm  ik»  form  ^tkt  tfuaHmu.  Sdth 

1.  bi  •  pqwff  ■<0»  I'il*  3?lMriw  8f  /nfMHal  JVicfton  0/  J%(ub  in  MoHon,  4a.,* 
which  the  Sodetj  did  me  the  honour  to  publish  in  the  8th  Volume  of  their  TranswHoru,  I 
have  arrived  at  the  following  equations  for  calculating  the  motion  of  a  fluid  when  the  internal 
friction  of  the  fluid  itself  is  taken  into  account,  and  consequentljr  the  pressure  not  aupposed 
equal  in  all  duvctkmi: 

11  4  [du    do     du)\  ,  ^ 

♦iiito*^**?)  

with  two  man  equatlaiui  wtdck  mf  be  wiittcn  dovn  hum  ayniMtiy.    In  tbeie  equatkm 

IS  «y  w  are  the  components  of  the  velodty  along  the  vectaDgular  axes  of  «,  y,  » ;  T,  Z  are 
the  componcntB  of  the  accelerating  force ;  p  h  the  preasuirf  /  the  tiae*  p  the  deon^,  and  /t 
a  certain  constant  depending  on  the  nature  of  the  fluid. 

Hie  three  equations  of  which  (l)  is  the  type  are  oot  the  general  equatloos  of  motion  which 
apply  to  a  heterogeneoui  flukl  when  intenial  MetiiMi  ii  taken  into  aocount,  which  an  thoie  nuni> 
bered  10  in  my  former  paper,  hut  are  applieable  to  a  bomigeneoiia  incompreadbk  iuU,  or  to 
a  homogeneous  elastic  fluid  subject  to  small  variations  of  density,  such  as  those  which  accom- 
p;iny  sfinorous  vibrations.  It  most  be  understocul  to  be  included  in  the  term  homogeneout 
that  the  temperature  is  uniform  throughout  the  mass,  except  so  far  as  it  may  be  raised  or 

lowered  by  sudden  oondenMtion  or  favebetiMi  in  tihe  «aae  of  an  elaatie  fluid.  Tbo  goiend 
equalioni  ooDtain  the  dilferential  eoettdenta  of  the  qoaotitj  ^  willi  leepeet  to  «,  and  «; 
but  the  eqnationa  of  tbe  £itm  (I)  an  fai  their  premnt  ihqie  even  mon  genenl  than  ia  fequind 

for  the  purposes  of  the  prewnt  paper. 

These  equatiuuii  agree  in  the  main  with  those  which  had  been  previously  obtained,  on 
different  principles,  by  Navier^  by  PoinoD,  and  by  M.  de  SainUVenant,  as  I  have  elaewhen 
flliMreed*.  Tii«  dilfoencee  depend  only  on  the  ooedidcnt  of  dw  hut  teim»  and  diia  tenn 
Tadahaa  in  the  «aw  of  an  incompresiihle  fluid*  to  which  Navier  liad  conSned  hia  inreadga* 
dons. 

The  equations  such  as  (1)  in  their  present  shape  are  rather  complicated,  but  in  applying 
«  Bq«H  M  naoM  KSMHliM  in  HydaadjvMuics.  Xipmtf  tlH  Bdtlili  AMwtatete  MM^  p.M. 
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thaiB  to  die  cue  of  a  pendatain  tbey  may  be  a  good  deal  dnpUfled  witfaoul  die  neglect  of  anj 
quMttMot  wUeli  it  vouM  be  important  to  retain.  In  die  firvt  ptaoe  die  motion  is  suppoied 
very  email,  on  which  account  it  will  be  allowaljle  to  neglect  the  terms  whicli  involve  the 
square  of  the  velocity.  In  the  second  place,  the  nature  of  the  motion  that  we  have  got  to 
deal  with  is  such  that  the  comiNressibility  of  the  fluid  baa  very  little  influence  on  the  result,  so 
that  we  may  treat  tlw  fluid  ae  ineompicMililie,  and  eoneequently  emit  die  laat  terms  in  the 
cquadont.  Lead/,  tbe  fbroea  JT,  Z  are  in  the  preieat  caae  dm  ooopoDeolB  of  tlia  Ibne  of 
gtwkft  Mid  if  ^  vita 

p  +  n  -t-  p  f(JCd»  +  rdjr  +  Zdn) 

for  p,  we  may  omit  the  terms  X,  Y,  Z. 

If  z  be  nif  .isurril  vertically  downwards  from  n  horizontal  plane  drawn  in  the  neighbourhond 
of  the  pendulum,  and  il  g  be  the  force  of  gravuy,  j\A'd.T  +  Ydy  +  Zdz)  =  gz,  the  arbitrary 
coMtant,  or  aiUtrary  fliactioii  «f  tba  tine  if  it  ebould  be  finiiul  neoeewry  to  ea])poie  it  to  be 
•ndij  being  indoded  in  IL  The  part  of  the  wiiole  fbroe  acting  on  the  pendflhim  wldoh 
depends  on  the  terma  H+gpx  u  simply  a  force  equal  to  the  weight  of  the  fluid  diaplaoed* 
and  acting  vertically  upwards  through  the  centre  of  gravity  of  the  volume. 

When  simplified  in  the  manner  just  explaint.'d,  the  equations  such  ««  (l)  become 


dp  &u     dPu\  du 

di'^^^i^^  d^*di?)  ~^Tt' 
dp      fd^v     dfv  do 

Tf''^\Ii^*ip*d;?)'fdi* 

dp        id'w     d'to     d*ti>\  dw 


(a) 


which,  widi  the  cqnadoo  of  continui^. 

du    dv  dw 

r^^Tg-'TM"*  

are  die  only  eqoationa  wUdi  hawa  to  be  aatiafled  at  dl  pointo  of  the  fluid,  and  at  all  inatanti 

of  time. 

In  applying  equations  (8)  to  a  particular  pendulum  experiment,  we  may  suppose  fi  con- 
atuit;  but  in  order  to  compare  experimrots  made  in  sununer  with  experiments  made  in  winter, 
or  espeiimanta  made  under  a  Ugh  barometer  widi  axpeiinenta  made  under  a  low,  it  wffl  be 
requisite  to  regard  ^  as  a  quantity  which  may  vary  with  the  temperature  and  pressure  of  the 

fluid.  As  far  as  the  result  of  a  single  experiment*,  which  has  been  already  mentioned, 
performed  with  a  single  elnstic  fluid,  namely  atr,  justifies  un  in  drawing  such  a  general 
oonclusifm^  we  may  assert  that  lor  a  given  fluid  at  a  given  temperature  fi  varies  as  p. 


a.   For  dm  Ibrmatiao  of  die  equationa  audi  at  (t),  I  mnat  fefer  to  my  ftnncr  paper 


*  The  lint  of  the  experimmu  dcacribrd  ia  CoL  Sablne't  I  been  mad*  iUBdl  h  is  piritapt  iMidljr  I 
P«par,  iam^^^u  gngt  uooi  u  bifk    7  indMi^  Isidt  lo  |  mmlwiei  to  a  qoisiiMi  at  sadt  dsllas^. 
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but  it  will  be  possible,  in  a  few  words,  to  enable  the  reader  to  form  a  clear  idea  of  the  meaning 

ConodT*  tbe  laid  to  move  in  planet  parallel  to  the  pkne  of  «y,  the  Motfam  taking  place 
hi  «  dinetioo  ptralld  to  the  axiB  of  y.   The  motbii  wOl  efideady  comiit  of  tt  eort  of  con- 

d9 

tlamnu  didng,  and  die  dUftveotMl  coefficient     may  he  taken  as  a  meaaun  cf  the  me  of 

diding.  In  the  theory  it  is  supposed  that  in  geneial  die  ptessure  about  a  given  point  la  oom- 
pouadedl  of  a  aomal  pnaauie,  conespondiog  to  the  denaity,  wUch  bdng  normal  is  necetearilj 
cqoal  in  all  dimedoiM,  and  of  an  otiUi|ue  pvemure  or  tension,  altering  firooi  one  direction  to 
another,  which  is  expressed  by  means  of  linear  functions  of  the  nine  differential  coeiBcientB  of 
the  first  order  of  u,  o,  w  with  respect  to  a,  y,  ar,  which  define  the  state  of  relative  motion  at 
aoj  point  of  the  fluid.  Now  in  the  special  case  coasidered  above,  if  we  confine  our  attention 
to  one  directioa,  diat  of  the  plane  of  «f •  the  total  preaiiire  nfemd  to  a  unit  of  aurfiMe  ia 
ooupoiunded  of  a  nonnai  premare  comtponding  to  the  deim^»  and  a  taafntthl  preMnre 
do 

axpreaied  bv  ^  — ,  which  tends  to  reduce  the  reladve  modon. 

'  dz 

In  the  solution  of  equations  (i),  fi  always  appears  divided  by  p.  Let  fna^/ip.  The 
constant  (i!  may  conveniently  be  called  the  indem  of  friction  of  the  fluidt  whether  liquid  or  gas, 
to  idikh  it  felatee.  Aa  Nigaida  its  dimenaicin^  It  espKHea  a  movhig  Ibroe  divided  by  tha 
pfodnct  of  a  surface,  a  dendty,  and  the  £flbrential  coefficient  of  a  vchx^ity  with  respect  to  a 
line.  Hence  /  is  the  square  of  a  line  divided  by  a  tim^  whence  it  wiU  be  eOKf  to  ad^pt  the 
numerical  value  of  ^'  to  a  new  unit  of  length  or  of  time. 

3.  Beades  the  general  equatbns  (2)  and  (3),  it  will  be  requisite  to  cconder  the  equations 
of  oanditkn  at  the  boundarica  of  the  idd.  For  the  purpoeea  cf  die  preeent  paper  there  wOl 
be  no  oeeadon  to  oondder  the  oaie  of  a  fkoe  antfiw^  but  cmty  that  cf  the  common  auz&oe  cf 

the  fluid  and  a  solid.  Now,  if  the  fluid  immediately  in  contact  with  a  solid  could  flow  past  it 
with  a  finite  velocity,  it  would  follow  that  the  solid  was  infinitely  smoother  with  respect  to 
its  action  on  the  fluid  than  the  fluid  with  respect  to  its  action  on  itself.  For,  con- 
ceive the  dementary  layer  of  fluid  oomprised  between  the  amftee  of  the  solid  and  a 
panlld  amftee  at  a  distanee  A,  and  then  regard  only  »  mudi  of  thia  kyer  aa  eoneqMmda 
to  an  elemental^  portion  dS  of  the  surface  of  the  solid.  The  impceased  forces  acting  on 
the  fluid  element  must  be  in  equilibrium  with  the  effective  forces  reversed.  Now  conceive 
h  to  vriTiirh  compared  with  the  linear  dimensions  of  dS,  and  lastly  let  dS  vanish*.  It 
is  evident  that  the  conditions  of  equilibrium  will  ultimately  reduce  themselves  to  this,  that 
die  ahlique  preseure  whidi  dx  fluid  clement  experiences  on  the  side  of  the  solid  muet  be  equal 
and  opposite  to  die  premitre  whicb  it  cxpetiencea  on  the  side  of  tha  fluid.  Now  if  the  fluid 
could  flov  past  die  solid  with  a  flnite  Tdoeity>  it  would  fdlow  that  the  tangentiBl  pressure 


tm  of  tbe  fl«mratii7  suiftea.  Smb  eztrtne  pnciildB  la 
nnimpotiat  mkttm  MB4i,I  Alak,onIjr  to  perplex  the  itador, 
■BdfMfiotkimftvniMiinli^so  nM%  ia«g  tin  iplifl«(«ii 


*  To  be  quite  precite  It  woold  b«  nssiisaiy  I*  «ijr,  CoM^ve 
htaidS  to  Tuiih  together,  h  ruiUUag  coaptsi  «IA  As 
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caned  into  play  hj  the  coatianoas  didhig  of  Ae  flaidi  over  itadf  ww  no  mon  tbao  cottBtcv* 

acted  by  the  abrupt  tliding  of  the  fluid  over  the  MiBd.  As  this  appeen  OMedingl)  iiiipiob»> 
Wc  a  priori,  it  s<-'Ctns  reas<jnable  in  thv  first  instance  to  examine  the  conswjuences  of  supposing 
that  no  such  abrupt  sliding  takes  place,  more  especially  as  the  mathematical  difficulties  of  the 
problem  will  thus  be  aiateriallj|r  ditniniisbed.  I  «bail  assume,  therefore,  as  the  conditions  to  be 
MtUfied  at  the  boandarict  of  the  Add.  that  the  vdodty  of  a  fluid  pirtlde  ihall  he  the  lune, 
hoih  in  magnitiide  and  diieetion,  a»  that  of  the  eolid  particle  with  whieh  it  ia  in  oontiet.  The 
agreement  of  the  results  thus  obtained  with  observation  will  presently  appear  to  be  highly 
satisfactory.  When  the  fluid,  instead  of  being  confined  within  a  rigid  envelope,  extends  indefi- 
nitely around  the  oscillating  body,  we  must  introduce  into  the  solution  the  condition  that 
the  motion  shall  Tanisb  at  an  infinite  distance,  which  takes  the  place  of  the  ooodition  to  be 
eatis6ed  at  the  Mirfaee  of  the  cnvdope. 

To  complete  the  determination  of  the  arbitiaiy  functions  which  would  be  contained  in  the 
integrals  of  (2)  and  (3),  it  would  be  rcqiu^itc  to  put  ^  =  0  in  the  general  expressions  for  u,  p, 
w,  obtained  by  integrating  those  equations,  and  etpiate  the  results  to  the  initial  velocities  sup- 
posctl  to  be  given.  But  it  would  be  introducing  a  most  needless  degre«  of  complexity  into  the 
aolnrion  to  take  aoocunt  of  the  initial  drciMnstanoea,  nor  ia  it  at  all  nccwary  to  do  ao  for  the 
aake  of  compariioo  of  theory  with  experiment.  For  in  a  pendnlum  experiment  the  pendidnm 
is  set  swinging  and  then  left  to  itself,  and  the  first  observatioa  is  not  taken  till  several  oedlla- 
tions  have  been  completed,  during  which  any  irregularities  attending  the  initial  motion  would 
have  had  time  to  subside.  It  will  be  quite  sutKcient  to  regard  the  motion  as  already  going  on, 
and  limit  the  calculation  to  the  determination  of  the  simultaneous  pericxiic  movementa  of  the 
pendulum  and  the  aarrounding  Huid.  The  arc  of  oaciOation  viU  go  on  dowly  decreaaing,  but 
it  will  be  so  nearly  constant  for  several  successive  oscillations  that  it  may  be  regarded  aa 
strictly  sucli  in  calculating  the  motion  of  tin-  fluid  ;  and  having  thus  detcmiined  the  resultant 
action  of  the  fluid  on  the  solid  \\e  may  employ  the  result  in  calculating  the  decrement  of  the 
arc  of  oscillation,  as  well  as  in  calculating  the  time  ot  oscillation.  Thus  the  assumption  of 
periodic  funeUona  cf  the  time  in  the  espvcMiona  for  «,  «a  wiU  take  the  place  of  the  dderaii* 
nation  of  certain  arhiorary  functiona  by  meana  of  the  initial  drounatancaa, 

4.  Imagine  a  plane  drawn  perpendicular  to  the  axis  of  x  through  the  point  in  the 
fluid  whose  co-ordinates  are  x,  y,  z.  Let  the  oblique  pressure  in  the  direction  of  this  plane 
he  decomposed  into  three  pressures,  a  normal  pressure,  wliich  will  be  in  the  direction  of  and 
two  tangential  prenures  in  the  directlona  of  jr»  m,  xeapectively.  Let  P,  be  dm  nonnal  preeiureii 
and  T,  the  tangential  preaanre  in  the  direction  cf  f,  wUch  irill  he  equal  to  the  onmponent  in 
the  direction  of  x  of  the  oblique  pressure  on  a  plane  drawn  perpendicular  to  the  axit  of  Jf, 
Then  by  the  formulae  (7),  (8)  of  my  former  paper,  and  (s)  of  the  preaent, 

'-'-••S  w 

Theae  ibrmnlm'viU  be  required  in  finding  the  feanltant  force  of  the  inid  on  the  pendulum,  after 
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the  morion  of  the  fluid  has  beeo  deteniiiaed  in  terms  of  the  quantities  which  the  motion  of 
the  pendulum  is  expreued. 

B,  Befow  prooaedtng  to  the  Mfaition  of  the  eqmtiiMii  (t)  nd  (t)  m  p«i1ieiil«r  crm^  it 
will  be  well  to  examine  the  general  laws  whick  fbilow  merely  ftan  die  dinModoiis  of  the  ae?eral 
terms  which  appear  in  the  equations. 

Consider  any  number  of  similar  systems,  composed  of  similar  solids  oscillating  in  a 
similar  manner  in  diftvent  lluidB  or  in  the  aime  fluid.  Let  a,  a',  a"..*  he  homokgoiit  Iinee  in 
the  diffennt  gyctems;  T,  2"*  T"...  correqpondiiig  times,  such  for  esainpk  as  the  tiiDes  of 
iHirffllitTiW  from  rest  to  rest.  Let  j?,  y,  jr  be  measured  from  similarly  situated  origins,  sod  in 
corresponding  directions,  and  t  from  corresponding  epochs,  such  for  example  as  the  com- 
mencements of  oeciUBtioas  when  the  systems  are  beginning  to  move  from  a  given  side  of  the 
mean  position. 

The  Jbm  of  ofiiatWQB  (2),  (3)  shews  that  the  cquMiom  hdng  Mtitfied  tn  one  ^iteni  will 
be  satisfied  lar  all  the  sjitems  provided 

|tw  pus 

U  aV  etWt  »aW««,  and  p  as  —  at  t-; — . 

'  m  t 

The  variations  «  « y  oe  ir  merely  signify  that  we  must  compare  similarly  situated  points  in 
inferring  from  the  circumstance  that  (2),  (3)  are  satisfied  for  one  system  that  they  will  be  satis- 
fied for  all  the  systems.  If  o»  e\  o"„.  be  the  maximum  excursions  of  similarly  situated  points 
of  thefldda 

Ucii-~f     W  OS.  Of    t  cc  Tf 

and  the  sole  condition  to  be  satisfied,  in  addition  to  that  of  geometrical  similarityy  in  order 
that  the    stems  should  be  dyDamkally  similar,  becomea 

-  cc  -  or  mn  («) 

^  P 

This  condition  being  satisfied,  similar  motions  will  take  place  in  the  different  systems,  and  we 

shall  have 

 m 

It  JhUowt  ftom  die  equatiaiia  (4),  (j),  and  the  other  equatiaiti  which  sdght  be  written 
down  from  symmetry,  that  the  pressures  such  as  P|,  Tt  vary  in  the  aame  manner  as  p,  whence 

it  nppp.irs  from  (7)  that  the  resultant  or  resultants  of  the  pressures  of  the  fluids  on  the  solids, 
acting  along  similarly  situated  lines,  which  vary  as  pa^,  vary  as  pa*  and  cT~*  conjointly. 
In  other  words,  these  resultants  in  two  similar  systoDib  are  to  one  another  in  a  ratio  com- 
poonded  of  the  ratio  of  the  ntmet  of  fluid  displaced,  and  of  the  ratio  of  the  mazfanum 
•oeeletating  clEBCtiTe  foam  bdon^g  to  ahnihily  situated  points'in  the  solidB. 

In  order  that  two  systems  should  be  similar  in  which  the  fluids  are  confined  by 
envelopes  that  are  sufficiently  narrow  to  influence  the  motion  of  the  fluids,  it  is  necessary  that 

S7— « 
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the  envelopes  eboiiM  be  vmiler  end  elmllarly  rftueted  with  rapeot  to  Ae  eolids  oecilleting 
wicUn  theen,  end  that  their  Uncnr  dimeneiooe  ihould  be  hi  the  eene  retio  ae  thoee  of  tlie 
oeeiUBting  bodiee.    In  strictness,  it  is  likewise  necessary  that  the  eolide  iliouid  be  nndhrlj 

situated  with  respect  to  the  axis  of  rotation.  If  liuwever  two  similar  solids,  such  rt'^  two 
spheres,  arc  attached  tu  two  fine  wires,  and  made  to  perform  small  oscillations  in  two 
uQiimiicd  niasses  of  fluid,  and  if  we  agree  to  neglect  the  effect  of  the  suspeodiag  wires,  and 
Ukemee  the  effect  of  the  rotation  of  the  spheree  on  the  moliod  of  the  laid,  which  laat  will 
in  truth  be  exeeedingty  enalit  we  rq;nrd  the  two  eyeteme  ai  geometrically  ihnilar,  end 
they  will  be  dyneodeally  eilldlNr  profided  the  condition  (6)  be  satisfied.  Wilett  the  two' 
fluids  are  of  the  same  nature,  as  for  example  when  both  spheres  oscillate  in  air,  the  condition 
of  dynaiirieal  similarity  reduces  itsdf  to  this,  that  the  times  of  osdllation  shall  be  as  the 
squares  of  the  diametera  of  the  qihereet 

If,  with  BeeMi,  we  rqireeent  the  eflhet  of  die  inertia  of  die  fluid  on  the  tine  of  oecfUerion 
of  die  epheie  by  supposing  a  mass  equal  to  k  times  that  of  the  fluid  displaced  added  to  Ae 
mass  of  the  sphere,  whicli  increases  its  inertia  without  increasing  its  weight,  we  must  expect 
to  find  k  dependant  on  the  nature  of  the  fluid,  and  likewise  on  the  diameter  of  the  sphere. 
Bessel,  in  fact,  obtained  very  different  values  of  k  for  water  and  for  air.  Baily's  experiments 
on  spheNo  of  difleient  diametera,  oedllating  once  in  a  eeoond  nearly*  ihew  that  tlie  value  of 
k  ineveaaee  when  the  diameter  of  the  sphere  decreaaei.  Taldng  this  §ac  the  present  ae  the 
lesolt  of  experiment,  we  are  led  from  theory  to  assert  tlwt  the  Tslue  of  k  ineteaaee  with  die 
time  of  osdllation ;  in  fact,  k  ought  to  be  as  much  increased  as  if  we  had  left  the  time  of 
oscillation  unchanged*  and  diminished  the  diameter  in  the  ratio  in  which  the  square  root  of 
the  time  is  incveMMd.  It  may  readily  be  ehewn  that  dw  value  of  k  ohiahied  by  Bessel'e 
method,,  by  means  of  a  long  and  dwrt  pendolom,  k  greater  than  what  bdongs  to  the  loag 
pendolum,  much  mure,  greater  than  what  belongs  to  the  shorter  pendulum,  which  oscillated 
once  in  a  second  nearly.  The  value  of  k  given  by  Bessel  is  in  fact  considerably  larger  than 
that  obtained  by  Baily,  by  a  direct  method,  from  a  sphere  of  nearly  the  same  size  as  thoee 
employed  by  Bessel,  oscillating  once  in  a  second  nearly. 

The  discusakm  of  tlie  experiments  of  Baily  and  Besesl  bdongs  to  Psrt  IL  of  this  paper. 
Xbqr  are  merely  briefly  nodeed  here  to  ehew  Ihat  eome  teeolts  of  oon^dcrnble  importanoe 
fiollow  readily  from  the  general  equation^  even  widiout  obtaining  any  solution  of  them. 

7-  Befiire  proeee^ng  to  the  problenie  wUeh  meanly  oeeupy  this  paper,  it  m^  be  wdl  to 
exhttiit  the  eolutioo  of  equedons  (t)  and  (S)  in  die  extremely  simple  case  of  an  osdilating  plane. 

Conceive  a  physical  ])lane,  which  is  regarded  as  infinite,  to  be  situated  in  an  unlimited 
mass  of  fluid,  and  to  be  performing  suiall  oscillations  in  the  direction  of  a  fixed  line  in  the 
plane.  Let  a  fixed  plane  coinciding  with  the  moving  plane  be  taken  for  the  plane  of  yz,  the 
axis  of  y  being  parallel  to  the  direction  of  motion,  and  consider  only  the  portion  of  fluid 
whidi  lies  on  die  positive  side  of  the  plane  of  y«.  In  die  present  case*  we  must  evidendy 
have  u»9,  w  «  0;  and  p,  e  will  be  funetiooe  of  »  and  i,  which  have  to  be  detenniiied.  The 
equation  (S)  is  satisfied  identically,  and  we  get  from  (8),  pntdng  m  m 


dt 


=  i> 


(«) 
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The  first  of  thes<>  <*quatioTi'*  p^ves  p  =  a  constant,  for  it  evidently  cannot  be  a  function  of  t, 
since  the  eff&  i  nf  tin  motion  \  niislu  s  at  an  infinite  distance  from  the  plane;  aod  if  we  include 
this  constaot  in  H,  we  &haU  iiave  p  »  0.   Let  F  be  the  velocity  of  the  plane  itself,  and  suppoM 

Vmedant.  (9) 

Putting  in  the  secoiid  of  equations  (8) 

V  ^  J^i  liant  +  JCtConntt  (10) 

we  get 

TIm  kit  of  diMt  cqiMtiMW  ptw 

A,  -  t'^^'iJ  sin  \/^»  +        \/^»«)  +  y^'iC  an  \J +  JD  cm 


abmJTimiMtiMtlMeomiiilbilevheD  w«  muat  haw  1> -a   ObUunbig  JTi 

ftom  the  fint  «f  cqiMtloM       Md  nbititiitiiig  in  (10),  we  get 

Now  by  tltt  eqnatkm  of  eonffidon*  MginiMd  in  Art.  s«  va  muit  haw  «  -  F  wbn  «*0| 


To  find  the  normal  and  tangential  components  of  the  pressure  of  the  fluid  oa  the  plane,  we 
muit  lufaatitute'the  above  value  of  e  io  tbe  formulae  (4)j  (5),  and  after  differentiation  put 
«  «  0.  Pi,  7*1  wfll  dun  be  the  eonponents  of  the  praeiiK  of  the  wKd  on  the  fluMi  and 
thevafbie  -      ->  3%  thoee  cf  die  ppenuie  of  die  fluid  on  the  ibKd.   We  get 

P,-0,  r,-c^\/^^(amni+oo.«<)-^'\/Y-(r+i~).   .  (M) 

The  fime  capiuiwd  by  the  first  of  iheie  tenne  teoda  to  dhnbiab  the  anpUtude  of  die 
oidlktione  of  die  planer  The  foiee  expccwed  by  the  aeoond  baa  die  wDie  dbet  «•  ioeccedng 
the  hMftht  of  die  plane» 

8.  The  equation  (is)  ahews  that  a  given  phase  uf  vibration  is  propagated  from  the  plane 
hito  die  fluid  idtb  a  velocity  <y/ (in'n),  while  the  amplitude  of  oscillation  decreases  in  geometric 
j»?qgteMion  as  the  distance  fhim  the  plaoe  increaNS  in  aridinietie.  If  we  suppose  the  dme  of 
owfllation  from  rest  to  rest  to  be  one  seoond,  n  -  «■ ;  and  if  we  suppose  •!  '6  inch,  which. 

Mi  will  presently  be  seen,  is  about  its  value  in  the  ca^c  of  air,  we  get  for  the  velocity  of  propa- 
gadoD  Ji90S  inch  per  aeoond  nearly.    If  we  enquire  the  distance  from  the  plane  at  which  the 

aaniHtude  of  osdllntion  h  veduesd  to  one  half,  we  have  only  to  put  v  — .  •  -  hiAS,  which 

^▼ee^  on  die  same  suppontione  as  befove  tsqieetfaif  nunericnl  vainer  «  m  .06414  indi  nearly. 
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For  water  the  value  of  m  i«  a  good  deal  smaller  than  for  air,  and  the  corresponding  value  of  « 
smaller  likewise,  since  it  varies  catena  parUnu  as  y/^'*  Hence  if  a  solid  of  revolution  of 
luge,  at  evcD  nodcntdjr  lufge,  dimeniiom  be  nupoidcd  bj  a  itna  win  ooioddiiig  wftli  llie 
•lis  of  rarolution,  and  made  to  otdllate  hj  tbe  toraim  of  tb«  irirci  the  cAct  of  the  iuid  maj 
be  calculated  with  a  very  close  degree  of  approximation  by  regarding  each  tSammtt  at  the 
surface  of  the  solid  as  an  clement  of  an  iiifinite  plane  oscillating  with  tlie  same  linear  velocity. 

For  example,  let  a  circular  di&k  ot  radius  a  be  suspnded  horizontally  by  a  fine  wire 
Bttiehed  to  the  ceDtn*  end  medc  to  oedlUte.  Let  r  be  die  ndiiM  veetor  of  anj  ekmewt  of 
the  disk,  meeaured  from  its  oeotn^  B  the  en^  tfanugh  wUeb  tiie  disk  has  turned  from  its 

mean  position.    TImii  in  equetioD  (is),  we  must  put  V mr^,  whence 

at 


/am'   (d9  1<P&\ 


The  area  of  the  annulus  of  the  disk  comprised  l>etween  the  rndii  r  and  r  +  dr  is  4irrdf» 
both  faces  being  taken,  and  if  G  be  the  whole  moment  of  tbe  force  of  tbe  fluid  oo  tbe  disk* 

Gm^wf  i^Ttdr,  whenee 

^    2   \dt     n  dp) 

Let  Jf-/  be  the  motnent  of  inertia  of  the  disk ,  mA  let  «,  be  what  n  would  become  if  the 
fluid  were  removed,  so  that  -  n,*J/"7*0  is  the  moment  of  the  force  of  tortioo.  Then  when  the 
iiuid  IS  present  the  equation  of  motion  of  the  disk  becomes 

(lf/  +  irpa^\/;;^^^.irp«*V''^l?  +  VJfyff-0,  .    .  (14) 
or,  putting  fbr  shortDeat 

{I  +<i8)5^+ «»^^  +  i^'tf  -  Ok 

which  gives,  selecting 

9  m  sfa  (n/  +  a),  

where 

n«ih(l-/3). 

The  observation  uf  n  and  ni)  or  else  the  obsenratioii  of  n  and  of  the  decrement  of  the  arc 
of  osdllation,  would  er  l  ie  is  to  determine  fi,  and  thenee The  values  of  detemuned  ia 
these  two  different  ways  ought  to  agree. 

There  would  be  no  difficulty  in  obtaining  a  more  exact  solution,  m  which  the  decrement  uf 
the  ato  of  oadUatioD  diould  be  taken  into  aooonnt  ia  calculating  the  motiain  of  the  fluid,  bu  t 
I  paaa  oa  to  tlie  probkan,  tiie  aolutioa  of  wUcb  fans  Ae  main  object  of  tihb  paper. 
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Section  II. 

iSoliflfMi  »/  ii»  tfuaitam  inikttate^ti  tpkert  oieUlttHng  i»  «  mom  ifJhM  tUkir 
ttnlimifed,  or  ooft/tiMd  bg  a  tpkerical  tneelope  vmcefUrie  wUk  the  apkar*  in  U$  potiHon  qf 

e^iHlibriuiiL 

9.  Suppose  the  iphen  niqieiidtd  bj  a  fine  wire,  the  lengtb  of  wUch  b  much  greatsr 
than  the  radius  of      iphcK.    Nc^Mt  for  the  present  the  action  of  the  wine  OD  the  ilaid,  and 

consider  only  that  of  the  sphere.  The  motion  of  the  sphere  and  wire  being  supposed  to  take 
place  parallel  to  a  fixed  vertical  plane,  there  are  two  different  tnodcs  of  oscillation  possible. 
We  have  here  nothing  to  do  with  the  rapid  oscillations  which  depend  mainly  on  the  rotatory 
inertia  of  the  sphere,  but  only  wid)  the  principal  «sdI]atiao>»  which  are  thoie  which  are 
obaenred  in  pendtdnm  experinents.  In  theee  principal  oscHhtiomi  the  centre  of  the  qihere 
describes  a  small  arc  of  a  OUT**  which  is  very  nearly  a  circle,  and  which  would  be  rigoroualy 
such,  if  the  line  joining  the  centre  of  gravity  of  tho  sphere  and  the  point  of  attnchment  of  the 
wire  were  rigorously  in  the  direction  of  the  wire.  In  calculating  the  motion  of  the  fluidj  we 
may  regard  this  arc  aa  a  right  line,  in  fact,  the  error  tlius  introduced  would  only  be  a  smali 
quantity  of  the  Moond  order,  and  iucfa  qoantitiee  are  enppoted  to  lie  ne^eeted  in  die  iuTciti. 
getion.  Bendce  ite  motion  of  tmodatioo,  die  qphcre  will  have  a  motion  of  rotation  about  a 
liorizontal  axis,  the  angular  motion  of  the  sphere  being  very  nearly  the  same  as  that  of  the 
suspending  wire.  This  motion,  which  would  produce  absolutely  no  effect  on  the  fluid  according 
to  the  common  theory  of  hydrodynamics,  will  not  be  without  its  influence  when  fncticm  is  taken 
into  account;  but  the  eftet  i»  lOTeiy  nnall  in  practinl  cnee  that  it  ie  not  wordi  wlnle  to  take 
it  into  account.  For  if  a  be  tlw  radius  of  the  ephere,  and'/  the  leogdi  of  the  eucpending  wfare, 
the  Tdoeity  of  a  point  in  the  surface  of  the  sphere  due  to  the  motion  of  rotation  will  be  a 
small  quantity  of  the  order  a/"'  compared  with  the  velocity  due  to  the  motion  of  translation. 
In  finding  the  moment  of  the  pressures  of  the  fluid  on  the  pendulum,  forces  oris!nt»  from  these 
velocitiea,  and  comparable  with  them,  have  to  be  multiplied  by  Hues  which  are  comparable 
with  Of  I,  respectively.  Hence  die  moment  of  die  premuree  due  to  the  motion  of  rotation  of 
die  iphere  will  be  a  small  quantity  oi  the  order  «'!'*,  compered  with  the  moment  due  to  the 
motion  of  translation.  Now  in  practice  I  is  usuallj  at  least  80  or  SO  times  greater  than  a,  and 
the  whole  effect  to  be  investigated  is  very  small,  ao  that  It  would  be  quite  USelen  to  take 
account  of  the  motion  of  rotation  of  the  sphere. 

The  problem,  then,  reduces  itself  to  this.  The  centre  of  a  sphere  performs  laudl  periodic 
oscillations  along  a  right  Hne^  the  sphere  its^  baviiig  a  niotion  of  trsndadon  amply:  it  is 
required  to  detcnohie  the  motion  cf  the  sumnm^ng  fluid. 

10.  Let  the  mean  }X5sition  of  the  centre  of  the  sphere  be  taken  for  origin,  and  the 
direction  of  its  motion  for  the  axis  of  x,  so  that  the  motion  of  the  fluid  is  symmetrical  with 
respect  to  this  axis.    Let  -or  be  the  perpendicular  let  fall  from  any  point  on  ttie  torn  of  a,  q 
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tin  vdod^  in  the  direction  of  V|  •  Ibe  angle  between  the  line  «r  nd  the  plane  of  «y.  Then 
ft  «t  end  q  wOl  be  fuDcdoDs  of    *>  *nd  ^  ond  »e  diaU  hsTe 

Oi»g«o»«s  w^fUDtf,  y^vootif, 

whence 

9 

We  liove  now  to  lubrtltale  lii  equatioDi  (S)  and  (S),  and  «e  aie  at  Ubetty  to  put 
M  •  0  alkcr  diflamitiatioDt    We  get 

,         d        COSo;   d  id, 

— -dB«»—  +^  —  ,  wbcDM-O, 


d»      1    d  Id* 


+  23  :iT7  "I***  m»0, 


wbence  we  obtain 


dp       (tPu    tPu     1  du\      aw  , 

dw      do      q  ^  ^ 

r.*ii*i-°-  <"> 

EKannating  p  from  (16)  and  (17),  and  putting  for  ji  its  equivalent  mV» 
,  d  ftp       d*      l3\        ,  d  (  *      14      I\       4  49\  _ 

a¥  li?  ♦     *  S  Si?  J  -  ^  id?  *  5S?  *  S  5^  -  55)  '  ■  rfi 

/d*      d'      Id       1      1  d\/d«     do\  ,  ^ 

By  virtue  of  (18),  •'(miw-'-f     ia  «d  exact  dUBeieDtiat.  Let  diea 

v(«dv-9d«)-id^  *  •  (SO) 

Expressing  u  and  9  ia  terms  of      we  get 

Substituting  in  (19}»  and  operating  separately  on  the  factor  ir  S  we  obtain 

•    /  d»       (P        \     d  d\l  d-       d'        1     '  \  t  f% 

Idar*     oPar     w  dar     ^  di/  \dar-  w  (iwi  *  ' 
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Since  the  opcranons  represented  by  the  two  expresBioii*  within  porenthefles  are  evidently 
eoitvirtible,  the  integral  irfdns  cqnilioit  u 

^-^i  +  'fto*  («0 

wlien  ^i,y^t  m  A»  integnb  of  Hn  cqattkiw 

wis  

11.  By  means  of  the  last  three  et^uations,  tho  expression  for  dp  obuuoed  from  aud 
(17)  U  greatly  dmpUfied.  We  get,  in  the  first  place, 

Idp     (  ,  /  ^      <i*      I    d  \     rfl  1  rfJ, 

?5sMM5?*»*w*i?)-5ij555^  ....(») 

Imt  hf  addng  logedier  eqmtioiM  (SS)  and  (SS),  and  tafcing  aeoomit  «f  (tl)*  we  get 

On  nibrtitQliiv  in  (M),  it  irill  In  Iband  thnt  dl  tlin  tenn*  in  the  ligbt-bind  nemliv  «t 
Ab  equation  deatroy  one  anoUier,  except  tlieee  irUoh  eontain  ^  and  and  tlie  eqaation 
is  leduoed  to 

Thecqtntien  (IT)  may  bo  nducad  in  «  nnilarvanner,  and  we  get  fineOy 


wliiGb  ia  on  enaet  diAnotiol  by  virtue  of  (tt)* 


irii« 


■hlik  glf«i  If  As  mfuukm  of  ijrmbok 

■Otnmt  -j^  U  ownpoMd  cT  twv  paiti,  which  m  Mpumteljr  tlte 

intcgikb  of  (S),  (S3).  Henu  we  have  for  the  Integrxl  of  (M") 
^-^1  + 4*1 -•-'1^1  ^  Ma(  »  fiaction  of  «  MMt  «  wilbem  < 
'  '  ■MMMllia««vMl«il>*Wwe.  f¥r<htc«aaitaM(ll}^ 

Vob  IX.  Pakt  II. 


(2S)  will  not  be  alurad  if  wc  put  /<fr,dt,  /^,c(l  for  i^i, 
dK  HWtnqr  Ancdoui  which  woalAsiiH  Aon  lb*  trtigiitlwi 
to  (  bdug  mfpsHd  to  IM  ladadid  fa  Tka 
rkhk  ttkM  bf  indf  CM  Mdr  MBopaad  toMMdjr 
b  tadiJri  Awn  the  pnMeai  nte  WBsM—iha  fey 
Aa  eoBdlthm  of  iwriodldty .  Bat  we  m»f  even,  )ndep«ndcnil7 
<f  dib  emdiliaij,  Teg>id(3l)B«theeoinpleie  iniegnl  of  (S(K), 
piovidcd  wc  lappoM  includri)  in  ('JIJ  trnim  which  would  be 
obtained  hj  toppoelog  i//  »t  iim  t<>  ynry  bIowIv  with  ih« 
time,  employing  the  intetgrab  of  (S2)  and  -i  nnd  then 
nuikinc  the  rale  of  Taiiatloo  dimiairii  Indefiniwl/.  Bj  treat- 

equaiUm  (a)  aa  a  vaniihing  fraction,  ^  bday  ■up|iiitod  to 

raolab,  we  obiaio  ia  (bet  Z>'*9i  w  ihM  under  the  coaventlan 
ju«t  mcniiooad  the  Aueliaa  W  npf  be  loppoaad  to  be  in. 
ciadtd  fei  ft*^f  ZiM  MB*  itouiks  *U1  apply  to  A* 
'    te  tmdm  in.  wMdt  aamn  to  (IT). 

88 
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19.  Passing  to  polar  co-ordiiwlM,  lit  r  be  the  fwliiu  TMlMr  dntwD  froni  the  origin,  0  die 
angle  wUdi  r  nakee  with  the  axie  of  m,  and  let  H  be  tba  vdod^  akny  the  naditw  veetor* 
8  die  vdadtj  .perpendieubt  to  tka  ndiua  ▼eelor:  then 

Makiqg  Uicae  aubetiliitioiis  in  («0),  («t),        and  (S5),  we  obtain 

f  fin  0  (Brd$  -  Odr)  -  d^^   (26) 


\Vc  must  now  determine  ^1  and  bj  means  of  (^7)  and  {iS),  combined  with  liie  equa- 
tiooa  of  oooditioin.  When  theie  fiinctioat  are  icoowo*  p  will  be  obtained  bjr  integrating  tlie 
exact  ^fletential  whieb  forms  the  right-band  member  of  and  tbe  vdoeitiefl  R,  6>  if 
required,  will  be  got  by  differentiation,  as  indicated  by  equation  (96).  Fonnide  deduced 
from  (4)  and  (5)  will  tben  malte  known  the  prennre  of  the  fluid  oo  the  aphere. 


18.  Let  ^  be  th("  nhr-ssa  of  the  centre  of  tbe  sphere  at  any  instant.  The  conditions  to 
be  satisfied  at  the  surface  uf  the  sphere  are  that  when  r  —  r„  the  radius  vector  of  the  surface, 
wv  have 

ai  a' 

Now  Ti  diilbn  from  a  by  a  small  quantity  of  the  iir.<t  order,  and  since  this  value  of  r  has 
to  be  substTttited  in  functionn  •ihT -h  nrt*  ;ilr  i  ly  r-m  i!l  1  1  intities  of  that  order,  it  will  be  suffi- 
cient to  put  r  m  a.    Hence,  expressing  H  and  U  in  ttrius  uf      we  get 

^•sabi^^^,    ^X'-'tfmBcMB^t   wbenr«a.    .   .  (SO) 

dr  (it       dB  dt  ^ 

When  the  fluid  is  unlimited,  it  will  be  found  that  ce^tiin  ftrhitrary  eonstants  will  vanish 
by  the  coodition  that  the  motion  siiaii  uut  become  infinite  at  an  intiuite  distance  in  the  fluid. 
When  tlie  fluid  ia  eonlined  bj  an  envelope  having  a  ndiua  ht  we  bave  tbe  equationa  of 

d>ir  dylf  ,  . 

-^-0.     -^-0,    wbanr-6.  («) 


li.  We  muat  now,  in  acooidanoa  whb  tbe  plan  pwpoaed  in  Seelion  I.,  intradnoe  tbe  «on- 
ditkn  ibat  the  fimetion  ^  aball  be  oonfwaed,  ao  fiv  as  ibe  time  ia  oonoenied,  of  tlie  drenlv 
fanctiona  dnitt  and  ooaii/,  that  i%  that  it  ihaU  be  of  tbe  form  Pafai  ni  4-  Q  coan#,  when  P 
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and  Q  are  functions  of  r  and  9  only.  An  artifice,  however,  which  has  been  extensively 
emplojed  bj  M.  Cauchy  will  here  be  found  of  great  use.  Instead  of  introducing  the  circular 
fiwelioiM  tmnt  mad  omm/*  w«  may  employ  the  exponentiah  i^n*,  and  «-V^a(.  SiiiM 
our  cquatkoi  are  Unear,  and  rince  «adi  of  these  esponcntial  funetioDs  reproduoea  itadf  at  each 
difbfaDtiatioini  h  fiiUowa  that  if  all  the  tenna  in  any  one  of  our  equations  be  nrrangad  in  two 
groups,  contn!!tin>?  as  a  factor  e^-i"'  in  one  case,  nnd  e-\'~iHt  in  the  other,  the  two  groups 
will  be  quite  independent,  and  the  equations  will  be  satisfied  by  either  group  separately. 
Hence  it  will  be  sufficient  to  introduce  one  oS  the  expooential  functions.  We  shall  thus  have 
only  half  the  number  of  terma  to  write  down,  «nd  half  the  number  of  arhitraiy  oonstants  to 
determine  that  would  have  been  neeesaary  had  we  employed  dreular  functiona.  When  wc  have 
arrived  at  our  result.  It  will  be  aufllcknt  lo  put  eaeb  equation  under  die  form  U't-  y/^  Vm  o, 
and  throw  away  the  imaginary  part,  or  else  throw  away  the  real  part  and  omit  1,  atnee 
the  system  of  quantities  U,  and  the  system  of  quantities  V  must  separately  satisfy  the  equa> 
tiooi  of  the  problem.   Assuming  then 

--e«       ,      ^-e  P. 

we  have  to  determine  P  as  a  funetion  of  r  and 


15.    The  form  of  the  equations  of  condition  (SO)  points  out  sin'd  as  a  factor  of  P,  aod 
did 

the  operatioa     ^  ^        ^  perfonned  on  the  function  ain*9  rqtnduees  the  same 

funetion  vdth  a  ooefldent  -  S,  it  will  he  posriUe  to  satisiy  equations  ^)  and  (fB)  on  the  Bup> 
position  that  ain'9  is  a  factor  of  ^  and         Aasnnw  then 

-e^'^-'sirftf/.W.  ^,-«^-*sin«#/,(r). 

Putting'  ibr  convenienoe   

nV-i-M'w**  («) 

and  substituting  in  (S7)  and        we  get 


/."W-zi/.W-my.co-o. 


*  Wbea  (hit  opitMioa  ia  pofigraMd  on  the  nwetion 

iIbS^^,  du  ftuMdoB  to  npnAiMd  widi  ■  CMflidcnt 

-  i  (i  -t- 1).  }'t  here  dediKcs  a  LapUcc'i  coefficient  of  the  i<'> 
•ite,  which  coBUiM  ODlf  OM  THiahk  MgU,  aamAj  9, 
Mmt  ^  any  te  wpiadad  ia  »  MriM  of  fiwaiMis  af 

gmnlftfiaihSi^.   F«r,  finM  w«  m  CNMxntd 

with  the  dIflhralUl  eoefficieota  of  ^  with  Mqtact  to  r  sad 
0,  we  have  a  rtcht  to  lappoM  iff  to  vaalab  at  wtuiever  point 

cf  spioe  wc  plca>c.  Let  tlirn  i,'/  =  0  when  r  iu.d  i}  -  0. 
To  lind  the  value  of  >)/  »t  »  distance  t  from  d]c  origin,  alon); 
the  »xn  of  J  positive,  it  will  lie  sufficient  to  put  fl  -  0,  (/tf=0 

in  (3<S),  and  Integrate  from  r><i  to  r,  whence  if»<K  To 


find  the  traiuc  ef  'f<  at  the  satne  tltstaiice  r  along  the  axit  of 
t  DCfCaliTc,  it  will  be  isufHrient  in  leAve  r  coiutant,  and  in> 
tegrate  rfi^  from  d  to  0  =  r.  Keferruig  to  (30),  we  aoe 
that  the  Integral  vaniahea,  aince  the  total  Aax  acroaa  th« 
•wflw*  of  the  qphm  whoM  ndina  is  r  moat  ht  miiibI  isaiigL 
Auee  ifr  natihca  when  9*0  «r  mA  H  sifiin  ftan 
(M)  thM  vbsa  9  Is  niy  mXlmymf  Miily  sqail  Mir»  ^ 
«Hiiga|iliHlgl7MalH*6  Av  gimi  nlnssaf  rani  <,  Bnu$ 
^oaaect,  md  dmdhw  /^eoaaeS^S,  la  finite  even  when 
rinS  wddMi^  ad  tbmlbn  /^OMcStfS  may  be  expaadad 
in  a  Krici  of  Laplace'a  cocfficicnu,  and  therefote  ^  iiielf  in 


a  aeries  of  quantitiet  of  the  form  lin  9 


It  waa  aomcwhat 


in  lhi«  w«f  that  J  fint  tAiainad  the  form  of  the  fnociioa  ift, 

as— « 
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The  et^uatioos  of  condition  (SO),  (Sl)  become,  on  putting /(r)  for /i(r)  +  /ti'>')> 

f{a)  mac,     /(a)  -  4  o»c  (35) 

/(4)-<S  /(6)-a.  

We  maj  obtain  p  from  (99)  by  puttiof  Ibr  ^,  ll»  v«lue  ^*^*d^9fiir^  iqilaBing 

after  differentiation  2/,(t)  by  its  equivalent  r*f"(r),  ancT  t?icn  integrating.  It  is  unnecessary 
to  add  an  arbitrary  funcuoo  of  the  time,  aioce  an/  aucb  fuaction  may  be  auppoted  to  be 
included  in  n.   We  get 

p  -  -  ^m' «»  «  /i'  (O  (a?) 

} 

16.  Thm  mtq^ntiaB  of  As  iSBknttfM  fqmtioD  (3t)  doM  not  pmat  th*  Imh*  Aficulty, 
ud  (M)  cones  under  »  well  kaowB  int^gnibk  torn.   The  integnb  of  iheee  equetiDnt  are 

and  we  hi«»  to  detcnufaie     Bt  C,  Dl^  Am  aquirtiMi  of  condBtioB. 

The  eolutioii  of  At  prablcnii  in  Ae  caae  in  which  the  fluid  is  confined  by  a  spherical 
envelope,  will  of  course  contain  as  a  particular  case  tliat  in  wliich  the  fluid  is  unlimited,  to 
ubtain  the  results  belonging  to  which  it  will  be  suiFicient  to  put  6  » oo  .  As,  however,  the 
case  of  an  unlimited  fluid  ie  at  Ae  eane  Ane  simpler  and  more  intereetiog  than  the  general 
caee^  it  wfllbe  proper  to  conrider  it  aepeimtdy. 

Let  4m  denote  tiiat  equK  mot  of  ^Ueb  Iim  tta  red  part  poeltivos  tliMi 

in  equations  (SS)  we  must  have  D  ^  0,  since  otfaamiie  the  TeUxuty  would  be  iaflnita  at  an 
infinite  distance.  We  must  also  have  H  ^  0,  since  otherwi'io  the  velocity  would  be  floite  wfaea 
r  — ap  ,  aa  appears  from  (26).    U  e  get  then  from  the  equations  of  condition  (86) 


■        Sm  \     ma)  %m 

wbenoe 

 (") 


V(t  The  symbolical  equations  (40),  (41)  contain  the  solution  of  the  problem,  the  motion 
of  tba  sphere  bring  dofined  by  tbe  ^nbolieel  equation  (<9)'  If  we  wiA  to  cxbibit  the 
actual  Teealta  bj  awene  of  veal  qoantitiee  akne,  ira  bare  only  to  put  the  lighttand  nenbers 
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of  equations  {Sy),  (40),  (41)  under  the  form  (7  -t-  y^-  l  K,  and  reject  the  imaginary  part. 
Putting  for  ■hottacM 

'^^  <«> 

VB  htcn  ■!  ■>  p(l  +  V'^)*  and  vt  obtain 

I  -  -  sin  !•<,  (M) 

n 

+  .i«^c«l««tf{[(l +^-^)  cosn..^^^  Sinn/] 

-^€-fr-)[«i(«#-H'  +  r«)+(l  +  ^)ilii(nl-rr+ra)]|.   .  (M) 

,  -  -  t/H.c» {(i  +  jL)  ria _  _L     +  i.)  a.**} «•«  (45) 

The  reader  will  remark  that  the  ^,      p  of  the  prasBnt  Mrtidie  an  not  the  same  as  the 
^,  p  of  tke  preoediDg.    The  latter  are  the  im^iiarf  iapeierfoMy  tt  vUdi  the  red  parte 
cooadtuta  the  Ibmcr.   It  cBd  not  appeer  neeeeiaiy  to  change  the  notatlMi. 
Whcoii'aO^  and  ^sedttoMitidf  to 


a>c  a*  df 

—  sin' 6  co»ni,    or  —  sin*^  -r^ . 
Sr  ir  dt 

In  thla  eaie  w  get  fifon  (SQ 

and  Rdr  -f  Ordd  is  ao  exact  differential  d<p  where 

which  agrees  with  the  result  deduced  direct! j  from  the  ordinary  equauons  of  hydrodynamics*. 

18.  Let  lie  now  torn  the  expieerion  tor  the  reeultant  of  the  pretniret  of  the  flidd  on  the 
eemal  elements  of  the  surface  of  the  sphere.  Let  be  the  normal,  and  T,  the  tangential, 
component  of  the  pressure  at  nny  point  in  the  direction  of  a  plane  drawn  perpendicular  to 
the  radius  vector.  The  formulae  (4),  (5)  are  general,  and  therefore  we  may  replace  dr,  y  in 
theae  ftannnlas  by  x',  y,  where  y  are  meniuvad  hi  any  tvo  ractangidar  dbeotiona  ve  plcaee. 
Let  the  plane  «f  «^  paaa  throa|^  die  asfa  of  «  and  the  ladiua  voetor,  and  lot  the  axb  of  «' 
be  inclined  to  that  of  .t  at  an  angb  which  after  difiientiation  ia  ninde  equal  to  0,  Then 
J»,,  Tt  will  become  P„  7*,,  respecdvely.    We  have 

«'  -  it  €oe  (0  -  ^)  -  6  ain  (0  -        v'  -  X  ain  (0  -  3}  +  0  «oe  (9  -  d). 
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and  wben  9  >  ^ 

dr£    dR      du     dR     0       dr'  dO 
"  dr  '    l^'rd&~'r*    d*  "  "dr  ' 

whence 

dii     ^       (dR   de  e\ 

In  thcw  formuls,  suppose  r  put  equal  to  «  ifter  differentution.  Then  P,,  will  be  the 
roTTipononts  in  the  direction  of  r,  0  of  the  prcttim  of  the  tphete  on  the  fluiiL  The  raaolved 
part  of  these  in  the  direction  of  «  ie 

P,co8  0- r.sind, 

which  is  equal  and  oppodte  to  the  compouent,  in  the  direction  of  of  the  pressure  of  the 
fluid  on  Ae  ^hara.  Let  Flw  tlie  wbole  Itwee  of  the  fluid  on  tbc  ipiiens  wUdi  will  evidently 
aek  along  the  ul»  of  #.  Tlien,  obaemng  that  Sirn*n»fl<l0  ie  the  aiua  of  an  elenMnlaiy 
annultta  of  the  niiAwe  of  the  ipikete,  tre  get 

F-a«-a^y^(-i*,eoi0+ T«ab9)«Hn9ii(^«  ....  {+;) 

the  sufRx  a  denoting  that  r  ia  loppoiad  to  bave  the  talue  a  in  the  geoecal  ezpreMMNM  lor 

P,  and  ft. 

The  expremon  fiir  F  may  be  greatly  simplified,  without  employing  the  solution  of  equar 
tiooa  (S7),  {»),  bj  ooinbfattDg  these  equationa  In  their  origuial  ataie  with  the  equntiona  of 
condition  (W).   We  laei^  in  the  Aral  plna^  ftom  (S6) 

Now  the  cquationk  (80)  mtk»  known  the  Tilttee  of  ^  and        and  of  Uuir  dtfleventiel 


ooeffieiente  of  nil  ordm  widi  reaped  to  B*  whan  r«n.  When  the  wiprewiona  fiir  Jt  and  0  nra 
auhetituted  hi  {tS^  the  xesnlt  will  contain  only  one  tenn  in  which  the  diflewntiitiiMi  with 
to  «•  liect  to  the  aaeond  order.    But  we  get  floni  (tl),  («r)i  (M) 

rf  :         sin  9  d  [   I    d\lf\      1  dx//. 


iuH  d   f    1     dylf\  1 

r*  de  Irintf  1$)  m' 


dr*         r*  d0  Vsin    d^y     m  dt  ' 

and  the  second  of  equations  (30)  gives  the  value  for  r  «z  of  the  first  tem  in  the  right-hand 
member  of  the  equation  just  written.    We  obtain  from  (48)  and  (SO) 


3;).-* 


fdR\        dngdg  /e\ 
WW.""  •   d**  \rl^* 

/dQ\  1 
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* 

SubstitutiDg  in  (47),  and  writiog  fip  for  ^  we  get 

With  icipcet  to  dwUnt  tarn  in  thi»«pfeiiioii«  wt  get  fay  integration  bj  pwtt 

dp 

The  Unt  term  voaisbes  at  the  limita.  Substituting  in  the  second  tern  for  ^  the 
mpi'<irfaii  got  fton  («0)>  «id  patting  r »  «,  «e  gat 

SttfaatitiMhig  b  the  apmilaa  fiir     we  get 

19-  The  above  expression  for  F,  being  derived  from  the  general  equations  (27)»  (M), 
wmhinfY^  with  the  equations  of  condition  (30),  holds  good,  not  merely  when  the  fluid  is  con- 
fined by  a  spherical  envelope,  but  whenever  the  motion  is  symmetrical  about  an  axis,  and  that, 
whether  the  motion  of  the  spliere  be  or  be  not  expressed  hy  a  single  circular  function  of  tlie 
timCi  It  might  he  employed,  ftr  inrtanee,  io  the  cue  of  a  i^eie  oedDathig  in  a  diiection 
perpeodicnlar  to  a  fiied  ngA  pbnoi 

When  the  fluid  is  either  unconfined,  or  confined  by  a  spherical  envelope  ooDcentile  with 
the  sphf>re  in  its  position  of  equilibrium,  the  fiinetions  ■v//|,  consist,  as  we  have  seen,  of 
sin'^  multiplied  by  two  factors  independent  of  0.  If  we  continuf  to  employ  the  symbolical 
expresnoDB,  which  will  be  more  amvenient  to  work  with  than  the  real  expressions  which 
might  be  derived  ftom  then,  we  shall  Itave 

ibr  theee  lacton  nepeetiTelj.  Snbei^atiiig  in  (49),  and  perlanaing  the  int^^tion  with 
mpeet  to  0^  we  get 

Jf-|ir/»««v^l{«//(«)  +  i/,<n)}f^=7-'.  .    .   .    .  m 

20.  Consider  for  the  present  only  the  case  in  which  the  fluid  is  unlimitctl.  The  arbitrary 
constants  which  appear  in  equationt  (88)  were  determined  for  thit  case  in  Art.  16.  Substi- 
tuting in  (50)  we  get 
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Putting  for  m  its  vilnt^  v(i  +  \/^),  and  deDOtbg  by  if  the  mass  of  the  fluid  displaced  by 
the  sphere,  vhich  is  equal  to  |ir/>a',  we  get 


rhence 


y^Ti  luM  been  cliiiiiiMted»  Ibk  equatfoii  wfll  Kmiii  imdn^gid  wlwn  we  put  from  th* 

lymlMiBcal  to  the  real  values  of  F  and  |. 

Let  T  be  the  time  of  oscillation  from  rest  to  Mat*  ao  tb«t  nr  m  «>,  aod  put  tot  abortoeaa 
A,  A*  for  the  ooeffidcoU  of  if  in  (51);  then 

p^aJ  Z  ,        +  ...(«) 

The  fint  tem  in  the  expression  for  the  force  F  has  the  same  effect  as  increasing  the  inertia 
of  the  sphere.  To  take  account  of  this  term,  it  will  be  suffideot  to  conceive  a  mass  kW 
collected  at  the  centre  of  the  sphere,  adding  to  it*  inertia  without  oddiug  to  ill  wdgbt.  The 
main  etfoek  cf  the  Moond  t«m  it  to  pvoduee  a  dhaiDulioD  in  the  aie  «f  oaciilotiiwi;  it*  cftet 
on  the  time  of  -mrP^^**^  would  uraally  be  quite  insensible,  and  must  in  fact  be  neglected 
for  cunsistew^a  mkii  because  the  motion  of  the  fluid  was  determined  by  supposing  the  motion 
of  the  sphere  permanent,  which  is  ooly  allowable  when  we  neglect  the  square  of  the  rate  of 
decrease  of  the  arc  of  oscillation. 

If  we  form  the  equate  of  modon  of  the  qiheiu,  liitroduciiig  the  ftvee  and  then 
proceed  to  inlcffrate  the  eqoatioii,  w«  shell  obtdn  hi  Ao  integral  on  eiponeDdel  6'*'  multU 

plying  the  circular  function,  c  biiiiig  half  the  ooeflleient  of  ^  divided  by  that  of  I-e* 

Jll  be  the  mate  of  the  sphere.  My'  its  moment  of  inertia  about  the  axis  of  suspension,  then 

nl^Jf  (i  +  a)» -  8^  i-tf y  +  AiT  (<  +  a)«}. 

In  oonmiering  the  dhninatian  of  the  arc  of  oscillation,  we  may  put  /  +  «  for  7.  During  i 
irffBlfii^iif,  let  the  an  of  ooeinatfam  be  dimisiabed  in  the  ratio  of  ^  to  tfami 


For  a  given  fluid  and  a  pvcn  time  of  oscillation,  both  k  and  k'  increase  as  a 

it  foDows  from  theory,  that  the  smaller  be  the  sphere,  its  density  being  supposed  given, 
the  more  the  time  of  oscillation  is  affected,  and  the  more  rapidly  the  arc  of  oedllation 
diminishes,  the  alteration  in  the  rate  of  diminution  of  the  arc  due  to  an  alteration  in  the  radius 
of  the  sphere  being  more  ooa^noua  than  the  alteration  in  the  time  of  oidllation. 


SI.   Let  ua  now  euppoie  the  fluid  confined  in  a  tphericelenTdope.  lo  thie  ceee,  we  have 
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t  >  (ieiermine  the  four  arbitrary  coosUnU  which  appear  in  (38)  bjr  the  four  equations  (S5)  and 
(3b).    We  get,  in  tb«  Int  place, 

^♦W  +  C.-(.*J;)  +  2)^(.-;i;)-**«   .  ...{«) 

-.-4.«Bo^-C«'""(«l«  +  l +—)  +l>f"*  +—) -<^fff.    .  («) 

a  \  maJ  \  mal 

f  +  W+C.-»(l+^)+l>^(.-;i-J-0,  (56) 

d  \  fnbl  \  mbl 

Putting  a*eir  for  a/i'(0)  +S/«(o)>  which  is  the  quantity  that  we  waat  to  find,  we  get 
from  (38)  and  (54) 

'--K  (») 


EUnunadiig  in  auaeeMkin  B  tarn  («4)  and  (M),  fton  (M)  md  («7)i  md  ham  (54)' and  (56). 
we  liMiU  obtain  for  the  determiiMtkfi  of  J,  C,  D  three  cqiutioos  which  remain  unchanged 

when  a  and  h  htc  interchanged,  and  the  signs  of  A,  C,  and  D  changed  Hence  -  J,  -  C,  ~  D 
are  the  same  functions  of  6  and  a  that  C,  i>  are  of  a  and  b.  It  wiU  also  assist  in  the 
farther  eUoiiiMtfoii  to  obntve  llwt  C  mad  D  m  intaeAanfed  wlmi  dw  dgn  «f  m  ia  changed, 
llie  mull  oif  die  dlmfaation  li 

IT    I      ^  6)  -  y(^  •)  . 

the  Aindkas  ^  ^  bdng  defined  by  th«  eqiudons 

11(0.  ft)  •  («iV-C8»a  + 5)  (>^fi^-S»»4>  5)  1 
{(a»ft)*{ft(ai*a^-5m»H-S)-«(m^«^  +  5Ma  +  5){e»<*'*).   f  '    '  ^  ^ 


It  turn  out  that  X'iaa  eompUcited  functka  of  wand  uh'\  and  the  atgdmical  espreMdoaa 
Ibr  the  qnantitiea  vfaidi  aaivcr  to  k  and  U  b  Ait.  10  voidd  be  more  coBipliealed  etiU,  heauiae 
»(1  +\/-  1)  would  have  to  be  whaUtuted  fbrm  in  (60)  and  (59),  and  then  K  reduoed  to  the 

Honn  —  ifc  +  V'  —  lU.  To  obtain  numerical  results  from  theao  fermulce,  it  would  be  best  to 
substitute  the  nuaacrical  valuet  of  Or  6,  and  y  in  (60)  and  (59),  and  perform  Ae  reduction  of 
K  in  figurea. 

9a.  If  the  diitanoe  of  the  envdope  turn,  the  anrfiwe  of  the  iphen  he  at  dl  oemideralile, 
die  exponential  e't*''*^  which  ariaef  from  /■(^-o),  will  have  ao  laige  a  nmnerical  mdne  that 

we  may  neglect  the  terms  in  the  numerator  and  denominator  of  the  fraction  in  the  expression 
for  K  which  contain  e-'t*-"),  as  well  as  the  term  in  the  denominator  which  is  free  from  expo- 
nentials, in  comparison  with  the  terms  which  contain  Thus,  if  6  -  a  bo  two  inches, 
r  one  second,  and  V'm'-  '116,  w«  have  c'^^"*  -  M84O0O0OO,  nearly ;  and  if  ft  -  •  be  onlj  an 
Tct^  IX.  Pae*  II.  89 


Digitized  by  Google 


[84]    PBOFESSOR  8TOKES.  ON  THE  XFFBCT  OF  THE  INTERNAL  FSICTIOM 


Ineh  or  balf  an  iadi,  we  ba? c  itill  tlw  mpm  or  fimrdi  raot  cf  die  above  qoantitj*  thai  i% 
about  4fft8%  or  SM,  for  the  value  of  that  ttponentiil.   HeDMb  in  pnetkal  cam*  the  above 

simplification  may  be  made,  which  will  eaute  the  ei^oneDtiab  to  diMppear  fWm  the  exprevun 
for  A'.    We  thui  get 

(m*a*  +  Sma  +  3)  (m-^  -  :Unh  +  S) 
imV-  6        -  Sm6  +  3)^  a  (m'o*  +  3fn  o  +  3) '    '    *     ^  ' 

If  we  assume 

3i»a  +  3  +  (5Ji»*a'  +  Siffl)  \/ -  1     ^  (cosa  +  sina), 

65*  cos  ft  -  a  J'  cos  a  a  (7*  cos  ly, 
6  A*  on  0  -  a    aili  o  •  C  aia  7, 

we  get  from  (6l) 

J,^.    •        {cos(o  +  /3-7)+V^rfn(a  +  0-7)}, 

whenee 


and,  as  before,  kMf  it  the  ioMgioaiy  maw  wbidi  we  muit  oooceiTe  to  be  collected  at  the  centre 

of  the  ephere,  hi  order  to  ellow  for  tiie  ioertia  of  the  fluid,  aad—h'JU'n  ^  the  term  in  ^  on 

or 

wbidi  dependi  the  diminntion  in  die  arc  of  aedUation. 

S3.    If  we  Buppoee    *  0^  and  therefore  m  ■  eo ,  we  gel  fiom  (6l) 

6»  +  s«» 


(68) 


anil,  in  this  case,  k  is  the  same  as  K  with  sign  changetl,  and  A,'=  0,  which  agrees  with  tlie 
result  obtained  directly  from  the  ordinary  equations  of  hydrodynamics*.  If,  on  the  other 
hand,  we  make  t «  « ,  we  aixive  at  ihe  renilta  already  obtained  in  Art.  90.  In  both  theee 
caaea  it  beoomee  rigovoualy  exact  to  aegleet  ui  the  ezpreaaion  for  IT  - 1  ^v«n  by  (59)  att  the 
terms  which  are  not  multiplied  by  e  »(*-"). 

If  the  elTect  of  l}ie  envelope  he  hut  small,  which  will  generally  he  the  case,  it  will  be 
convenient  to  calculate  k  and  A'  from  the  forniulae  (52),  which  apply  to  the  case  in  which 
■  »  ,  and  then  add  corrections  Ai%  Ak'  due  to  the  envelope.    Wo  get  from  (6l) 

Afc-V^A*'--   im-a^^srnn^y^   ^ 

Swi^a  -         +  3)  -  a(»i"a' +  3n»a  +  3)  ^ 


niL3kMf.VaLVIII.p.] 
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which  may  be  tMtad,  if  required,  ai  d»  •qostion  (61)  mm  traated  in  the  praoetUng  article. 
If,  bowerer,  m  wpfOH»  m  Itfge,  aad  are  cmteiit  to  rataan  «nly  the  matt  iBipovtaDt  tnrn  in 
*•  amply 

so  that  the  coneotion  for  the  envelope  may  be  calculated  as  if  the  fluid  were  destitute  of 
iriction. 


Section  III. 


Solution  of  the  equation*  in  Me  case  of  an  infinite  ej/Kltdet 
«f  JbMt  in  a  direoHimptrptndieiUar  to  iia  turie. 


84.   Sttppoee  a  long  eyliadrical  rod  auapended  at  a  point  in  its  axii,  and  made  to  oedlhte 

as  a  pendulum  in  an  unlimited  mass  of  fluid.  Tfao  vettstaoco  experienced  by  any  element 
of  the  cylinder  eompriserl  lietwecn  two  parallel  planes  drawn  perpendicuhir  to  the  axis  will 
manifestly  be  very  nearly  the  same  as  if  the  element  belonged  to  an  infinite  cylinder  oscillating 
with  the  same  linear  vdodty.  For  ao  eleoient  situated  very  near  eitlier  extremity  of  the  rod, 
the  renetanoe  thai  determimd  woald»  no  doubt,  be  aendUy  en«ieou»;  but  aa  ^  diameter  of 
the  rod  is  supposed  to  be  but  small  in  comparison  withita  length,  it  will  be  cacily  eein  that  the 
error  thus  introduced  must  be  extremely  small. 

Imagine  then  an  infinite  cylinder  to  oscillate  in  a  fluid,  in  a  direction  perpendicular  to  its 
axis,  so  that  the  motion  takes  place  in  two  dimensions,  and  let  it  be  required  to  determine  the 
motion  of  the  fluid.  The  mode  of  lolution  of  this  problem  will  require  no  cqilanatian,  being 
identical  in  principle  with  that  which  baa  been  dicady  adopted  in  the  caw  of  a  sphere.  In 
the  pracnt  instance  die  problem  will  be  found  somewhat  eamr,  up  lo  the  formation  of  the 
equatifloi  aaakgona  to  (SS)  and  (M),  after  which  it  will  become  much  more  difficult. 

Sfl.  Let  a  plane  drawn  perpendicnlar  to  the  axis  of  the  cylinder  be  taken  for  the  plane  of 
«|r»  the  origin  bebg  situated  in  the  mean  position  of  the  axit  of  the  qrlinder,  and  the  axis  of 
T  being  measured  in  the  directioa  fd  the  cylinder's  motioo.   The  genanl  equations  (S),  {$) 

become  in  this  case 

dp      fcPu    tPu\  dm 

]  {66) 

dp       /d*©     cPv\  dv 


dp        (d'v     trv\  dv 


dm  dv 

si^rr"   

By  virtue  of  (67)1  tidy         is  an  axaet  dtffimnliaL  Let  than 

udy  -  vd»  m  dj^*  (6B) 

89^ 
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iaimioatiug  p  by  differeotiation  from  lihe  tiro  «qttitioi»  (68),  and  npNafag  «  and  «  in 
tMm*  of  X  in  die  letultiag  «qiialioB,  w  gtt 

and,  M  bdbn 
where 


(d5i^dii)x'"°.  <") 


We  get  from  (66)  and  (6B) 

,  ^      d  /  d*      d*      1   d\         ,         d  (  (P      1  d\ 

dp  .  ^pd« .  -       +  ^  - -)  X  -  ^P'ij/ •  +  ^  -    -rj  X. 

which  heoonis»  by  mcHie  cf  (70),  (71),  and  (7S) 


98.  PaMiiig  to  polar  oMiKdiiwtei  r,  0,  when  9  n  mppoMd  to  be  meanind  from  the  axb 
of  «,  we  get  fWnn  (6B),  (71),  (1S)>  >Qd  (7<) 

STd9~edrmd^  (74) 

d»     Id      1  d* 


/  d»     1  d      1   d*  \ 
fd*     1  d      I   ^     I  4\ 


di  u 

Rt  6  in  (7«)  bdiig  the  Tclocitiaa  along  mid  peipeadicular  io  Ae  ndi«e  vector. 


27.    Let  a  be  the  radiut  ot  the  cylinder^  and  as  before  let  the  eylinderV  motioB  be 

defined  by  the  equatioa 

S««,vrT»,.^^«.i,  (yg) 

di 

then  we  have  for  die  equatioiie  of  cimdition  wUeh  idate  to  Ae  rarihee  of  the  c^Gndar 

rmn.   ...  (79) 


dv  dP 
VI*  of 
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TIm  fanenl  cquadiiiit  (7^*  (TQi  m  wdl  m  die  eqiMtiMM  of  eonditka  (79),  be 
ntiaied  hf  U^ag 

jf^^^^'MF^ir),      ^.<^v«u«#;(r)   (W) 

Sidwdcnting  in  (75).  (TQ,  and  (79),  we  get 

^l^  +  J^AO-^-fiW-O,  (81) 

J^t^r)  +  i  /;'(r)  -  i  i^,(r)  -  »»/;(r)  -  0  (88) 

/",(«) +  F,(a)«a«,      JP/(«)if  F.'(«)-e,    ....  (88) 


bendei  wMch  we  have  the  cooditum  that  tlie  vdodt^  ib^  vnidi  at  an  oMakm  Hitanc*, 


88.    The  int^nl  of  (81)  is  . 

F^ir)m^^Br.  (94) 

The  intcignl  «l  (88)  cannot  be  obtained  bi  6nite  tanna. 

To  afanpHiy  Ae  latter  cqiiatiotf,  aannne  Fa(r)  m  f,{r),   Snbstftutliig  in  (8£)»  and  lnt». 
I^ntiii^  once^  we  ^et 

/•,».|.iF/(r)-»«J'.(r).a  («9 

T 


It  is  unnecessary  to  add  an  arbitrary  constant,  because  tuch  a  amatanti  if  introduoed,  might 
be  got  rid  of  by  writing  F,  (r)  +  C  for  Ft  (r). 

To  integrate  (85)  by  Nfiaa  aooocdinig  to  atending  powen  of  r,  let  n*  tint,  inatead  of  (85)» 
take  the  equation  fintned  ft«n  it  by  ninltiiiljbig  tlie  aeoond  tenn  bj  1  I.  Aannnfaig  in  thii 
new  equation  (r)  «  ^,«*  -f  B^a^  +  and  detenniaing  the  arbitnrj  Indicet  a,  fl„,Mai  the 
aibitniiy  conatants  A,,  B^„^  at  to  aalkfy  tike  equation,  we  get 

^i^?l>'^«.4(«+i)(4+i)'*' 

-  K  +    +  ^Ji*^'')  |i  +  -^r  + 1^  +  -i 
■f  tentta  biToMng     f  •,. 

In  tUa  eipiwation 

^1  - 1-»  -f  «-»  +  «->  ...  +  <-».  (86) 
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Patting  Dov 

mlMtfttttiiig  ID  the  dioT«  aqtHitian*  mi  thw  making  i  Tudib,  we  get 

The  series  in  this  equation  are  evidently  convcrf^cnt  for  all  values  uf  r,  however  great ;  but, 
nevertheless,  they  give  us  no  information  as  to  what  becomes  of  Fj{r)  when  r  lipcfinifs  infinite, 
and  yet  one  relatiou  between  C  and  D  has  to  be  determined  by  the  condition  that  /,  (r)  »hali 
not  beoome  ufinite  with  r. 

The  equation  (M)  mey  be  iDtegrated  by  mem*  of  dctooidiBg  lerieB  oonbiiied  with  expo- 
nentials, by  aMuming  F,(r)  «  €***'(^,r*  +  B^r^...).  I  have  already  given  the  integral  in  this 
form  in  a  paper,  On  th»  wmMrioai  eaktUatkm  a  da$»  ttf  d^MU  vaUgnit  and  ia^mH 
««rtM*.    Thu  rtbult  is 

Thete  mieey  although  ultimately  divergent  in  all  caaea^  axe  very  oooTcnient  fbr  nuneriail 
ealcuilachui  when  the  modufaaa  of  atr  b  laige.    Moreover  tib^  g^re  at  onoe  U»  0  for  the  coo- 

dition  that  i^a(r)  shall  not  become  infinite  with  r,  and  therefore  we  shall  be  able  to  obtain  the 
requiied  rdation  between  C  and  A  provided  we  can  cxpren  i>'  ai  a  flinction  of  C  and  D. 

Tins  way  be  eli'eeted  by  means  of  the  integral  of  (85)  expressed  by  definite  integrals. 
Thia  fimn  of  the  integral  is  already  known.    It  becomes,  by  a  sl%ht  transformatian, 

j;(r)-jr«  JC" +  2rkg(rain«»)|  (««•'•"-+.-•'«— )d«,^  .   .  (89) 

C\  D'  being  the  two  arbitrary  conatantik  If  wa  eiqiand  the  exponentials  in  (89),  and  integrate 
the  terms  sepacatdy,  we  obtain,  b  Iket,  an  expreadbn  cf  the  aame  fbrm  as  (87).  TMs  trans* 
Jbrmation  laquivcs  the  teductkn  of  the  definite  inlq^ 

-  /  *  cos*' «  log  sin  «  da*. 

If  we  integrate  by  patts^  integrating  cos  u  log  sin  w do*,  and  differentialing  caB"**'«^  we  dull 
make     d^end  on  P|_t.    Awwmin^     ~  Q»«  A  •  and  generally 


*  Cmk.  fUL  Tkiai.  Vol.  IX.  p.  in. 
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^  m 


we  get 

Q,  -     -  {a-  +  4-....+  I  .  1  kg (i)  -  ^ St.* 

Tbe  cqnivaknoe  cf  the  apveadoDt  (87)  and  (sg)  having  bcM  aioertaiiMd,  in  order  to  flad 
the  relatioDs  between  C,  D  sod  C»  JD^,  it  will  be  Mufideikt  to  mile  down  the  two  leadiiig  ternit 
in  (87)  and  (49)»  and  equate  the  results.   We  thus  get 

C  4- 1>  log  r  -  V  C"  +  riy*  lag  f -I- 1  rlT  kg  (^X 


<7-w{r  +  8wlogQ).ir.    DmwUf*.  CK>) 

There  remains  the  more  difficult  step  of  linding  the  fdatiob  between  £/  and  C,  Jf*  For 
thu  putpoae  let  ut  seek  the  ultimate  value  of  die  eeeond  nember  of  equation  (89)  when  r 
increases  indefinitely.  In  the  first  place  wc  may  obierva  that  if  (]f  be  two  imaginary  quan- 
tities having  their  real  parts  positive,  if  the  real  part  of  Q  be  greater  than  that  off/,  and  if 
r  be  supposed  to  increase  indefinitely,  e^*"  will  ultimately  \x  inromparably  greater  than  e*",  or 
even  than  logr.c^  %  or,  to  speak  more  precisely,  the  modulus  of  the  former  expression  will 
ohiinatelj  be  inoampaiaUy  greater  dian  the  modolna  of  ddier  of  the  latter.  Henoe,  in  finding 
tbe  ultimate  value  of  Ae  expresaion  Ibr  ^«(r)  in  (88),  we  maj  rqilaee  the  limits  0  and  of 
(V  by  0  and  wi,  where  is  a  positive  quantity  as  small  as  wo  ploaia^  wUdl  m  aoaiy  suppose  to 
vanish  after  r  has  become  infinite.  We  may  also,  for  the  same  reaaon,  omit  the  aeeood  of  the 
exponenUals.    Let  cos  u  =  l  -  \,  so  that 


waf  mm  S\ 


then  the  limita  of  X  will  be  0  and  Xi>  where  X| •  1  - eos*,.  Since  l<ig     "-j  ultimately 

vaniaheSf  and  ^  +  ^    •••becomes  ultimately  1,  wc  get  from  (89) 


limit  of  -F,(r)        X  Umit  of  /'^•((r  +  X)»kg«Xr)f-"'*^    '^^  ^  .f 


If  now  we  put  X<sX'r~',  we  shall  have  0  and  X,r  for  the  limits  of  X',  and  the  second  of 
these  beeomee  inibite  witii  r.  Henee 


Umit  of  F,(r)  =  (8r)-* jf "(C  +  D"  logSX)  e—^'X'-l dW  ,    .  (91) 
Now  J*  f-'«'id««wt,  and  if  we  difl^tiate  both  sides  of  the  equation 


■  A  4aMMMsli«     Mt  Ens  of  As  AwRrn 

f*  iogdnerfe  =  '^ii.g(j) 

dM  to  Sate  win  b«  latnA  ia  tlw  Stad  wbdM  at  tlw  Cud- 
W4fi  MsilMmsHtil  Joomslt  «r  ie  Qmfitft  Ex- 

«aiplM,f.4S<. 


Tlic  »otU  Umi!  i?  ticic  r.t  i  :i  I;  .f  scnsc  in  whlcli  /(>''> 
m»y  be  railed  the  limit  of  <(j  i  r ;  when  the  ratio  of  tp{r)  to /(r) 
if,  i;ltiitinlrly  n  rivtio  of  equality.  thoaRh  f{r)  »nd  ^(r)  nuy 
Tanish  or  besomc  lotinile  logether,  in  which  cue  tha  limit  of 
>^(r  ,  weordinjr  to  tbe  iuu«l  iMSSSfttSWWd  Mf,«Mddb» 
Mid  to  IM  sm  «c  iadaitr. 
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wldi  tMpKt  to  *,  tnd  after  dUTcNndatiaiii  put «  »  ^,  ve  get 

jf%-#-*kg»<i»-r(4). 

Putting  .r  <=  m\'  in  these  equations  we  get 

where  that  valu«  of  m~i  is  to  be  taken  which  has  its  real  part  positive.  Substitutiog  ia 
(91)  we  get 

limit  of  F,(r)  -  (^)*«'"  {C  +  (ir-ir'i  -  log^)  D"}. 
ConpariDg  with  (88)  wt  grt 

i>'-(^)V'+(--*r'i-iog^)zrj  

•  • 

30.  We  are  now  enabled  to  find  the  relation  between  C  and  D  arising  frum  the  condition 
that  tfas  laotiaii  of  die  fluM  dull  not  bMomo  iofioitcly  great  at  an  bfinlte  dntaiioe  fiooi 
e^Bnder.  The  deteradnation  of  the  aiUtrarj  eonataata  JtB,CD  vill  pnaent  no  fiirther 
diAeultj.  We  must  have  A  v  O,  since  otherwise  the  velocity  would  be  finite  at  an  infinite 
distance,  and  then  the  two  equations  (83),  combined  with  the  relation  above  mentioned,  will 
serve  to  determine  J,  C,  D.  The  motion  of  the  duid  will  thus  be  completely  determined,  the. 
funetioaa  jF,  (r),  Ft{r)  being  given  by  (84)  and  (87).  When  die  moduloi  of  air  k  large,  the 
iorka  in  (8T)t  though  oltiaMtdy  hypergeometrioaUy  eonvwgentt  are  at  firat  rapidlj  cNvargeBti 
■ad  in  calculating  the  numerical  Taloe  of  J*t(r)  is  such  a  case  it  would  be  &r  more  convenient 
to  employ  equation  (88).  The  employment  of  this  equation  for  the  purpose  would  require  the 
previous  determination  of  the  constant  C.  It  will  be  found  however  that  in  calculating  tlie 
resultant  pressure  of  the  fluid  on  the  cyUoder,  which  it  is  tlit:  maiu  object  of  the  present 
investigatioo  to  detenDinc^  a  knowledge  of  the  ▼alue  of  C  will  not  he  lequired,  and  that,  even 
tlMMi^  the  equation  (88)  be  emplojed. 

Putting  0  in  (93),  and  elfmfnating  CvaAET  hetwaen  the  nmilting  equation  and  the 
two  eqnationa  (90)»  we  get 

c-oog*-»-»rj)i>i   m 

and  we  get  from  (83)  and  (84),  observing  that  Fi(r)  -     (0*  ^       B  m  o, 

A  A 

-+Ft*{a)mac  ^  a     («)-«<!,     .   .    .   .  (^) 

o  s 

whence 

iviTS  ir;^  

Thii  equation  will  detemifaie  J,  hecauae  if  F,(a)  be  npraaed  hj  (87)  the  accond  member  of 
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(P5)  will  only  coctsin  the  ratio  of  C  to  A  which  ia  given  hj  (98),  and  if  Ft(a)  be  expressed 
by  (88)  (/will  disappear,  inasmuch  as  IX"  0. 


81.   Let  m  vam  §am  the  cxpwfon  for  the  iwultMit  of  the  fetw  which  the  €iild  wwrfai 

on  the  cylinder.  Let  F  be  the  resultant  of  the  pressures  aetbg  on  a  length  dl  qt  die  cylinder, 
which  will  evidently  bo  a  force  actinn;  in  the  direction  of  tiw  uis  of  «{  tbM  WO  get  io  the 
Mme  way  as  the  ezpressioD  (47)  was  obtained 

Fmadlfi-P^t^e-hTtAiei^dB,    .....  (i6) 

0 

and  p.,  Tg  are  given  in  terms  of  E  and  0  by  the  same  formula'  (46)  as  before.  When  the 
right-band  members  of  these  equations  are  expr^sed  in  terms  of  ^,  there  will  be  only  one 
tenn  in  irineb  the  diftNOthtioB  with  leipect  to  r  iIm  to  the  eeoomd  older,  end  we  get  (nm. 
(W),  (7a),  end  06) 

dl'    ~T4t~  I'd^    iL  dt' 
We  get  from  thii  equetion  end  the  equetioDe  of  oondltioa  (79) 

WW, "  n»  U^Jr  ~  a  dt~  a' 

Hence 

r-«<«jf'{-P.«»«  +  p(^*)^*»«Jd*     .   •   .   •  (97) 
We  get  by  iaiegretion  by  perti 

/|>,co»edd-|».«in0-  /(^)  daBde. 

dp 

The  lint  tenn  Teniehee  et  hoth  liadtes  end  putting  Ibr      itt  nine  given  hy  (77)i  end 

dv 

eubitituting  in  ($17),  ne  get 

F-/,adiljf''|«  (^]^+ (X0.i  «n(?d^. 

or 

F  -  wpadl .  n  ^/  ^1  {aF,'(a)  +  Fi{a)\  e^"'- 

Observing  that  F/(a)  or  F.,  {n)  ^  ac  -      {a)  from  (SS),  anri  that  F,(n)  ^  Aa-\  where 
is  given  by  (95),  and  putting  M'  for  Trpa*dl,  the  mass  of  the  fluid  displaced,  we  get 

1       i«)  +  -^s  (•)/ 

Vol.  IX.  Pabt  II.  SO 
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whidi  beoomes  hj  meuu  of  the  dMReiaitUl  cquatioti  (85)  whidi  F,  wtiifici 

,--ir«v^{.-^l|}.v=i-.  e.) 

Ltt 

■wlMtv  ktuAU  WK  Md,  diom  Mbelbw,  Jklf      will  be  <he  p«rt  of  l^vhicb  alten  tb» 
OMflktkn,  and  l^if'«^  die  pert  wMbh  pvodyees  a  dindnutioD  bi  tiie  aic  of 


Wben  m'  vudaheib  beeonwi  biflidlc,  end  we  get  fton  (SI)  and  0»)t  maembeiing  diet 
IX-O;  km  I,  l^ad^aicndtiriiicb  ftUewi dinody  and  thj  dnfly  fton  dm  oidbiaiy eqoa. 
tioos  of  bjrdiadjnanka*. 

32.  Every  thing  is  now  reduced  to  the  numerical  calculation  of  the  quantities  k,  k\  of 
wbibh  die  analjtical  expftaaioM  are  givra.  The  Miica  (87)  bdng  alwaje  oooTctynt  n^ght  be 
canplojed  in  all  eueii  but  when  the  modidiM  of  aia  ia  large,  h  will  be  &r  mflie  canvenieni  to 
enpkif  a  eeries  according  todeecandfaigpowen  of  ai.  Let  u»  coaaider  the  amending  leriee  fiiit. 

Let  <■!  be  the  nodalrn  of  aia;  then 

n     In     a     /  ie  ,  ^ 

mo-9m««    ,     m  =  -V---V— »     •  •  •  0«>) 

T  being  as  before  the  time  of  oecfllatfawi  fkNND  teit  to  teat.  Subttitntfaig  in  (99)  the  above 
expraeioa  for  mo,  ve  get 

Putting  for  shortness 

log,  4  +  ir-ir(4)  •  -  A  (108) 

we  get  ftoDi  (87)  and  (93) 

^ *••(•)-  (>«g«  +  A  +  \>/~x)  (1  +  ^         -  j?^  -  >/~x  + ...) 

5  a  F,>)  - 1  ♦  ^  V^l  -        -  .  „  +  «  (kg  «  +  A  +  J  v^)  V'^ 


•  «M  CMh.  FUL  TMfc  V«1TIII.  f.  IHL 
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[48] 


I'.S  l*.fl*.«*.4 


in' 


(108) 


(104) 


then  wlMtitiitiDg  in  (un),  duBgiiifdie      «f  \/  -l»  and  amnglng  the  tannic  «b  git 


in*  * 


(105) 


33.  Before  going  on  m&.  tlw  cdMbdon,  ft  w31  be  wqwwCe  to  know  the  nomerical 
vdne  «f  fbe  trameendMfal  quanti^  A.  Nov 

w-» r(i)  -  (rt)-»r(i)  -  ^kg m  -  ^kgr(i  + «)  -    to .  - i, 

and  the  value  of  —  log  r(l  +  s)  may  be  got  at  once  £rom  Legendre's  tabic  of  the  common 

dg 

lo^ritfims  of  1(1  +  s),  in  which  the  intcrveL  of  « is  Ml,  Fattinf  4  for  the  tabular  number 

cormpondiog  to  9,  we  have 

For 

tUbitl^giifelMh^iBoaeiicaaaiBthe  isdiplaeeof  deemiak  Weduieget 

«■  ir(|)- -1.96»IQa,   A  -   (106) 

34.  Wlien  ttl  is  large,  it  will  be  more  convenient  to  employ  series  according  to 
descending  powers  of  a.  Obaerring  that  the  general  term  of  Ft(a)  as  given  hy  (88),  io 
which  J/mO,  is 


50— « 
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we  get  fiir  die  geoenl  term  of 

and  Ae  egpwwtoB  vitUii  bnckete  u  equivalent  to 
vhenoe 

'  *         2. ♦ma     8.4(4ma)<'  ' 

tatA  we  find  lij  aelinl  divieioii 

35.    When  many  tenna  «i»  TCqnindj  the  «lcul«tk»  of  tbe  coeffidcBte  tuj  be  fediiteted 

in  the  followiag  manner. 

Auuming  aFi{a)=-  v(a)  Fs{a),  we  have 

F.Xa)  -  a-'  «(o)  F^a),    F/ia)  -  {a"'  i,'(a)  -  o  *  »Ca)  +  a-«(»«)*J  F,(a). 
Subelitiitiiv  in  the  diffeiential  eqiietioo  (85)  which  /*,  hae  to  eetiafy,  we  get 

iv(«)  I*- w^a*-0.  (1€7) 

Aewaring 

u(a)  m  -  ma  +         Ai(ma)-^-^  Jt(ma)'*+.,.i       .    .    .  (108) 
and  substituting  in  the  above  equation,  wc  get 

-ma  -  I  Ai(ma)'^-  iAtima)'*-  8^,(wo)"*... 

which  giree  on  equating  coeffidente,  J^m  —  ^  and  fbr  I  >0 
or,  aMuning  to  aveid  firnetl«M» 

J,^i-"-*B^  (109) 

Bi^im -iiBt'^BtBt'k-BtBt,f,,+  SiB»     .    .    .    .  (110) 

a  fiinnula  faj  means  of  which  the  ooefldenta  Jl|,  B,,.*  may  he  readily  calculated  one 
after  anetlier.    We  get 

i?»=-i,   z?,  =  +  1,  5, --4,  5, -+25,  ^.-«e,  ^,--i-aii6«  1  . 
We  get  now  from  (too).  (lOl),  (lot),  and  (109) 

A-y/^li-  „1 +2^4    "'ill-' -^fioe  =5  5»e~**   "'in-'...,  (112) 
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wheDce  if  we  calculate 


m  ahaU  h»ve,  changiog  Um  ligii  o£  v  —  1  ia         and  wiitiiig  H  &r  e*  * 

If  In  /  ...  be  the  common  loguitbmi  of  the  codBdflntt  of  tt'S  m-*...  in  tlie  Imft  two 

of  the  fomube  (lis), 

<,«   .1505150;  4-8.4948500;  •  i.S646S48 ; 

=  1.6989700 ;  ^  -  i.S871S51 1  4  - 1.7019816  « 

4-i.64986M);  4-i9.40«e7S4i  4  »  S.6DI70«6  ; 

and  if  th«  logarithpn  of  eocCckntS  of  m~',  m-'...  in  m„  t*,...  he  required,  it  will  be 
aoffldent  to  odd  .MOSIM  to  the  let,  ftd,  6tb,  be.  of  the  lofarithina  above  ghren. 

86L  It  will  be  found  that  when  ai  it  at  all  large,  the  series  (lis)  are  at  first  convergent, 
end  ellcrwnrde  ^mgent,  and  in  passing  fiom  eonvergeDt  to  divergent  the  quantitfes  u^  bioome 
neerly  eqnel  fiir  eerenl  eucoeidve  tenne.  If  sfker  baivnif  celenUted  i  terme  of  the  flret  of  the 
eeriee  (lU)  we  wiab  to  eomflete  the  eeriee  bf  *  ftnook  iavolTing  the  dUBnenoei  of  ni^  we 
have 

-  +  -  ...  -  8'  { 1  -  8  (1  +  A)  +  «•  (I  ♦  A)^  -  ...}  tl, 

•  »'{i4aCl-t-A){-'i«, 

l  +  ll*        1+8  Vl  +  I»/  * 


and  l  +  i»-l+«oi-  +  v''^iin--2co«-e«         li(l  •(•«)-'- ^ sec ^.«* 

to  that  the  quantities  to  be  added  to  iir,  A^,  are 

.    *  w  <     2»  - 1  ,      ir      Si     ^  ^ 

.  /i       «"\*       2»+  1       ^,  , 

to  A ,  (-  1)  i  sec  -  [aiQ  — - —  ir.Uf-^sec-sui— ir. 

8  8  8  0 

+  (i  »e« ^)  » •  A»tt,...  I 

87.  Tbs  fbDowing  taUe  eontain*  the  tduM  of  the  fimctlone  ik  and  cekulated  for 
40  dmBuMBi  vahieB  of  m   Fhm  »•  .1  to  the  cekohdoD  wtt  performed  by  meant 


IT  ?V=i 


(114) 
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«f  the  iSHrmaU  (105)$  die  rait  of  the  table  wu  calculated  fay  meane  of  the  eeriee  (IM). 
Id  the  former  pBrt  of  the  calculation,  six  plaoee  of  decimals  were  employed  in  calculating  the 
functions  ilf,,  S:c.  piven  by  (lOS).  The  Inst  figure  was  then  struck  out,  and  five-figure  loga- 
rithuu  were  employed  in  multiplying  tlic  tour  functions  M^,  M'^,  M^t  and  1  •>  Hf,  by 

and  bj        vdl  at  In  rediieiag  the  rigbl^haod  ncniber  of  (108)  to  the  toumk-^^/^V, 

The  teraas  of  the  eeriee  (lid)  wen  cakuUted  to  i«e  plane  efdedaa^   That  theaeairieB  are 

■uffirieiitly  conTCfgent  to  be  employed  when  W  »  1-5,  might  be  presumed  from  the  numericid 
values  of  the  terms,  and  is  confirmed  by  finding  that  they  give  k  =  1\Q52,  and  i-l/ss.  For 
VXm  \'S  and  a  few  of  the  aucceediog  values,  the  second  and  third  of  the  i>eries  (in)  were 
rammed  directly  as  far  «e  Wr*  indurivdy,  and  the  nneiiiden  weee  edcttlated  from  the  formula 
(114).  Two  ebluniit  are  annexed,  which  give  die  veluce  of  W*ib  and  WfU^  and  exhibit  the  law 
of  the  variation  of  the  two  parts  of  the  force  when  the  radius  of  the  cylinder  variee,  the 
nature  of  the  fluid  and  time  cl  oaciUatioQ  remaining  unchanged.  Four  significant  fignrce  are 
retained  in  all  the  results. 


m 

k 

A' 

m** 

■«•»' 

1- 

k 

in**' 

0 

00 

00 

0 

0 

2-1 

1-677 

•7828 

7-395 

8-450 

•1 

1970 

48-63 

•1970 

8*2 

1-646 

7481 

7966 

3*592 

*2 

9'l66 

16*73 

•3<)fi6 

2-3 

I -61 8 

7059 

8-557 

3*734 

•3 

6-166 

9-858 

*5549 

•8338 

8-4 

1*592 

•6730 

9168 

!?'877 

•4 

♦•771 

6-185 

*7633 

•9896 

2-5 

1*568 

-6430 

9799 

4-Oiy 

•5 

3-968 

4*5(»7 

-9980 

1*148 

8-6 

1-546 

-6154 

10-45 

4160 

•6 

3445 

3-589 

1-240 

1-292 

2*7 

1*526 

-5902 

11-12 

4-. SOS 

3-088 

8-936 

1*510 

1-439 

2-8 

1-507 

11*81 

4-444 

•8 

8*818 

2-477 

I'BOO 

1*58< 

f9 

1-489 

•5453 

1S*«« 

4*586 

•9 

2 -004 

2-137 

2-110 

1731 

3*0 

1*473 

13-25 

4-728 

10 

2-439 

1-876 

2-439 

1*876 

3-1 

1-457 

-5068 

14*01 

4*870 

I'l 

S'S06 

1-678 

CDSl 

3-2 

1*443 

-4895 

14*78 

5-012 

1*2 

2-19* 

I -503 

3-160 

2-1C4 

3-3 

1-430 

■4732 

15-57 

5-154 

va 

8-108 

1-365 

3-552 

2-307 

3*4 

1*417 

'4581 

16-38 

5-296 

1-4 

2-081 

1-250 

3-961 

2-450 

3*5 

1-405 

-4439 

17'81 

5-437 

1-5 

1*951 

1*153 

4-S89 

8-595 

3*6 

1-394 

•4305 

I8-06 

5-580 

1-6 

I -891 

1*069 

4-841 

2-739 

37 

1-383 

-4179 

18*93 

5-721 

17 

1-838 

•99fi5 

j-312 

2-8S0 

3-8 

1-373 

*4060 

19-88 

5*863 

1-8 

1-791 

•9332 

5-804 

3  024 

3-9 

1-363 

•39*8 

2073 

6-005 

1-9 

1-749 

•87«i7 

5-314 

S-165 

40 

1*354 

-.^841 

21-67 

6- 14^ 

ro 

1-711 

*8268  1  6-845 

3*307 

CO 

° 

CO 

00 

The  numerical  calculatioo  by  means  of  the  formul«e  (103),  (104),  (105)  becomes  very 
Umrioue  when  manj  Yaluee  of  the  Ihnetiottt  are  reiittircd.  The  diflenl^  of  the  eekulation 
inereaeee  widi  die  Talae  of  M  for  two  reasons,  first,  the  calculation  of  the  funetioof  M^t  fcc 
becomes  longer,  and  secondly,  the  moduli  of  the  numerator  and  denominator  of  the  fraction  in 
the  right-hand  member  of  (105)  go  on  decreasing,  so  that  greater  and  greater  acenraej  is 
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required  iu  the  calculation  of  the  functions  J/a>  &c.>  ^^^c  product*  LMet  &c.,  in  order  to 

ensure  a  giveo  degree  of  accuracy  in  the  result.    The  calcalatioo  hy  the  descending  series 
(lis)  is  00  tfie  eoMaaj  Tcry  easy. 

It  will  be  found  that  the  first  differences  of  in*Ar'  and  of  -  1)  are  nearly  constant, 
except  near  the  very  beginning  of  the  table.  Hence  in  the  earlier  part  of  tho  talile  the  value  of  k 
or  k'  for  a  value  of  III  not  found  in  the  table  will  be  best  got  by  finding  tn  k  -  m-  or  OT't'  by 
interpolation,  and  thence  passing  to  the  value  of  k  or  U.  Very  near  the  beginning  of  the  table, 
inMrpbUlioa  wouM  not  suGcssd,  but  m  tndh  s  rtooant  may  be  bad  to  tbe  Jbraiube  (103), 
(10*),  (lOS),  tbe  calcnhtiMi  cf  wbHA  h  eonpantiTdj  eeay  wbem  W  b  soulL  It  did  not  seen 
worth  while  to  extend  the  table  beyond  VI  -  4,  because  where  W  is  greater  than  4,  the  series 
(113)  Dff^  so  rapidly  convergent  that  k  and  k'  maj  be  cakulated  to  a  sufficient  dqpree  of  aoca> 
racy  with  extreme  facility. 

88.   Let  ue  now  exendne  tbe  progress  of  the  fuactioae  k  and  k\ 

When  tn  is  very  small,  we  may  neglect  the  powers  of  flt  id  tbe  numerator  and  denominator 
of  the  fraction  in  the  right-hand  member  ot  cquatbm  (lOS),  retaining  Wily  tbe  ]o{garitbnis  and 
tbe  coostaot  terms.    We  thus  get 


k  +  \/~lkml^ 


whence 

■■(*-')- — ^„  I'y-  "f...  •  •  •  (■'=) 

L  being  given  by  (102)  and  (104),  or  (104)  and  (lOG).  When  ttt  vanishes,  L,  which  involves  the 
logarithm  of  itl~',  becomes  infinite,  but  ultimately  increases  more  slowly  than  if  it  varied  as  tn 
affected  with  any  negative  index  however  smalL  Hence  it  appears  from  (I15),  that  k  -  i  and 
k'  are  expressed  by  m"'  multiplied  by  two  functions  of  M  wbiob,  though  tbey  tdtimatdy  vanlsb 
with  1^  decrease  very  slo«ly»  eo  tb«t «  eonaidefable  dnnge  in  ill  makca  but  a  small  change  in 
these  functions.  Now  when  the  radius  a  of  the  cylinder  variei^  emything  else  remaining  tha 
same,  111  varies  as  «,  and  in  general  the  parts  of  the  force  F  on  which  depend  the  alteration 
in  the  time  of  vibration,  and  the  diminutioo  in  the  arc  of  oscillation,  vary  as  a^k,  a'k ,  respec- 
tively. Hence  in  tba  caae  of  a  oylmder  of  smaU  radiusi  suefa  as  tbe  wire  used  to  support  a 
qpheve  in  «  pendnlum  experiment,  •  considerBbie  ebaage  in  the  radius  of  tbe  cylinder  pvodttoes 
a  comparatively  small  change  in  the  part  of  the  alteration  in  the  time  and  arc  of  viliration 
which  is  due  to  the  resistance  experienced  by  the  wire.  The  simple  formula:  (ll.'i)  are  accurate 
enough  for  the  fine  wires  usually  employed  in  such  experiments  if  the  theory  itself  be  appli- 
cable i  but  reasons  will  presently  be  given  for  regarding  the  application  of  the  theory  to  such 
fine  wiiea  aa  extremely  queslionablei, 

From  1ll-'<«r'4totheendofthe  table,  tbe  first  differeneea  of  eaeb  of  tbe  ftme. 
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tiota  M*  (i  - 1)  and  warn  amAj  coartuit.  Hence  for  a  ooosiderable  range  of  valuee 
of  M,  mik  4xf  tbe  faoetioDa  may      expttMed  pntty  aoearatdy  hf  J  +  Jlw.    Whco  W 

it  at  all  Urge,  the  fint  two  tenns  Id  the  Snd  and  3rd  of  the  formulae  (lis)  will  give  k  and  U 

with  considcraLle  accuracy,  because,  indepcntirtnly  of  tlie  decrease  of  the  successive  quan- 
tities W  ',         ,..y  the  coefficients  of  Wl  '  and  m-'  are  considerably  larger  than  those 
of  several  of  the  succeeding  powers.     If  we  n^ect  in  the«e  formui**;  the  terms  after 
we  get 

It  may  be  ronaiked  ^  deae  i^tptoxiinate  fxgtttfkmt  Kgavded  as  fnnctkmi  of  die  radiui 
«,  have  prL>ciseIy  the  same  fiwin  as  the  exaet  expteadona  obtained  fbr  a  ipheret  tbe  ooelBeients 
only  being  diffeteat. 


Section  IV. 

*   iMSmrilMliaM  ^  tt«  me<iOW  ^  a  jfKid  ofolrf  a  ep&ere  which  moves  uniformly  with 

a  smaU  vdoeity.  Jmtification  of  the  application  f>f  the  sohd'vms  nUained  in  Serfinf}K  TI. 
and  III.  to  rase.i  in  which  the  extent  of  oscilhtion  w  not  small  in  comparisvn  with  the 
radius  of  the  sphere  or  cylinder.  Discussion  of  a  difficulty  which  presents  itself  with 
rtfrnmet  1o  Me  wnifhrm  moHm  of  a  ej^Mgr  in  a  fluid. 

39.  Let  a  sphere  move  in  a  fluid  with  a  untfonn  velocity  V,  its  centre  moving  in  a  right 
liiv  ;  and  let  the  rest  of  the  notation  bo  the  same  as  in  Section  II,  Conceive  a  velocity 
equal  and  oppoute  to  that  of  tbe  sphere  impressed  both  on  the  sphere  and  ou  the  fluid,  wbicb 
«iU  not  aiftet  tbe  rdalive  motioii  of  the  sphere  aitd  fluidt  and  will  lediioe  tbe  deteraunation 
of  tbe  DNtion  of  tbe  fluid  to  a  pnUem  of  eleady  modon.  Tben  we  bav«  tut  tbe  cqaationi 
of  conditioo 

RmOf  OeO,  when  r~o;  (nS) 

Sm-VwO,   e- Fam0,  when  r.ea  (117) 

The  equations  of  condition,  as  well  as  the  equations  of  motion,  may  be  satisfied  by  sup- 
posing r//  to  have  the  form  sin*0/(r).   We  get  from  (so'),  by  the  sanie  praeess  as  that  by 

which  (SS),  {34,)  were  obtained, 

(^-^)V«-*   ("•) 

the  only  difference  being  that  io  the  present  case  the  equation  (20')  cannot  be  replaced  by  tbe 
two  (22),  (2.S),  wbieb  beeone  identicid,  inaamuch  as  tbe  Tdoeity  of  the  fluid  ia  iDdcpcDdent 
of  tbe  time. 

The  mtegral  of  (IM)  is 
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[40] 


vluch  gives 

«  -  ^  -  «  CM Ur-' +  ^r-»  +  C  +  Hf^, 

The  fint  of  the  aqitatioDS  of  oonditum  (117)  Mqium  tM 

DmO,        Cm~\V,  (1«0) 

It  k  pflitknlailj  to  bo  i^nnailced  that  imaDiuch  ai  the  two  •rhitiwry  ooMCmts  C,  1> 

an  determine<i  by  the  6r8t  of  the  conditioos  (117)1  none  remain  whereby  to  satisfy  the 
accoDd.    Nevert})ekss  it  liappcns  that  the  second  of  these  conditions  kadi  to  pKciael/  the 
equations  (ISO)  as  the  first.    The  equations  of  condition  (1 15)  give 


^.^Ka«  [-^*  +  ^- 2]  sin* e»  (181) 

^-y[^----^^^^•.  (.») 


If  now  we  wi'ih  to  obtain  the  solution  of  the  problem  in  its  original  shape,  io  which  the 
sphere  is  in  motion  and  the  fluid  at  rest,  except  so  far  as  it  is  disturbed  by  the  sphere^  we 
have  nerdy  to  add  Fooeff,  -  Fsind,  \  Fi'ifai*#  to  tho  aspraHiooa  for  6.  ^,  We 
get  fron  (l«I) 

40.  Let  us  now  return  to  the  praUen  of  Seetion  II.;  let  11s  euppoee  the  dme  of 
osdilatkm  to  inereaae  ind«6nitdj,  and  examiDe  what  equation  (40)  beeomeB  m  the  limit. 

When  T  becomes  infinite,  n,  and  therefore  tn,  vanishes ;  the  expression  within  brackets 
in  (40)  takes  the  fnrin  03  —  -c,  and  it'  limiting  value  <";i'?ilv  found  by  tlic  ordinary  methoda. 
We  must  retain  the  w?  in  the  coefficient  ot  because  t  is  susceptible  of  unlimited  increase. 
lIFe  get  in  the  limit 

^-io'ce"'""^^ siB»ft  (125) 

If  now  w»  put  ^^'^f*  ^  vdoatj  of  die  qihere^  we  get  htm  (49)*  «^^'^  V.  Afler 

euhatituting  in  (125),  the  equation  wfll  raudn  uodtMig^  when  we  jmh  fion  the  aymbolied 
to  the  ml  valnce  of    and     and  thni  (iM)  will  be  redneed  to  (1S4). 

*  I  have  already  had  oocMiao,  in  treating  of  another  tub-  {  I  had  obtained  aa  a  limiting  cue  of  the  probleDi  of  a  hail 
jtet,  to  publiaii  ibe  mIuUm  txftmud  by  thit  a^uatiaB,  wbidi  I  pwwtwluni  Sec  PMhi«pkieat  MtfuuM  to  Maj  XUt,  p.  MS. 

Voita  IX.  Pabt  II.  3X 
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41.  It  appears  thea  that  by  iupporing  tbe  rate  of  alteration  of  the  velocity  of  tbe  spbere 
tD  dicNiM  indcfimtely*  we  obtain  fbom  the  lolutioa  of  tho  pioUem  of  Section  II.  tbe  wme 
TCiult  as  was  obtained  in  Art.  99,  by  tvealing  tbe  motion  as  steady.  As  yet,  liowerer,  the 
nMCiwd  of  Art.  40  is  Mtlgect  to  a  limitation  frcnn  wlucb  that  of  Art.  SQ  is  fre&    In  obtaining 

equation  (V>),  it  was  supposed  that  the  maximum  excursion  of  the  sphere  was  small  in  com- 
parison with  its  radius.  Retaining  this  rejtriction  while  we  suppose  t  to  become  very  large, 
we  are  obliged  to  suppose  c  to  become  very  small,  so  that  the  velocity  of  the  sphere  is  not 
meidy  so  small  tbat  we  may  neglect  terms  depending  upon  its  squsre^  a  KStriedon  to  which 
Art.  49  is  alio  suhieet,  but  so  cxtvemdy  small  diat  fbe  apace  pamed  over  by  the  sphere  in  even 
a  long  time  is  smdl  In  comparison  with  its  radios. 

We  have  seen,  however,  that  on  supposing  r  very  large  in  (W)  we  obtain  a  result 
identical  with  t),  not  merely  a  result  with  which  (124)  becomes  identical  when  the  restriction 
above  mentioned  is  introduced.  This  leads  to  the  supposition  that  tbe  solution  expressed  by 
(40)  is  in  fact  more  genenl  than  would  appear  ftom  tlie  way  in  which  it  was  obtained.  That 
such  is  really  the  case  may  he  shewn  by  a  di^t  modification  of  the  analyns.  Instead  of 
referring  the  fluid  to  axes  fixed  in  space,  refer  it  to  axes  originating  at  the  centre  of  the  sphere, 
and  moveable  with  it.  Tu  tlic  general  equations  of  motion,  the  terms  which  contain  differential 
coefficients  taken  with  respect  to  the  co-ordinates  will  remain  unchanged,  inasmuch  as  tbey 
represent  tbe  Tery  lame  limiting  ratios  as  before :  It  is  only  thoae  in  whicb  diflbvntfation  with 

respect  to  t  occurs  that  will  be  altered.  If  —  be  the  symbol  of  differentiation  with  respect  to  t 

when  tlie  fluid  is  refected  to  tbe  moveable  axes,  we  shall  have 

di^di'  di  d»* 

but  the  terms  arising  from  ^  ~-  are  of  the  order  of  the  square  of  the  velocity,  and  are 

therefore  to  be  neglected.  Hence  the  general  equations  have  the  .same  form  wlu'ther  the  fluid 
be  referred  to  the  Axed  or  moveable  axes.  But  on  the  latter  supposition  the  equations  of 
eooditioo  (SO)  become  dgorooily  exact.  Hence  equation  (40)  gives  correctly  tbe  solution  of 
the  problem,  independently  of  the  restriction  that  the  maximum  excureion  of  the  sphere  be  small 
compared  with  its  radius,  provided  we  suppose  tbe  polar  co-ordinates  r,  B  measured  from  the 
centre  of  the  sphere  in  its  actual,  not  its  menn  position.  Similar  remarks  apply  to  the  problem 
of  the  cylinder.  Moreover,  in  the  case  of  a  sphere  oscillating  within  a  concentric  spherical 
envelope,  it  is  not  necessary,  in  order  to  employ  the  solution  obtained  in  Section  II.,  that  the 
maximum  excursion  of  the  sphere  be  small  compared  with  its  radius ;  it  is  sulBdent  that  It  be 
small  oompaved  with  the  radius  of  the  envdope. 

These  are  pcnnts  of  great  importance!,  because  the  excursions  of  an  oscillating  spbere  in  a 
pendulum  experiment  are  not  by  nny  means  extremely  small  compared  with  the  radius  of  the 
sphere  \  and  in  the  case  of  a  narrow  cylinder,  such  as  the  suspending  wire,  so  far  from 
the  maximam  excursion  being  small  compared  with  tbe  radius  of  tbe  cylinder,  it  is,  on  the  con- 
trary, Ac  radius  wMeh  is  small  compared  with  die  maximum  excurnon. 


Digiti^ea  by  CoOgle 
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4-2  Lei  us  now  return  to  the  case  of  the  uniform  motion  of  a  sphere.  In  order  to  obtain 
directiv  the  expression  for  the  resistance  of  the  fluid,  it  would  be  requisite  first  to  find  p,  then  to 
get  P,  ind  Tf  fram  (46),  or  >t  but  (o  got  the  tiIum  cf  theie  functiont  iatr^a,  and  lullj  to 
ttilMdcute  in  (47)  aaA  pethm  the  Intcignuum.  W«  slwaUl  obtain  p  by  integnting  the  expretnon 
for  dp  got  from  and  (17)<  It  would  be  requisite  first  to  express  u  and  q  in  terms  of  then 
to  transform  the  expression  for  dp  h:>  as  to  involve  pol;ir  co-ordinates,  and  then  substitute  for 
yf/  its  value  given  by  (ISI);  or  else  to  express  the  right-hand  member  of  by  the  co-ordi- 
natea  s,  and  substitute  in  the  exprenion  for  dp*.  We  have  seen,  however,  tliat  the  resulta 
iqi|dkMiUe  to  unifona  motkm  may  bo  deduced  ai  linritiiig  caeee  of  thoie  whicfa  rekto  to 
oadUatory  motkn,  and  conaegoeiitly,  we  may  make  uie  of  the  cxpreieioD  lor  afaready  worked 
ouL  Writing  V  for  ee^~^"'  b  the  fint  eqaatioii  of  Art.  90^  expreiaing  m  in  terme  of  n, 
and  then  making  fs  vaoiih,  we  get 

•  FmGiTM^paVt  (l«6) 

and  -  f  I»  die  raiitaace  nN|uited. 

This  equation  may  be  employed  to  determine  the  teniiinal  velocity  of  a  sphere  ascending 
or  descending  in  a  fluid,  provided  the  motion  be  so  slow  that  the  square  of  tlio  v«  locify 
may  be  neglected.  It  has  been  shewn  experimentally  by  Coulomb -|-,  that  in  the  case  uf  very 
alow  motions,  the  reustanoe  dt  a  ifaud  depends  partly  on  the  square  and  partly  on  the  tint 
power  of  the  vdbdty.  The  fimnuhi  (1C<0  deterodnes,  to  the  particuhir  caae  of  a  iphere*  that 
part  of  the  whole  resistance  wbidi  depends  on  tlic  first  power  of  the  velocity,  even  diough  the 
part  which  depends  on  the  square  of  tlic  VL'locity  be  not  wholly  insensible. 

It  is  particular! V  to  be  rcmnrkct!,  that  according  to  the  foriuuhi  (I'itii,  ttie  resistance  varies 
not  as  the  surface  but  as  the  radius  of  the  tiphcre,  and  consequently  the  quotient  of  the  resist- 
ance divided  by  the  meat  inemaaee  in  a  higher  ratio,  as  the  radiue  dinnnialiea»  than  if  the 
fcalataikce  varied  aa  the  iurfhce.  Aoeordin^y,  fine  powders  remain  nearly  eiupended  in  a 
fluid  of  widdj  diflEerent  apedfio  gravity. 

48L  When  the  motion  i»  so  slow  that  the  part  of  the  redatanoe  which  depends  on  the 
equare  of  die  vdocity  may  be  neglected,  we  have,  suppodng  K  to  he  the  terminal  velocity, 


•  The  rquutionnfU;).  (17)  gin,  nftw  >  UlblsW  tW>- 

formatiun  to  polar  co-ordmalet, 

sioB  dr  Ur^*   r'    de  huO  4^^  i^.  dl)        '  ' 

The  txpniilew  for  Hp  got  from  thcM  equxunni  i«  an  exaei 

<Jifl'c7cniial  by  virtue  of  tha  cquntion  whicti  <lctt-tniiiif»  if^ ;  and 
Id  ihc  problems  ronsidcTnJ  in  Section  ii.  ajid  in  the  present 
Secticm  <l/  hm  the  form  ♦Bin'tf.  where  *  is  indepcodeni  of  0. 
BoMc  wc  get  fnm  (6),  by  istcgnUag  pankUjr  with  napcct 


It  ii  unncccsaarf  to  add  an  arbilmy  ftaciig*  flf  r,  lilCUll 
tf  X(r)  ba  Mch  a  ftmciliv  whidi  »•  vppHS  aMal  to  ^ 
fll^bsad  Mbw  «r(<),  M  M  4«m4u  X  MMMtaff 
in  («>  TiM  tmlilaf  «ipi««iMi  fm  X'(r>  enMt  caoIdD  I, 
imnMch  M  ihtcsptMiiim  ftr  tfjt  b  an  axaci  dffWnitial,  fait 
it  la  eompoaed  of  icnaa  which  all  Invcilvr  coi  Sua  I'actiT,  aod 
therefore  we  know,  without  working  out,  t)iat  tlirx-  tcnnt  niuat 
deairojr  one  another,  Ilriire  X  (r  muiit  he  ron>tv<i,  ot  m  tno>t 
be  a  fnn«t(on  of  f,  which  »«  may  auppoae  Included  in  II.  X  (r) 
will  in  fact  be  cqu&l  :o  lero  if  Ilbc  lttosqBlliW00IT(W>mat 
the  degth  at  which /|r<{jr'  tnwiahM, 

t  JMiitiMt*  TAmCM^  Tam.  in.  f.  ML 
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—  a  ^  trg  (o-  -  p)  where  g  it  the  force  of  gravity,  aod  a,  which  is  supposed  greater  than 
p,  tbs  dendty  of  the  qriMW.    Subititutiog  in  (186)  we  g«t 

''-|^(?-')«'-   

Let  us  ipply  this  equtlMi  to  detendne  the  tendiMl  vdoei^  «f  a  globule  cf  water  Ibraring 

part  of  a  cloud.  Putting  g  m  S86f  m'  ~  (-^  l^)'>  ^  ^^ch  being  the  unit  of  length,  and  supposing 
o-^-'  -  1  =  1000,  in  order  to  allow  a  little  for  the  rarity  of  tin-  ?>ir  nt  the  height  of  the  cloud, 
we  get  y  —  t>372  x  1000a*.  Thus,  for  a  globule  the  oo«  thoueaodtb  of  an  inch  in  diametert 
we  have  V  -  1.593  bch  per  second.  For  a  gbbule  tbe  one  ten  thouMBcldi  of  an  inch  in  dia. 
meter,  the  tnufatal  vdodty  would  be  a  hundbed  thnes  imaller,  lo  as  not  to  amount  to  the  one 
ihctleth  part  of  an  iodi  per  second. 

We  may  form  a  very  good  judgment  of  the  magnitude  of  that  part  of  the  resistance  which 
varies  as  the  square  of  the  velocity,  and  which  is  thi^  only  kind  of  resistance  that  could  exist 
if  the  pressure  were  equal  in  all  directions,  by  calculating  the  numerical  value  of  the  resistance 
according  to  the  common  theory,  imperfect  though  it  be.  It  foilowe  ftom  thte  theory  that  if 
A  be  tlie  hdght  due  to  the  Tdbd^  F*  the  reaittance  is  to  the  wdght  at  8pk  to  •«•«.  For 
V  =  1.593  inch  per  second,  the  resiatanee  ii  not  quite  the  one  four  hundredth  part  uf  the 
weight;  and  for  a  sphere  only  the  one  ten  thousandth  of  an  inch  in  diameter,  moving  with  the 
velocity  calculated  from  the  formula  (127),  the  ratio  of  the  resistance  to  the  weight  would  be 
ten  times  aa  small.  The  terminal  velocities  of  the  globules  calculated  from  the  common  theory 
would  be  MXft  and  t(kl*  ioAm  per  moond,  initead  of  only  IJ^  and  MS9S  iachl  It  appear* 
then  that  the  appaient  soepeoaion  of  the  doodc  is  msinly  due  to  the  hiternal  fUetion  of  air. 

44.  The  resistance  to  the  globule  has  here  been  determined  as  if  the  globule  were  a  solid 
sphere.  In  strictness,  account  ought  to  be  taken  of  the  relative  motion  of  the  fluid  particles 
formfa)^  the  globule  itidf.  Although  it  may  readily  be  imqiined  that  no  material  change 
would  thus  be  made  in  the  numerical  resolt.  It  may  be  worth  while  to  point  out  the  mode  of 
^hition  of  the  problem.  Suppose  the  globule  preserved  in  a  strictly  spherical  shape  by 
capillary  attraction,  which  will  very  nearly  indeed  be  the  case.  Conceive  a  velocity  equal  and 
opposite  to  that  of  the  globule  impressed  both  on  the  globule  and  on -the  surrounding  fluid, 
whieh  will  rednoe  die  problem  in  one  of  steady  motion.  Let  te.  refer  to  the  Hidd  fornung 
the  globule^  and  assume  ^  •/]  (t)Af0.   Then  we  get  on  diangbg  the  oonstanls  in  (11$) 

Mr)  m  J,T-^  +  B,r  ♦  C,»»  +  D,**. 

The  arbitrary  coostants  Ji,  Bi  vanish  by  the  condition  that  the  Telocity  shall  not  become 
infinite  at  the  centre.  There  remain  the  two  arbitrary  constants  Ci,  A  to  be  determined,  in 
addition  to  those  which  appeared  in  the  former  problem.  But  we  have  now  four  instead  of 
two  equations  of  condition  which  have  to  be  satisfied  at  the  surface  of  the  sphere,  which 

are  that 

JE.O,   ltt"0,    e^Oi.    7f-3*i,.    whenr-a,    .   .  .  (IM) 
We  shall  thus  baTC  the  same  number  of  arbitrary  eoostaats  as  eooditloos  to  he  satiiiisd.  Now 
I'm  win  involTe     as  a  coeiBdent,  just  as     involves      w  jt*  Mid  mi>  which  refers  to  water, 
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is  much  larger  than  jj,  which  refer"  to  air,  allhouifh  m'  iHrryer  than  /i/.  Hence  the  K«ultS 
will  be  nearlj  the  same  a6  if  wc  had  taken     <i:  «  ,  ur  regarded  ihe  sphere  as  sulid. 

If,  hmraw,  ImtMd  of  a  globak  of  liquid  deieeiiding  in  «  ^  m  ttave  a  Tcrj  imsU  bubUe 
afeeodiBg  Id  a  liquid,  we  muit  not  tMit  the  bubble  at  m  eolid  epbere.  We  may  in  this  case 
alio  Mglflet  tbe  motion  of  the  fluid  forming  the  sphere,  but  wc  have  now  arrived  at  the  other 
extreme  case  of  the  general  problem,  and  the  two  equations  of  condition  which  have  to  be 
satis^ed  at  the  surface  of  tbe  sphere  are  that  EmO  and  TV  *  0  when  r  -  a,  instead  of  £  —  0  and 
6  »  0,  when  r  ma. 

The  equation  of  oondttimi  Tg  •  0  wtidi  apiiUee  to  *  bubUe*  ai  wdl  ai  tiie  &urtb  of  equa- 
doni  {198},  wiU  not  be  tbe  tnie  cquatioui)  if  fbroet  arinng  from  internal  iHctka  cxiit  in  tbe 

superficial  film  of  a  fluid  which  are  of  a  different  order  of  magnitude  from  those  which  exist 
throughout  the  mass.  At  the  end  of  the  memoir  already  rtfcrrt'd  to,  Coulomb  states  that  in 
very  slow  motions  the  resistance  of  bodies  not  completely  immersed  in  a  liquid  is  much  greater 
than  that  of  bodies  whoUy  immersed,  and  promises  to  communicate  a  second  mcuiuir  in  cou- 
tionatioa  of  tbe  flnt.  Tfaia  memoir,  so  liar  «•  I  can  Bud  out,  ha*  never  appeared.  Should  die 
cxtateiMe  of  eneb  fimes  ia  the  wperfidal  film  of  a  liquid  be  made  out,  tbe  reaults  deduced 
from  the  theory  of  internal  friction  will  be  modified  in  a  menner  analogous  to  that  in  which  the 
results  deduced  from  the  common  principles  of  hydrostatics  are  modified  by  capillary  attrnction. 
It  may  be  remarked  that  we  have  nothing  to  do  with  forces  of  this  kind  in  considering  the 
motion  of  pendulums  in  air»  or  even  in  conndeiing  the  .oacillations  of  a  sphere  in  water,  except 
ae  rqjards  the  very  minitte  ftaetion  of  the  whole  eflbct  wbidi  rdatee  to  the  reebtanea  experienced 
by  the  auBpending  wiie  in  the  immediate  neighbourfaood  of  tbe  ftee  aurlhee. 

It  may  readily  be  seen  that  the  effect  of  a  set  of  forces  in  the  superficial  film  of  a  liquid 
ofl*ering  a  peculiar  resistance  to  the  relative  motion  of  the  particles  would  be,  to  make  the  re- 
sistance of  a  gas  to  a  descending  globule  agree  still  more  clearly  with  the  result  obtained  by 
regarding  the  globnle  a  KXdf  vhfle  the  leHftanoe  eqierienoid  by  an  aicciiding  buibble  vould 
be  matatially  iocreaeed,  and  made  to  appraaeb  to  that  which  would  belong  to  a  eolid  qihcra  of 
tlie  same  size  without  mass,  or  more  strictly,  with  a  mass  only  equal  to  that  of  the  gas  forming 
the  bubble.  Possibly  the  determination  of  the  velocity  of  ascent  of  very  small  bubbles  may 
turn  otu  to  be  a  good  mode  of  measuring  the  amount  of  friction  in  tbe  superficial  film  of  a 
liquid,  if  it  be  true  that  forces  of  this  kind  have  any  existence.  But  any  investigation  relating 
to  audi  a  lubjeet  woidd  at  prewnt  be  pirematwe. 

45.    Let  us  now  attempt  to  determine  dm  uniform  motion  of  a  fluid  about  an  infinite 

cylinder.  Employing  the  notation  of  Section  III,  and  reducing  the  problem  to  one  of  steady 
motion  as  in  Aru  39,  we  obtain  the  same  equations  of  condition  (IHi),  (H7),  as  in  the  case  of 
the  sphere.    Assuming    a  sin  6F(r),  and  substituting  in  tho  equation  obtained  from  ((jg)  by 

traosformiog  to  polar  comrdioates  and  leaving  out  tbe  terms  which  involve       we  get 

The  integral  of  this  equation  may  readily  be  obtained  by  multiplying  the  last  tfxm  of  the 
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opnraliug  tuetog  hy  +  integrating  the  trtMfoinned  eqnntion,  and  tlien  Mialdng  i  vaiijab. 
It  i» 

Fir)  »Jr-*  +  Br't-Crlogr  +  J}t»,  (ISO) 

vliicb  gives 

i2  -  ^  -  {Ar  '  +     +  C  logr  +  Dr*)  cm  6, 

e  -  -  ^  »  (i<  r-»  -  B  -  C  -  C  log  r  -  sDr*)  sin  0, 
The  fint  of  tbe  equationi  of  ooodition  (tl?)  requires  tbnt 

which  also  tatiafies  the  siconJ.  We  have  thus  only  otn  aibitraiy  constant  left  whi  reby  to 
satisfy  tht-  two  equations  of  ooodiiioo  (1I6)>  and  the  same  Talue  of  A  will  not  satisfy  these 
two  equations. 

46.    It  appears  then  that  the  supposition  of  steady  motion  is  inadmisaiUe.    It  will  he 

Kmembercd  that,  in  the  case  of  the  sphere,  the  solution  of  the  problem  was  only  possible 
because  it  so  happened  that  the  values  of  two  arbitrary  cnnstant-*  determined  by  Satisfying  t!ie 
first  of  the  equations  of  condition  (11?)  wtisfied  also  the  second,  which  indicates  that  the 
solution  was  to  a  certain  extent  tentative.  We  have  evidently  a  right  to  conceive  a  sphere  or 
infinite  i^lindcr  to  exist  at  test  in  an  infinite  mass  of  fluid  also  at  Nat>  to  suppose  the  sphera 
or  qrlinder  to  be  then  moved  with  a  uniform  ▼doeity  F,  and  to  propose  for  d^enninatioa  tbe 
motion  of  tbe  lluid  at  the  end  of  the  time  t.  But  we  have  no  right  to  assume  that  the  notion 
appmarhes  a  pennanent  state  as  t  increases  indefinitely.  e  utav  follow  either  of  two  courses. 
We  may  proceed  to  bo\\  f  the  general  prnbleni  in  wliirli  the  sphere  or  eyliiuler  is  supposed  to 
move  from  rest,  and  then  examiue  what  results  we  obtain  by  supposing  t  to  increase  indefi- 
nitdy,  or  elae  we  may  amume  for  trkU  that  the  motion  ia  ateady,  and  proceed  to  inquire 
whether  we  can  aatisfy  all  the  oonditiona  of  tbe  problem  on  this  supposition.  The  fermer 
course  would  have  the  disad\nntagc  of  requiring  n  complicated  analysis  for  the  sake  of  olm 
taining  a  comparatively  simple  result,  and  it  is  even  possible  that  the  solution  of  the  problem 
might  baffle  u%  altogether;  but  if  we  adopt  the  latter  course,  we  must  not  forget  that  the 
equations  with  which  wc  work  arc  only  provisional. 

It  might  be  objected  that  the  impoenhflity  of  satisfying  the  conditiona  of  the  problem  on 
the  hypothesis  of  steady  motioa  arose  ftom  our  assumptioa  that  dtt0  wa»  •  fkctor  vt  jf^Qu 
other  £u:tor  being  independent  of  9.  This  however  is  not  the  case.  For,  for  given  valoes  t)t 
r  and  f,  is  a  finite  function  of  0  from  9  =  0  to  0  =  x.  We  have  a  right  to  suppose  ^  to 
vanish  at  any  point  of  the  axis  of  x  positive  that  we  please ;  and  if  wc  suppose  ^  to  vanish  at 
one  such  point,  it  may  be  sliewn  as  in  the  note  to  Art.  15,  that  ^  will  vanish  it  all  points  of 
the  axis  of  m  positive  or  •  negative.  Henoe  may  be  expanded  in  a  conveigent  series  of  ainea 
of  $  and  its  multiples;  and  linoe  x  i**  derivatives  with  respect  to  0  alter  continuoody 
with  9,  the  expansions  of  tbe  derivatives  will  be  got  by  direct  differentiation*.    This  being 
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tnic  for  all  other  pairs  of  values  of  r  and  t,  caa  in  general  be  expanded  in  a  convergent 
series  of  sines  of  0  and  its  multiples;  but  the  coefficients,  instead  of  being  constant,  will  be 
fimdkNM  of  r  and  /,  or  in  the  partieDlar  cut  of  itndj  modcn*  funetions  of  r  done.  Nov 
ft  TCtj  digbt  cxaniiiation  of  the  genenil  eqwtiolu  will  suffice  to  ihew  that  die  eoeAdenta  of 

the  inm  of  the  different  multiples  of  9  remain  perfectly  independeat  throughout  the  whole 
process,  and  consequently  had  we  employed  the  general  expansion,  we  should  have  been  led 

to  the  very  same  coaclusions  which  have  been  deduced  from  the  aifumed  ionn  of  ^. 

4fJ,  If  we  take  die  inpOMibiUtj  of  the  iditeMe  of  a  Buiting  state  of  notioii,  which 
hai  jaat  heen  citabllahed,  in  oonnexioD  with  the  letulta  obtained  in  Section  III.,  we  shiU  be 

able  to  understand  the  general  natote  of  the  motion  of  the  fluid  around  an  infinite  ^lillder 
which  is  at  first  at  rest,  and  is  then  moved  on  indefinitely  with  a  uniform  velocity. 

The  fluid  being  treated  as  incompressible,  the  first  motion  which  takes  place  is  impulsive. 
Since  the  terms  depending  uti  the  internal  friction  will  not  appear  in  the  calculation  of  this 
motioo,  we  may  employ  the  oidwary  equation*  of  hydrodynamice.  The  reeult,  which  is 
earily  obtained,  is 

Fa* 

Bdr+erde^difH    where  ^- - —eos^  {\3i) 

As  the  cylinder  moves  on,  it  carries  more  and  more  of  the  fluid  with  it,  in  eonsequenee  of 

friction.  For  the  sake  of  precision,  let  the  quantity  carried  by  the  element  dl  of  the  cylinder 
be  defined  to  be  that  which,  moving  with  the  velocity  K,  would  have  the  same  momentum  in 
the  direction  of  the  motion  that  is  actually  possessed  by  the  elementary  portion  of  fluid  which 
is  oontained  between  two  panBd  hifiiiite  phmes  drawn  perpendicular  to  the  axis  of  the  eyluv> 
der,  at  an  interval  dl,  the  partidee  oompoiing  whidi  are  moving  with  velocities  that  vary  ftom 
V  to  z.ero  in  passing  from  the  surface  outwards.  The  pressure  of  the  cylinder  on  the  fluid  con- 
tinually tends  to  increase  the  quantity  of  fluid  which  it  carries  with  it,  while  tlic  friction  of  the 
fluid  at  a  distance  from  the  cylinder  continually  tends  to  diminish  it.  In  flie  t-rtse  of  a  sphere, 
these  two  causes  eventually  counteract  each  other,  and  the  motion  becomes  uniiorni.  But  in 
the  ease  of  a  cylinder,  the  increase  in  the  quantity  of  fluid  carried  continually  gains  on  the 
decrease  due  to  the  friction  of  the  surrounding  fluid,  and  the  quantity  carried  increases  indefi- 
nitely as  the  cylinder  moves  on.  Tlu^  rate  at  which  the  quantity  carried  is  increased,  decrenses 
continually,  because  the  motion  of  tlie  fluid  in  the  neiglihourhond  of  the  cylinder  becomes  more 
and  more  nearly  a  simple  nioliou  of  translation  ctjual  to  that  of  the  cylinder  itself,  and  there- 
fore the  rate  at  which  the  quantity  uf  fluid  carried  is  increased  would  become  smaller  and 
smaller,  even  wore  no  resistance  oflered  by  the  surrounding  fluid. 


*  According  to  the*e  rqustiont,  the  fluid  flows  ptn  |kt 
MiftMorthecgtliwIcrwliliaJialte  vclociir*  Atilieswlaf  dis 
sBdl  lime  f  aAcr  ihe  tapact,  dw  Metian  kaa  ndnccd  the 
filsdtjrof  the  Said  in  agnlMtwiibilHcjnwIcrtoiliMor  the 
cyUndeT  itself,  mod  Ih*  unf^dil  Tdodif  titen  ttty  npidl; 
In  pusing  from  the  (urfare  outwards.  At  a  amall  dial&ncc  » 
tarn  the  aoilMe  of  the  cylinder,  die  rcUtiva  Telocity  of  the 
MdandtlM^lIadir,  inadlieetioB  uufrntbl  to  Uw  nwAm^ 


ii  alliiHlliBof  Os  ladtfcodiot  iwUUtt  f,  «,  wklcb  vwiikct 
wldi«ftruijraiManlM  of  /,  however  himII,  tut  wMck  ttt 
Mjr  gIfcB  valne  aft,  Iiowsrcr  smttl,  •ppnMdiohidalBlidjr  <■ 

the  quantity  determined  by  (131)  aa  t  Tanilbe*.  Tha  wammm 
nication  of  lateral  motion  I*  «imllar  (o  the  eoiainaaleallqii  at 
temperature  *V.^t\  Oir  »urface  of  a  body  ha*  h%  icmperUun 
Iniianujieauily  railed  or  lowered  by  a  finite  quantity. 


[66]  PKOFE880K  STOKES.  ON  THB  EFFECT  OF  THE  INTEBNAL  FRICTION 

The  oometiMtt  vt  tMs  «xpl«o«timi  i*  coofinned  by  the  ibllowng  cainHd«i«tkNWb  Suppose 
that  F  (r)  h«d  beeo  given  by  the  equation 

F  (r)  -  j<r-»  +     +  Cr»-*  +  Dr« 

ioileBd  of  (ISO),  i  being  a  amall  poiitiTe  quantity.  On  this  mppodtMn  it  wouM  have  been 
posriide  to  ntiify  all  the  equatfone  cf  condition,  and  therefore  steady  motion  would  liave  been 
possible.  By  detenunii^  the  arUtiaiy  constants,  and  anbstituting  in  we  should  have 
obtained 

Since  ^  is  suppoeed  to  be  extremeK  small,  it  follows  from  these  expressions  that  when  r  in  not 
greater  tlian  a  moderate  multiple  of  a,  the  velocities  b  are  extremely  small ;  but,  however 
•mall  be  ^,  we  have  only  to  go  far  enough  from  the  cylinder  in  order  to  find  Telodties  as 
nearly  equal  to  —  fcostf,  +  Vda 9  aa  we  please.  But  the  distanee  froin  the  cylinder  to  which 
we  rouit  proceed  in  order  to  iind  Tclocities  6  which  do  not  dilihr  bom  dieir  limiting  values 
•  Fcos0,  <f  Fslntf  by  more  than  certain  given  quantities,  increases  indefinitely  as  S  decreases. 
Hence,  re&toring  to  the  fluid  and  the  cylinder  the  velocity  V,  we  see  that  in  the  neighbourhood 
of  the  cylinder  the  motion  of  the  fluid  does  not  sensibly  differ  from  a  motion  of  traosUlion,  the 
same  as  that  of  the  cylhider  itidf,  while  the  distance  to  which  the  cylinder  ez«ts  a  sendUe 
influence  in  disturbing  the  motion  of  the  fluid  increases  indcBnitely  as  9  decrsasss. 

48.  When  we  have  lomed  the  equation?)  of  motion  of  a  fluid  on  any  particular  dynamical 
hypothesis,  it  bocomcs  a  perfectly  definite  mathematical  problem  to  determine  the  motion  of  the 
fluid  when  a  given  solid,  initially  at  rest  as  well  as  the  fluid.  !<?  moved  in  a  given  manner,  or 
to  discuss  the  character  of  the  analytical  solution  io  any  extreme  ca^e  proposed.  It  is  quite 
another  thing  to  enquire  how  for  the  principles  whidt  fimuriMd  the  matbenuitieal  data  of  the 
problem  may  be  modi6ed  in  extreme  cases,  or  what  will  be  die  nature  of  the  actual  motion  in 
sudi  eases.  Let  us  regard  in  this  point  of  view  the  case  considered  in  the  preceding  artide  as 
a  mnthematical  problem.  When  the  qii.mtity  of  fluid  carried  with  the  cylinder  bix-omes  con- 
siderable compared  with  the  quantity  displaced,  it  would  seem  that  the  motion  must  become 
unstable,  in  the  &eu&e  in  which  the  motion  of  a  sphere  rolling  down  the  highest  generating  line 
of  an  indined  cylinder  may  be  said  to  be  nnstahie.  But  beridcs  the  instabOity,  it  may  not  be 
safe  hi  such  an  extreme  case  to  n^eet  the  terms  depending  on  the  square  of  the  vchidly,  not 
that  they  become  unusually  large  in  themselves,  but  only  unusually  large  compared  with 
the  terms  retained,  bt:>cause  when  the  relative  motions  of  neighbouring  portions  of  the  fluid 
become  very  small,  the  tangential  pressures  which  arise  from  friction  become  very  small  like- 
wise. 


OF  FLUIDS  ON  THE  MOTION  OF  PBNDULUMa  [67] 

Now  the  general  character  of  the  motion  must  he  nearly  the  same  whether  the  velocity 
of  the  cylinder  be  constant,  or  vary  slowlj  with  the  time,  do  that  it  does  not  vary  materially 
when  the  cylinder  passes  through  a  space  equal  to  «  MDall  multiple  of  ill  radiua.  To 
retim  to  the  prabkm  eonndcnd  ia  Sectioa  IIL»  It  wouU  seen  tiwt  when  the  ndine  of  die 
^Uadcr  k  veiy  enalU  the  motion  whidi  would  be  expressed  by  the  formulae  of  th«t  Sectfbn 
would  be  unstable.  This  might  very  well  be  the  case  with  the  fine  wires  used  in  supporting 
the  spheres  employed  in  pendulum  experiments.  If  so,  the  quantity  of  fluid  carried  by  the 
wire  would  be  dimiuisbed,  portions  being  continuidly  left  behind  and  forming  eddies.  The 
mestance  to  the  wire  wooU  on  the  whole  be  hi€NMed»  and  would  moreover  approxintte  to  a 
leilaCanoe  which  would  be  a  funelkn  of  the  vclodtj.  Benoef  ao  ftr  ai  depeodi  on  the  wire,  the 
arc  of  oscillation  would  be  more  affected  by  the  resistance  of  the  air  than  would  follow  from 
the  formula;  of  Section  III.  Whether  tlie  effect  on  the  time  of  oscillation  would  be  greater 
or  less  than  that  expressed  by  the  forraulte  is  difficult  to  say,  because  the  increase  of 
raantance  wonM  tend  to  inorease  the  effect  on  ^  time  of  vibration)  while  on  Ae  other  hand 
the  appwMtlmation  of  the  law  of  reeictanee  to  that  of  a  function  of  the  fdodty  would  tend  to 
^inriwlih  it* 


SscnoK  V. 

Hm  m  He  oaee  «f  eectftefery  wnoei. 

40.  We  have  already  bad  inetanoet  of  the  eflhet  of  friction  in  causing  a  gradual  sohel- 
denoe  in  the  motion  of  a  solid  oscillatiog  in  a  fluid;  but  a  result  may  eaeily  he  obtained 

from  the  equations  of  motion  in  their  most  general  shape,  which  shews  very  dearly  the 
effect  of  friction  io  continually  oonaumiug  a  portion  of  the  work  of  the  forces  acting  on  the 

fluid. 

Let  P„  Pt,  he  the  three  norma],  and  T„  T,  the'  three  tangential  premnm 
In  tiie  direction  of  three  reeUngnlar  planes  pnndlet  to  the  eo^wdlnate  planeS|  and  let  J>  be 

the  symbol  of  differentiation  with  respect  to  t  when  the  particle  and  not  the  point  of  space 
remains  the  same.  Tlien  the  general  equations  applicable  to  a  heterogeneous  fluid,  (the  equa- 
tions  (10)  of  my  former  paper,)  are 

with  the  two  other  equations  which  may  be  written  down  from  symmetry.  The  pressures 
Pi»  fcc.  are  given  by  the  equations 

P,.,.,,^_.,).  .  .  .  (,„) 

and  Ibnr  other  nmifav  eqnatione.   In  these  equations 

«    d»    dv  dw 

**-r.*r,*7i  
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[58]    PBOFESflOR  grOEBS,  ON  TBE  EVFBCT  OF  THB  DITBRNAL  FRICTION 


At  the  nd'of  the  tine  /  let  F  be  the  •iteiwi  of  *  UnktA  pardon  of  the  fliiid»  oocupjiog 
the  ipeee  wbkh  He*  ineide  the  doMd  swftoe  iS;  esd  let  F-i-  jDF  he  the  «it  oIm  of  the  eeoie 
mil  at  the  end  of  the  time  f'fDt.  Then 

r-////»  (tf  +  ^  +  i^dmdgdM, 

the  triple  integrals  extending  throughout  the  ^««e  bounded  bjr  S,  Suhetituting  now  fiv 
Du 

fce.  iSbmt.  vnhwB  given  by  die  eqnations  of  the  ayiteni  (itt),  no  get 
DY  •  %Di  fffp  (uX  ^^Y^wT^dmdfim 

The  first  pnrf  of  this  expression  is  i-videiitly  twice  the  work,  <htrin!^r  the  tinie  Dt,  of  the 
external  forces  which  act  all  over  Uie  niaju.  The  second  part  becumett  after  iotegration  by 
parte 

- 827/ //(«Pt  +  o7a '¥t»TJ^4fld»-%Di 4-  w 7*,  4- « T^i)  rf« jt 

The  double  integrals  in  this  expression  fire  to  be  extendMl  over  thi^  whole  -.urfHce  S. 
li  dS  be  on  element  of  this  surface,  f,  m,  ii  the  direction-cosines  ot  the  normal  drawn  outwards 
tXdSt  we  may  write  fdS,  m'dS,  n*dS  tat  dydx,  d*dm,  dadf.  The  eecond  part  of  2>F 
thue  beeomee 

The  ooeflkiente  of  ai»  «,  w  in  thie  czpnHion  are  the  reeolved  porta,  in  the  dtnetion  of 
WtVtihvf  the  preerare  on  a  plane  in  the  direction  of  the  elementary  amftee  dS,  whence  it 

appears  that  the  expression  itself  denotes  twice  the  work  of  the  pceewrea  applied  to  the 
surface  uf  the  portion  of  fluid  that  we  are  coasidcrin^. 

On  substituting  for  P|>  &c  their  Talue»  given  by  the  equations  (ISS),  (id4),  we  get  for 
the  lait  port  of  2>r 

*^Dtfffp[j-^~^-^^]d.<iyd. 
^    frr    (   fdu\*      {dv\*      /dtD\'    „  fdu     dv  du)\' 


fdv     dw\*     fdw     dn  *    fdu     rfo\*l  ,  . 


dm, 
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OF  FLUIDS  ON  THB  MOTION  OF  FENDVLUMa 

In  this  expression  p  denotes,  in  the  cuse  of  an  elastic  fluid,  the  pressure  "Statically  corres- 
pondiog  to  the  density  which  actually  exists  about  the  point  whose  co-ordinuies  are  ^r,  jT,  «,  and 
tlw  part  of  llw  flspmdiMi  whieh  oontdos  p  dnotai  tnioe  dit  wmk  coDvcflad  into  «<t  viva  in 
eomeqnieiiee  of  inlenid  expumma,  and  arimigfnn  the  firai  od  wUdi  the  daitiei^  dependi. 
The  last  part  of  the  «i.|»ression  !■  CHSntially  negative,  or  at  least  cMHiot  be  positive,  and  can 
only  vanish  in  one  very  particular  case.  It  denotes  the  rw  riva  consumed,  or  twice  the  work 
Inst  in  the  system  during  the  time  dt,  in  consequence  of  internal  friction.  According  to  the 
very  important  theory  of  Mr  Joule,  which  is  founded  on  a  set  of  most  striking  and  satisfactory 
•S|Mrini«Bt^  the  vork  thus  apparently  loet  ie  in  ftot  oonverled  into  hentf  at  audi  n  nte»  that 
the  work  egyaaied  by  the  deeoent  of  TTSlha  thraugh  one  loot,  anpplHea  the  quantitj  of  heat 
nqidrad  to  tdae  lib*  of  water  ituouf^  1*  of  Fahianheit^a  thermometer. 

50.  The  triple  integral  cootaimng  ^  can  only  vaoisb  when  die  diHerential  ooeffidente  of 
M,9t»  satisfy  the  five  fiiUowiiig  equation^ 

du    49  dw 
dm^dy'  dn* 


dv     dw  dw     du  du  dv 

4«     dy  dx     du  dy  dx 


(137) 


These  equations  give  immediately  the  following  expressions  for  the  differentiaU  of  M)  10* 
in  which  the  co-ordinates  alone  are  supposed  to  vary,  the  time  being  constant : 

du  "Idm  -  w"dy  +  ui'dz,  " 

do  —  Idy  —  m'dx  +  a»"dx,  •  (^^B) 

dw  —  ^d«  —  te'da  +  wdy. 

In  these  equations  cu',  to",  J"  are  certain  functions  of  which  the  forms  are  deGucd  by 
the  equation>  (188),  but  need  not  at  preaent  be  oouidend.  It  fbOowe  from  equations  (138) 
that  the  notion  of  eadi  dement  of  the  fluid  withm  the  autfaoe  S  n  eomponnded  of  a  motion  of 
tnuulation,  a  motion  of  rotation,  and  a  motion  of  dilatation  alike  in  all  directions.  So  far  as 
regards  the  first  two  kinds  of  motion,  the  fluid  element  moves  like  a  solid,  and  of  course  there 
is  nothing  to  call  internal  friction  into  play.  For  the  reasons  stated  in  my  former  paper,  I  was 
led  to  aasume  that  a  motioo  of  dilatation  alike  in  all  directions,  (which  of  course  can  only  exist 
in  the  caae  of  an  daatie  fluid*)  haa  no  eflbct  in  eauaiqg  die  piwaore  to  diflhr  from  the  itatical 
picMure  conreaponding  to  the  actnal  density,  that  is,  in  oeoMjoning  a  violation  of  the  fone- 
tional  relation  commonly  supposed  to  exist  between  the  pressure,  density,  and  temperature. 
The  reader  will  observe  that  this  is  a  totally  different  thing  from  assuming  that  a  motion  of 
dilatation  luu  no  effect  on  the  pressure  at  all. 

Wiien  the  fluid  ia  inoomptmOila  i  *  0,  and  it  may  be  proved  without  difllcnity  that 
m',  tt*  are  eonstant»  that  is  to  any,  eonataat  so  6r  «a  the  coordinates  are  eoneemed.  In 
thia  caae  we  get  hj  integrating  equationa  (187) 

«  >  a  -  J"y  +  J 

«.6-«'«   

w  -  e  -  m*m  +  sf'y. 

32—4 


i^yui^L-u  cy  Google 


[60]    PROPBSSOR  STOKER  ON  THB  EFFECT  OF  THE  INTERNAL  FRiCTION 


HcDc^  in  die  CMe  of  an  incompresnUie  fldd,  uolan  the  whok  mm  conptited  vitlifai  tiM 
eurftoe'^  move  togedier  Mice  a  iotid,  tbere  cnmot  fUl  to  be  a  eertdn  partkm  «f  via  efoo 
iMt  bj  bteraal  friction.    Id  the  case  of  an  daetic  fluid,  the  naddtt  wbidi  vuy  take  place 

without  cauuog  a  loss  of  rw  viva  in  consequence  of  friction  is  somewhat  more  general,  and 
corresponds  to  vdocitics  «-i-Att>  v  +  iff-t-Aw,  where  u,  t,  lo  are  the  same  as  in 
(139),  and 

witb  eitnilar  expreniaM  tar  and  Aw.  In  theie  espnasioiia  a,  ^  are  tbite  oooacante 
■ymmetncaUj  ndated  to  w,  y,  »t  and  3  ii  a  oonitaiil  whkb  baa  tbc  lame  rdatioD  to  eadi  of  tbe 
oo-ordiiiatea*. 

51.  By  meant  of  the  ezprenion  given  in  Art  4ft  for  tbe  Umh  of  eii  vha  doe  to  internal 
frietioD,  «e  may  readfly  obtain  a  very  approximate  aalution  of  the  problen :  To  determfaie  tbe 
rate  at  wUcb  tbe  motion  subsides,  in  consequence  of  internal  frieUon,  in  tbe  OHM  of  a  eerioi  of 
OBCillatory  waves  propagated  along  the  surface  of  a  liquid. 

T.et  the  vertical  plane  of  xy  he  parallel  to  the  plane  of  mofion.  nntl  lot  y  be  measured  ver- 
tically downwards  from  the  mean  surface;  and  for  simplicity  s  sake  suppose  the  depth  of  tite 
4uid  very  great  compared  vrith  tbe  length  of  a  wave*  and  tile  notion  ao  amaU  that  tbe  aquare 
of  the  velodty  may  be  wq^ccted.  In  the  eaae  of  notion  wbkb  we  are  eooMdering,  udm  +  vdff 
it  an  exact  diffeiential  d^  when  ftietum  u  neg leeted»  and 

^  -  ee'*"  mn  (m«  -  fiO  (140) 

where  e»  OH  n  are  three  oattttanta»  of  whidi  tbe  last  two  are  eonneeted  by  atdation  which  it  u 

not  nece!>.sary  to  write  down.    We  may  oontinne  to  cmphiy  thit  equation  as  a  near  appnoi- 

mation  when  friction  is  taken  into  account,  provided  we  suppose  c,  instead  of  being  constant, 
to  be  a  parameter  whirh  varies  slowly  with  the  time.  Let  V  be  tlie  vu  viva  of  a  giveo  portion 
of  the  fluid  at  the  end  oi  the  time  t,  then 

Vm  pc'm'  ffft^*''l>d.tdydz  (141) 

Rut  by  means  of  the  expression  given  in  Art.  49j  we  g«t  for  the  loss  of  rh  luva  during  the 
time  dtf  observing  that  in  the  present  case  ii  is  coiutant,  to  >  0,  ^  «  0,  and  udji  +  vdy  - 
where  <p  is  independent  of 

whieb  becemea,  on  aubetitttting  for  ^  ita  value. 

S^cFm*  dt  fffe-*'*  dm  dy  dir. 

But  we  get  from  (141)  for  the  decrement  of  v%«  viva  of  the  same  mass  arising  from  tlie 
▼ariatioo  of  the  parameter  e 

de 

-  ipm*c  —  dt  ///«-*"*  dx  dy  dn. 


*  {See  NM  V  at  iht  end.) 


Digitized  by  Goo<^Ic 


OP  FLtnOS  ON  THB  MOTION  OF  PENDULUH& 


[61] 


Equating  the  two  expressions  for  the  decrement  of  vis  otea,  putting  fur  m  its  value  2'n-X'*« 
where  X  b  tbe  length  of  m  wmvej  replacing  (l  by  ftp,  integrating,  and  supposing  c,  to  be  the 
initial  valoe  of  ^  we  get 

It  will  presently  appear  tTiat  the  value  of  fi'  for  water  is  about  0  05Gi.  an  inch  and  a 
cfv-ond  being  the  units  of  space  and  time.  Suppose  first  that  \  is  two  inches,  and  t  ten  seconds. 
Then  iGjrVVX'*  «  1*256,  and  e  :  c,  ::  I  :  0'281S,  so  that  the  height  of  the  waves,  which  varies 
«e  e,  ia  only  about  a  quarter  of  what  it  waa.  AoeordHiiglj*  tfao  ripplea  exdtcd  on  n  nnaU  pool 
bj  a  puff  of  wind  rapidly  anbude  when  tho  exciting  cauae  ceaaea  to  act. 

Now  suppose  that  X  is  40  fathoms  or  2880  inches,  and  that  t  is  86400  seconds  or  a  whole 
day.  In  this  case  ifi'jr'/u'/X"*  is  equal  to  only  0  005232,  so  that  by  the  end  of  an  entire  day,  in 
which  time  waves  of  this  length  would  travel  574  English  miles,  the  height  would  be  diminished 
by  little  more  than  the  one  two  hundradth  part  in  eonaequence  of  friction.  Accordingly,  the 
kqg  awdia  of  the  ocean  are  bnt  little  allnyed  bf  flriedon,  and  at  laat  break  on  aome  chore 
aHuated  at  the  diaianee  of  perhapa  hundnda  of  niloa  Ihtm  (he  legion  where  they  were  firat 
exdiedi 


52.  It  is  worthy  of  remark,  that  in  the  case  of  a  homogeneous  incompressible  fluid, 
whenever  udv  +  ve(y  +  wdx  is  an  exact  differential,  not  only  are  the  ordinary  equations  of 
fluid  motion  satisfled*,  but  the  equations  obtained  when  friction  is  taken  into  account  are 
anticliad  likawlae.  It  la  only  the  oqnationa  of  oonditioin  which  hdong  to  the  lioimdariaa  of  the 
inid  tiiat  are  violated.  Henoe  any  kiiid  of  notion  whidi  ia  poaaible  according  to  tfie  ordinafy 
equations,  and  which  is  such  that  ud»  +  pdjf  +  wdx  ic  an  csact  dtArcntialt  ia  poaaible 
likewise  when  friction  is  taV. n  into  account,  provided  we  suppose  a  certain  system  of  normal 
and  tangential  pressures  to  act  at  the  boundaries  of  the  fluid,  so  as  to  satisfy  the  equations  of 
condition.  The  requisite  system  of  pressures  is  given  by  the  system  of  equations  (133). 
Shioe  in  diaappeara  iWnn  tile  general  equatlona  (1),  it  fhUowa  diat  p  ia  the  nme  function  aa 
hcfiira,  But  in  the  fim  caae  the  ayatem  of  praaanrea  at  the  aurface  waa  PtmP^^P^mf, 
J*i  «=  a  7t  •  0.  Hence  if  A  &c.  be  the  additional  pressures  aridng  from  friction,  we  get 
from  (l«8),  obaerving  that  ^  >  0»  and  that  udm  +  vdg  -f  wd»  ia  an  axaa  differential  4^ 

AP,--«fi^,         ^^s--«M^»         AP,--2m^.  . 

^^^--^'-d^v  •  ('*^> 

Let  diS"  be  ao  element  of  tlie  bounding  aui&ce^  I*,  m',  n'  the  direction<K»8ioes  of  the  normal 
drawn  outwarda,  ^P,  AQ,       the  oomponenta  in  the  dhraction  of    y» »  of  the  additional 


*  It  n  h«n  mppomi  ifa«t  tbt  fatcm  JC,  I',  Z  ai*  mch  ttiM  Xd*  ^  irdg  ■>■  Z</s  it  an  esscl  diflcniuUl. 
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pftHutie  on  «  plane  in  the  diieelion  of  dS*  Then  by  die  finmiiltt  (9)  ef  my  fimner  paper 
•npUed  to  tbe  equalione  (148),  (140)  «e  get 

^P...,|r£i.„.^..-^}  

with  einiler  ezpreMiune  for  A<2  end  /^B,  nod  AP,  A<2,  are  tite  oomponento  of  the 
pressure  which  mttst  be  applied  at  the  ewlhe^  in  order  to  piesem  die  original  motion 
unaltered  by  friction. 

53.  Let  ua  apply  this  method  to  the  caae  of  oecfllatory  waves,  ooDsidered  in  Ait.  £1. 
In  tMe  oaee  the  bounding  etnftoe  is  neariijr  hori«mtal»  and  ita  vcrtieal  ordinatea  are  veiy  email, 
and  aince  the  eqoares  of  small  qaantitiee  are  negleetad,  we  maj  suppose  the  surface  to 
coincide  with  the  plane  of  xz  in  calculating  the  system  of  pressures  which  must  be  sapptied, 
in  order  to  keep  up  the  motion.  Moreover,  since  the  motion  is  symmetrical  with  respect  to  the 
plane  of  there  will  be  no  tangential  pressure  in  the  direction  of  x,  so  thai  the  only 
pMHOxee  we  have  to  cakolate  are  AP(  and  A  TV  We  get  from  (140),  (H2),  and  (14S), 
patting  y«0  afker  diArenttation, 

AP| -  - S^mPc ein (««  -  »0i      A7|  •  ititufc  ooe («•»  - .  >  (ii5) 

If  Uj,  o,  be  die  vdodtiee  at  tim  lurfiM^  w«  get  from  (140),  putting  y  «  0  after  diffigren" 
tiation, 

«ft«  MO  eoa(«»  -«<),       ©1  ■  -  Bifl  do  {mm  -  ni),  .    .    .  (146) 

It  appear*  fton  (140)  and  (146)  that  the  oUiqiM  preeMire  whidi  muat  be  eupplied  at  the 
surface  in  order  to  keep  up  the  moliaQ  ie  coMtant  in  magnitude,  and  always  acta  in  die 

direction  in  which  the  pnrtirK^'!  are  moving. 

The  work  of  this  pressurtt  during  the  time  dt  corresponding  to  the  element  of  surface 
d9dx,  is  equal  to  d»dxr(A  Tg.Uidt  +  APi  .v^dt.)  I&naethe  worfa  caerted  over  a  given 
portion  of  die  nirfocc  ia  equal  to 

^nw^edi  ffdm  d*. 

In  the  abeence  of  preeMiea  APi»  A7|  at  the  aurboe,  this  woric  uiut  be  supplied  at  the 
expence  ofvirotea.  Hence  4/um'c*d#  ffdadx  is  the  eif  oiva  ket  by  friction,  which  agrees 
with  the  pxprcsmon  ohtalned  in  Art.  51,  as  will  be  seen  on  perfbmitng  in  the  latter  the 
integratioa  with  r^pect  to  y,  the  limits  being  y    0  to  y  ->  » . 


L^iyiii^cu  Liy  LiOOQle 


PART  11. 

COMPARISON  OF  THEORY  AND  EXPERIMENT. 


Section  I. 

DiaeuBtkn      tht  Egperimmtt  of  Bailjf,  Be$tel,  Coukmtb,  and  Dubuat* 

ffi,  Thk  cxperiHwnU  diaeaiNd  hi  tint  Seetbn  viU  be  taken  in  the  order  which  is  meet 
coovenient  Jbr  dieeussioD,  which  happens  to  be  almost  exactly  the  refine  of  the  chronologieel 

order.  I  commence  with  the  experiment  of  the  late  Mr  Baily,  which  nrc  tlpscrihpfl  in  thv 
Phiiomiphieal  Tranmciions  for  in  a  memoir  entitled  "On  the  Correciion  of  a  Ftndulum 
for  the  Reduction  to  a  Vacuum :  together  with  Remarks  on  some  anomalies  observed  in  Pendu- 
liun  ezpcrimeDti.^ 

The  object  of  tiiese  expenmente  wm»  to  detemuiie  by  eetwl  oheervatko  the  oovNCtioD  to 

the  time  of  vibration  due  to  the  peeieiice  of  the  air  in  the  case  of  a  great  Qttuber  of  peudlh- 
lums  of  various  forms,  This  wa?  effected  by  placing  each  pendulum  in  succession  in  a  vacuum 
apparatus,  by  which  means  the  penduhjra,  without  being  dismounted,  could  be  swung  alter* 
nately  under  the  full  atmospheric  pressure,  and  in  air  so  highly  rarefied  as  nearly  to  approach 
to  o  TeciiDiD.  The  pepet',  ae  originally  pveeeoted  to  the  Bojel  Soeiety*  eontained  the  icwdte 
obtained  irith  41  peodulumi^  the  aeme  bodj  being  counted  n  diflerent  pendulum  when 
swung  in  a  different  manner.  Ottt  of  these,  14  are  of  such  forms  as  to  admit  of  comparison 
with  theory.  An  addition  to  the  paper  contains  the  results  obtaineil  with  45  pendulums  more, 
of  which  24  admit  of  comparison  with  theory.  The  details  of  these  additional  experimeots 
are  oantted*  the  results  only  being  given. 

Baily  has  exhibited  the  xeeults  obtained  with  the  aereial  penduhine  in  eadi  of  two  ways, 
fitst,  by  the  value  of  the  ftetor  «  by  whidi  the  oaneetion  lor  buoyaney  must  be  multiplied 
in  order  to  amount  to  the  whole  eilbct  4^  the  air  as  given  by  oheenration,  and,  secondly,  by 
the  weight  <»f  air  which  must  be  conceived  to  be  attached  to  the  centre  of  gyration  of  the 
pendulum,  ndding  to  its  inertia  without  addincr  to  its  weight,  in  order  that  the  increased 
inertia,  combined  with  the  buoyancy  of  the  air,  may  account  for  the  wliula  ctfect  observed. 
I  shall  unifiMrmly  write  ft  ior  Baily^s  «,  in  order  to  distnguish  it  from  the  «  of  Fart  I.  of  die 
present  paper*  whidi  haa  a  totally  diffiwent  meaning.  In  the  ease  of  a  pendulum  oseillatiwg 
in  air,  it  will  be  sufRcicnt,  uolaes  the  pendulum  be  composed  of  extremely  light  materials,  to 
add  together  the  effect'<  nf  buoyancy  and  inertia.  Hence  if  the  pendulun  consist  of  a  spiiere 
attached  to  a  fine  wire  of  which  the  effect  is  neglected,  or  cl'c  nf  n  imiforni  cvlindrical  rod,  we 
may  suppose  it  ■  l  +  Ap,  where  k  is  the  factor  so  denoted  in  Part  1. ;  so  that  if  iT  be  the  mass 
of  eir  di^aeed,  kit  will  be  the  ttam  which  we  must  suppose  edUeeted  at  the  ceotn  «f  the 
sphere,  or  dUstributed  unlftrmly  along»the  axis  of  the  ^Ihider,  in  order  to  exprem  the  eftct 
of  the  inertia  of  the  air.  The  second  mode  of  exhibiting  the  effect  of  the  air  wss  suggested 
by  Mr  Airy,  and  is  better  adapted  than  the  liDnner  for  investigating  the  effect  of  the  seversl 
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|ncoe»  of  wUcti  m  pcDduliim  of  complicBCed  tarm  ii  eoopcMid.  Sbee  tlw  vdiM  of  tlie  ftdor  ft 
aad  dwt  of  the  weight  of  air  we  nerdy  two  Stttnat  expnadoiw  fbr  the  fesult  of  the  eeuie 
experineDt,  it  would  be  ■tlfficieot  to  compare  either  with  the  result  calculated  fifOm  theory. 

In  some  cases,  however,  I  have  compiitrd  both.  In  almost  all  the  calculations  I  have  employed 
4-figiire  logarithms.  The  experimental  result  is  sometimes  exhibited  to  four  figures,  but  no 
reliance  can  be  placed  on  the  last.  In  fact,  in  tlie  best  observations,  the  mean  error  in  different 
deteradnetknn  of  tl  fiw  the  nme  pendiilom  appears  to  have  been  ahovt  the  oue-hoodradth 
pan  of  the  wholc^  and  that  it  dioiiU  be  aa  HDaU,  ia  a  pioof  of  the  extiene  can  with  wUdi 
the  experioMBtK  miiBt  have  been  petfarmed. 

r^'t.  I  commence  with  the  13th  set  of  experimentis — Remilts  with  plain  cylindrical  ro<f*— 
page  441.  This  set  contains  three  pendulums,  each  consisting  of  *  long  rod  attached  to  a 
knife^ge  apparatus.  The  rendt  obtained  with  each  penduluni  finviahee  an  equation  for  the 
determination  of  n',  and  the  theorj  ia  to  be  teeted  by  the  aeeoidanee  or  diaoordanee  cf  the 
YakM  lo  obtained.   The  piindpal  atepe  of  the  eakulatian  are  contMoed  in  the  IbUoving  tahfe 


Daen^Mlkn  tff^i^  iff  nmmt  ^BaUy*!  tmp&riaunta       pfate  cyMndrieal  rodt. 


PMAilinHa. 

DlMttetCT 
3a. 

Time  of 
TibmUM 

T. 

a 

hf  upc- 
liaicM. 

{'otreciion 

>p»ce  (bjr 
thsMV) 

TttldC  of 
k 

b««qis> 
lilMIlL 

Corre*- 
pondini; 

■. 

Retulting 

Copper,  58-8  inches  long 

81 

0-410 

1-0196 

2-9S2 

-0-009 

1-92S 

1-5445 

0*1166 

43 

4-08.1 

-  0  009 

3-OBl 

0  7000 

0117.^ 

44 

0-078 

7-530 

6'5$0 

ossss 

0-U34  j 

In  this  table  the  drst  ooltimn  explains  itsf^.  The  next  eontahw  the  reference  nunber. 
In  the  ease  of  the  copper  rod  I  have  replaced  48  by  SI,  under  which  number  the  detaiia  of 

the  expmment  will  be  found.  The  diameters  of  the  rods  are  expressed  in  dedmala  of  att 
inch.  'J'lic  lime  of  vibration  of  the  pendulum  No.  81  may  he  got  from  the  tables  at  the  end 
of  Raily's  memoir,  which  contain  the  details  of  the  expcrinK-nts.  Nos.  43  anrl  44  belong  to  the 
additiunal  experiments,"  of  which  all  the  details  are  suppressed.  Baily  has  not  even  given 
the  times  of  ribratioii,  not  having  been  aware  of  the  ciminMtanee»  indkated  by  the  thaoiy  of 
this  paper,  Aat  the  ftctor  11  and  the  wdght  of  air  which  must  be  oaoodved  as  dragged  by  the 
pendulum  are  functions  of  the  time  of  vibration.  Accordingly,  in  the  cases  of  the  pendulums 
Nos.  4S  and  i  ^,  nnd  in  all  similar  cas-e.'s,  I  have  calculated  the  time  of  viI)ration  by  the 
ordinary  formula-  of  dynamics.  In  (nlrulating  t,  I  have  added  \'55  inch,  the  lengtii  of  the 
shank  of  the  knife-edge  apparatus,  to  tl:u  length  of  the  rods.  Tl^e  result  so  obtained  is 
abundantly  accurate  enou^  for  my  purpose.  Had  the  rod,  retaining  ita  actual  length,  been 
supposed  to  begin  direcdy  at  the  knife^edge^  the  error  thenoe  resulting  in  the  Talue  of  r,  or 
rather  the  rorrcspoding  error  in  the  calculated  value  of  It  or  k,  might  just  have  been  sensible. 
The  fifth  column  in  the  above  table  is  copied  from  Bai>y's  table.  The  next  contains  a  small 
correction  necessary  to  reduce  tlie  vnlnp  r>f  n  '"^"t  from  observation  to  what  would  have  been 
got  from  observations  made  m  au  uuUmiicd  nidbn  of  iluid.    It  is  calculated  from  the  formula 
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8o*(A'  —  a*)"'  or  2a*6~*  nearly,  which  is  nhtnined  from  the  ordinary  cquntions  of  hydrody- 
namics, and  therefore  it  cannot  be  tegardt^d  more  than  a  rude  approxioiatioo.  It  will  be 
umAiI,  bowcver,  w  afbidiiig  an  MtinMle  of  dis  nagnitode  of  llic  iffoet  pndiiecd  bj  ooninnig 
die  dr.  The  diaiiMler  of  the  vaeaua  tube  (whetber  eztemal  or  tDterod  is  not  qwdfied)  w 
rtated  to  have  been  aix  inches  and  a  half,  »!  n  r  2h  =  6-5.  The  valuet  of  h  given  in  the  next 
column  Rff  ohtnincd  by  applying  the  corri  cti  iii  for  confined  space  to  Baily's  values  of  H,  and 
siibtrarting  unity.  The  value  of  HI  corresponding  to  each  value  of  k  was  got  by  interpolation 
from  the  uble  near  the  end  of  Section  III.  of  the  former  part  of  this  paper.  For  k  ^  l'd£8 
the  interpalatioo  »  eaaj.  The  value  8-OSl  bi^f^wne  to  be  almoit  exactly  found  u  the  taUc. 
For  k^H-BiOt  a  remark  abeadj  made  will  be  Ibund  to  be  of  importoMe,  namelj*  that  liie 
first  differencea  of  W^k  - 1)  are  nearly  ooutaat.  The  lait  odnmn  oontaina  the  value  of 
obtained  innn  the  equation 

-,V;^  

t»bkh  oontalu  the  defidtion  of  m. 

It  will  be  obierved  that  the  three  values  of  y^/  are  neeily  identiea].  Of  conrae  any 
dieovy  ptofn^i^  to  aocount  for  a  set  of  experiments  by  means  of  a  particular  value  of  a  di$> 

posable  constant,  when  applied  to  the  experiments  would  lead  to  nearly  the  same  numerical 
value  of  the  constant  if  the  experiments  were  made  under  nearly  the  same  circumstances. 
But  in  tile  present  case  the  circumstances  of  the  experiments  are  widely  difierent.  The  dia- 
meter of  the  sled  rod  is  fittb  more  than  the  lixth  part  that  of  the  copper  rod,  and  the 
value  of  k  obtdned  by  experiment  fbr  die  sted  rod  is  more  than  diree  dmee  aa  great  as  that 
obtdned  fbr  the  copper  rod.  Tt  is  a  simple  consequence  of  the  ordinary  theory  of  hydrO' 
dynamics  that  in  the  case  of  a  long  rod  oscillatin'.'  \n  an  unHniitcd  fluid  A*  =  1,  and  we  see  that 
this  value  of  k  must  be  multiplied,  in  round  numbers,  by  '2,  by  ^,  and  by  6^,  in  order  to 
account  for  the  observed  effect.  The  value  154^  of  m  is  so  large  that  the  descending  series 
eomes  into  play  in  the  cdcoladon  of  die  fimcdon  k,  while  MStt  is  so  amdl  that  die  aaeend- 
iog  series  are  rapidly  convergent.  Henee  the  near  agreement  of  the  valuea  of  <v/V  dedneed 
from  the  three  exporiments  is  a  striking  confirmation  of  tbe  theory.  The  mean  of  the  three  is 
01 1.58,  but  of  course  the  last  figure  cannot  be  trusted.  I  shall  accordin<;ly  assume  as  the 
value  of  the  square  root  of  tbe  index  of  friction  of  air  in  its  average  state  of  pressure,  tempe- 
raturoi  and  moisture 

It  is  to  be  renembered  that  v^m'  exprmeea  a  length  divided  by  the  square  root  of  a  tfane, 
and  that  the  numerical  value  above  given  is  adapted  to  an  EogjUah  inch  aa  the  udt  of  lei^h, 
and  a  aeoond  of  mean  adar  time  as  the  nmt  of  time. 

56.  I  now  praeeed  to  compare  the  observed  vdoes  of  •  with  dmee  calBuhind  from 
dieocy  with  the  aasumed  vdue  of  ^pu    I  bq[ln  widi  die  same  cylindricd  rods  as  befeee, 

together  with  the  long  brass  tubes  Nob.  S5  to  M.    The  diameter  of  this  tube  was  1'5  inch, 

and  its  length  56  inchcR.     The  ends  were  open,  but  as  tlie  included  air  was  treated  by  Mr 
fiaily  in  the  reduction  of  his  experiments  as  if  it  formed  part  of  tbe  pendulum,  we  may  regard 
Vol.  iX.  Part  II.  88 
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dw  padulum  aa  m  wlid  racL  '^Tba  tobe  wm  fbrBiihed  witb  rix  agate  plmest  rtprtacotcd  ia 
tba  «wid«al  at  page  417.  iHneh  mlad  on  fiaad  katfa-edgta.  Tlie  poididiMW  Hoa.  M.  96, 
9f»  and  M  coadsted  of  tba  aanw  IdIm  awang  oa  the  planes  marked  ^,  (7,  a*  «  In  air  the  pen- 
dulum swung  at  the  rate  of  about  90O8O  vibrations  In  a  day,  so  that  r  =  O-g.^Qf)  nearly. 
Thf  values  of  n  obtained  with  thr  end  planes  A^e  were  aliehtlv  thoufyh  sensibly  greater  than 
the  values  obtamt^  with  the  mean  planes  C,a.  I  shall  suppute  the  raeao  of  the  four  valaes 
af  fl,  nandy  2*290,  to  be  tlw  mak  of  tha  eipwinaaU.  In  dia  fclbwiag  tabia  Aa  diffannoa 
faetveM  tha  IbeofaCical  aad  axperiairaCal  Taloai  of  1|  ii  aaluiHted  both  hf  dwdmala  and  ai  a 
feaetional  part  of  die  foroier  of  thete  value*. 


Ba^t  fUiUU  with  a  kng  hnat  Me  and  t0sC%  IPMjg'  €j^i$tirieat  rod*. 


Na. 

tm 

B 

Add  for 
confinad 
(pace. 

Toul  n 
theory. 

by  expe- 
riment. 

S5  to  38 

1-5 

5-849 

1-242 

0*122 

i'S64 

2-290 

-  0-074,  or  -  glj- 

SI  or4fi 

0*410 

1*555 

1'917 

0*009 

2-926 

2-932 

+  O-O06,  or  + 

0-185 

0-708!l 

3-055 

0-002 

♦  057 

4083 

+  0  02fi,  or  + 

01I7£ 

0-2799 

6*670 

7*670 

7*590 

-  0*140»  or  -  ^' 

It  will  be  seen  at  once  bow  ckiselj  the  experiments  are  represented  by  theory.  The 
largest  proporttooate  diflferenoe  oeeun  in  the  caca  of  the  braae  tnbe^  and  even  that  b  len  than 
one  tfaiftieUi*  A  i^mmo  at  Beily'^  Kood^at  at  f»gt  417  «iU  ihew  that  the  itxplami  whidi 

the  tnbe  was  furnished  canted  the  whole  figure  to  deviate  sensibly  from  the  cylindrical  form. 
Moreover  the  resistance  experienced  by  each  element  of  the  cylinder  has  b<-en  calculated  by 
supposing  the  element  in  question  to  belong  to  an  infinite  cylinder  o.>inllating  with  the  same 
lineer  vdodty,  and  the  reaittanoe  thtu  determined  mart  be  a  little  too  great  in  the  immediate 
ne^Bouibood  of  the  cade  of  tiie  cjrHoder,  where  the  free  aiotion  of  the  air  it  kne  inpeibd 
than  it  would  be  if  tiie  ejlinder  weie  pcolooged.  Laitlf,  the  eomctlon  Jbr  ooafioed  ipaee  w 
calculated  according  to  the  ordinary  equations  of  hydrodynamics,  and  on  that  account,  as  well 
as  on  account  of  the  abrupt  termination  of  the  cylirdtr,  will  be  only  approximate.  The  small 
discrepancy  between  theory  and  obsenration,  as  well  as  the  small  difference  (amouoting  to 
about  the  l^nl  of  the  whole)  detected  by  experiment  between  Aa  leenlte  abtained  with  die 
-extreaie  planee  aad  theee  obteined  with  the  meen  planee,  may  reeeonably  be  attiibuted  to  aome 
each  cauiet  ae  theee  jurt  mentioned.  In  the  case  of  the  steel  rod  or  wire,  the  dilFeRnoe  be- 
tween theory  and  observation  may  be  altogether  removed  by  supposing  a  very  small  error  to 
have  existed  in  the  measurement  of  the  diameter  of  the  rod.  Since,  as  we  have  seen,  the  observa- 
tion is  satisfied  by  W  ■  0-2822,  and  (147)  gives  a  oc  m  when  ft  and  x  are  cooatant,  it  is  suffi- 
cient, ia  order  to  latiiiy  the  cxpeiiaient,  to  inercaie  tha  diemeter  of  the  rod  in  the  ratio  of 
O'CTfQ  to  o«MS,  or  to  luppoee  en  eirar  of  only  0.0017  nich  in  defect  to  have  esiited  in  die 
meeearenent  of  tfia  dianelar. 

57.  I  proceed  next  to  the  experiments  on  itphcrcs  attached  to  fine  wires.  The  pendu- 
lums of  this  construction  comprise  four  l^inch  spheres,  Nos.  1,  2,  3,  and  4;  three  9-ineh 
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spheres,  No*.  5,  6,  and  7  ;  nrtA  one  S-inch  sphpre,  No  fifi.  No«,  fi  anH  q  an-  the  same  spheres 
as  Noa.  5  and  7  respectivt  K  ,  swung  suspending  the  wire  over  a  cylinder  instead  of  attach- 
iag  it  to  a  knife^gc  api)aratitt.  A*  tUa  node  of  nMpeonoii  was  not  taaoA  yvy  attthtnBUay, 
and  tlw  multt  an  maricad  by  Baity  a*  dotibtfal  caaM»  I  afaoll  oaiit  Uic  penduluau  Nao,  •  and 
9,  noM  mpeatUf  u  with  rcftrenoe  to  the  pnacnt  inquny  they  an  aiody  itpedtioaa  of  No». 
9  and  7 

In  tlie  case  of  a  sphere  attached  to  a  fine  wire  of  which  the  effect  is  neglected,  and  swii^g 
in  an  uncunfined  mass  of  fluid,  we  have  bj  the  formulae  (5S) 


9a  being  in  this  case  the  diameter  of  the  sphere.  Before  eniplo3nDg  this  formula  in  the  com- 
parison of  theory  and  experiment,  it  will  be  requisite  to  consider  two  corrections,  one  for  the 
effect  of  the  wire,  the  other  for  the  effect  of  the  confinement  of  the  air  by  the  sides  of  the 
vaeuttna  tube. 

I  have  already  remarked  at  the  end  of  Sectioa  IV.,  Pan  I.,  that  the  application  of  the 
ffMrmulse  of  Section  III.  to  the  case  of  such  fine  wires  as  those  used  in  pendulum  experimeDts 
is  not  quite  safe.  Be  that  a«  it  may,  these  fbnniilK  will  at  aoy  rate  aflbid  US  a  good  estimate 
of  the  probable  magniuuic  ot  the  correctioQ. 

Let  llie  the  length,  a,  the  ndiua,  the  Tolnme  of  the  wire,  V  die  Toihude  of  die  i|there» 
/die  moment  of  inertia  of  tiie  pendulum,  /  that  of  dm  air  whidi  we  may  conoetre  dragged 
by  it,  .ff  the  sum  of  the  elements  of  the  mass  of  the  pendulum  multiplied  by  their  respective 
vertical  distances  below  the  axis  of  suspension,  iT  the  same  for  the  air  displaced,  <r  the  density 
of  the  air.  Theo  the  length  of  the  isochronous  simple  pendulum  is  ///~'  in  Tacuuin,  and 
(/  -h  /')  {H  -  H')~^  in  air,  and  the  time  of  vibration  is  increased  by  the  air  in  the  ratio  of 
to  (/  +  {H  -  Hyiy  or,  on  accowkt  of  die  amaflnete  of  in  die  ratio  «f  i  to 
I  +  ^  ifl'*  +  B'B-^  neady.   Now  \^^H'^  is  dm  eoReetion  tat  huoyanqr,  and  ibeie> 

»-»  =  ;g.7  

We  have  alao,  if    be  the  valiie  of  the  fbncdoa  £  «f  Seotioo  IIL,  Part  I.» 

r-Af<rK(i  +  o)»  +  ^*,(rF,/*,       ^' -  <rF(i  +  a)  +  ^  cr         .    .  (150) 

and  HT-^  -  {  !  ^n)-'  very  nearly.    Sufaetitating  in  (149),  expanding  the  denominator,  and 

neglecting  Fx',  we  get 


Now  r,  is  very  amall  eonpared  with  F,  and  it  is  only  by  being  multiplied  by  the  large  factor 
that  it  becomes  important.    We  may  then,  without  any  material  error,  replace  the  last  term 
in  the  above  equation  by  ^ViV-^P  (I  +  a)~%  and  if  X  be  the  length  a(  the  isochronous  simple 
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ptnduliuii,  «•  HMjr  nippow  <  -f*  a  «  X»  aod  replace  ^    4-  a)~*  by  1  -  inwe  a  is  small 

«onpMNd  with  X.   W«  thw  fet,  putdiig  AS  Ibr  tlie  oometioii  diM  to  ^  win. 


SubsdtuUog  for       1  fnnn  W        (1^7)»  in  wUdi  equatbns^  however,  k^t 

«i  mait  be  ni^posed  to  be  written  Jbr  I;,  cspreaiing  Fi,  F  in  tenne  of  die  dinnwiMft  of  the 
win  and  iplicio,  end  nq^oetiBg  «s  befbM  oi*  in  oompeiieoa  widi  X't  we  get 


where 

-i-toft^V^ii3-o-5m.  (15S) 

It  is  bj  these  formulae  that  I  have  compiMed  die  correction  for  the  wire  iu  the  following 
table.  Id  the  experiments,  the  tine  of  ONfflitloB  wee  eo  nearij  one  eecond  that  it  is  sufficient 
in  the  formule  (IM),  (Ml),  and  (in)  to  put  r  •  1,  and  take  X  for  the  length  of  the  eeeonda 
pendulttm«  or  49*1^  inehea. 

With  respect  to  the  correction  for  confined  space,  it  seems  evident  that  the  vacuum  tube 
must  have  impeded  the  free  motion  of  the  air,  and  consequently  increased  the  resistance  experi- 
enced by  the  pendulum  when  it  was  swung  in  air,  and  that  the  increase  of  resistance  caused  by 
the  oyKndrical  tube  moat  have  been  aoniewhat  lee*  than  that  which  wodd  have  been  produced 
bj  a  qtherfcal  enT«lope  of  the  aaaae  ndiua  anmunding  the  aphere.  The  edhct  of  a  apheikal 
cnvdopr  has  been  investigated  in  Section  II.,  Part  L ;  but  as  we  are  obliged  at  last  to  have 
recour!ie  to  estimation,  it  is  needless  to  be  very  precise  in  calculating  the  increase  of  resistance 
due  to  such  an  envelope,  nrd  we  may  accordingly  employ  the  expression  obtained  from  the 
ordinary  theory  of  hydrudynamics.  According  to  this  theory,  the  increase  of  the  factor  L,  which 
ii  due  to  the  envelope,  ia  equal  to  |  a*  (i^  •  or  f  o'i'''  naerly,  when  h  b  large  compaxed 
with  «.  The  incfeaee  da«  to  a  cylindtkal  auTclope  whoae  aids  is  Tcrdcal*  and  oonwqneotl j 
pcrpendieidar  to  the  direction  of  oscillation  of  the  sphere,  may  be  estimated  at  about  two-thirds 
of  the  increase  due  to  a  spherical  envelope  of  the  same  diameter.  I  have  accordingly  taken 
a*b~*  for  the  correction  for  a>niiued  space,  tuid  liave  supposed  fibm  6*5  inches. 
The  diameter  of  the  wire  employed  in  the  pendulums  Nos.  1,  2,  3,  5,  6,  and  7,  is  stated  to 
have  been  about  die  fl^th  of  an  inch*  and  that  of  die  wire  employed  with  the  heavj  braas  qiheie 
No.  66,  about  4MttS  indi.  The  ivory  sphere  Noi.  4  was  swung  widi  a  line  wive  weighiaf 
rather  more  than  half  a  grain.  Taking  the  weight  at  half  a  grain,  and  the  specific  gravity  of 
silver  at  10  5,  we  have  for  this  wire  2ai=  O  00'25l  nearly.  The  diameters  of  the  three  brass 
spheres  in  the  following  table  arc  taken  from  page  447  of  Baily's  memoir.  The  several  parts  of 
which,  according  to  theory,  n  is  composed,  are  exhibited  iqiarately. 


Digitized  by  Google 


OF  FLUIDS  ON  THE  MOTIOIf  OF  PENOULUMSL  [69] 

Bail's  r«$uitt  with  tjpherM  nuptnded  btf^ne  wire$. 


Diameter 
t« 

Diameter 
of 

WW* 

mBrtlMgfr. 

ITIIftiWIlit 

r«r 

aaey. 

For 
inertia 

00 

common 
theory. 

Oqbm. 

Mdnaat 

MHi- 

l^INCH  SPHBKK8. 

No.  1,  Platina. 

1-44 

0-01429 

1 

0-5 

0-289 

0-0S5 

0-011 

1-885 

1-881 

+  0-04^  «f  + 

No.  2,  Lead. 

l-*6 

0*01429 

1 

0-5 

0-285 

0-035 

0-011 

1-831 

1-871 

-I-  0-040,  or  -i- 

No.  3,  Brass. 

1-465 

1 

0-5 

0-284 

0-035 

0-011 

1-880 

1-8S4 

+  0-004,  or  + 

N<K  4k  iTory. 

1-46 

©•0025 1 

1 

0-5 

04«5 

0-016 

0^11 

l-Olt 

i-m 

+  0060,  or  -1-  ^ 

1    2-IXCH  SPHERKS. 

No.  5,  Lead. 

206 

0^1429 

1 

05 

0-202 

0012 

0032 

1746 

1-788 

—  0-008,  or  -  jj^ig 

No.  6,  Bran. 

8*065 

(H)1429 

1 

0-5 

0-Olft 

OiMt 

1746 

1'751 

+  OrOOS,  or  +  3;^^ 

No.  7i  Tmtj, 

<H)14«9 

1 

0-5 

MOS 

O^It 

oHktt 

1'7*S 

l^M 

+  0-009^  or  +^ 

S-lSVn  SPHERB. 

No.  66,  Brass. 

soso 

0-02S 

I 

0-5 

0-137 

0-005 

o-ioi 

1-743 

1-748  1  +  0  005,  or  + 

The  mean  error  in  different  detemiiiiatioiM  of  II  for  the  same  apbere  waa  about  0  01  or  0-02, 
and  iMa  do«a  not  indodc  emm  aiMng  hem  tmM  anon  in  apedfic  gnTidea,  tee,  Hanoe,  if 
we  eicciit  the  aphaica  Noa.  I,  9,  and  4,  the  dKaerqianeiaa  batwaab  diaaty  and  expeftment  am 
ahogetbcr  kuignifiGant.    In  considering  the  confirmation  thence  anning  to  the  theory,  it  mutt 

hf  harm  in  mind  that  the  theory  did  not  furnish  a  single  disposable  constant,  inasmuch  as 
Y^m'  was  already  determined  from  the  experiments  with  cylindrical  rods.  The  result  obtained 
artth  the  brass  sphere  No.  S  happens  to  agree  almost  exactly  with  Uiaorj.  Howavir,  aa  the 
faanlta  obtninad  wHh  tUa  qilwffe  exhiUted  aome  anooMliea,  it  aeeaM  heat  to  exdude  it  from 
consideration*  The  value  of  n,  then,  which  belongs  to  a  1^  inch  sphere,  appears  to  exceed 
by  a  minute  quantity  the  value  deduced  from  theory.  The  difference  i»  indeed  so  small  that 
it  might  well  be  attributed  to  errors  of  observation,  were  it  not  thnt  nil  thp  spheres  tell  the 
same  tale.  Thus  the  error  +  0-046  in  the  case  of  the  platina  sphere  curre&puDds  to  an  error  of 
laaa  then  the  fbrtieth  part  of  •  aacond  m  dmofaaemtiaD  ti  an  intaml  of  Ihne  nmottntii^  to 
4|  houra.  If  the  appaient  dcftet,  amounting  to  about  0D4  or  OUB,  hi  the  theoretieal  nault 
be  laalt  it  may  be  attributed  with  probability  to  an  error  in  the  correction  for  the  wire.  This 
would  be  no  objection  to  the  theory,  for  it  will  be  remembered  that  the  theory  itself  indirated 
the  probable  failure  of  the  formulte  generally  applicable  to  a  long  cylinder  when  the  cylinder 
comes  to  be  of  such  extreme  fineness  as  die  wires  employed  in  pendulum  experiments. 

BSL  The  preceding  experimenta  of  Bafly^  an  the  moat  important  for  the  purposea  of  the 
preacBl  peper*  inaamuch  aa  they  were  performed  on  penduloms  of  simple  and  very  different 
forms;  but  there  still  remain  three  sets  of  experinwDts*  the  fourteenth,  fifteenth,  and  six- 
teenth, in  which  the  pendulum  consisted  of  a  combination  of  a  sphere  and  a  rod,  so  that  the 
results  can  be  compared  with  thetMy.    The  d^ails  of  these  experiments  being  suppressed,  I 
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]nv«  bew  obUgsd  to  «riail>t>  tbc  dne  of  wdllatiop  fnm  tfa«  ori&mtj  fcratube  cf  dynuic^ 
but  die  NMiIt*  wiU  no  donbt  be  aoeutate  «iiaii||h  Ibr  the  purpoM  rtqiiiNd.  In  ell  Uw  cdeu- 
lationfl  I  have  suppoBed  the  rod  to  reach  up  to  the  axis  of  awpMuioo,  and  have  conse- 
quently added  155  inch  (the  length  of  the  shank  of  the  knTf'^-odire  apparatus)  to  the  length  of 
the  rod,  and  have  added  to  the  weight  of  the  rod  a  quantity  bearing  to  the  whole  weight  the 
ntio  of  ]«55  inch  to  the  whole  length. 

In  dweewof  Iheiphentettaehed  totbecDdeortiiefodi(iel8  U  and  16)  the  praeaM  ct 
cnlciihtion  is  as  follow*.  Let  I  be  the  length  of  the  rod  increased  bj  1*55  iocbf  fF,  it*  weight, 
increased  as  above  explained,  a  the  radius  and  W  the  weight  of  the  sphere,  X  the  length  of  the 
isochronous  simple  pendulum.  Then  supposing  the  masses  of  the  rod  and  sphere  to  be  respec- 
tively distributed  along  the  axis,  and  collected  at  the  oeotre,  which  will  be  quite  accurate 
enough  for  the  prc&cnt  purpose,  and  putting  a  tot  A*  istio  «f  •  to    «e  bare  hj  the  ordinaiy 


the  time  at  vibration,  is  known.    The  Anmda  (us)  then  gi^ee  k,  wUeh  «p|iliM  to 
the  ipben^  and  (147)       W,  the  a  in  thia  fimmde  baiqg  the  ndiua  of  the  rod,  from  whence 

ki,  which  applies  to  the  rod,  may  be  got  by  interpolatioB  from  the  table  in  Part  I.    Let  ^k, 

Aki  be  the  corrections  which  must  be  applied  to  k,  on  account  of  the  confined  space  of  the 
vacuum  apparatus,  and  let  S'.,  S  he  the  specific  gravities  of  the  rod  a&d  sphere  respecdvelji 
then  we  get  by  meaus  ul  the  formula.-  (1^),  (l^O) 


(154) 


The  first  of  the  two  factors  connected  hy  the  sirrn  x  in  this  equation  is  equal  to  or"' /*/"', 
and  if  we  want  to  calculate  the  weight  of  air  which  we  must  conceive  attached  to  the  centre 
of  gyration  of  the  peodulum  in  order  to  aUow  for  the  inertia  of  the  air,  we  have  onlj  lo  and- 
tiplj  the  faelor  just  mcntioaad  by  v  and  by  the  weight  of  tiie  whole  peodnlum.  The  follow, 
ing  table  eontains  the  compariaoD  of  theory  and  experiment  in  the  ease  of  the  i4tb  est.  The 
rods  here  mentioned  are  the  same  as  those  which  composed  the  ponJulums  Nofi.  91,  43,  and 
♦4,  and  the  spheres  are  the  three  brass  spheres  of  Ntte.  a,  5,  and  66.  It  appears  from  p.  432 
of  Baily***  paper  that  his  results  are  all  reduced  to  a  standard  pressure  and  temperature,  on 
the  supposition  that  the  eftet  of  tbe  m  en  the  dne  of  vflitMfain  is  propMrtional  to  its  densi^. 
Thetiieofyof  dieprteent  paper  shews  diat  dds  wiU  only  be  tiie  case  if  /be  eonatan^  wUeb 
however  there  is  reason  for  supposing  it  to  be  when  the  pressure  alone  variM.  Be  tliat  as  it 
may,  no  material  error  can  be  produced  by  reducing  the  observations  in  this  way,  because  the 
difference  of  ns  tv  ui  any  pair  of  experiments  did  not  much  differ  from  the  density  of  air 
at  the  standard  pressure  and  temperature.  The  standard  pressure  and  temperature  taken 
sg-9218  indiea  of  aMtony  and  S^Ff  and  the  amnmed  specific  gravity  of  air  at 
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sure  and  temperature  wu  the  1-770  tb  of  that  of  irtter,  lo  thai  in  the  crimiihtioni  htm  ihtatj 
it  is  Ci>  be  Buppoaed  that  o-~'  •  T79, 

If  «  be  tlw  wdght  of  the  whole  pndiilttin,  t0^  thet  of  die  dr  which  we  must  suppow 
•tiacbed  to  the  pendulum  at  its  centre  of  gyration  in  order  to  expresR  the  effect  of  the  inertia  * 
of  the  air,  S  the  vibrating  specific  gravity  of  the  pendulum,  the  effects  of  bvioyaacy  and  inertia 
are  as  <r5~'  to  w'tP~> ;  but  they  are  also  as  1  to  tl-1,  according  to  the  deiinitbn  of  the  fac- 
tor n,  aad  theiefoie 

•'-(»-»)  I"'   055) 

e  fbramle  vhidi  nej  beemplofed  to  cilrailetf     when  n  U  imown. 


BcAlff*  ntulU  with  sphere*  at  the  endt  of  Umg  rude. 


▼dgsafs. 

B, 

expe- 
nmeot. 

No.  *5 

-  i^inch  sphere  with  eoppev  rod. 

2*525 

2-4.58 

-  o-oe?,  or 

4-86S 

4-564 

-  0-299,  or  - 

No.  46 

-  2-inch  sphere  with  ditto. 

2 '2  02 

2-234 

+  0*032,  or 

5-005 

5-07fi 

+  0-071,  or  + 

No.  47 

—  .<}.inch  sphere  witli  ditto. 

1-957 

i-a73 

-  0-084,  or 

7-071 

6-425 

-  0-646,  «  - 

No.  46 

—  i^inch  sphere  with  bnua  rad. 

2-356 

•>  0*019,  or 

-•dhr 

1-447 

1-417 

-  (WWO,  or  - 

No.  49 

-  2-'nch  ^phcrr  with  ditto. 

S-060 

r£>82 

-  O'OTS,  or 

2-135 

1-97.'^ 

-  0-1  ()2,  or  - 

No.  50 

—  S-inch  sphere  with  dittOb 

1*6S1 

1*983? 

+  0  302  ? 

4-411 

4-868  ? 

+  0-457  ? 

No.  51 

—  lt[-inch  spbere  with  iteel  md. 

*m 

? 

+  0«45? 

0«« 

0-8M? 

No.  .52 

-  2-ii)ch  sphere  with  ditto. 

1-793 

-  0-127,  or 

1-457 

1-259 

—  0-198,  or  — 

No.  59 

-  34ach  sphere  with  ditto. 

1-7«1 

1 1-759 

—  O'OSS,  or 

S-748 

3-670 

-  0"07i,  or  - 

With  respect  to  the  two  experimenta  OMrked  ?  Bail/  remarks,  <'  These  two  experiment! 
(with  the  pendulanw  Not.  50  end  SI)  aie  very  omatisbctory ;  end  era  markid  is  moh  m  my 
jonniflL  It  was  eoniequently  my  intention  to  lunrc  repeated  them :  but  the  sulijeet  was  orer- 
looked  tin  it  was  too  late.    I  should  propose  their  heing  rejected  altogethMr.*   If  these  two 

experiment.?  be  struck  out,  it  will  be  seen  that  the  differences  hctwcen  theory  and  experiment 
are  very  small,  especially  when  the  difficulty  of  this  set  of  experiments  is  considered,  arising 
from  the  frequency  of  the  coioddeoces  with  the  mean  solar  dock. 

69.  On  account  of  the  difficulty  which  Baily  experienced  in  obtaining  accurate  results 
with  the  long  rods  and  spheres  attached,  he  divided  the  bra&s  and  »te«l  rods  near  the  centre 
of  osdllatioD,  and  after  having  cut  off  an  inch  from  each  portion  inserted  the  sphere  where 
the  tods  had  besn  divided.  The  results  Aw  obtained  oanstitute  the  liik  sat  of  es]»eiimeDts. 
He  afterwards  removed  the  lower  segmcats  of  ^  rods,  and  obtained  the  reenlts  contained  in 
the  l6th  set.  I  shall  give  the  computation  of  the  latter  set  first,  inasmuch  as  the  formulse  to 
be  employed  are  exactly  the  same  n«  those  re<]uire<i  for  the  i4th  set.  The  experiments  belong- 
ing to  this  set  in  which  the  spheres  were  swung  with  iron  wires  have  already  been  computed 
undsr  the  hsad  of  sphesM  attadied  to  ine  wivea. 


[72]  PBOFEaSOB  STOXE$»  ON  THB  EFFECT  OF  THB  INTERNAL  FRICTION 

B ally's  TMuUa  with  the  tpheret  at  the  tfltd  of  #A«  ^kert  rorff. 


iheorx. 

Br  npc- 
rimcnt. 

Br  expc- 
nm  cot. 

IHScrcQcc 

No.  60  -  l^inch  sphere  with  hram  fod. 

No.  61  -  £-iDch  sphere  with  dittah  

Now  fit  -  »^di  afihere  with  dittcK  

^No.  6s  -  l|-inch  sphere  irltb  fted  ttod. 

No.  64  -  2-inch  sphere  with  ditto  

2-149 
1-879 
1-787 
1-960 

17<X) 

1758 

2-l!)8 
1901 
1-830 
1904 
1785 
1-779 

+  0  040,  or  4-  ^ 
+  0-0««,  or  +  ^ 
+  0-043,  or  -t-  ^ 
-  0-056,  or 
-0  011,  or  -y}^ 
+  0-081,  or  •«-  ^ 

1-011 
1-619 
3-970 
0-570 

1  -SSf) 

S-609 

1-047 
1-513 

4-  202 
0-537 

1  -22" 

5-  720 

+  0-OlfI,  or  -t-  ^ 

-  0  -106,  or  -  -,ly 
+  <y2tt,  or  +  ^ 

-  0-OSS,  or  — 

-  0*012,  or  - 

+  0-111,  or  +  ^ 

Hare  again  the  dURmnoet  betweea  theory  and  eiqiwrimcDt  are  estrcaidy  amalL  In  the 
«aae  of  the  peodutum  No.  61,  Baily's  two  reeultt  1-901  and  I'fia  af^iear  to  be  ioooiMiateiit,  aa 
not  agrMing  with  the  fonmila  (155), 


BO.  The  feUowing  taUe  omtaim  the  valuet  of  r,  k,  and  ki  deduoed  frooi  the  ^veo  data, 
and  employed  in  the  calculationa  of  whidi  the  reaolta  are  eonlained  in  the  two  preeedmg  taUea. 

It  is  added,  partly  to  facilitate  a  comparison  of  the  circumitanoes  of  the  different  experimeott, 
partly  to  assist  in  t>i(>  ro-ooniputntion  of  any  of  the  experiments,  or  the  detection  of  nnv 
numerical  error  which  I  may  have  coniiuitted.  I  may  here  ob«enre  that  I  have  not,  generally 
qpealdng,  re^mnttned  the  eateolatioM,  except  where  ao  error  was  apparent,  but  that  each  step 
requfaing  additioD,  Mibtraetioo,  maltipliGatioB,  or  diviaioa,  waa  ducked  iuuncdiatdy  after  it 
was  perfbrmed.  I  have  not  thought  it  reqiiuate  to  ehedi  in  thia  manner  the  taking  of  hga* 
rithma  or  antilogarithms  out  of  a  table. 

Values  of  T,  I;  and  ki  tmphytd  M  the  eateulation  ef  the  UtmnOcal  rtmU*  tmflejftd  m 
the  two  preceding  tablee. 


l/oag  rod*. 

Shoit  rod*. 

Bad. 

* 

*t 

Na. 

r 

k 

*• 

l^inch 

copper 

45 

1090 

07968 

1-951 

S-inch 

eqiper 

46 

1-156 

0-7170 

1-981 

S-tnch 

copper 

47 

1-227 

S-010 

1^-inch 

brass 

48 

1155 

0-8055 

3-222 

60 

0-9517 

0'7772 

3012 

t4neh 

brasB 

49 

1'198 

0-7M7 

3-S64 

61 

07003 

S'Ott 

8-inch 

brass 

50 

1*222 

0  f>520 

3-288 

62 

0-99S2 

0-637S 

3-062 

li^inch 

steel 

51 

1*190 

0-8099 

7'«7« 

6S 

0-9868 

0-7824 

6-649 

S-ineh 

atcel 

5S 

1-199 

f-m 

et 

0^4 

07021 

6^ 

3-inch 

steel 

53 

1  231 

0-6525 

7-396 

65 

1-0030 

0-6377 

6714 

The  corrections  for  confined  space  employed  arc,  for  the  spheres,  (AAr),  0*0115,  O'OSSl, 
0-1018 ;  and  for  the  rods,  i£kk^,  O-OQ9,  0*002,  O  OOO.  These  anrections  are  to  be  added  to  the 
-«daea  of  i,  ki  given  in  die  preoedbg  tdde  hefbre  going  on  with  the  cakulatian. 
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61.  In  the  14th  set  of  exp<-nments,  the  weight  of  adhesive  air  due  to  the  sphere«  alone 
has  been  computed  by  Baily  by  subtracting  from  the  whole  weight,  as  given  by  obserratioD, 
the  might  doe  to  the  mods  as  given  by  the  IMh  let  of  nperimentt,  taking  aoGomil  of  the 
change  of  w«^t  coneapMidhig  to  the  diange  in  die  poation  of  the  eentie  of  gyntioo,  Ae 
point  at  which  the  air  is  supposed  to  be  attached.  According  to  theory,  this  process  is  not 
legitimate,  inasmuch  as  the  weight  dragged  by  a  rod  in  a  function  of  the  time  of  vibration, 
which  is  altered  when  a  sphfrp  is  attached  to  the  end  of  the  rod.  But  in  the  1.5th  set  of 
experiments  the  spheres  did  not  materially  affect  the  time  of  vibratiuu,  inasmuch  as  they  were 
ineerted  nendy  at  <he  centra  «f  OMfflatiiM  of  the  tode*  end  therefbee  in  thii  eeie  the  procew 
b  kfjitimete.  Aoooidm|^y,  I  tUnfc  it  is  a  snttdent  oomperiaon  between  theory  and  eKpeii> 
ment  in  the  case  of  the  15th  set,  to  compare  the  weights  of  air  due  to  the  spheres  alone,  as  cal- 
culated hy  Baily,  with  the  weights  calculated  according  to  the  theory  of  this  paper  with  the 
assumed  vfilm  of  ^f/.  I  have  exhibited  separately  the  weight  corresponding  to  the  correc- 
tion for  conticeti  space,  in  order  to  enable  the  reader  to  form  an  estimate  of  the  extent  to 
whieh  the  leaults  naj  he  affceled  hy  the  onoertainty  relating  to  the  auonnt  of  this  eoneo* 
tion. 


Weigktt  of  air  dragged  by  the  tpheret  aloney  as  deduced  from  Baily't  rewlU  with  the 
aplaww  n# lie  etntn  tf«it^Mm«fU»  long  roit. 


■ynssv. 

BrlkpotesM. 

S.inch 

tphcre. 

sphere. 

S-iach 
iphm. 

(phere. 

In  free  air 

Additional  for  confined  space 

0451 

0  006 

1060 
0-048 

3*002 
0-47  (' 

From  cxper**  with  brass  rod 
From  exper**  with  steel  rod 

0-446 
0-405 

1180 
1039 

3-382 
3-371 

Total 

0'4S7 

Viw 

8-478 

Mean 

0-425 

1-109 

3-377 

Diir«*.  th.  k  exp^  as  deefanal 

-0012 

+0-001 

-0101 

DiiF'%  as  fraction  of  tile  whole 

+  ii'os 

62.  T  pa!<s  now  to  Bossel's  experiments  described  in  his  memoir  entitled  Untersitch~ 
ftngen  Hhcr  die  Liirtge  des  einfachen  Sekundenpendelx,  which  is  printed  among  the  menioira  of 
ibe  Academy  of  Sciences  of  Berlin  for  the  year  18S6.  The  object  of  this  memoir  wa<i  to 
detennioe  the  length  of  the  seeonds'  pendnlum  hj  a  new  method,  whieh  consisted  in  swinging 
the  same  sphere  with  wires  of  two  diUfarent  lengths,  the  dlUbrenoe  of  lengths  being  measured 
with  extreme  precision.  In  the  calculation,  the  abeolute  length  of  the  simple  pendulum  isi»> 
chronous  with  either  the  long  or  the  «:hort  compound  pendulum  was  regarded  as  unknown,  but 
the  difference  of  the  two  as  known,  and  this  difference,  combined  with  the  observed  times  of 
oscillation,  is  sufficient  for  the  determination  of  the  quantity  sought.  Nothing  more  would 
ha«e  been  required  if  the  pendulums  had  been  swung  in  a  Tscuum ;  but  inasmuch  as  they 
were  ewung  in  tSx,  a  further  correction  was  necessary  to  leduce  the  obeenradaas  to  a  tacuum. 
Since  it  is  necessary  to  take  Into  account  the  inertia  of  the  air,  as  well  as  its  buoyancy,  in 
reducing  the  observations  to  a  vaeuuw,  Besael  sought  to  detenmiDe  by  experiment  the  Talue  of 
Vol.  IX.  Past  II.  84 


» 
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the  factor  of  vbich  Ibe  inning  Iim  Inmi  ilready  explained.  The  value  of  diit  factor,  as 
AmmI  MOunrM*  win  depend  upon  the  Amui  of  the  body;  bat  Iw  does  not  teen,  at  keit  ia  bi« 
flnt  — Moir>  to  hsvo  oootaaiplated  the  possibility  of  its  depending  on  the  time  of  OMlBatioByeiid 

consequently  he  supposed  it  to  have  the  same  value  for  the  long  as  for  the  short  penduluoi* 
When  the  factor  k  is  introducw!,  the  equation  obtained  from  the  known  difference  of  length 
of  the  two  simple  penduiuias  wntains  two  unknown  quantities,  namely  and  the  length  of 
lihe  ieoond^  fwadtilnmi  To  obcdn  m  leooad  oqiMtton*  Bend  made  Hiodier  «et  of  vtj^BdmatM, 
in  wUcb  tbe  biM*  apbeie  was  icplaoed  by  an  ivoiy  qpbcre,  bating  ae  Mixty  ae  poaiifale  tbe 
same  diameter.  The  results  obtained  with  the  ivoilj  ipfaere  furnislieJ  a  second  equation,  in 
which  I-  appeared  with  a  much  larger  coefficient,  on  account  of  the  lightness  of  IfOty  OOU- 
parcd  with  brass.    The  two  equations  determined  the  two  unknown  quantities 

Let  \  be  the  length  of  the  seconds'  pendulum,  t,  tbe  times  of  oscillaiion  of  the  brass 
sphere  when  swung  witb  tbe  diort  wire  and  kng  wiie  icqpedively,  h,  ^  tite  lengths 
of  tbe  eortw|iondiBg  tfafk  peoduliunai  oomcled  fiir  efcrylbing  esoept  tbe  inertia  of  tbe 
■br,  w  tbe  maw  of  tbe  epbeii^  an  Iba  ina»  of  the  fluid  diiplaced ;  thai 

X<.»  (1  +  ^*)-'  - 1, ; 

or,  Miee  Mt  ii  n  «m11  diak  we  nay  ntg^  mfp 

Ilv 

The  long  paidalum  fiinmbee  a  aimibur  equation,  and  tbe  remit  obtuned  Urom  tbe  bran 
spbeie  is 

X(tf-#i0(i-?*)-4-li  

wl 

ciiMe  If-h  i*  the  quantity  which  is  regarded  as  accurately  known.  The  ivory  sphere  in 
like  manner  fomiibee  tbe  equaticm 

m 

vbere  tbe  accented  letten  vefSv  to  tbat  epbeve.  Tb*  equation  for  die  determination  of  k 
manlta  from  tlie  dinination  of  \  between  the  eqnatioiis        and  (157). 

Now,  according  to  the  tlieory  of  this  paper,  the  factor  k  has  really  different  values  for 
tbe  long  and  short  pendulums.  Let  ki  refer  to  the  short,  and  kg  to  the  long  pendulum 
with  the  brass  sphere,  ki  to  the  short,  and  k^  to  tbe  long  pendulum  with  the  ivory 
spbete.  Then 

Xt,*il  ^'^k,)^l„  Xt^'il-'^k^i-i^ 
M  as 

and  tbetcfore 

^-^i-Xtf(l-5*d-X#A(l-^*,).   ....  (158) 
in  at 

...  iM 

In  the  equation  resulting  from  tlic  elimination  <  ^,  ^  plu^tween  (156)  and  (157),  let  tbe 
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values  of  li-l,  and  -  got  from  (ifiS)  and  the  ibiilar  equation  nlaliog  to  tbo  irorj 
sphere  be  substituted.    The  result  is 

(tf  -    -^*)  (« -    -  A'  (1-5  *'.)} 
-  (I'.'-^'.-xi  -5*)  itf  -  ^'*'>  -  - 

This  etjuation  is  of  the  furm 

and  /*  —  P',  and  /?m,',  ii'wii'  may  be  neglected,  so  that  the  equation  is  rctliiced  to  Q  ^ 
It  is  now  uo  longer  necessary  to  distinguish  betweeo  ^  and  t^,  and  between     and  ti  ,  which 
hmj  be  supposed  equal   Abo  m :  m' i9 :  fl",  wliere  S,JFu9ti»  tpedfie  gnTitiee  of  the 
brm  md  ivwy  qtheres  reepecttvdj.    Subatitating  in  tbe  equatioD  Q^(f,  and  aalviag  with 
rapect  to  Jir,  we  get 

This  o(|u,ati'on  contains  the  algebraical  definition  of  that  function  k  of  which  the  numerical 
value  is  determiaed  by  combining,  in  Besi&el'ii  manner,  the  results  obtained  with  the  four  pen- 
dulums. Since  the  equation  is  linear  so  far  as  regards  Ar,  k,,  &c.,  we  may  consider  separately 
tbo  cKffBfCDt  pavta  of  vbidi  dwae  qiuntitiea  ave  compoaed,  and  add  the  leaulta.  For  tba  part 
a^iieh  relataa  to  tba  apbereat  regarded  aa  aaapended  by  iDfinltely  fine  wireaj  we  have  At^A^ 
and  Ift^ki,  since  the  radii  of  the  two  spheres  were  equal,  or  at  least  so  nctrlj  equal  that  IJm 
is  inaensible  in  the  present  enquiry.    We  get  then  from  (159) 

tt'  -  V" 
which  gives 

h  k  —  h  >     ^2  "  ^1 

'V — tr'i?^i?  ^'^'^ 

4 

Since  4><i  and  ka>kt,  tba  equations  (l6l)  shew  that  Ae  value  of  k  detennfaied  by 
Heelers  method  is  greater  than  the  factor  which  n  lntes  to  the  short  pendulum,  which  wea  a 
gcconHs'  pendulum  nearly,  and  even  greater  than  that  which  relates  to  the  long  pendulum*  as 

has  been  already  remarked  in  Art.  (i. 

If  k,  be  the  factor  relating  to  either  sphere  oscillating  once  in  a  second,  and  if  the 
cffiwt  of  the  oMiilnewent  of  tbe  ur  be  neglected,  we  have  turn  the  formula  (us) 

Ai  -  i  :  :  A.  -|  ::  M  :  i,i  :  1, 

and  in  BesseFs  experiments  t^  •*  1*001,  4  »  1-721,  2a  ■  2-l4a  in  English  inciies.  We  thus 
get  from  either  of  the  equations  (16O)  or  (161),  on  snbetituting  0*116  for  yVt  ^ "  0706. 
The  value  ni  the  CKtor  ifc^,  which  relatee  to  a  ephere  of  the  same  use,  swung  as  a  seconds'  pen- 
du1uii7,  h  only  CdjH*  nnd      may  be  regarded  as  equal  to        The  formula  (148)  ^vea 

l^m  0-756. 

34—2 


 im 
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^  We  have  next  to  investigate  the  oorrecUon  for  the  wire.  The  effect  of  the  inertia  of 
dw  «tr  «t  in  moliaii  by  tbe  wire  ma  dtogctlitr  negbctad  by  Bend*  and  indeed  it  would  hmn 
been  quite  imennble  bed  Ae  parte  of  tbe  oomctioa  fiir  inertia  due  to  the  wlce  and  to  the 
sphere,  mpeetivdy,  been  to  aacb  other  in  nearly  the  same  ratio  as  the  parts  of  the  correctioa 

for  buoyancy.  Baily,  however,  wa<  led  lo  conclude  from  his  experiments  that  \he  effect  of  the 
wire  was  probably  not  altogether  insigaificant,  and  the  theory  of  this  paper  leads,  as  we 
have  seen,  to  the  result  that  the  factor  It  is  very  krge  in  the  case  of  a  very  fine  wire. 

Tbe  ivory  sphere  in  Beaeera  enperinwnte  «aa  evung  with  n  £ner  wire  dien  the  bnne 
ifihcre.  It  waa  for  thia  Naeem  tbet  I  did  not  Ihmi  the  fint  auppoae  ft^i^  fe|  and  A'**  k,. 
Let  Aib,  &c.  be  the  corrections  due  to  the  wire.  The  values  of  AAr,,  AJr,,  Aik'p  Ak'„ 
may  be  got  from  the  formula  (151),  in  which  it  is  to  Iw-  remembered  that  \  deootcs  the  length 
of  the  isochronous  simple  pendulum,  not,  as  in  Be&sei  .s  nutation,  the  length  of  the  seconds'  pen- 
dulum. It  is  stated  by  Bessel  (p.  131),  that  the  wire  ttsed  with  tlie  braia  sphere  weighed  10  95 
PruMian  gr«n»  in  tbe  caie  of  tbe  long  pendiduni,  and  graine  in  the  ceae  of  the  abort. 
Tbk  glvca  7'47  graina  lor  tbe  weight  of  one  toiae  or  Frendi  inehe^  Tbe  weight  of  one 
toiae  of  the  wire  employed  with  the  ivory  sphere  was  6*28  -  8  04  or  4*24  graina  (p.  14I).  The 
specific  gravity  of  the  wire  was  7  6  (p.  M)),  and  the  weight  of  a  cubic  line  (Frenrh)  of  water  is 
about  0'1885  grain.  From  these  data  it  results  that  the  radii  of  the  wires  were  0-OOS8G7  and 
O'OOiQSS  inch  English.  The  ifannuU  (147)  gives  m,  whenoe  t,  ia  bnovn  ftom  (15£).  The 
Icngtha  of  Ae  iaoebronoua  aimple  pendnlonia  vciw  about  9gr90  indite  fiir  the  abort  iwiudnlimii, 
nnd  I16-94  for  the  long.  On  aubatitnting  tbe  nnnetiod  tdoea  wn  get  fWnn  (151),  dnee 
J^-H,  -  1  and  J^-1la-l* 

i^lPi-o-oioTt  ^ktmOronSf  AA^i«<HMgo,  Ai^t^cmu, 

The  apedfie  gravitiea  of  the  two  qiherea  were  about  8-190  and  1-794,  wlienoe  we  get  itam 

(159)  Afc  =  0"0S08,  or  0*031  nearly. 

The  value  of  deduced  by  Hesael  from  his  experiments  was  O  g^oQ  or  0'9+'j  nearly,  which 
in  a  subsequent  paper  he  increased  to  O'Qit}.  la  this  paper  he  contemplates  the  possibility  of 
ite  beng  diibrent  in  tlie  oaaea  of  the  long  and  of  tiie  diort  pendalum,  and  lemarfca  with  juatiee 
that  no  aendUe  error  would  tiicnee  rcanlt  in  tbe  lei^;di  of  the  aeconde*  penduluni,  aa  defer- 
wtned  by  Ma  nietbiod>  but  that  die  ftetor  k  would  bdong  to  the  eTateni  of  tbe  two 
potdulums. 

The  following  is  the  result  of  the  comparison  of  theory  and  experiment  in  the  eaie  of 
Beiael's  experiments  on  the  oscillations  of  spheres  in  air. 

Value  of  k  l>elouging  to  the  system  of  a  long  and  a  short  pendulum,  as 

determined  experimentally  by  Bessel    0-956 

Value  deduced  from  theory,  induding  die  eoneetion  for  the  wire^  but 

not  the  eoneetion  Ibr  eenSned  ipaee.   0*017 

difleicDoe  +ft'lS9 

I  cannot  find  tbet  Bessel  has  stated  exactly  the  distance  of  tbe  centre  of  the  sphere 
from  tbe  becit  of  the  flmne  wftbin  wbidi  it  was  awnng,  but  if  we  may  Judge  by  the  dietoh  of 
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the  whole  apparatus  which  is  given  in  Plate  I.,  and  by  a  comparison  of  figs.  3  and  S,  Plate 
II.,  it  must  have  ix'en  very  small,  that  is  to  say,  a  small  fraction  of  the  radius  of  the  sphere*. 
If  so,  although  the  exact  calculation  of  the  correction  for  confined  space  would  form  a  problem 
ef  tztnoM  dtfleulty,  it  may  be  11181111  hem  tbeoNtical  ooMidhnlioaB  that  the  eomelion  would 
be  hy  no  bchm  Imeuflilc^  to  that  it  m^t  whollj'cr  in  part  aeeouait  for  the  difbKnee  +  0*119 
between  the  results  of  theory  end  observation.  It  is,  however,  not  improbable^  fbr  a  reason 
which  has  been  alieadj  mentioned,  that  the  tbeoietteal  eortcstinn  for  llie  win  fa  not  quite 
exact. 

64.  The  aperimeiit*  petfemeil  by  Beewl  on  a  qphen  vibratbg  in  water  will  be  men 
convedntly  eondNlend  after  tiie  diaeuaiion  of  eome  expctfaMnte  of  CoiilomVe»  to  whidi  I  now 

proceed.  These  experiments  are  contained  in  a  BDemoir  entitled  Exptri&nett  de§tin£es  i  diter- 
miner  !n  roh^rence  des  Jluidea  et  Us  lois  de  hur  rSaittance  dam  Us  mouvements  trh-letita., 
which  will  be  found  in  the  3rd  Volume  of  the  Mimoires  de  flrutitut,  p.  The  experi- 

menu  which  I  shall  first  eoneidcr  are  those  which  rdate  to  the  oscillations  of  disks  suqiended 
In  water  with  their  plance  hociaootaL  In  dieee  esperimeDts  the  disk  opetmted  upon  was  attached 
to  the  fewer  eztrenity  ef  a  vertical  cylinder  of  copper,  not  quite  half  an  inch  in  diameter,  the 
asis  of  which  passed  through  the  centre  of  the  disk.  The  cylinder  was  suspended  by  a  fine 
wire  attached  to  its  upper  extremity.  The  under  portion  of  the  cylinder,  together  with  the 
attached  disk,  were  immersed  in  water,  the  disk  at  the  bottom  of  the  cylinder  being  immersed 
to  the  depth  «f  4  or  5  eetrtfanetrse  bdov  the  suvfaee.  The  upper  pordon  caixied  n  horiaontal 
metellk  graduated  disk,  bjr  ocans  of  which  the  are  of  oedllatioo  could  be  leed  oi^  and  which, 
on  account  of  its  size  and  weight,  maioly  determined  the  inertia  of  the  system,  so  that  tiie  time 
of  oscillation  in  the  different  experiments  was  nearly  the  same.  The  observations  were  taken 
as  follows.  The  whole  system  was  turned  very  slowly  round  by  applying  the  hands  of  the 
graduated  disk,  taking  care  not  to  derange  the  vertical  position  of  the  suspending  wire.  The 
eve  thnx^h  whidi  the  system  had  been  tamed  was  read  by  mcane  of  the  graduation,  or  father 
the  system  was  turned  through  an  are  previously  fixed  on;  the  system  was  then  left  to  itsd( 
and  the  are  again  read  ofi"  to  a  certain  number  of  o^^cillations.  Thus  it  was  the  decrement 
of  the  arc  of  oscillation  that  was  observed  ;  the  time  of  oscillation  wn=  indppri  n]so  ohsorvrd, 
but  only  approximately,  for  the  sake  of  determining  a  subsidiary  quantity  required  in  the  cal- 
culation. Indeed,  it  will  be  easily  seen  that  the  expenmenls  were  nut  adapted  to  determine  the 
efleet  of  die  fluid  on  the  time  of  osrillstHm.  Tiie  dceremcnt  of  are  so  detemuned  had  to  be 
corrected  ftr  the  elfeet  of  the  imperfeet  ehuriad^  of  the  wire,  and  of  tiie  lesistanee  of  the  dr 
l^gainst  the  graduated  disk,  and  of  the  water  against  the  portion  of  the  copper  cyBoder 
immersed.  I'ho  amnunt  of  the  curreetioB  was  determined  fay  fcpcatii^  the  obeereation  when 
the  lower  disk  had  been  removed. 

It  appeared  from  the  experiments,  Jirat,  that  with  the  same  disk  immersed,  the  successive 


nnsll.  gtvasl-asisdi  fat tfw  dhtwiw  nf^eesaeaof  ihe 
sphmten  dwsnftMsrihsbwAlwi  Wwklca  ftoMAdw 
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Ktnplitudes  of  oscilktion  decreased  in  geometric  progrestuon;  tecondiy,  tiut  with  different 
dilki  the  mameot  of  the  imitliDg  force  was  proportional  to  die  feurth  powor  of  the  ndhiip 
Fram  theee  bws  Coulonb  coaduded  Uwt  each  aoiall  demeDt  of  any  one  of  the  diakt  cxpe. 
rieoced  a  resistance  varying  as  the  area  of  the  dement  multipUed  by  its  linear  velocity.  It 
should  be  observed  that  Coulomb  was  only  authorized  by  his  experiments  tn  assert  this  law  to 
be  true  in  the  case  of  oscillations  of  given  period,  inasmuch  as  the  time  of  oscillation  was 
nearly  the  same  in  all  the  experimenta. 

Let  a  be  the  nidiaa  of  the  didi  in  the  fluid,  r  the  time  of  oadll^on,  9  the  angular  die- 
placement  of  the  dlak,  moanired  from  ita  mean  pontion,  /  the  moment  of  inertia  of  the  whole 
■jntem ;  and  let  1  :  I  -  m  be  the  ratio  in  whidi  the  are  of  oedUatioa  ie  diminiihed  in  one 
oaeillatioo.    Acoording  to  the  formula       we  have 

for  the  factor  which  expresses  the  ratio  of  the  arc  of  oscillation  at  the  end  of  the  time  t  to  the 
initial  arc.  At  the  end  of  one  oscillatiun  t  =  r,  and  the  value  of  the  above  factor  is  1  -  m, 
which  is  given  hy  observatiim.  Patting  for  /3  iu  value,  in  which  My*  -  I,  and  at  -  ir, 
we  get 

leg.  (1  -  «i)  -  -  ^-  \/~  (16«) 

Let  7*  be  the  time  of  osciUation,  and     the  moment  of  inertia,  when  the  under  disk  is 

reninvL(! ;  then  /■=  /„t'  T'\  Also  if  M  be  the  mass  and  R  the  radius  of  the  large  graduated 
d]»k,  we  have  /„  ~  ^  MR\  neglecting,  as  Coulomb  did,  the  rotatory  inertia  of  the  copper  cylin- 
der.   Subetituting  in  (l63),  we  get 

log.(l  -  to)-'  -  S-iirlj(,M'*T-l  T'a*I{-\\f-'  (163) 

Let  W  he  the  weight  of  the  disk  in  grainmes  Then  the  mass  of  the  disk  is  equal  to  that  of 
W  cubic  centimetres  or  1000  IT  cubic  uiillimetres  of  water.  Hence  Mm  looO^fF,  a  milli- 
metre  being  the  unit  of  length.  Substituting  in  (i6s),  and  solving  with  respect  to  y/ftt 
we  get 

y^^'  -  1000  X  gi  log;  10       WE'  Z'-*a-*T*  kgn  (1  -  »)-»,    .    .  (l6«) 

and  the  aame  value  of  yV  ought  to  reanlt  from  difl^nent  experimenta. 

The  weight  of  the  dtik  ie  stated  to  have  been  lOOS  grammes,  and  its  £ameter  27 1  milli- 
metres, and  it  made  4  oscillations  in  91  seconds.  Hence  TF*  1003,  R  135'5,  T  9i-75. 
The  last  three  factors  in  (l(>4)  vary  from  one  experiment  to  another.  After  making  experi- 
ments with  three  dibks  of  different  radii  attached  to  the  copper  cylinder,  Coulomb  made 
another  set  with  nothing  attached,  for  the  purpose  of  dimfaMting  the  effect  of  the  imperftct 
dastidty  of  the  wire.  Tiie  following  table  ooatains  the  data  furnished  bj  experiment,  together 
with  the  value  of  ^'m'  decliicetl  from  the  several  experiments.  The  latter  is  reduced  to  the 
decimal  <J  an  I'jiglish  inch,  hy  including  2-5f)52  (tlie  logarithm  of  the  ratio  of  a  millimetre  to 
an  inch)  in  the  logarithm  of  the  constant  part  of  the  2nd  member  of  equation  (l64). 
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DUu'udiMdkn  ^  tk«  wUtm  of  y/fifor  toaier  from  CoMkaff* 
«f  ih*  are      tteUkOim  ^  ^SUk»,  otelUaikig  nt.  Adr 


No. 

Diameter 
ofdUk 
Sa 

in  millimetre*. 

Time  of 
four 
OKiUatiini 
4t. 

log„(l-«)-' 

lUsuItinr 
ftlmof 

'  laSnSun. 

1 

195 

97 

0-0568 

005519 

2 

140 

9t 

OHMl 

(H)07l6 

3 

119 

91 

0-01 S5 

9WW6 

4 

0 

91 

0-0058 

In  correcting  the  results  of  the  first  three  experiments  for  the  imperfect  elasfifhy  of  the 
wire.  Coulomb  calculated  the  values  of  m  given  by  the  four  experitneots*  and  subtracted  the 
TClm  ^TtB  by  tb«  fourth  ffan  cadi  of  the  othen.  But  it  u  «t  the  Mne  tins  ouier  ud  niaffc 
oaet  tombtraettlM  value  of  log  (l  m)~>  ^tcd  by  thv  Iburtli  cKperinent  fhm  thotgivM  bj 
«mIi  of  the  othen.   For  if 


dd 


be  the  moments  of  two  forces,  each  varying  as  the  velocity,  divided  by  the  moment  of  iaertia, 
tho  fiKtors  by  which  initiil  ne  of  ounBlotinn  nnit  be  iBiilti[itietf  to  get  the  aie  «t  the  end 
of  tfie  time  tt  fintj  whea  the  two  foroet  act  tofether,  MoooiHy,  vbeo  the  eeeood  foroe  oele 
•Iaiie«  are 

respectively,  and  that,  whether  the  time  t  be  great  or  small.  Hence  if  we  stibtract  the 
logarithm  of  the  second  factor  frnm  that  of  the  first  we  shall  get  the  logarithm  of  the 
factor  due  to  tlie  action  of  the  first  iorce  alone.  But  if  we  put  each  factor  under  the  form 
I  -  «» and  aubtraet  the  m  of  the  aeoond  ftetor  hem  the  at  <tf  the  first*  we  aball  not  get  the 
m  doe  to  the  fint  finca  alone^  unhai  t  be  email  enough  to  allow  ef  our  neglecting  the  tquaree 
of  «t  and  c'/,  or  at  least  the  product  ct  .Ji,  In  truth,  wlien  i^T,  the  quantitie*  m  are  iuffld> 
ently  small  to  be  treated  in  C'onl  mb's  manner  without  any  materia!  error,  since  the  corrected 
values  of  log  (l  —  m),  obtained  in  the  two  ways,  would  only  differ  in  the  4th  place  of 
decimals. 

The  nismhcn  ^en  in  the  laet  edamn  of  the  above  taUe  weie  calcuUtcd  from  the  fomuhi 
(164),  on  inbatitutlng  for  log  (1  -  m)r^  the  numbers  found  In  the  first  three  lines  of  the  4th 
column,  corrected  by  Mibtracting  0*0O58.  The  mean  of  the  three  resulu  is  0  05557,  but  the  three 

experiment*  are  not  equally  valuable  for  the  determination  of For  the  three  numliers 
from  which  was  deduced  are  0-0510,  0*0152,  0*0077,  and  a  given  error  in  the  first  of  tliesc 
numbers  would  produce  a  smaller  error  in  ^^fx  than  that  which  would  be  produced  by  the 
nam  enor  In  the  second»  still  mof^  than  Aat  which  would  be  produced  by  Ae  sanm  error  in 
the  third.    If  we  multiidy  the  three  ralusa  of  yV  by  510,  ISS,  and  77,  le^eedvely,  and 
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dindethesiniioftliefirodiiets1i7  510-|-in4>77  or  rSft,  we  get  a0SC5l.  We  majr  then  take 
€l5SS  m  tlie  mult  of  tbe  experinenti.  AManiiig  yV"  OiOU5  we  have 

log  (1  ^        firom  espertnmt  0.0508  in  Ne.  t>     o.on  in  No.  S»    0.0i«  in  Na  t. 
  ihmi  tbcory    0.0571  0.0806  0.0117 

diffeKBoe  -0.000S  -aooos 


&L    So  fur  the  aooordanee  of  the  tlwoKtieai  and  obMrred  lemlta  it  no  verj  MorcUng  t««t 

of  the  truth  of  tbe  theory.  For»  in  fact,  the  theory  is  involved  in  the  result  only  to  far  aa 
this,  that  it  shews  that  the  resistance  experienced  by  a  given  small  eKment  of  a  disk  (wcillating 
in  a  given  period  varies  as  the  linear  velocity ;  since  the  ditTercncc  of  periixis  in  Coulomb's 
experiments  was  so  small  tiiat  the  effects  thence  arising  would  be  mixed  up  with  errors  of 
ohaervation.  Thia  ]*w  ia  ao  limple  that  it  might  very  well  reanlt  from  tbeoriea  differing  in 
aome  easential  partieulan  from  tiie  theory  of  thu  paper.  Bat  ahaiiM  the  numerical  value  of 
iyZ/x' determined  by  Coulomb^f  experiments  on  disks  be  found  to  give  result!:  in  accordance 
with  theory  in  totally  different  cases,  then  the  theory  will  receive  a  striking  confirmation. 
Before  procecdirfT  to  the  di.scii'=inn  of  other  cxperimpnt.s,  there  are  one  or  two  minute 
corrections  to  be  applied  to  the  value  uf  ^y/V  given  above,  which  it  will  be  convenient  to 
condder. 

In  the  fiiat  pboe,  the  feank  obtained  in  Art.  8  it  only  approximnte,  dm  apptoiimation 
depending  upon  the  eircumstance  that  the  diameter  of  the  revolving  body  la  large  compered 
with  a  certain  line  determined  by  the  valni  s  of  ^'  and  r.  In  the  particular  case  in  which  tbe 
revolving  solid  is  a  circular  disk,  it  happens  that  the  approximate  solution  satisfies  the  general 
equations  exactly,  except  so  Car  aa  lelntes  to  the  abrupt  termination  of  the  disk  at  its 
edge*.  In  eonaequcnoe  of  thia  d)rapt  termination,  the  tnid  annuli  in  the  inmedurte 
nei^bovrbood  of  the  edge  are  more  retarded  by  the  action  of  the  surrounding  iluid  than  they 
would  have  been  were  the  disk  continued,  and  consequently  the  resistance  experienced  by  the 
disk  in  the  immediate  neighbourhood  of  its  edge  is  actually  a  little  greater  than  that  given  by 
the  formula.  I  have  not  investigated  the  correction  due  to  this  cause,  but  it  would  doubtless 
be  rery  satall. 

In  the  aecond  phce,  the  IbrmuU  (14)  ia  edited  to  an  indefinite  aucoamion  of  oaeiUntioM, 
whereas  Coulomb  did  not  turn  the  diak  through  an  angle  greater  than  the  largeat  intended 

to  be  observed,  and  Ruifer  one  or  two  oscillations  to  pass  before  the  observation  commenced, 
but  took  for  the  initial  arc  that  at  which  the  disk  had  been  set  by  the  hand.  Probably  the 
disk  was  held  in  this  position  for  a  short  time,  so  that  the  fluid  came  nearly  to  r^t.  If  so, 
the  reaulting  value  of  v^m'»  ^  niay  readily  be  afaewn,  would  be  a  little  too  imalL  For  in  the 
ooune  of  an  indefinite  aerkt  of  oadHadono,  the  diak,  in  ita  forward  motion,  cairiea  a  certain 
quantity  of  fluid  with  it,  and  this  fluid,  in  consequence  of  ita  inertia,  tenda  to  preaerre  ita 
motion.  Hence,  when  tli'  k,  having  attained  its  maximum  displacement  in  the  positive 
directiuQ,  begins  to  return*,  it  finds  the  fluid  moving  in  such  a  manner  as  to  oppose  its  return, 
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and  therefore  it  experiences  a  greater  resistaace  than  it  it  had  started  from  the  same  position 

with  tht  Huld  at  ml.  Ill  tut,  it  appem  fton  tlw  cxprmion  fat  O  va  Art.  8,  that  the 
noaicDt  «f  resktaace  vanldiM,  in  paning  baa  native  to  paaithre,  not  vhea  die  diik  haa 
rMched  the  end  of  its  excursion  in  Aa  positive  direction,  but  the  eighth  part  of  a  period 

earlier.  Hence,  had  the  observation  commenced  during  a  ivories  of  uscillations,  a  larger  initio! 
arc  woiikl  have  been  nec^sary,  to  overcome  the  greater  resistance,  in  order  to  produce,  after  a 
given  number  of  oscillations,  the  same  final  arc  as  that  actually  observed.  I  have  investigated 
the  camctioo  to  he  applied  on  aaeount  of  thia  caiiee,  and  flnd  it  to  he  about  +  O.O09,  bat  I 
must  refer  to  a  note  ibr  the  demonetratkMi,  in  order  not  to  interrupt  the  preeent  dlicuaekni*. 
I  shall  awume  then,  in  the  fellowing  eompariaone,  that  toe  water 

V^ft -A056«, 

the  units  being  the  lame  as  before^  namely,  an  Englieh  ineh  and  a  leeond.  That  ^i'  is  inde- 
pendent of  the  pressure  of  the  fluid,  or  at  Jeast  very  nearlv  so,  appears  from  an  experiment  of 
Coulomb's,  ill  which  it  wft<  f  un  !  tliat  the  decrement  of  the  arc  of  oscillation  of  a  disk  oscil- 
lating in  water  was  the  same  m  an  exhausted  receiver  as  under  the  full  atmospheric  pressure. 

I  will  her*  nention  another  experiment  of  Coulomb's  whidi  bears  directly  00  one  part  ef 
the  theory.  On  oorering  the  disk  with  a  thin  coating  of  tallow,  the  resistance  was  found  to 
he  the  same  as  before  ;  and  even  when  the  tallow  was  sprinkled  with  powdered  sandstone,  by 
means  of  a  sieve,  tire  increase  of  resistance  was  barely  <>ensible.  This  strikingly  confirms  the 
correctness  of  the  equations  of  oonditioa  assumed  to  hold  good  at  the  surface  of  a  solid. 

60.  I  win  now  compare  the  formuU  (148)  with  the  reanlts  obtained  by  Bemel  for  the 
oedllatkiii  of  the  brasB  Rphrre  in  water,  which  wfll  he  found  at  page  65  (tf  hia  memoir.  This 
sphere  was  suspended  so  a.'s  to  be  itnmersrcf  in  the  water  contained  in  a  large  vessel,  and  was 
swung  with  two  different  lengths  of  wire,  tlie  same  as  those  employed  for  the  experiments  in 
air.  The  times  of  oscillation  were  r9085  ^euuud  for  the  long  pendulum,  and  1-1078  for  the 
short.    The  results  are 

t^ong:  jienduliim.  Stwtt  pendulimi. 

by  experiment  0*648  0*602 

k,  by  theory   OrSn  OiSDO 

difference  +  0*017  +  0*002 

The  depth  to  which  the  spheres  were  immersed  is  not  stated,  but  it  was  probably  buiiicient  to 
render  the  cileet  of  the  ftee  ettrfoee  small,  if  not  inaeniihle.  The  veierf  was  three  ftet  in 
diaaoeter,  and  the  water  10  indiea  deep,  so  duit  unless  die  spiberea  were  suapended  near  the 

bottom,  which  is  not  likely  to  have  been  the  case,  the  e^etof  the  limitation  nf  t*  c  fluid  by 
the  sides  of  the  vessel  must  have  been  but  trifling.  The  agreement  of  theory  and  obserration, 
as  will  be  seen,  is  very  dose. 

67*  It>  die  same  memoir  which  eootaina  the  experimenta  on  disks^  Coulomb  ha*  given 
the  rasnltB  of  aoma  experiments  in  which  the  did  immersed  in  the  fluid  was  replaced  by  a 
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long  narrow  cylinder,  placed  with  its  axis  horiKontal  and  iu  middle  point  in  the  prolongation 
of  tlM  «dt  of  the  vertical  copper  cylinditr.  In  theae  «xpciuiMnti»  the  ecce  did  not  dMicaae 
lo  geometric  pngiciiien,  ae  woold  have  been  die  caae  if  the  leaiatanee  had  varied  aa  the 
vdodty;  but  it  vai  found  that  the  result*  of  obser ration  could  be  latisfied  by  supposing  the 
resistance  to  vary  partly  as  the  first  power,  and  partly  «s  the  square  of  the  velocity.  In 
Coulomb's  notation,  I  :  I  -  m  denot<>s  the  ratio  in  winch  the  arc  of  oBcillation  would  In- 
altered  after  one  oscillation,  if  the  part  of  the  resistance  varying  as  the  square  of  the  velocity 
were  destroyed.  The  aevcral  experiments  performed  with  the  aame  ejUnder  were  fonnd  to  be 
raffidentljr  eatiefied  by  the  finrnula  deduced  tarn  die  ahavojnwntianad  hypetheeia  teapecting 
the  resistance,  when  suitable  nunmical  values  were  aai%Ded  to  two  dispaaable  oanstaBt*  m 
and  p,  of  which  ji  related  to  the  part  of  the  resistance  varying  as  the  square  of  the  velocitv. 

Conceive  tlie  cylinder  divided  into  elementary  slices  by  planes  perpendicular  to  its  axis. 
Let  r  be  the  distance  of  any  slice  from  the  middle  point,  6  the  angle  between  the  actual  and 
'the  mean  positions  of  the  axis,  dF  that  part  of  the  resiatanoe  expericoced  hy  the  slice  which 
varks  aa  the  tint  power  of  the  velocity.  Then  calculating  the  resistance  as  if  the  element 
in  queetion  bdongcd  to  an  infinite  4^1inder  moving  with  the  same  linear  velocity,  we  have  by 
the  fomnlie  of  Art.  31 

dF  m  A'jriS^I*    «1»n       -  irp^dt,      ^  -  r  ^ . 

dt*  ^      *    dt  dt 

If  G  be  the  moment  of  the  reslstanea,  I  the  whole  lengdi  of  the  cylinder,  we  have,  putting 
n  -  WT**, 

^    r^k'pa'l*  d$ 

Cf«  —  — ; 

12t      dt  * 

whence 

log.O-m)--'^^^  065) 

/  being  the  momeot  of  inertia. 

Expressing  /  in  terms  of  tbe  same  quantities  as  in  the  caae  of  the  disk,  we  get  from  (147) 
and  (165) 

leg«,(l-ai)-«-k>g„..^^.^.I.«l«Ar,  ...(!«) 

and  f^j,  is  the  weight  of  a  cubic  millimetre  of  water,  or  the  lOOOth  part  of  a  gramme^  The 
numerical  values  of  n',  T,  /?,  Whavf  been  already  given,  but  a  must  be  reduced  from  square 
inches  to  square  tuilliujelres.  The  cylinders,  of  which  three  were  tried  in  succession,  had  all  the 
same  length,  namely,  249  ndllimetres.  Their  circumferences,  calculated  from  their  wci^ts 
and  expressed  in  nullimetTea,  were  SI.I,  11^  and  and  tbe  time  of  four  osdUatioas  was 
9*%  9l'»  91*.  The  values  of  IU  calculated  from  these  data  by  means  of  the  formula  (147)  are 
0.4353,  O.'J.^ie,  and  0.01 79<^.  For  the  first  and  second  of  these  values,  m*A'  may  be  obtained 
by  interpolation  from  the  table  given  in  Part  I. ;  for  the  third  it  will  be  sufficient  to  empby 
the  second  of  the  formula:  (115). 
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The  following  are  the  reeulU : 

filiate,  Nft.  1.  MkS.  Mas. 

m,  by  experincnt   OMOO  MStOO  0.0196 

as  bj  tliearj   0.0418  Od0891  0.011s 

Diffierenoe    -OOOIS  -O.00SI  •fO.OMS 

The  differences  between  the  results  of  theory  and  experiment  are  perhaps  as  small  as  could 
Pliably  be  expected,  when  U  ie  condderad  thst,  notwitfaatandiiig  the  delicrte  nature  of  tlie 
cxperfmenti,  the  namefkal  valttea  of  two  conetanta,  m  and  jv,  had  to  be  dedosed  from  their 
rendta. 

68.  This  memoir  of  Coulomb's  contains  also  a  notice  of  a  set  of  experiments  with  disks 
and  cylinders  in  which  the  water  wai  replaced  by  oU.  The  experiments  with  diske  shewed 
that  with  a  ^ven  diik  the  are  of  oaetltation  deereaaad  in  geometric  progrenrioa,  and  that  wiA 
diitnnt  disk*  die  momente  of  the  reeiataoees  were  aethe  fourth  powers  of  the  diametera.  Tlie 

absolute  resistances  were  greater  than  in  the  case  of  water  in  the  ratio  of  about  )7-5  to  1. 
The  details  of  Coulomb's  experiments  on  cylinders  oscillating  in  oil  are  entirely  omitted.  It 
ii>  merely  stated  that  on  making  the  same  cylinders  as  before,  or  shorter  cylinders  when  the 
resistance  was  too  great,  o*^"***  in  efl^  it  waa  found,  coofbraaUy  idth  Aa  results  obtained 
with  fdanefly  that  the  colieMnee  of  oil  was  to  that  of  water  aa  IT  to  1.  The  coherenoe  is  here 
supposed  to  be  measured  by  that  part  of  the  resistance  which  is  proportional  to  the  first  power 
of  the  velodty.  On  making  a  rough  calculation  of  the  ratio  of  the  resistances  to  cylinders 
oscillating  in  oil  and  in  water,  on  the  supposition  that  ^ for  oil  is  to  -y^/u'  for  water  as 
ITS  to  I,  as  would  follow  from  the  experiments  on  disks  if  the  difference  of  the  sptK:itic 
gravities  of  the  two  fluids  be  neglected,  I  found  that  the  ratio  in  question  oiight  to  have  been 
somewhere  about  100  to  l,  instend  of  only  17  to  1.  It  would  seem  fiwm  this  that  the  theory 
of  the  present  paper  is  not  applicable  to  oil;  but  fieah  experiments  would  be  required  before 
this  point  can  be  considered  as  established,  on  account  of  the  theoretieal  doubt  respecting  the 
application  of  the  formula  of  Section  III.  Part  I.,  to  extremely  fine  cylinders,  especially 
in  cases  in  which  /i'  is  large,  bo  that  tn  u  very  small.  It  would  be  interesting  to  make 
out  whedier  what  I  have  called  intemat  friction  is  or  i«  not  of  the  same  nature  as  ineooai^. 
Coukmb  and  Dobnat  ^pP^y  (^"■»  oteosi^  to  that  property  of  water  by  virtue  of  whidi 
certain  eKect*  are  produced  whicb  lutve  Iwen  sliewn  in  this  paper  to  be  perfectly  explicable  on 
the  theory  of  internal  friction ;  whereas  Poisson,  in  one  of  his  memoirs,  expressly  asserts  that 
the  trriiJs  in  the  equations  motion  which  result  from  what  has  been  calKd  in  this  paper 
internal  friction  belong  to  perfect  fluids,  and  have  nothing  to  do  with  viscosity*.  Poisson 
does  not  ^e  the  slightest  bint  as  to  the  grounds  on  wbidi  be  rested  his  opinion. 

60l  I  eome  now  to  tlie  experiments  of  Dubuat,  which  are  contained  in  an  excellent  work 
of  bis  entitled  PrindpM  ^Mj/dnMOique,  of  which  the  second  edhion  was  published  in  ifBS. 


'  Jottmai  fit  I'Eooi*  />«%iMAMjfMf,  Ton.  ziii,  p.  W> 
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The  lint  «dilian  doc*  not  ocntmn  the  «xiwriinenl«  in  qucttiop.  Dnbiut  justly  rewMrkcd  that 
the  time  of  osefllatioo  of  a  pendulnm  oaematiof  in  a  fluid  is  greater  thaa  it  would  be  in  vacuum, 
not  only  on  account  of  the  buuyancy  of  the  fluid,  which  diminithiM the  moTinig farce, but  also  on 

account  of  the  mass  of  fluid  which  must  be  regarded  as  nccompanyinp  the  pendulum  in  its 
motion;  and  even  determined  exiicrimcntnlly  the  mass  of  fluid  which  must  he  regarded  as 
carried  by  the  oscillatiog  body  in  the  case  of  spheres  and  of  several  other  s(^d».  Tbuk 
Dubaat  antidfiated  by  about  forty  years  the  diioovery  of  Bessel ;  but  it  was  not  uatit  after 
the  ippeanwce  of  Besad's  memoir  that  Dubuaf  s  lahours  rebtiiig  to  the  same  subject  attnKled 
attention. 

Dubuafs  method  nus  as  follows.  Imagine  a  body  suspended  by  a  fine  thread  or  wire  and 
swung  in  vacuum,  and  let  a  be  the  length  of  the  pendulum,  reckoned  from  the  centre  of  sus- 
pension to  the  centre  of  oscillation.  Now  imagine  the  same  body  swung  in  a  fluid,  in  which 
its  a|)pareDt  weight  is  so  tiiat  if  P  denote  the  wdght  of  fluid  displaced,  the  true  weight  of 
the  body  will  be  p  P.  Stnee  the  moving  fimse  is  diminished  in  the  ratio  of  p  4^  P  to  pt  if 
the  inertia  of  the  body  were  all  that  had  to  be  overcome,  it  would  be  nsoesMry  to  diminish  the 
length  of  the  pendulum  in  the  same  ratio,  in  order  to  preserve  the  same  time  of  oscillation. 
But  since  the  mass  in  motion  consists  not  only  of  the  mass  of  the  body  itself,  but  also  of  that 
of  the  fluid  which  it  carries  with  it,  the  pendulum  must  be  shortened  still  more,  in  order  tliat 
the  time  of  oscflktioo  may  he  unaltered.  Let  I  he  the  length  of  the  pendulum  so  shortened, 
and  B  (which  for  the  some  reaaon  as  h^an  I  write  instead  of  Dnbuat's  M,)  a  factor  greater 
than  unity,  such  that  p  +  HP  is  the  wdght  of  the  mass  in  motion ;  then 


i  -  — whence  "  "  J  (7  "  ')  "      •    •    •  C^'^) 


op 

p  +  HP'     ""^  "  "  P 


l>uhttat*s  experiments  on  this  sulqect  oonsist  of  44  experiments  on  spherss  oscillating  in 
water,  (Tom.  11.  p.  236);  si  experiments  on  other  soHds  oscillating  in  water,  (p.  S46);  and 

3  experiments  on  spheres  oscillating  in  air,  (p.  2By).  The  following  table  contains  a  rompa- 
rison  of  the  formula  (148)  with  Dubuat's  results  for  spheres  oscillating  in  water.  The  value 
of  <y/ fx  employed  in  the  calculation  is  0.036-1'  inch  English,  or  o.imyi  inch  French. 
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Dubuat't  experiments  on  spheres  oadUating  in  uater. 


IT 

t 

T 

cde.     OxL  as. 

<•!«.      «>•>  4IC 

Sphere  of  lead. 
Diameter  rOilS  inches. 
Waght  in  water  SIOS  graioa. 

1 

s 

^  3 

v6ss 

1*687 

I  ( r>u 
VH-in 

1-502 

I  5Tz 

1  -(VlO 

--131 
— -|85 

•a  A  A 

—  z*4> 
1  --205 

Sphere  of  wood. 
Diameter  4*076  inches. 
Weight  io  water  «iai  grains. 

(i 

U 

1-566 
1-581 
1-593 
1-614 

'  1-507 
I 

1-547 
1  -567 

-•059 
--034 
— -046 
-057 

1  Sphere  of  gla«s. 
Diameter  2*640  iiidiM. 
Weight  in  water  87*  gvaina*  1 

Same  ipliefa  wdgliingin  water 
SIM  gndos. 

1  ^ 

1-602 
1  644 

1-572 
1-602 
1-624 
1-644 

1-518 
1-569 
1-598 

1-515 
1-516 

1-6*6 

-•084 

-075 
-•078 

--057 
--086 
-  101 
-098 

Same  sphere  weighing  in  water 
48M  graini. 

Samt'  sphere  weighing  in  water 

\\ 

'  1 

1-547 
1-566 
1-581 
1-593 
1-614 

1 

1  •.:;()() 

vs:r, 

1-456 
1-525 
1-557 

1  -'iPJ 

1  0/ 
1-553 

-172 

-no 
--056 
-■036 
-065 

-•01,  J 

1-572 

1  537 

-•035 

9216  grains.  j 

3 

1*581 
1-593 

1-59 

1-583 

+*»K>y 
--010 

1  Same  sphere  weighing  in  water 
4204  grains. 

Sane aphcre  weighing  in  water 
9tl6  gruoa. 

1 

r6oe 

1-523 

-•079 

4 

I: 

1 

s 

.» 

1-624 

1-551 
1-572 
1-602 
1-634 

152+ 
1-538 

1-449 
1-372 
1*494 
1  494 

-100 

—  •io6 

-•102 
--200 
-•108 
-130 

Another  sphere  of  wood. 
Diameter  6|  inches.  ( 
Weight  w  water  tlOS  grains. 

Same  sphere  weighing  in  \ 
water  «S0«  grains.      /  ^ 

1-549 

1  "AJ^? 
1  i 

i-570 
1-585 
1-599 

1-594 

1-27 

1-487 
1-566 
1-569 
1-565 

rdS4 

-•279 

"  JU<i> 

-083 
-•019 
-030 
-•056 

+-040 

3 

1-549 

1-651 

+  -102 

Same  sphere  weighing  in  water 
4804  grains. 

4 
6 
9 
12 

1-557 
1-570 

1-585 

1627 
1-654 
\(>lh 
167* 

+  •070 
+•084 
+  •079 
+•073 

70.  If  we  strilce  out  the  experiments  with  the  large  sphere,  which  cannot  well  be  compared 
with  thaorj  for  a  reason  which  will  ha  explained  further  on,  it  will  he  oheerved  that  in  seven  out 
of  the  dght  groups  of  experiments  left,  the  sign*  in  the  last  oolnmn  are  regularly  mkutt* 

The  preponderance  of  n^ative  errors  eoilld  be  destroyed  by  using  a  much  smaller  value  of 
<^Ia'  in  the  reduction.  We  have  seen,  however,  that  the  value  of  yZ/x'  deduced  from  Cou- 
lomb's experiments  on  the  decrement  of  the  arc  of  oscillation  of  disks  satisfied  almost  exactly 
fiessel't  observations  of  the  time  of  osdllatioo  of  a  sphere  about  two  inchee  b  diasMter 
oeeillating  in  water.  The  veiy  small  errors  which  remained  in  this  case  had  Iwth  the  sign  +, 
whereas  in  Dubuat*s  experiments  on  the  1-inch  and  2^  inch  spheres,  the  errors,  which  arc  far 
larger,  have  all  the  sign  -•  Since  the  experiments  of  Dubuat  and  Besse!,  tlumgh  made  under 
similar  drcumstances,  do  not  lead  to  the  same  result,  it  is  of  course  impossible  for  any  theory  to 
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Mtiify  them  both.  Th*  vumbtn  in  tht  ImI  ealunm  of  the  pnoediiig  Ubfe  m,  tunrcrer, 
far  too  tegalKt  to  be  attribatable  to  men  Ibrtiiitoiu  «rran  of  obwrratioo.  If  we  nippoie 
BeneTa  ranltB  to  have  been  nearly  exact,  there  muit  famve  been  Mmiething  in  tb«  node  either 
of  making  or  of  redodDg  Dubuafs  esperinents  whieb  caused  a  tendency  to  error  in  one 

direction. 

With  reflect  to  the  reducticm  of  the  experiments  it  may  bo  observed  that  the  length  I  wax 
moBMRndfroin  the  centre  of  oeeillation,  whereei  in  the  fomuls  (Ub)  it  is  suppoeed  that  die  naae 
of  wbidi  the  weight  is  itP  or  (n  -  i)  ^  is  eoUccted  at  the  centre  of  the  apbere.   If  A  be  the 

distance  of  the  centre  of  the  sphere  from  tbe  axis  of  suspension,  the  observed  value  of  •  -  1 
ought  in  strictness  to  be  Increased  in  tho  ratio  of  to  T,  or  the  calculated  value  diminished  in 
the  ratio  of  P  to  A',  before  comparing  the  results  of  thwry  and  experiment.  In  tlie  case  of 
the  loaded  spheres  especially,  tiie  theoretical  value  of  n  would  thus  be  a  little  diminished ;  but 
except  in  a  v«ry  tew  ctaet,  in  which  dibcr  I  or  a  is  amaU,  the  diminutica  is  bantty  worth 
oooaidcriiig.  After  having  been  for  a  good  while  at  a  loss  to  account  for  the  regnlar  occur- 
rence of  rather  large  negative  errors,  the  fbUowing  occurred  to  me  as  the  probable  solution 
of  the  difficulty. 

When  a  pendulum  oscillates  in  water,  the  arc  of  oscillation  rapidly  decreases;  this  rapid 
diminution  forms  in  fact  the  grand  difficulty  in  experiments  of  this  kind.  In  Dubuat's  experi- 
ments, it  wiU  bo  remembered,  the  suspending  tbiead  was  lengthened  or  shortened  till  the  time  of 
oedllation  was  an  exact  number  of  secoods.  or  occasioaally  half  a  seoond.  Now,  it  is  probable 
tiiat  the  observer  occasionally  gave  the  suspending  thread  a  alight  push  as  the  pendulum  was 
commencing  its  return,  in  order  to  keep  the  oscillations  going  for  a  sufficient  time  to  nlinu  of 
tolerable  precision  in  rendering  the  time  of  oscillation  equal  to  what  it  ought  to  be.  If  su, 
these  pushes  would  slightly  accelerate  the  osctlladoos,  and  therefore  cause  the  length  of  thread 
fixed  on  by  obeerration  to  be  a  littfe  too  great,  which  would  nmke  the  eSieet  of  the  water  in 
retarding  the  oedllations  appear  a  little  too  small.  Go  inspecting  the  table  of  diflerenoes, 
it  may  be  observed  that  sometimes  when  the  same  sphere  differently  loaded  is  swung  in  the  same 
time  as  before,  the  numbers  in  the  table  of  differences  are  altered  more  than  appear);  to  be 
attributable  to  merely  fortuitous  errors  of  observation.  This  accords  very  well  with  the  con- 
jecture just  nentiooed,  and  lesms  dilBcult  to  account  for  la  any  other  way,  inasmuch  as 
eforytbing  rdating  to  the  fluid  must  boTe  been  almost  exactly  the  same  in  the  two 

The  oceurrences  of  positive  differences  in  the  case  of  tlie  large  wooden  sphere  may  be 
accounted  for  by  the  limitation  of  the  fluid  mass  by  the  sides  and  bottom  of  the  vessel,  and  by 
the  free  surface,  which,  except  in  the  case  of  very  short  oscillations,  would  have  much  the  same 
effect  as  a  rigid  plane,  inasmuch  as  it  would  be  preserred  almost  exactly  borisontsl  by  the 
action  of  gravity.  The  vcaed  whidi  contained  the  water  was  51  indies  long  and  I7  bread* 
the  water  was  14  inches  deep,  and  the  spheres  were  plunged  to  about  9  inches  bdow  tlie 
surface,  so  that  the  effect  of  the  confinement  of  the  fluid  mass  would  have  been  quite  sensible 
in  the  case  of  such  large  spherei^.  If  it  be  ohiected  that  the  same  sphere  rr^ve  negative  differ- 
ences in  the  case  of  the  6rst  group  of  experiments,  it  must  be  observed,  that  when  the  appa- 
rent wd|^t  of  so  large  a  sphere  was  only  SIQt  French  grains,  the  resistance  would  quickly 
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have  caused  the  oscillatioDa  to  subside  if  an  extraneous  force  bad  not  frequeatljr  heen 
applied. 

71.    In  Dubuat*!  ezparinieitto  ott  tfbvtn  McillAtug  in  air,  tin  lifbttMM  of  the  fluid  was 

compensated  by  tlic  extreme  lightneM  of  the  sphere*,  winch  were  composed,  the  first  two  of 
paper,  and  the  third  of  goid-tieater's  skin.  Tn  the  following  table  the  diameter  2 a  of  the 
sphere  is  expressed  in  French  inches.  The  value  ot  ^  ^  employed  in  the  reduction  is  the 
matt  as  wai  btfiwe  uaed  m  the  vediMlioD  of  obNTTilioDi  made  in  air,  wumIj  0.II6  inch 
Eoglul^  or  ai088  fneh  FNiwh. 


DfAuaf*  0iip0rim$mt$  «»  light  »pk»m  «$€lBaiing  in  abt. 


u 

T 

s 

« 

vm. 

as7 

l'5l 

l-«t 

.O'lO 

338 

6-625 

VU 

1-57 

1-63 

+  006 

1  m 

17*W 

1'5S 

1-54 

Tbe  diicKBon  otstdnly  appotr  very  nnall  when  the  deUcM^  of  the  cxpcrinwnto  and  tlie 
dnplidty  of  the  apparatus  ampioyad  afa  oonsidcKd* 

79>  The  oolj  compariKm  yet  made  in  diia  aaction  batwaen  thaoiy  and  obaetTadon  in  the 
eaae  of  pendulnm  esperimeDta)  eoovats  in  eomporing  the  obiaiTad  tinaa  of  fibntian  intli  tiie 
reault*  calculated  with  an  assumed  value  cf  •y'V*  acooiding  to  theory  we  ought  to  be 

able,  without  assigning  a  particular  value  to  any  new  disposable  constant,  to  calculate  the  rate 
of  decrease  of  the  arc  of  vibration.  I  have  not  met  with  any  experiments  made  with  a  view  of 
investigating  the  decrease  in  the  arc  of  vibration  in  the  case  of  extremely  small  vibrations,  such 
aa  tboae  employed  in  peodulnm  ezperimenta.  The  espeiiments  of  Newton  and  otiMff%  in  wbich 
the  ate  of  libntion  was  ao  large  that  tbe  renatance  dqiended  mainly  on  the  aqoare  of  tiie 
velocity,  would  be  quite  useless  for  my  purpose.  The  pendolttn  experiments  of  Meaml  and 
Baily  contain  however  the  requisite  information,  or  at  least  some  portion  of  it,  for  the  arcs  are 
registered  for  the  sake  of  giving  the  data  for  calculating  tbe  small  reduction  to  indefinitely 
amall  vibrations. 

In  Beaml's  ezperimcnta  tlw  arc  ia  vegiitered  for  tbe  end  «f  equal  intervab  of  time  dming 
tbe  motion.  The  nnmber  of  anch  regirtrationa  in  one  experiment  amounta  in  aome  aaaea  to 
drren,  and  is  never  leas  than  three.    So  far  the  observations  are  just  what  are  wanted ;  but 

there  are  other  eauses  which  prevent  an  exact  comparison  between  theory  and  experiment.  In 
the  first  place  the  spheres  were  swung  so  close  to  the  back  of  tlit:  frame  that  the  increase  of 
redstance  doe  to  the  confinement  of  the  air  must  have  been  very  sensible.  In  the  second 
place  the  el^  of  the  wire  mutt  have  been  very  aenahlle«  ctpeeiatty  in  the  eaae  of  the  kmg 
pendulum.  For  the  table  of  Section  III.  Part  I.,  iheva  that  for  tbe  wire  (for  which  Wis  very 
small)  the  value  of  k'  is  much  larger  than  that  of  k,  whereas  for  spheres  of  the  size  of  those 
em|^ed»  wlien  the  time  of  oiciUation  is  only  one  or  two  aeooods}  k'  is  «  good  deal  smaller 
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cliMD  k,  fUue»t  if  the  fiannuhe  of  leetion  applied  to  tuch  fine  wirci,  the  cffiact  of  tb«  wire 
on  the  arc  of  vibrelkm  wotdd  he  mudi  greater  than  ite  cfiMt  on  the  time  of  ▼flwaiioQ,  and 

therefore  would  be  (juite  sensible.  But  it  has  been  shewn  in  Section  IV.,  that  the  effect  of  the 
wire  in  diniinishin^  the  arc  of  vibration  is  probably  greater  than  would  be  given  by  the 
formula,  and  therefore  tlie  uncertainty  depending  on  the  wire  is  likely  to  amount  to  a  very 
sensible  fraction  of  the  whole  amount.  Again,  since  Be&sel's  experiments  were  all  made  in  air, 
no  data  ai«  aUbided  whereby  to  cfioinate  the  poitioo  of  the  obeemd  retnlt  irhieh  waa  doe  to 
friction  at  the  point  of  support,  imperfeet  daattdty  of  tlie  «ir^  or  gradual  dissipation  of  via 
viva  by  communication  of  motioo  to  the  eupporting  frame.  Moreover  in  the  case  of  the  long 
pendulum  the  observations*  were  made  with  rather  too  large  arcs,  for  the  law  of  the  decrease  of 
the  arc  of  vibration  deviated  sensibly  from  that  of  a  geometric  progression.  In  Daily's 
experiments,  onlj  the  initial  and  final  arcs  arc  r^stered,  and  not  even  those  in  the  case  of  the 
**  additional  experimenta."  Henoe  these  experiBcnts  do  not  enable  us  to  make  oiit  whether  it 
would  be  saScientlf  exact  to  suppose  the  decrease  to  take  place  in  geometric  ^vgression. 
Moreover,  the  final  are  waa  generally  so  small,  that  a  small  error  committed  in  the  measure- 
ment of  it  would  cause  a  very  senuble  error  in  the  rate  of  decrease  concluded  from  the 
experiment.  For  these  reasons  it  would  be  unreasonable  to  expect  a  near  accordance  between 
the  ibnnulse  and  the  results  of  the  experiments  of  BeascI  and  Bailj.  Still,  the  formnlse  might 
he  oipeeted  to  give  a  result  in  defect,  and  yet  not  so  much  in  defbet  ae  not  to  form  a  huge 
portion  of  the  result  given  by  observation.  On  this  account  it  will  not  be  altogether  usdese  to 
compare  theory  and  oheervation  with  refimaee  to  the  decrement  of  the  arc  of  vibration.  ' 

73.  Let  us  first  consider  rin,-  of  a  sphere  suspended  by  a  fine  wire.  Let  the  notation 
bo  the  sanu-  as  was  used  in  investigating  the  expression  for  the  effect  of  the  air  <>t<  the  time  of 
vibration,  except  that  the  factors  k',  k\  come  in  place  of  k,  k^.  Considering  utiiy  that  part  of 
the  renatance  whidb  aficta  the  arc  of  ribration,  we  have  far  the  portiona  doe  reflectively  to 
the  aphcie  and  to  the  dement  of  the  wire  whoee  length  is  de,  and  distance  from  the  axis  of 

and  if  we  take  the  moment  of  the  resiataiice»  and  divide  by  twice  the  moment  of  inertia,  the 

coefBdent  of      in  the  resolt,  .taken  negativciy,  and  multiplied  by     wiO  be  the  index  of  « in 

the  expresaion  for  the  arc.  Hence  if  oa  be  the  initial  arc  of  vibration,  and  oi  the  arc  at  the 
end  of  the  time  t 

M'  {I  -t-  ay  being  as  before  taken  for  the  moment  of  inertia  of  the  sphere,  which  will  be 
,  abMMhntiy  neeunte  enough.  If  dian  we  put  I  for  the  Napierian  kgariibm  of  the  ratfo  of  the 
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srr  nt  the  beginning  to  the  arc  at  the  end  of  an  osciUatioDi  we  must  put  <  a  r  ID  068)» 
wbeoce,  neglectiog  the  effect  of  the  wire,  we  obtaia 

If  now  A  ^  be  the  correction  tu  be  applied  to  k'  in  this  formula  on  account  of  the  wire, 
MDce  k\  ki  are  combined  together  In  wpradon  for  the  are  jnat  Jb,  la  tlie  expraaikn 
fut  the  tini«»  we  get 

 (170) 

and  the  app^o^iInate  formulae  (lid)  give 

AA^«-  — AJk,  (171) 


whenoe  the  ntmierical  Taloe  of  A  V  ia  etsOj  deduced  ham  that  of  vhidi  tias  been  dreadj 
caloiUted.   We  get  abm  from  (58) 

 (17«) 

«bence  If  may  be  readily  deduced  from  k,  vbicb  baa  been  already  calculated. 

Before  romparing  these  formulas  with  Bessel's  ex|>erimenls,  it  will  be  proper  to 
enquire  how  i'ar  the  latter  are  satisfied  hj  supposing  the  arcs  of  oscillation  to  decrease  in 
geometric  progrreanon.  In  Beead'a  tablet  die  arc  tt  r^^aterad  in  tbe  oolomn  beaded  ^ 
Tbia  letter  denotea  tbe  number  of  Frencb  Unee  read  off  on  a  soala  placed  bddnd  tbe  wire, 
and  a  little  above  the  sphere,  and  is  reckoned  from  tbe  position  of  instantaneous  rest  of  the 
wire  on  one  side  of  the  vertical  to  tho  oonpespondinc:  position  on  the  other  si<!o  The  distance 
of  the  scale  froui  the  axis  of  suspension  being  given,  as  well  as  the  correction  to  be  applied 
to  M  on  account  of  parallax,  the  arc  of  oedllatlon  may  be  leadily  deduced.  However,  for 
our  ptcicat  purpote^  any  quantity  to  which  the  arc  ia  proportloiial  will  do  aa  well  as  the 
are  itself,  and  ft,  though  strictly  proportional  to  the  tangent  of  the  arc,  may  be  veiprded  as 
proportional  to  the  arc  itself,  inaamuch  aa  the  initial  arc  usually  amounted  to  only  about  50' 
on  each  side  of  the  vertical. 

Now  we  may  form  a  very  good  judgment  as  to  the  degree  of  accuracy  of  the  geometric 
formula  by  comparing  the  are  obeerred  in  the  middle  of  an  experiment  with  the  geometric 
mean  of  the  initial  and  final  area.  I  have  treated  ia  tMa  way  Bemd'a  experiments,  Nos.  1, 
S,  4f  and  5.  Each  of  these  is  in  fact  a  group  of  six  experiments,  four  with  the  long  pendulum 
and  two  with  the  short,  so  that  the  whole  consists  of  20  experiments  with  the  long  pendulum, 
and  10  with  the  !<hort.  In  the  case  uf  the  long  pendulum,  the  observed  value  of  ^  regularlv 
fell  short  of  the  calculated  value,  and  that  by  a  tolerably  constant  quantity.  Tbe  mean  differ* 
enoe  amounted  to  OJBU  line,  and  the  mean  error  m  this  quantity  to  O.I09>  Tbia  mean  etior 
waa  not  due  entirely  to  enmrB  of  observation,  or  TaviatioiM  in  the  state  of  the  air,  frc.,  but 
partly  also  to  slight  varialhioa  in  tbe  initial  arc,  larger  differences  usually  accompanying  larger 
initial  arcs.  The  initial  arc  usually  corresponded  to  is  ■  or  40  lines,  and  the  final  to  ^a  •  IS 
Vol.  IX.  Fabt  II.  S6 
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or  16  lioea.  In  the  case  of  the  short  pendulum,  the  diiierences  in  8  cases  out  of  10  had  the 
nme  ligD  ai  bsfittft  The  ommi  ^Bmmea  «a>  OuOU,  nd  tfae  mem  cnw  fUM.  Tht  m*  of 
oaciUttuiD  were  neailj  the  aame  as  before;  but  huumtidi  as  the  ads  of  suspeaaion  was  aeaier 

to  the  scale  than  In-rore,  the  initial  value  of  ft  was  only  about  IS  or  13  lirus,  and  the  final 
value  al>()iit  7  lines.  When  tlie  results  of  some  of  the  experiments  were  laid  down  on  paper,  bv 
abscissa-  taken  prof)ortional  to  the  times  and  ordinates  to  the  logarithms  of  fi.  it  was  found  that 
in  the  case  of  the  long  pendulum  the  line  so  drawn  was  decidedly  curved,  the  concavity  being 
tuned  toward  the  tide  of  the  poaitiTe  ordinatee.  The  curratura  of  the  line  belongiiig  to 
the  short  pendulum  oo«ild  hardly  be  made  oat,  or  at  least  sepanted  from  the  efihets  of 
errors  of  obMrratioo.  The  experiments  9«  io>  n>  haWng  been  treated  numerically  hi  the 
same  way  as  the  experiments  1- — led  to  inucli  the  same  result.  In  the  l6  experiments  with 
the  ivory  sphere  and  short  jHruIulum  contained  in  the  experiments  Nos.  12,  15,  14,  and  15, 
the  excess  of  the  calculated  over  the  observed  value  of  fi  was  more  apparent,  the  mean 
exeem  amounting  to  aiS9>  The  leaion  of  tUs  pvohdrfy  was,  that  the  obeerTatidns  with  the 
ivorj  sphere  were  laade  throu^  a  somewhat  wider  range  of  are  than  thoee  with  the  bran 
sphere. 

It  appears  then  that  at  least  in  the  case  of  the  long  pendulum  a  correction  is  necessary,  in 
order  to  cleiir  tlie  (jbserved  decrease  in  the  arc  of  oscillation  from  the  efl'crt  of  that  pflrt  of  the 
resistance  which  increases  with  the  arc  more  rapidly  than  if  it  varied  as  the  first  power  of  the 
velocity,  and  so  to  reduce  the  observed'  rate  of  decrease  lo  what  would  have  been  observed  in 
the  ease  of  indeilnitetj  email  oedllatinas. 

75.    In  Coulomb's  experiments  it  appeared  that  the  reaiatanoe  was  composed  of  two  terms» 

one  involving  the  first  power,  and  the  other  the  square  of  the  velocity.  If  we  suppose  the 
same  law  to  hold  good  in  the  pn^scnt  caw,  and  denote  the  amplitude  of  oecUIation  at  the  end 
of  the  time  t,  measured  as  an  augle,  by  a,  we  shall  obtain 

—  ^-Ja-B^\  (I7«) 

where  A  and  B  are  certain  constants.  We  must  now  endeavour  to  obtain  J  from  the  results 
of  observation.  Since  the  substitution  for  a  of  a  quantity  proportional  to  a  will  only  change 
the  constant  B  in  (173),  and  the  numerical  value  of  this  constant  is  not  required  for  com- 
parison with  theory,  we  may  substitute  for  a  the  number  of  lines  read  off  on  the  scale  as 
entered  in  BesseVs  tables  in  the  columns  headed  ^ 

I  have  employed  four  dlfTerent  methods  to  obtain  A  from  the  observed  tesults.  Tlie 
one  I  am  about  to  give  is  the  shorteat  of  the  four*  and  is  MiflBciently  accurate  for  die 
piu^iose. 

The  equation  (173)  give*  aflter  dividing  by  a 
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Now,  as  hat,  been  already  observed,  the  arcs  of  vibration  deCTMM  MMTly  in  gecmetric  pnK 
gression.    If  this  law  were  strictly  true,  we  should  have 

«-ao(^)K  (175) 

where  a»  denotes  the  initial  and  og  the  final  arc,  and  T  denotes  the  whole  time  of  obser- 
nation.  Wa  nay*  w{tb«at  committing  any  materjal  error,  wtbatitute  thit  valiie  of  a  in 
tbe  last  term  of  (174).    The  magnitude  of  the  error  w«  thus  commit  n  not  to  be  judged 

of  merely  by  the  smollness  of  B.  The  approximate  expression  (IT.O)  is  rather  to  be 
regarded  as  a  wcll-cliosen  formula  of  interpolation,  and  in  fact  T"' log,  (oo  a»"')  differs 
very  sensibly  from  J.  Making  now  this  substitution  in  (174'),  integrating,  and  after  inte- 
gration restoring  a  in  the  last  term  by  means  of  (175),  we  get 

laga--J/-,  — +C,  (176) 

log  a, -logo, 

C  being  an  arbitrary  constant.  To  determine  the  three  constants  J,  B,  C,  let  a,  be  the 
arc  olwervcd  at  the  middle  of  tlio  fxperiment,  npply  the  last  c(|iiatinn  to  the  arcs  an,  a,,  «j, 
and  take  the  first  and  setwnd  differences  of  each  member  uf  the  e<|uation.  Let  A|  denote 
the  sum  of  the  two  first  difPerenoes,  so  that  &J  is  the  same  thing  as  T.  Then  we  may 
lake  for  the  two  equations  to  determine  A  and  B 

A.log,.--^A.<-  ^  3^^  ;  ^«iog,,.-__-. 

Elimioatiag  and  passing  from  Napierian  to  oomoiOD  logarithms^  which  will  he  denoted 
by  Log.,  we  get 

-  X  Loga„  f      A'  Log  a„ .  A.  ao\ 

Log«.Ai<  \     A,Loga..A««,|'     *        '    '  ^^^^ 

If  we  suppose  the  part  of  -      which  doea  not  vary  as  the  lirst  power  of  «  to  he 

tf^'(ja)  instead  of  Ba\  we  shall  get  in  the  same  way 


-^A,Loga„|  A-  Logo,.  A|0(a„)l 
Log*.  A,/  1  "A,Log«,.A»0(cgJ 


76.    I  have  not  attempted  to  deduea  evidence  for  or  against  the  truth  of  equation  (I7<) 

from  Bessers  experiments.  The  approximate  formula  (175)  so  nearly  satisfied  the  obser- 
vntions,  that  almost  any  reasonable  formula  of  interpolation  wliicli  introduced  one  new 
disposable  constant  would  represent  the  experiments  within  the  limits  of  errors  of  ob^r- 
virtM».  It  may  be  observed,  that  the  fKtnr  ootaida  the  brackets  in  equations  (177)  and 
(178)  is  the  first  approximate  value  jl  got  by  using  only  the  inftial  and  fimd  arcs, 
and  supposing  the  ares  to  decrease  in  geometric  progression.  In  the  case  of  the  long 
pendulum,  the  value  of  A,  corrected  in  accordance  with  the  formula  (178),  would  be  very 
sensibly  different  according  as  we  supposed  ^(a>  to  be  equal  to  Bo,  in  which  case  (178) 

36—2 
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would  reduce  itself  to  (177)»  or  ei^ual  to  Bo^.  In  tbe  cue  of  the  long  pendulum  with 
dw  bnss  sphere,  the  cometad  vdvt  of  A,  dateecd  ftodi  tile  finmnle  (177)«  was  equal  te 
«bool  OiTT  of  die  flnt  approxinste  value. 

I  have  not  considered  it  necessary  to  go  through  all  Bessers  experiments,  m  It  was 
not  to  be  expected  that  the  fornmla  should  account  for  the  whole  observed  decrement.  I 
have  only  taken  four  experiments  for  each  kind  of  pendulum,  namely,  I.  a,  h,  e,  and  / 
for  the  long  pendulum  with  the  bnus  sphere;  I.  c  and  d  and  II.  c  nad  d  for  the  short 
peddalttm  irflh  the  braas  apheie;  XII.  a,  6,  c,  and  d  for  die  long  pendulum  widi  the  ivory 
apliere,  and  XII.  al*,  h\  e\  and  (f  Ibr  the  ehort  peodnlun  with  the  vnaj  qphetc  The 
ibnnuU  (177)  gave  the  following  reeultt.  First  caae,  Log e. t -  .0000759;  mean  error 
-  .OOOOOSO.  Second  case,  Log e.TJ-.00<vi504  ;  mean  error  -.0000075.  Third  case,  Logc.il 
"  .000631  ;  mean  error  =  .(X)O0V6.  Fourth  case,  Log«.  A  ».0001<>7;  mean  error  =  .000074. 
Now  X^tA,  and  therefore,  to  get  the  values  of  1  deduced  from  experiment,  it  will  be 
tuScient  to  divide  the  numWra  above  given  by  the  modului  of  the  eomnoo  ajatem  of 
kgaiitbma.  The  theorelicBl  value  of  I  wiU  he  got  from  (IQ}),  if  we  add  to  k'  the 
eorreedoB  AA^  d«|Mndiog  upon  die  wIk.  The  followiqg  are  the  fOMilti: 


longyktasss.  ihHtpLtasss.  loaci^lwyi.  slNitp.lmys. 

1000000  1  for  sphere  alone  in  an  unlimited 

mass  of  fluid,  by  theory  .«.      07  50  9&i  888 

additionat  for  wire   S7  9  114  « 

94  «9  41S  S6l 

lOOOOOO  I  bj  ezpeiiment  ..................     175  llS  14S9  384 


It  appears  then  that  the  calculated  rate  of  decrease  of  the  arc  amounts  on  the  avt^rage 
to  about  half  the  rate  deduoed  ham  oheervation.  Thu  b  about  what  we  might  have 
expested,  comidering  the  varioui  dimimetaneee,  all  tending  materially  to  augment  die  rata 
of  deofcaae,  wbJdi  were  not  taken  into  aocoont  in  the  ealenlation. 


77-  Of  Baily's  pendulums  I  have  compared  the  following;  with  theory  in  r^ard  to  the 
decrement  of  the  arc  of  vibration.  No.  1  (the  ij^ioch  platina  sphere),  experiments  1  to  8 ; 
No.  S  (the  braw  l^inch  sphere),  experiments  9  to  iS;  Noi.  6  (the  £4neh  hram  ipbere),  cxperi- 
mente  8S  to  40  $  No.  tl  (the  0.410  inch  long  eopper  eyIindricBl  rod),  ezperimente  109  to  lis  { 
and  No.  S5 — S8  (the  I^^-inch  long  brass  tube),  experiments  167  to  174.  I  have  not  thought  it 
worth  while  to  compute  the  results  obtained  with  the  other  l|-inch  and  2-inch  spheres,  inas- 
much us  they  were  of  the  same  size  as  the  bra^s  spheres,  and  moreover  the  observation  of  the 
decrement  of  the  arc  was  not  the  object  Baily  had  in  view  in  making  the  experioieuta.  The 
a.indi  epheiCk  and  all  the  other  cylindfieal  rode  and  eomfaimtions  of  eyUndrioal  rode  and 
apfaeree,  belong  lo  the  **  ndditioMl  esporimente"  for  which  the  arcs  are  not  given. 

The  node  of  per&rndng  the  calculation  will  best  be  explained  by  an  example.  Take,  for 
instance,  the  pair  of  experiments  Nos.  1  and  i.'.  In  No.  1  the  total  interval  was  4.2^  hours,  the 
initial  arc  was  0^.77,  the  final  arc  0°.S9,  the  mean  height  of  the  barometer  SO.%4  inches,  and  the 
temperature  about  Si^F.    The  difference  of  the  common  logarithms  of  the  initial  and  final 
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arcs  is  0  494,  and  this  divided  hy  the  total  interval  gives  0.1005  for  the  difTerence  of  logarithms 
for  one  boui .  The  s«H-ond  experiment,  treated  in  a  similar  way,  gives  O  OS52,  which  expresses 
the  etfcct  of  friction  at  the  point  of  support,  communication  of  motion  to  the  support  itself. 
&c>  Uigtther  with  the  rautanee  ol  liiglilj  laidbd  mr  at  a  pranure  of  only  (M)7  tndi  of  mer* 
oiiy.  Sfnw  w«  btre  TCaaon  to  beKere  that  /  is  independMit  of  tha  dennty,  we  may  get  the 
eftct  of  air  at  a  pressure  of  S0.S4  -  O.97  or  S9.S7  inches  of  mercury  by  eubtracting  O.OMS  Aon 
0.1005,  which  gives  o  v^f^53,  Reducing  to  29  inches  of  mercury  for  convenieDce  of  comparison, 
we  get  0.0649.  Each  pair  of  experiments  is  to  be  treated  in  the  same  way.  Since  the  tempe- 
rature was  nearly  the  same  in  the  experiments  made  with  the  same  pendulum,  we  may  suppose 
it  floHtaBt,  aad  equal  to  A«  hmmi  of  tb«  tempefataies  in  the  exiietiiMata  maiie  oader  the 
full  ataaoq^eiie  pwa>MW»  The  eapetiiaeiite  leduced  conriet  of  four  pair  ftw  eaeh  pendiduoi, 
except  No.  81,  for  which  only  two  pair  were  performed.  The  following  are  the  results.  For 
the.  l^incb  platina  sphere  O.OGW,  mean  error  0.0044.  For  t!ie  l^-inch  brass  sphere  0.180, 
mean  error  O.0S4.  For  the  8-inch  braAn  sphere  O.O^i,  mean  error  0.01S.  For  the  cupper  rod 
mean  error  o.llS.  Fur  the  brass  tube  the  results  were  0.145,  0.363,  0.338,  0.305. 
Rqecting  the  fint  venlt  aa  anomaloue,  and  taking  the  mean  of  the  othen,  we  get  nenn 
error  (MkML  To  obtein  I  Ikoni  the  owaa  rewUa  abovn  given  we  have  only  to  divide  by  Moo 
timet  tbe  modnlue*  aad  multiply  by  r*  and  ftr  the  enperimente  with  qdmn  we  may  auppoee 
rml. 

The  mode  of  calculating  1  from  theory  iu  the  case  of  a  sphere  suspended  by  a  tine  wire 
haa  already  been  explained.  For  the  sake  of  exhibiting  separately  the  effea  of  tbe  wire^  I  will 
give  one  intermediate  etep  in  tbe  calculation. 

I.44iaahipba«.        l^iMh  ipksrt.  Mlintkspbitt. 

k',  for  sphere  alone...   0.386  0.320  0.220 

Ak'y  the  correction  for  the  wire...    0.1M  0.M5 

Total,  to  be  enbititnted  in  (I6i9)..    MB6  9A80  (Ut6$ 

The  fonnula  (168),  whidi  applies  to  a  aphetn  Mspended  by  n  wire,  will  be  applicable  to  a 

long  cylindrical  rod  if  we  suppose  M'^o.    lience  the  tame  ibrmula  (169)  that  has  bet  n  used 

for  a  sph<^re  may  be  applied  to  a  rvHndrical  rod  if  we  suppose  h'  to  refrr  to  the  rod.  Fur  the 
copper  rod  k'^  1.107,  and  for  the  tube  «t'«  0.2561.  The  following  are  the  results  for  the  three 
ephcree  and  two  cylinders. 
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It  appeani  that  the  experiments  with  spheret  are  aatitfied  almoat  exactly.  The  dilTmncee 
between  the  reenlte  of  tfaoory  and  obiervatbn  are  nueh  leiger  In  the  eaee  of  the  kag  cflinders. 
Large  as  these  diiferences  appear,  they  are  hardly  beyond  the  limits  of  errors  of  observation, 

though  they  would  probably  be  far  beyond  the  limits  of  errors  of  observation  in  a  set  of 
experiments  performed  on  purpose  to  iovestigate  the  decrement  of  the  arc  (A.  vibration.  It 
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was  to  be  expected  beforehand  that  the  results  of  calculation  would  fall  short  of  those  of 
obtervation,  ioasmuch  m  only  two  «ro  were  tegietcnd  in  cidi  experioient,  ao  that  no  data 
were  M»M.  for  eliminating  the  dfiwt  of  that  pert  of  tiie  miitanee  vlueh  did  not  vaiy  m  tiie 
fitst  poirer  of  the  vdocitj. 

7R.  I  hnve  now  tinibhed  the  comparison  Iv  f'rf  cn  theory  and  experiment,  but  before  con- 
cliiding  this  Section  I  will  make  a  few  gcncrai  n  iriarkti. 

When  a  new  theory  is  etarted,  it  is  proper  to  enquire  how  Ihr  the  theorj  docs  Tiolenoe  to 
the  notions  picviouely  entertained  on  tiie  iubject.  Tlie  preaent  theory  can  hardly  he  called 
new,  because  the  partial  differential  equationa  of  motion  were  given  nearly  thirty  years  ago  by 
Navier,  and  have  since  been  obtained,  on  different  principles,  by  other  mathematicians  ;  but 
the  application  of  the  theory  to  actual  experiment,  except  io  some  doubtful  cases  relating  to 
the  discbarge  of  liquids  through  capillary  tubes,  and  the  determination  uf  the  numerical  value 
of  the  constant  /aS  are,  I  betiere,  altogether  new.  Let  its  then,  hi  tkff  first  inatance,  examine 
the  magnitude  at  the  tangential  pt«e»ui«  irfiicli  we  are  oU^ed  by  theory  to  auppoae  eapaUe 
of  existing  in  air  or  water. 

For  the  sake  of  clear  ideas,  conceive  a  mass  of  air  or  water  to  be  moving  in  horizontal 
layers,  in  such  a  manner  that  each  layer  moves  uniformly  in  a  given  horizontal  direction, 
while  the  velocity  increases,  ni  gumg  upwardt,  at  the  rate  of  one  inch  per  second  for  each  inch 
of  aaoent.  Then  the  hiding  in  the  direction  of  a  Iiorixootd  plane  is  equal  to  uni^,  and  thete* 
fore  the  tangential  preaenre  refhired  to  n  unit  of  eittftce  b  equal  to  m  or  fi'fh  The  abeolaie 
magnititde  of  this  unit  diding  evidently  depenb  only  on  the  arbitrary  unit  of  time,  which  is 
here  supposed  io  be  «  second.  In  the  ca*e  supposed,  it  will  be  en^ilv  seen  that  tli«^  pHrtides 
situated  at  one  instant  in  a  vertical  line  are  situated  at  the  expiration  of  one  second  in 
a  straight  line  inclined  at  ao  angle  of  4ft*  to  the  horizon.  Equating  the  tangentia]  pressure 
ft  ft  to  the  noraul  preasore  due  to  a  hd^t  A  of  the  fluid,  wc  get  A  ■  g~  V'*  g  ^"^g  ^  force 
of  gravity.  Putting  now  gm8S6t  #i'-(O.u0)*  for  air,  tt'm(fiMS6l,Y  for  water,  w«  get 
h  B  0.000034^86  inch  for  air,  and  A  -=  O.0OOOOS?tl  inch  for  water,  or  about  the  one  thirty-thou- 
sandth part  of  an  inch  for  air,  and  less  than  the  one  hundred-thousandth  part  of  an  inch  for 
water.  If  we  enquire  what  must  be  the  side  of  a  square  in  order  that  the  total  tangential 
preasure  on  n  horiiontal  snrfaoe  eqval  to  that  aqnore  nuiy  amonnl  Io  one  grain,  supposing  the 
denaity  of  air  to  fae  to  that  of  water  as  i  to  886*  and  the  weight  cf  a  euhie  inch  of  water  to  lie 
25S.6  grains,  we  get  2.1  feet  8  inches  for  air,  and  1  foot  10  inches  for  water.  It  is  plain  that 
the  effect  of  such  small  forces  may  well  be  insignificant  in  moat  caaes. 

79.  In  a  former  paper  T  investigated  tlie  efFoct  of  internal  friction  on  the  propagation  of 
sound,  taking  the  simple  case  uf  an  indefinite  succession  of  plane  waves*.  It  appeared  that 
the  effect  cooaisted  partly  in  a  gradual  subetdenoe  of  the  motioD,  and  partly  in  a  dfanbation  of 
the  vdoctty  of  propagation,  both  effeets  being  greater  for  short  waves  than  for  long.  The 
second  effbet,  aa  I  there  remarlced,  would  be  contrary  to  the  veault  of  an  experiment  of 
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M.  Biot's,  unless  we  supposed  the  term  expressing  this  effect  to  be  so  small  that  it 
migbt  be  disr^rded.  I  am  now  prepared  to  ealenlale  iSbt  nnmerical  Talue  of  Ae  tem  m 
qucation,  and  to  decide  whetlier  the  theorj  ie  or  ia  not  at  variance  irith  the  reeult  of  M.  Biot^a 
experiment 

Aecording  to  the  expression  given  in  the  papct  jtnt  mentioned,  we  have  £ar  the  propor- 
tionate  dinintttion  in  Ae  ▼eloeiQr  of  propagation 

X  being  the  length  of  a  wave,  and  V  the  velocity  of  sound.  To  take  a  case  as  disadvantageous 
as  possible,  suppose  X  only  equal  to  one  inch,  wbkb  would  correspond  to  a  nute  too  shrill  to 
he  aa£hle  to  hnmaa  care.  Taking  the  vdod^  of  sound  in  anr  at  1000  feet  per  second,  there 
resulta  for  the  oommoo  kgaildini  of  the  expranion  above  written  11.0408,  w  that  a  wave  would 
have  to  travel  near  lOOOOOOOOOOO  inehM^  or  abonfc  IS78000  inilea»  before  the  vetaidation  due 
to  friction  amounted  to  one  fioot.  It  ia  pUn  tibat  the  introduction  of  internal  friction  leaves 
the  theory  of  sound  just  as  it  was,  so  far  as  the  velodty  of  propegadon  ia  ooaoemed,  at  least 
if  the  sound  be  propagated  in  free  air. 

Tfie  eflhet  of  iHetioo  on  the  inteori^  of  Mnind  depends  on  the  Brat  power  of  f!.  In  the 
ease  of  an  indefinite  succeasioa  of  plane  waves,  it  appears  that  during  the  time  i  the  amplitude 
of  vibration  is  diminished  in  the  ratio  of  1  to  m~**,  and  therefbre  the  btenntj  in  the  ratio  of 
1  to  e"*",  where 

Putting  X  •  1  and  ^  a  i  we  get  1  to  0-4^3,  or  2  to  1  nearly,  fur  the  ratio  in  which  the  intensity 
is  altered  during  one  ssoond  in  the  case  of  a  satfas  of  wnvea  an  indi  long.  The  rate  of  dimi* 
nution  decreases  very  rapidly  a»  the  leagth  of  wave  Inereasea,  w  that  in  the  case  of  n  serica  of 
waves  one  foot  long  the  intensity  is  altered  in  one  second  in  the  ratio  of  1  to  0^5095,  or  201 
to  SOO  nearly.  It  appears  then  that  in  all  ordinary  ca<«?s  the  diminution  of  intensity  due  tn 
friction  may  be  neglected  in  comparison  with  the  diminution  due  to  divergence.  If  we  had 
any  accurate  mode  of  measuring  the  intensity  of  sound  it  might  perhaps  be  ju&t  possible,  in 
the  case  of  shrill  sounds,  to  detect  the  effect  of  intnnal  frictioo  in  causing  a  more  rapid  dimi. 
nution  of  intensity  than  would  correqiond  to  the  incrcMe  of  distance  from  the  centre  of  diver* 
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80.  I  am  well  aware  that  the  mere  proposal  of  experimenU  does  not  geoerally  form  a 
■iibjeet  fit  to  be  braughl  bdbN  tbe  notioe  of  *  tekiitiBe  ncietj.  NefcrAelcMt  m  it  frequently 
Iwppna  m  the  diviiion  of  Idboiir  that  one  penon  attends  moie  to  the  theoKtieal,  another  to 
the  experinaental  {ovatigatioii  of  some  branch  of  science,  it  is  not  always  uaeleu  for  the  tbeo- 

riKt  to  point  out  the  nature  oF  the  information  which  it  would  be  most  important  to  obtsin 
from  experiment.  I  hope,  therefore,  that  I  may  be  permitted  to  offer  a  few  bints  with  refer- 
ence to  experiments  in  which  the  theory  of  the  internal  frietioD  of  fluids  ia  conMmed. 
I  ihall  omit  aU  dctalh^  rinoe  they  woold  properly  come  in  connexioB  with  tbe  experi« 
mentik 

Experiments  with  which  the  theory  of  internal  friction  in  fluids  has  more  or  less  to  do  may 
ho  performed  for  either  of  the  following  objects:  6r»t,  to  test  still  further  the  truth  of  the 
theory  ;  secondly,  to  determine  the  index  of  friction  of  various  gases^  liquids,  or  solutions ;  to 
investigate  the  dcpeodaDce  of  the  index  of  friction  of  a  g*>  on  its  elate  of  presaure,  tempera- 
tiiTe»  Mid  moiituvet  or  to  endeavonr  to  make  out  tlie  lav  according  to  wUcb  the  index  cf  litie- 
tion  of  a  miattti*  of  gaan  depend*  upon  the  indices  of  friction  of  the  aqiarale  faem;  thirdly, 
to  measure  the  leogtb  of  the  eeeonds*  pmdttlum,  or  its  variatioo  from  one  part  of  Ae  eardi's 
surface  to  another. 

81.  Firtt  object.  The  ttoory  has  been  alreadj  pot  to  a  pretty  severe  teal  1^  means  «f  the 
eaperiments  of  BaBy  and  others.  Nererthdem  there  are  some  unoertdnties  in  tiie  comparison  cf 

theory  and  experiment  arising  from  the  influence  of  modifying  canies  of  whidi  the  effect  could 
only  be  estimated  from  theory,  and  yet  was  not  so  small  as  to  be  merged  in  errors  of  obser- 
vation. Moreover,  experiments  on  the  derremont  of  the  arc  of  vibration  are  olmost  wholly 
wanting.  The  following  system  of  pendulums,  meant  tu  be  swung  in  air  and  in  vacuum,  would 
aflbrd  a  very  good  test  of  the  theory. 

No.  1.   A  S-inch  or  l^-tneh  qihere  ewung  with  a  ibe  wire. 

NOi  8.    A  very  small  Hphere  swung  with  the  same  kind  of  wire. 

No.  S.    A  long  cylindrical  rod,  a  few  tenths  of  an  inch  in  diameter. 

No.  4.  A  cylinder  only  three  or  four  inches  long,  of  the  aame  diameter  as  No.  3,  swung 
with  the  same  kind  of  wire  as  No.  1. 

The  vaeuiim  lube  ought  to  be  of  soflident  sine  to  render  the  eetimalcd  oonfctfoii  tar  eoB« 
flnad  apace  lew  thaot  or  al  most  comparable  wiA,  errors  of  obserration.    The  vaeuum 
ratus  used  by  Col.  Sabine  would  do  very  well.   If  the  Taeuum  tube  be  not  of  anflldcnt 
aiaci  it  ought  to  adout  of  removal,  and  to  be  removed  when  the  penduluma  are  awang  in 
air. 

In  all  the  experiments  the  arc  of  oscillation  ought  to  be  carefully  observed  several  times 
during  the  motion,  the  observation  of  the  arc  being  quite  as  important  tat  the  purposes  of 
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theory  as  the  observation  of  the  time.  Indeed,  if  it  should  be  incomxnifMit  to  observe  the 
time,  the  obaerratiao  nordy  of  tbe  «ie  vonld  be  wty  valiuble  as  a  test  of  theory.  la  tbal 
cite  an  apipraxiBiate  value  of  tbe  tine  of  oidUatioo  in  air  would  be  requjred. 

In  tbe  system  proposed,  Noe.  1  and  S  are  the  priQcl|Md  pendulums.  No*.  S  and  *  are  intro> 
duccd  for  the  sake  of  making  certain  small  corrections  to  the  results  of  Nos.  1  and  3.  No.  2 
is  meant  for  the  elimination  from  No.  1  of  the  efFett  of  the  wire,  and  No.  4  for  the  elimination 
ftoax  No.  3  of  the  effect  of  the  resistance  experienced  by  a  small  portion  of  the  rod  near  its 
cod.  The  timea  of  vilmtioD  of  tlie  ftMir  pcndulumi  ought  to  be  nearij  tiie  tame,  aldiough 
far  tliat  pnrpoie  alifhtty  dilKerent  lengths  of  wire  would  be  lequirsd  in  Noe.  1,    and  4. 

It  follows  from  theory  that  for  a  given  pendulum  the  factor  n  is  a  function  of  the  time  of 
vibration.  This  is  a  result  whicli  socms  to  have  been  hardly  so  much  as  suspected  by  those 
who  were  engaged  in  pendulum  experiments,  or  at  most  to  have  been  mentioned  as  a  mere 
possibility*,  and  therefore  it  might  be  thought  advisable  to  verify  it  by  direct  experiment. 
For  wj  own  pert  I  regard  it  as  so  intimately  oomcelBd  with  the  fundamental  principles  of  the 
ttwory,  that  if  the  theory  be  eonfirmed  in  other  rsspects  I  tbink  tins  retult  nmy  be  aeeepted  on 
the  strength  of  theory  alone.  The  direct  comparison  with  experimsnt  would  be  inconvenient, 
because  it  would  require  a  clock  which  kept  exrellent  time,  and  yet  admitted  of  being  adjusted 
so  as  to  make  widely  different  numbers  of  vibrati  ii  s  in<n  day.  The  result  could,  however,  be 
contirmed  lodirectiy  by  observing  ihc  arc  of  vibration,  an  observation  which  is  as  easy  with  one 
time  of  vibration  aa  with 


82.  Second  object.  Aceordtng  to  tlieory,  the  index  of  friction  may  be  deduced 
experiments  cither  on  the  arc  or  on  the  time  of  vibration.  It  must  be  left  to  f>b^rrvntinr>  tr> 
decide  which  give  the  more  consistent  results.  Should  the  results  obtained  from  ii)e  arc  appear 
as  trustworthy  as  tho6e  obtained  from  the  time,  it  would  apparently  be  much  the  easiest  way  of 
determining  ft  fytm  dastie  fluid  to  observe  ibe  are,  beenuie  no  particular  aeeumcy  would  then 
be  required  in  the  observation  of  dm&  As  to  the  form  of  the  pendulnm,  a  cylindried  rod 
would  appamtly  be  the  bcRt  if  only  a  single  pendulum  were  employed.  The  observation  of 
the  arc  seems  the  only  practicable  way  of  determining  the  influence  of  temperature  on  the  index 
of  friction,  unless  the  pendulum  be  extremely  light,  or  unless  the  observer  be  content  with  the 
limited  range  of  temperature  wbidi  may  be  procured  by  making  obiervaUons  at  differeat  times 
of  year.  For  in  an  apparatus  artifichdly  heated  or  cooled,  it  would  be  diilleult  to  prevent 
small  unknown  vanations  of  temperature,  which  would  cause  variations  in  the  rale  of  vibra- 
tioo,  in  consequence  of  the  expansion  and  contraction  of  the  pendulum;  and  the  v  vnations 
would  vitiate  the  result  of  the  experiment,  so  Cat  as  the  time  of  vibration  is  concerned,  because 
the  effect  of  the  gas  on  the  time  of  vibration  is  deduced  from  the  small  difference  between  two 
large  quantities  which  are  dirsetly  observed.  But  the  sileet  of  the  ff»  on  die  are  of  vibration 
produces  by  fir  tbe  greater  part  of  the  whole  diminution  observed,  and  therefore  small  fluo- 
tuations  of  temperature  would  not  be  of  mudh  consequence,  except  so  fiw  as  tbcy  m%ht 


*  T:  'hould  be  obicrred  bowefer  ttuit  In  •  lubicqucikt 
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oeoaion  gentle  currents;  and  ev«n  t1i«ii  would  not  be  very  important,  beoKtue  tbe  forces 
thence  nUtlng  would  nol  be  periodict  md  dependent  upon  the  {diaae  of  vibntian  of  tbe 
pendulum.  , 

The  grand  difliculty  which  he^ett  the  observation  of  the  time  of  vibration  of  a  pendulum 

oscillating?;  in  a  liquid  consists  in  the  rapidity  with  which  the  oscillations  subside.  The  hest 
form  of  a  pendulum  to  oscillate  in  a  liquid  would  be  a  sphere  suspended  by  a  fine  wire.  The 
ruuA  eonteining  the  liquid  and  th»  sphere  imincfied  in  it  ought  to  he  io  Imge  as  to  icDdcr 
the  correction  for  coollned  space  insensible.  But  the  index  of  finetion  of  a  liquid  would  pro- 
bably be  better  determined  by  experiments  more  of  the  nature  of  those  of  Coulomb,  or  perli^ 
by  the  slow  discharge  of  licjuiilN  through  narrow  tubes. 

Among  the  gases  for  which  yu'  ought  to  be  determined  experimentally  should  be 
mentioned  coal-gas,  on  account  of  the  practical  application  which  it  appears  possible  to  make 
of  the  result  to  the  laying  down  of  gas-pipe«.  The  esleuUtion  of  the  resistence  io  a  circular 
pipe  M  very  simple^  and  is  given  in  Art.  9  at  mj  former  peper.  According  to  the  equatioDs 
of  condition  assumed  in  tbe  present  paper  we  must  put  U  ^0,  ff  denoting  in  that  article  the 
velocity  close  to  the  surface.  It  appears  that  the  ])rcs<;urc  spent  in  overcoming  friction  varies 
as  the  mean  velocity  divide.!  by  the  square  of  the  diameter  of  tht^pipe,  or  as  the  rate  of  supply 
divided  by  the  fourth  power  of  the  d]n^)eter.  This  goes  on  the  supposition  that  the  motion  i» 
sufficiently  slow  to  allow  of  oar  neglecting  the  pressure  which  may  be  spent  in  producing 
eddies,  in  oompaiisoo  with  that  spent  in  overcoming  what  leoHy  constitutea  interne]  IHetion. 

83.  Third  object.  With  respect  to  exy)erimcnts  for  determining  the  length  of  the 
seconds*  pendulum,  the  theory  of  internal  friction  rather  enables  us  to  calculate  for  certain 
forms  of  pendulum  the  correction  due  to  the  inertia  of  the  air  than  points  out  any  particular 
node  of  perfenniiig  tlie  experiments.  Even  the  ordinary  theory  of  hydrodynamics  points  out 
the  importance  of  removing  all  obstadee  to  tiie  free  motion  of  the  air  in  the  ndgbbouihood 
of  the  pendulum  if  we  would  caleolate  fkom  tiieorj  the  whole  concetion  fbr  reduction  Io  a 
vacuum. 

Since  the  theoretical  solution  has  been  obtained  in  the  case  of  a  long  cylindrical  rod,  or  of 
such  a  rod  combined  with  a  sphere,  we  may  regard  a  pendulum  formed  in  this  manner,  and 
which  is  convertible  in  sir,  as  also  eonvertible  in  vacuum,  for  it  is  of  small  oonsequenoe 
whedier  the  pendolum  be  or  be  not  reeUy  oonvertible  in  vacuum,  provided  that  if  it  be  not  wa 
know  the  cowoctiott  to  be  applied  in  consequence^ 
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« 

Let  us  apply  the  general  equations  (S),  (3)  to  the  fluid  surruumiing  a  solid  of  revolution 
which  turoB  about  its  axis,  with  cither  a  uniform  or  a  Tarioble  motion,  supposing  the  fluid  to 
h«?e  been  initullj  eitber  at  rest,  or  movliig  In  annuli  aboat  the  axii  of  ajmmetty. 

In  the  %nk  place  we  may  obeerre^  that  the  fluid  will  alwaya  move  in  annuU  about  tiie  axis 

of  symmetry.  For  let  P  be  any  poitat  of  space,  and  L  any  line  passing  through  P,  and 
lying  in  a  plaiie  drawn  through  P  and  through  the  axis  of  symmetry  ;  and  at  the  ond  of  the 
time  t  let  «'  be  the  velocity  at  P  resolved  along  L.  Now  consider  a  second  case  of  motion, 
differing  from  the  first  in  having  the  angular  vfloci^  of  the  eolid  and  the  initial  velocity  of 
the  fluid  levened,  every  tUag  dee  bong  the  aame  as  before.  It  foOowa  Arom  aymmetryt  that 
at  the  end  of  the  time  t  the  velocity  at  P  resolved  along  L  will  be  equal  to  ehice  the 
motion  of  the  solid  and  the  initial  motion  of  the  fluid,  which  form  the  data  of  the  one  problem, 
differ  from  the  corrcspondinf,'  quantities  in  the  other  problem  only  as  regards  the*  distinction 
between  one  way  round  and  the  other  way  round,  which  has  nu  relation  to  the  distinction 
between  to  and  fro  in  the  direction  of  a  line  lying  in  a  plane  passing  through  the  axia  of 
Ntatioii.  But  since  all  onr  equatione  are  linear  aa  regards  the  vekxity,  it  follows  that  in  the 
second  problem  the  velocity  will  be  the  same  as  in  the  first,  with  a  contrary  MgA)  and  therefore 
the  velocity  :it  P  in  the  direction  of  t!ie  line  L  will  be  equal  to  -  «'.  Hence  «'  ■  —  and 
therefore  »'  >  0,  and  therefore  the  whole  motion  takes  place  in  aaouii  about  the  axis  of 
rf^tioo. 

Let  the  axis  of  rotation  be  taken  for  the  axis  of  let  «  be  the  an^e  which  a  plane 
paadqg  through  this  axis  and  through  the  point  P  naket  with  the  plane  of  «y,  and  let  v'  lie 
the  velocity  at  P,  Then 

« .  - M,  «>«'eoeB#( 

and  all  the  unknown  quantities  of  the  problem  are  functions  of  z,  and  Wt  where 
V  —  (a>*  +  y*).  Substituting  in  equations  (2)  the  above  values  of  if,  and  tr,  and  aftCT 
diSereotiatioo  putting  w  «  0^  as  we  are  at  Uber^  to  do*  we  get 

dp     ^  dp 

d'v'     ffU-'       1    dr'      fi' \  dv' 


id  V      d'v       X    dr       V  \  do 


The  first  two  of  these  equations  give  |7  «  a  constant,  nr  rather  p  s  a  function  of  which  for 
the  seme  reeson  as  in  Art.  7  wn  have  a  right  to  suppose  to  be  equal  to  aero.  The  third 
equatiott  combined  with  the  equations  of  oonditioii  serves  to  determine  V. 

Now  in  the  particular  esse  of  an  oscillating  disk,  the  equation  (179)  becomes  according  to 
the  mode  of  afproximatioo  adopted  in  Art  8 

<Po'  dv' 

37— « 
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vbidi  in  fact  it  the  mow  w  iIm  Moond  of  the  cqoatioDS  (8).  The  iolatioD  thus 
we  bave  mbd 

•'-»/(*,#).  

/deaoting  a  function  the  form  of  wfaioh  there  is  no  need  to  write  down,  which  88ti$6es  (MO) 
when  written  for  v.  Now  it  will  be  seen  at  once  that  tlie  expression  (1 81)  satisfies  the  exact 
equation  (179),  and  therefore  the  approximate  solution  obtained  by  the  method  of  Art.  8  is  in 
fact  exact,  except  so  far  as  regards  the  terminatioo  of  the  disk  at  its  edge,  which  is  what  it  was 
required  to  provCb 

Peedng  fram  eeniKpolar  to  polar  oo-ardinetest  hy  putting  iv»rcoe6^  v«rein^  we  get 
from  (179)i  after  writing  m'p  ft'» 

Sappoee*  now  tiie  lolid  to  be  a  ipbere^  bavhig  ita  eeotie  at  the  oi^^.  Let  a  be  tte 
rediat,  u  its  angular  velocity,  and  suppose  the  fluid  initially  at  net.  Then  ie  to  be  deter* 
mined  firom  the  general  equation  (183)  and  the  equationa  of  condition 

«'a  0  when  tmO,      e'  •  aa  sin 0  when  r « l^     e'« O  when  rm  m  . 
All  tbeee  eqnatioM  are  eatbHed  hj  enppodng 

being  a  funetUMi  «f  rand  <  only.    We  get  fion  (I8t) 

d'o*     9M*     »^     I  49*' 
If  we  rappoae  «  eomtant,  i^  will  tend  indeBaitdy  to  beoone  eonatent  at  t  increases  inde- 

dv 

finitely,  and  in  the  limit  0,  whence  we  get  from  (18S)  and  the  equatiuas  uf  conditiun 

as  when  r^a,  ©"-O  when  r  -  oo , 

This  h  the  solution  aHndnd  to  in  Alt.  8  of  my  paper  On  tk§  ThtoriM  tjf  the  JnttnuU 
Friction  of  Fkuida  m  motion^  4^. 


NoTS  B,  ArtUU  65. 


T.et  lis  resume  the  problem  of  Art.  7,  but  instead  of  the  motion  of  the  plane  being 
periodic,  let  us  suppose  that  the  plane  and  fluid  are  initially  at  rest,  and  that  the  plane  is 
then  moved  with  a  eonstant  velocity  F,  and  let  <be  notation  be  the  sane  as  in  Art.  7. 
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The  general  equatiom  (8)  nnudtt  the  HUne  A»  before)  but  the  equatioaa  of  ooadition 
become  ia  this  oaae 

« a 0  when  < * 0  htm  »mO  to  »m  m, 

VmV  when  #  -  0  from  tm  O  to  tm  90. 

Bj  Fourier*!  thflOKm  and  anotliR  tbcoKm  of  tb«  tame  kiiid»  «  tnaj  be  expanded  between 
tlifl  limita  0  and  «  of  «  in  the  fitUowiiif  finm : 

V  »  -  f   f  CMa»  eoBai>'^i«'$t)dw'da  +  -  I    I    maa  aa  am  ^{»\t)dM'd4».  .  (184) 


In  fact,  V  eoold  be  expanded  by  meant  of  either  of  these  expceedone  eepoifiately,  and  of  tamwe 
cm  be  ev|)aaded  in  an  infinite  number  of  ways  by  the  sum  or  the  two.    If  howifier  o  had  been 

expanded  by  means  of  tho  first  expression  alone,  iu  derivatives  «'it^  respect  to  ,r  could  not 
have  hcen  obtaiind  bv  diiFerentiating  under  the  integral  signs,  iuasmuch  as  the  derivatives  of 
an  odd  order  do  not  vanish  when  ^  —  0,  but  would  have  been  given  by  certain  formulee  which  I 
iMve  tttTeetiftted  in  *  former  paper.*  A  «milar  remark  applies  to  the  lecand  ezponeion,  in 
eomeqnenoe  of  the  cireumetanoe  that  v  itedf  and  its  derivatives  of  an  even  order  do  not  vanish 
with  X.  But  by  combining  the  two  expansions  we  may  obtain  the  derivativcit  of  «,  up  to  any 
order  /  that  we  please  to  fix  on,  by  merely  diflerentiating  under  the  iiitepral  signs.  For  we 
may  evidently  express  the  finite  function  »,  and  tliat  in  an  infinite  number  of  ways,  as  the  sum 
of  two  finite  functions  ^(-v,  ^('7,/)  which  like  e  vanish  when  «  »  oo  ,  and  which  are 
sueh  that  the  odd  derivatives  of  the  first*  and  the  even  derivatives  of  tlie  second,  up  to  the 
order  as  wdl  as  ^  («,«)  itsdf»  vanish  when  •  - 0.  Sobititating  nov  in  die  second  eqnop 
tion  (8)  the  expression  to*  «  given  by  (iB*)*  «e  see  tliat  the  equation  is  satisfied  provided 

1^  +  /o«^  -  0,     ^  +  /o'V.  -  a 

These  equations  give 

(P  {X\  t)  =  X  ^  '  ^  (*'.  0  =  <X  {X) 

where  <r  denote  two  new  arbitrary  functions.  Substituting  in  (184),  and  then  passing  to  the 
first  of  the  equations  of  condition,  we  get 

wlMOOe  a  («)  -  -  X  ip') 

o--y  J    cos  a  (4f +  «')«"'*''*'' x(*')d«' do 

___^y  c       X  (*)<**'  

The  second  of  the  equations  of  eondition  requires  that 
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Sinee  the  weond  Member  of  tlib  cquatkm  miut  be  indqMndent  of  I,  we  get  x(*^)  "* 
«  conrtantt  end  tbii  oonitaDt  mnik  be  equel  to  V,  Am 


Sttbedtutiiig  in  (185)  we  get 

V    /■»  .  , 

V  m  -J=f.  j     «       4fi  l    d«  (186) 

V  »|i  I  •'o 

For  the  object  of  the  preient  faiTcit%atk»  notUog  is  required  bal  the  valiie  of  —  for  «  -  0, 

ax 

which  we  nay  denote  by        .    We  get  fcoa  (196) 


(187) 


Now  au|iipoee  the  plsne  to  be  moved  in  en  j  manner,  to  that  iti  vekxity  at  the  end  of  the 
time  t  b  equal  to  /(i).  W«  nay  evidently  obtain  the  reralt  for  this  cam  by  writing 
f{tf)dt  tat  r,  end # - /  fbri  in  (1«7)*  end  mtcgreting  with  teepeet  to We thu» get 

To  Kpj^y  this  result  to  the  case  of  an  oteiUatiag  disk,  let  r  —  •  rF{t)  be  the  velocity  of 
any  anaulut,  and  Q  the  moment  of  the  whole  feree  of  the  fluid  on  the  disk.  Then 

and  wiU  be  got  ftom  (188)  by  substituting  rF{t)  for  f(t).    We  6od  thus 

G--V^M'.pa«  jr'^(#-.#,)^^  (189) 

If  we  euppoee  the  angular  velocity  of  the  disk  to  be  expressed  hy  A  sio  nty  where  A  is 
constant,  we  must  put  F{t)  =  A  sin  nt  \n  (lfi9).  and  we  should  then  get  after  integration  the 
same  expression  for  G  at>  was  obtained  in  Art.  8  by  a  much  simpler  process.  Suppose, 
however,  that  previously  to  the  epoch  from  which  #  is  measured  the  disk  was  at  rest,  and 
that  the  sttbeeqnent  angular  vdodtj  b  cxpreHed  by  A^m^ ntt  wiiere  ia  a  sbwly  varyii^ 
function  of/.  Then 

«  0  when  *  < 0,  Fifj  *  At  nnnf  when  I >0. 

On  subatitutsng  fai  (189)  we  get 

C?  -  -  y/tri ,  i>«*n  /        cos  n  (<  -  «,)  .    .    .  (190) 


OF  FLUIDS  ON  THE  MffSlOV  OF  PEKDULUHS.  [103J 

Now  treating  J,  as  a  slowly  varying  parameter,  we  get  from  •  IbrmuU  given  by  Mr  Ailj,  ood 
obtained  by  tbe  method  of  the  variation  of  paramutera, 

—  --nmnit,  (191) 

where  /  denotes  the  moment  of  inertia.  In  the  expression  for  G  we  may  replace  At^,^  under 
the  integral  sign  by  At  outside  it,  because  At  is  supposed  to  vary  so  slowly  that  -i^i./,  does  not 
much  differ  from  At  while  ti  is  small  enough  to  render  the  iotegral  of  importance.  Making 
thii  iiiniililintioin  nod  nibttitutinf  in  (191 )  we  get 

dAi  r'  dU 

-  -  oain n«  jT  oo»»(t   (W) 

where  c  »  ^/{irii) . pa^nl~\  If  then  J«  be  the  initial  and  A  the  final  value  of  Au  we  get 
fram  (19s) 

*        ^-J"^]  J"n«<y  cosn(«- <i) -^jd<  (19s) 

Let  now  be  what  A^,  would  beoooke  H,  wfaOo  the  final  are  A  and  lihe  whole  tinie 

f  remained  the  ume^  the  motion  had  been  going  on  fbr  an  indefinite  time  before  the  epoch 
from  which  f  is  measured,  in  which  case  the  superior  limit  in  the  integral  iuvolTed  in  tbe 
expreaaion  for  G  would  have  been  to  in  place  of  t.  Then 

y^^!^l^,ef^'[nnntf'coBn(i.t,)^^dt,   .    .  (194) 

whence  by  subtracting,  member  from  member,  equation  (19s)  from  equation  (194),  we  get 

log  -  c  /J  [m..  .  .^"coen  «  -  ij      j  dt. 

which  becomes  after  intq^tion  by  part* 

,     Ao+^Ao      c   I    /w  r==  dt 

log  «  —   t  .Gcant  -  COS  Znt  j  coant—r- 

jfg         4ft  \     Sn  w* 

+  (fint- amint)  J  sinwi— j.     .  (I9«) 

Now  t  ia  mppoeed  to  be  very  laign:  in  OoubmVi  eqMrinMnte  in  ttttt  10  oecflhtfani 
obaerved,  ea  diat  nt  -  lOw.   But  when  I  ie  nt  ail  huge  die  two  bMegnde 


J/-«  dt  ,  dt 

f  cosni  — 7-,  /  8iDn<— 7- 
1  V*        •'1  V  • 


can  be  «X|Mr«Med  under  the  fbrme 

-^einnt^Qcotnf,       P  cMHt-t- Qnani, 

where 
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series  which  arc  at  firsl  rapidly  convergent,  and  which  enable  us  to  calculate  the  numerical 
values  of  the  integrals  with  extreme  ftdHty.  Theae  eiipKuioiis  wen  finC  ^ven  bj  M. 
Cattcli7»  in  the  case  of  Fmaert  intcgralt,  to  wbkh  tbe  integrals  just  wrltteB  an  eqiuTsleot 
They  my  vtadily  be  obtained  by  intcgimtion  by  parts,  though  it  is  not  thus  that  they  weie 
demonstrated  by  M.  Cauchy.  If  now  the  above  expressions  bo  substituted  for  tbe  integrals 
•n  no;.)  the  terms  containing  destroy  each  other,  ami  for  general  values  of  /  the  most  im- 
portant term  after  the  first  contains  /"  Since  however  t  is  supposed  to  correspond  to  the 
end  of  an  oscillation,  so  that  nihm  mnltiple  of  ir>  the  eoeildcnt  of  this  term  v«nMbea»  and  the 
most  importMit  term  that  actually  remahu  eontaina  only  r>.  Hence  nqg^ng  insennUe 
quantitieB  ««  get  from  {195) 

,Og^^^,-lv/-  

^      A„         *n  ^  in  .       *  » 

We  get  fmn  (19*)  by  performing  the  int^tions 

Ii^-^LIj^  ■c'v/— /'«inn/(co8«<  + sinn/)d^  * 

Jl  fin 

m  —\/  —  iint  +  i  -  cos«n/  -  tininti, 
which  becomee  rinoe  »f  is  a  multiple  of  w 

We  get  fmn  (196)  and  (197) 

S»<log  —  -log  ^     -log  ~  +log~, 

whence 

log  ^"^-j^^  -  (int .  1)-'  tog  ^  (198) 

and  tlie  same  relation  exists  between  the  connnon  logarithms  of  the  arcs,  which  are  propor- 
tional to  the  Napierian  lugarithuu.  Now  Lug  —  Log  A  is  the  quantity  iojiuediately  deduced 
from  expeiimenti  and  Log  (A^  +  ^AJ  -  Log  ^  is  tbe  correction  to  be  applied,  in  oonaequence 
of  the  eirconistanee  that  the  motion  began  from  rest.    Instead  of  applying  pn^rtionate 

eorrection  +  (2n<  —  l)''  to  the  difference  of  the  logarithms,  we  may  apply  it  to  the  deduced 
value  of  -^n',  which  is  proportional  to  tbe  difference  of  tbe  logarithms.  In  Coulomb's 
experiments  10  oscillations  were  observed,  and  therefore  2nt  •»  20 jt,  and  (int  -  1)"'  "  O.OlfllT, 
and  tbe  uncorrected  value  of  ^y!  being  0.0555,  we  get  O.OOO9  for  the  correction,  giving 
y/n*  -  AAS64. 
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Son  C.    ArUeU  50l 
The  netults  mentioned  in  this  article  were  originaliy  given  without  deauMUtrjUioD ;  but 


the  modt  in  wMeh  they  weie  obtdud  i§  diort,  and  hj  no  mMM  obvjoa%  I  b«ve  tbougbt 
it  adviidile  to  add  tbe  demoMtratiow. 

In  ordar  tbai  tiie  rightJiand  membm  of  oqnatioiw  (ISt)  my  ba  peifaet  diArantiali,  wa 
miMt  have 

m9,,    .    .  (a) 

.    .  (h) 
•  Ol  .   .  .  (e) 


dtit" 

dJ 

dm 

d3 

dw" 

4m 

-0, 

"dir 

d^ 

dw" 

di 

aw 

d^ 

dw 

d«~ 

~da' 

ds 

lit 

dw" 

J  "* 

ao> 

dm"* 

d«' 

dm" 

dx 

dm 

♦XT 

dy 

Tlia  aquations  (a)  give 


dm" 


d 


—  0. 


dy  d« 

In  tba  pardcakr  caae  in  wbicb  3  -  O,  tbe  equatioot  (a),  (b),  and  (d)  give 

and  tbenibre  m\  m  \  and     are  aonalant  aa  slatad  in  Ait  <0.   In  tba  genand  «aia  tba  aqua- 


tion* (a),  ((),  and  (d)  give  fbr  dw  difticotials  of  » ,  w",  and      the  IbUowing  espmriona 


.  .       d3        di  .  N 


dj 


dfdi  —  -  ~  d»  +  3-  d«. 


d« 


dy 


.__d.  +  _d,. 
In  ordar  tbat  Ae  rigbt>hand  membait  of  dieae  aqtutioiiis  nay  be  peiftct  di 


wa 


-0. 


d'j 

dyd» 
dy'^  d^~ 


-0, 


and  therefore 

Vol.  IX.  Past  II. 


d*j 


da-  ^  d«^  "  °' 
d«5 


d/edy 

d'S  d»S 


5?-<^  dr«'*»  ^"^^ 


d*! 


<d) 
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The  equAtiooft  (/),  {g)  give 

10  that  — ,        and  ^  an  camtani.     Siihrtitntt^g  in  («)  and  Uilq(radm»  and  then 

aul>stitat>qg  in  (138)  the  icmltiag  cKpreidoBs  for  m\  m',  and  m"^,  and  intcgnliiig  ^galiit  w« 
iball  obtain  the  resulti  gi?ea  in  Art  so. 

G.  G.  STOKES. 
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XI.  On  som-e  points  qf  the  Integral  Calculus.  By  Augustus  De  Morgan,  qf 
Triniti/  College,  Secretary  of  the  Royal  Astrorumieal  Sode^t  and  FT<^e890T  <^ 
Mathemaiics  in  UniversUy  College,  London. 


CBead  Feb.  24^  1851.J 

Tim  Pmper  contains  some  ioTtstigations  on  singular  toltttiBiMy  tin  iatcgntioD  oi  diflbrentinl 
equation<;  hv  elimination,  Ae  i|aeftioii  of  the  geiMnl  Mum.  cf  nlntbn,  and  the  genenl 
test  of  iategrability. 

SsonoN  f  . 

On  A»  tbtgttlar  aokitkn  of  a  digDtremiial  tguoHtn  tf  tkt /irtt  ordtr. 

Turn  eqoatioD  ^  (m,  y*  0)  «  0  bc!aiig«»  in  a  pinna,  to  n  Ihmily  of  onrvai*  dm  hidivUinIa 
of  which  are  distinguiihed  by  thair  YaliMK  of  c  And  •  and  ff  maU  ba?a  real  nluca;  but 
these  of  e  nay  be  imaginary. 

Let  c  «  o  +  i  -y/-  1,  and  let  ^  (.if  +  9  .^/-  1 )  =  ^  +  ^  y/-  1 .  whore  A  and  B  are  two 
functions  of  «,  y,  a,  and  6.  When  0  <=  0,  wc  have  A  ^0,  B  ^0;  which  signify  a  number 
of  isolated  points  determined  by  the  interaectioaa  of  the  cunrei,  iL  ■  0,  J9  *  Ou  In  certain 
caaea  only  doea  it  happen  tha^  fat  one  value  «f  and  one  «f  h,  both  ^  »0  and  if  a  0  can 
he  aatnfied  by  any  point  on  a  eertam  curve.  One  of  dieae  caMi»  at  cuam,  and  the  moit 
important  oeciva  when  A  ■  0. 

It  is  impossible  that  A  and  B  thottld  have  a  comm  11  factor*  containiaig  •  antyt  or  h  only: 
for  then  ^  («,  y,  a  +  &  v^-  1)  0  would  exist  under  a  relation  between  »  and  y  and  one  of 
the  two,  a  or  6,  independently  of  the  other.  Neither  can  A  and  B  have  a  common  factor 
containing  both  a  and  6  in  a  real  form,  as  two  distinct  constants.  For  if  Jf  be  the  most 
oonpleta  conuBMO  fcetor,  and  if  ^  -  JT (P-i- ^ly^- 1),  lo  thatJ*«  Oand  QmO  ana  not 
— by  any  but  determinate  Talnea  of  m  and  f,  tin  only  dUereniiBl  lalalion  betwoan 
jft  y",  under  irinch  (f>  always  vanishes,  is  the  second  difTercntiiil  equation  deduced  from 
Bf^O.  But  this  is  contrary  to  what  we  know  of  ^(«»yfe)«0;  which  ia  latiafied  by  an 
iofinite  number  of  relations  between  x,  y,  y,  and  y". 


•  Hf  A  and  B  having  A/ for  a  common  fitclor.  in  the  widcui 
tieant,  it  should  be  mc*nt  that  neither  A~M  nor  U M 
b«comM  inftnite  wttca  M  vaaisbes.  M'hrn  it  i>  not  so,  J 
gencraUy  call  ,  in  Mx{/l-^K)f  t  Jictitiom  factoi;  sod  1 
fladltaisW«»hat«bmusfSiD«s|MttM  diffiBwe»«f  thm 


cases.  This  (iefiniflon  of  the  word  factor  is  more  rxteDsive 
than  that  of  common  algebra  :  and  w  is  that  of  tlie  word  homo- 
ffrnfo'u  when  «re  dtHtie  wi  homogeneous  funciiiM  of  the  nth 

degree  m  that  wUch  hM  tin  form  jT^  . 

38— « 
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It  IB  possible  that  either  A  or  B  may  contain  a  factor  which  is  a  function  of  a  or  6,  or 
boA,  and  not  cf  m  nor  of  y.  By  making  J  at  B,  vUcheTer  it  mnj  be,  ranidi  hj  tbb  ftcCor, 
and      otbcc  by  « tnUtion  hetwieMi     y*  n^  and  6,  «n  obtain  from  the  two  cquatianB  a  real 

fiunily  of  curves,  satiil^inK  ^  mO.  And  B  always  has  some  poidtiTe  power  of  h  for  a  factor, 
which  gives  the  most  common  case  of  this  kind.  Moreover,  it  is  pos«:ili!e  for  an  isolated  ima- 
ginary value  of  c  to  give  a  curve  :  as  in  ai^+  (c*  +  c)  y  -  c  (c^  +  c  +  1  j  which  gives  continuous 
curves  for  values  of  e  detennined  by  c*  +  c  +  1  -  o,  and  lor  no  «tber  imaginary  valne*. 

If  ever  it  bappen  that  a  coothraoiM  eeriet  of  imaginBry  Talttee  of  e  make  ^  yi  «)  •  0 
die  oqiMlioa  of  n  eontiniiout  lefiee  of  cwrTes,  it  is  a  lign  that  this  equation  ean  be  thmnrn 
into  the  form  («,  y,  wc)  »  0,  where  the  imaginary  values  of  c  give  real  values  to  we. 
For  it  is  certain  that  the  equation  of  a  real  fiunily  of  eunrc*  can  always  be  tlirawn  into  the 
form  ^  (*,  y.  A)  =  o,  in  wlilch  k  is  real. 

Since  ^  y,  c)  —  o  gives  values  of  c,  real  or  imaginary,  for  every  value  of  m  and  jr,  it 
ftllowe  that  every  point  in  die  plane  of  «|f  b  cilber  a  point  bi  a  continuous  curve  of  eolotion, 
or  an  isolated  point,  or  both :  and  it  may  be  either  or  both  of  these  in  several  different  ways. 
As  the  point  changes  place,  a  critical  pair  of  values  of  x  and  y  may  arise,  at  which  the  cir- 
cumstances alter :  an  infinitely  small  change  may  hring  us,  for  instance,  from  a  point  in  six 
ways  isolated  and  ten  ways  connected,  to  one  in  four  ways  iwluted  and  twelve  ways  connected. 
Let «  «  «  4  y^A»  and,  ^  meaning  ^  (.2;,  y,  a),  and  <p„  tp„,  kc,  ita  diUcNnliil  eoefidenta  with 
veapect  to  a,  let  Taylor*!  theorem  i^iply.    We  have  then 

^  (•«  r»  «  +  V*)  -  ♦  +  ^«  5  +  —  +  V^^'i'pM  ♦  +  •••)• 

If  h  be  very  small  and  negative,  the  conditions  Tinder  which  the  equation  can  be  satisfied  are 
^  B  0,  <l>„  —  0,  nearly.    Accordingly,  if  a  hv  eliminated  betwctu  <^     0,  i^,  -  0,  we  have  the 
equation  of  the  curve  at  wiiidi  the  diaoges  of  cbaraeter  take  place,  whenever  they  happen 
by  6  pnning  through  aero^  under  irduee  to  wbicb  Taylor*e  theorem  wffl  apply  as  far  ne 
indusiTe. 

For  example,  let  the  given  equation  he  y  ~  fr  ~f'r(.v-  c)  ■=  0,  in  which  the  second 
equation  must  be  /"  c .  (a?  -  c)  >  0.  All  the  straight  lines  in  this  family  are  tangents  to 
y  e  fx,  and  we  know  that  passage  of  a  point  over  a  curve  generally  makea  the  nnniber  of 
tangent*  which  can  be  drawn  through  the  pant  greater  or  km  by  an  even  number.  But 
fe^O  BMy  indicate  a  point  of  contraiy  ilezure:  and  a  little  eonaideration  will  shew  that 
passage  over  any  part  of  the  tangent  at  a  point  of  contrary  itexure  alters  the  number  of 
tangents  which  can  be  drawn  through  a  point. 

When  the  modern  analysis  first  impressed  mathematicians  with  a  sense  of  its  power,  it 
would  eeem  aa  if  they  a«»pted  it  as  fit  to  give  result*  of  the  mme  extent  ai  thoae  of 
geometry.  Perhape  fbey  fprgot  that  geometry  makes  its  apparent  univenality  of  eoodusioa 
valid  by  preliminary  restrictions.  Euclid  excludes  one  singular  case  of  angular  magnitude, 
the  angle  of  a  straight  line  and  its  continuation,  altogether  :  and  the  extreme  case  of  inter- 
section of  two  lines  is  excluded  by  referring  it  to  a  separate  name,  paralh  liam.  Hence  it  is 
that  two  sides  of  a  triangle  are  always  together  greater  than  the  tliird  ;  and  that  two  inter- 
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secttDg  straight  lines  always  m&ke  different  angles  on  the  same  side  with  a  third.  Analysis, 
without  any  such  saving  of  extremes,  launched  itself  into  competition  with  the  guarded 
generalitiea  of  getmettji  ct  which  wc  fed  the  dTesta  to  ttii*  day.  We  do  tX  length  adnil 
the  iMOMirily  of  a  special  inqiiiry  into  the  cases  of  every  fbrmola  which  arise  out  of  eraiw 
escenoe  or  infinitude:  but  we  do  not  yet  know  the  full  interpretation  of  the  maxim  that 
what  i''  true  up  to  the  limit  is  true  at  the  limit ;  nor  do  we  know  whether  this  maxim  is,  in 
any  aeose,  universally  true.  Aoiong  the  cases  which  offer  difliculty,  the  following  may  be 
noted.  Wlieii  tliere  'aie  pheDomeiM,  if  luch  a  term  may  be  applied  to  mathematieal  reaults, 
which  ate  goienilfy  rimaltaneoiu,  hut  which  present  oocasiooal  peculiarities,  it  has  heeo 
usually  acted  upon,  if  not  expressly  affirmed,  that  the  criteria  are  either  conclusive  as  to  all, 
or  inconclusive  as  to  all.  That  is,  that  if  P  and  Q  \k  two  tests,  of  which  Q  is  deducihle 
from  P,  each  denoting  usually  the  eo-existence  of  the  phenomena  A,  B,  C,  the  exceptional 
cases  are  all  supposed  to  be  equally  excepted  from  both  tests.  But  it  may  happen,  that 
wlule  P  oontuiues,  in  the  extreme  and  exceptional  cise,  to  point  out  the  prasenoe  or  abeenee  of 
At  without  deciding  on  B  and  <7,  Q  may  deddc  on  H  or  C  without  reference  to  J. 

When  a  family  of  curvet,  Jf,  e)  b  0,  is  completely  drawn,  we  may  separate  from  among 
the  infinite  number  of  curves  which  arc  equally  related  to  all,  the  three  following.  First,  a 
curve  of  separation,  over  which  when  a  point  passes,  the  number  of  individuals  of  the  family 
which  pass  through  the  |xtint  undergoes  an  alteration.  Secondly,  a  curve  of  contact^  every  point 
af  which  is  tondied  hj  one  or  mora  individnab  of  Ae  finnily.  Thirdly,  a  curve  of  tewliswee, 
at  every  point  of  which  an  Individual  of  the  ftmily  stops  and  reesdes,  without  intersection. 
Theee  three  u^unlly  go  together:  as  in  the  case  of  a  family  of  equal  circles  with  thrir  centres 
apon  one  straight  line,  to  all  of  which  n  certain  pair  of  parallel  lines  is  a  curve  of  separation, 
contact,  and  resilience.  But  a  curve  may  have  one  of  the  above  names  without  the  other  two, 
or  two  without  the  third.  Thus  the  circles  which  touch  an  involute  Iiave  contact  without 
retilienoe,  and  the  involute  may  or  may  not  be  a  curve  separation.  And  a  locus  of  eu^ 
m^  he  a  curve  of  resilience  without  cootact,  and  may  or  may  not  he  a  curve  of  separation.  It 
is  slao  possible  that  one  individual  of  the  family  itself  may  be  a  curve  of  either  kind  to  the  rest. 

The  singular  solution  of  a  differential  equation  has  been  usiinlly  defined  as  the  solution 
which  is  not  any  case  of  the  general  solutioo.  la  this  paper  I  propose  to  apply  the  term  to 
any  solution  whatsoever,  be  it  eontdned  in  the  genersl  primithre  or  not,  which  results  from  any 
process  that  cannot  introduce  an  arintrary  oonstent :  reaervug  the  phrase  eafrotceene  tetuUon 
to  eigoify  any  selotion  which  is  not  a  case  of  the  general  primitive.  It  has  hmg  been  known 
that  cases  of  the  complete  primitive,  when  detected  by  the  teits  for  extraneous  solutions,  fulfil 
all  the  conditions  of  the  latter,  in  a  great  many  cases,  with  the  single  exception  of  the  one  from 
which  the  name  is  derived.  It  is  also  well  knowu  that  none  uf  the  urdianry  modes  of  detecting 
extraneous  solutions  are  suSdent  to  separate  them  from  the  oikmr  singular  solutions. 

Let  the  equation  of  the  family  of  curves  he  ^('»3fi  e)  «  0,  or  e  •  4^(9',  y) ;  and  let  ^«  lie 
the  portial*  diiferential  ooeffident  of  $  with  respect  to  ir,  fcc. 


•  I  never  uM  Uie  lymbol  y,  except  where  »  ii  ezplidtlr  ^  \  ,  »/  » 
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The  differential  equation  is  y  —  — 4>y,  say  y'  •»  \  y).  2Niot  coDfiniug  ourselves  to  the 
•nppgAion  that  •  it  «oiuttiiC»  ve  have  4«  «f  %dy,  wlwiica 

Now  if  either  of  the  two»  4?,  and  <t>^  be  made  infinite  hy  a  relatioD  between  and  y,  <^ 
r«flMriiijiv/nK^  it  c«a  onlj  be  in  OMof  thm  ways:  (1),  *,  -  oo  ,  4>,  -  oo  ;  (2),  -  oo  only, 
and  «  -  oooat ;  «  eo  only,  and  y  ■  ooDil.    For  if     •  • ,      jr  -i-  ^tf y  caanok  ba 

an  ordioarj  diffHWtial,  except  either     ■  oo  ,  or  <lx  «  0.    On  any  other  aofqiodlian,  ^|^  vwiU 

have  ft  permanently  infinite  differential  coefficient,  which  n  finite  function  cannot  have. 

Accordingly,  except  bv  =  o,  giving  the  ordinary  i)rirrjitive,  y'  —  1^  <«  0  is  solved  only  as 
follows.    Either  a,  <X>,  =  »;  or<I>y=03,y««  coust.,  wliich  gives  ^  "     y'  "  » 

^«  «  00 ,  #  «  ooaatt  *bich  gives    -  oo  ,  x  " 

That  ia,  evtry  nnde  of  aatiafyif^  citbar  of  tba  Iblloiiing  ajfittna, 

.  00  ,  <|)^  «  00  ;  4>,  -  00  ,  and  not  ^^^t  9  —  const. ;  (t>y  -  oo  and  not       y  ■»  oamat. 
is  a  singular  solution  :  and  by  this  mode  all  the  singular  solutions  are  obtninfd. 

And  since  i\>,  ms  —      :  <^,,      =  —  0,  :  0,.,  these  last  fractions  may  be  substituted  in  the  tests. 

Any  two  solutions  which  have  a  point*  in  common  have  a  contact  of  at  least  the  first  order 
at  that  point,  since  y  is  x{is,y)  for  botb.  But  it  often  bappens  in  analysis  that  a  neult  vblob 
la  d  ftimi  evident  from  tiie  oonditaoaa  of  tbe  qneatko,  cannot  lie  univemlly  Tcrififed,  bj  veeaon 
of  tba  difioobj  of  tba  eztreme  oeaee.    If  wamakee  a  luneUan  of  m  and    no  doubt 

^(*»y»c)-0  givea 

If  then  we  would  bave  curves  contained  under  y'  —  ^  «  o,  but  not  under  e  ■  oonit.,  we  nmet 
look  fiir  tbett  by  detennining  e  fom  :  m  Ol  But  if,  wbieb  may  b^peo  for  augbt  we  om 
aee  to  tbe  oontcary,  tbe  same  value  of  e  wbidb  ia  thus  obtdnedt  aubetiiutod  in  ^(««y»  «)*€!, 
laada  to  a  relation  between  x  and  y  under  whidi  4fo:d.v  and  do:dy  are  inlbite,  we  can  no 

longer  be  sure  that  y'  —  ^     0  is  satisfied. 

'  The  following  geometrical  interpretation  will  add  to  our  power  over  the  meaning  of  the 
singular  tolation.  Let  #,  y,  c,  be  the  three  eo-ordinatee  tS  a  |Mint  in  a  eurfao^  of  which  Ae 
equation  ia  ^ (»*y,e)  > 0,  or  e    0(*,y).    Let  the  pbme  of  «y  be  hoiiaontd.  Then,  e  being 

constant,  c  >  ^  is,  in  the  liori/oiital  plane,  the  eqoatioa  of  tbe  projection  of  a  horizontal  section 
of  the  .surface.  The  projecting  cylinders  of  these  sections  may  l^e  called  verticni.  Of  other 
vertical  cylinders  we  liave  espocially  to  consider  tlic  one  we  may  call  the  imiffent  cylinder, 
which  has  the  same  tangent  plane  with  the  surface  at  every  point  of  concourse.  Its  equa- 
tion give*  -  09, 4^,  -  eo«  ezoept  when  it  ia  a  plane  parallel  to  m»  or  yz,  in  wbidi  oeeea 
iti  equation  givee     «  eo  >  y  >  eonat.  and  4.  >  co ,  «  «  oonat. 


*  U  i*  hm  uodcfstood  th>t  if  x('iy)  bt  «S  maliiplc  ralue,  we  (peak  of  <m«  of  the  Talnc*. 
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The  base-curve  of  the  tangent  cylinder  i8  the  singular  solutioD  of  y'  «  j^,  to  which  all  the 
projectioDt  of  the  boricontal  aections  are  ordinary  solutions.  When  the  tangent  cylinder  meets 
Ifce  wrfaee  in  an  obliqia*  twnt,  to  wkj  point  of  which  ■  dirtbct  horiaootol  netioii  of  coune 
1Nlo■gl^  An  tho  dagvlor  cnrre  is  touched  hy  a  prinitifooarve  at  everj  {Mint  If  ftoan  any 
point  {x,  y,  c)  of  the  surface,  we  proceed  to  another  (m  +  da,  y  +  dy,  c  +■  dc)  infinitely  near  to 
it,  thp  equation  dc  =  ^.d.v  +  't>ydy  usually  determines  the  ratios  of  dc  to  d.r  and  to  dy  in 
terujs  of  y'.  This  connexion  is  momentarily  severed  when  «t,  and  <l>y,  either  or  both,  become 
infinite.  If  we  tekc  advantage  of  this  to  aaaume  de  in  such  manner  that  ^«  or  4fg  or  both  (aa 
hatbre)  ahallnniaiB  infinila  whan  dr,y,  c,  hteamm  »  +  d»,  y  +  dy^  e  de,  aad  if -wo  fepaat  thia 
paocaai,  m  draw  m  dnrre  dwougih  tha  TCftical  ak»eii(a  of  dia  auiftea,  being  tlia  curte  of  «oii> 
comaa  wilb  tha  tangent  cylinder.  Tlic  pnyaetibn  of  anj  point  in  this  curve  of  concourse  is  a 
point  at  which  two  projections  have  a  common  tangent,  the  two  being  those  of  the  curve  of 
concourse,  and  of  the  horizontal  section  passing  through  the  point.  If  the  tangent  cylinder 
touch  in  no  oblique  curve,  but  only  in  horizontal  sections,  the  singular  solution  consists  of 
fimuj  odtttieiM  only,  which  ha»«  no  contacta  with  othen.  Bni  if  the  tangent  cgrliadar  not 
onlj  tondi  in  aa  oUiqiio  oivfo,  hot  alio  toocih  or  cot  in  a  horiaootat  aeetiaB,  than  tiba  idngnlar 
ewrvnia  itaetf  a  priataiy  curve,  toadied  by  another  primary  in  each  point  of  it.  And  if  dw 
curve  of  concourse  have  convolutions  or  branches,  all  oblique,  each  point  of  the  singular  curve 
may  be  the  point  of  contact  with  several  different  primaries.  To  consider  only  extraneous 
solutions,  to  the  exclusion  of  other  singular  solutions,  is  not  to  mark  out,  as  objects  of  special 
attention,  tboea  surfacea  wlioae  tangent  cylindera  have  oblique  ottma  of  ooneoura^  to  the 
odiMion  of  dioaa  which  hate  Aeni  only  hotiaontaL  Tiiere  ia  aaothar,  and  a  noit  unayatenatic 
exclusion :  that  of  all  cases  in  which  the  tangent  cylinder  touches  in  an  oblique  curves  and 
also  toucheo  or  cuts  in  a  horizontal  one.  When  <l>,  =  oo,  &c.,  gives  only  c  ~  const.,  the  curve 
of  concourse  is  only  a  horissontai  section :  but  when  it  gives  c  —  («,  y),  and  <p y,  >/'('P,  y)  |  —  0 
is  equivalent  to  <p  (x,  y,  k)  mO,k  being  some  definite  value  of  c,  there  is  an  oblique  curve  of  con- 
conne!,  and  alao  a  hofiaontal  aaction.  For  inabmee^  the  primitiTa  being  y  •  «  4-  o  («  4-  v^o)^, 
tha  branchaa  of  tha  abgular  aolation  an  obtained  from  «  +  y/o  m  o,  and  m  +  sy^e  ■  <k  Tho 
first  gives  y  —  «,  the  same  as  arises  from  c  >  0 ;  the  second  gives  the  extrancom  adntion.  But 
both  give  curves  of  separation,  of  contact,  and  of  resilience,  to  the  primary  curves. 

The  following  inataoce  will  serve  to  illustrate  thai  when  the  singular  solution  ia  itself  a 
primaiy,  which  It  ndther  touclied  nor  cat  bj  oilier  ptimariea,  and  h  nothing  but  a  cnrre  of 
<  aqmntkm,  it  b  itill  one  of  thow  aztrane  oaaaa  irindi  analjiia  adnita  when  it  dearly  eeea  the 
way  np  to  the  limit.   Let  the  primitiTe  aqnatbo  be 

+  may  +  ny*  -f  {am  +  dy)  c  +;>c*  -  q, 

m,  n,  8(C  bang  fixed  constants:  and  let  tlie  surface  be  an  ellipsoid.  Draw  the  vertical 
cylinder  wludi  toodiea  this  antfiw^  and  let  a  plane  paraUal  to  «y>  beginning  end  ending  aa  a 
tangent  plane  to  tibe  elBpeoid»  more  so  aa  to  pom  tfanmgh  aD  the  intermediate  horisontal 

sections.    It  wilt  then  be  obvious,  that  the  connexion  of  the  primitives  and  singular,  in  the 

plane  of  cy,  is  as  follows.  The  ninfrular  curve  is  an  ellipse,  in  which  are  two  points,  say 
A  and  vB,  similarly  situated  oo  opposite  sides  of  its  centre.    The  primitive  is  en  elliptic  wave 
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which,  begioning  from  J  (not  its  oeotre)  frwidl  wilbout  toucUog  the  sioguUr  ellipse,  until 
«t  Iwt  it  toodiM  it  In  one  point*  with  a  coataet  of  tiie  weood  order.  lamodictdly  afterwiidi 
two  pointt  of  eontMt  of  tiie  fint  order  aepanUe,  which  moT«  in  oppodta  direetiona  aa  dio  wave 

praceeds,  until  they  meet  on  the  opposite  aide,  and  there  is  again  a  contact  of  the  secondi  ovdor. 
The  contact  then  disappears,  and  the  wave  diniinishes,  vanishing  at  B.  Now  tho  more  near 
the  eUipaoid  is  to  a  sphere,  the  smaller  is  the  duration  of  the  period  of  contact :  and  w])t:n  the 
dUpioid  becoonea  a  sphere,  tliere  ia  but  u  faftwrtaiiooaa  oontoet,  tlio  dicalar  wam  orrtviog  at 
oonpleto  eoinoidcnee  with  dio  ringular  drek,  u  to  o  tenaind  podtSon,  and  then  neeedii^. 

Thia  geometrical  view  may  fail  in  one  particular.  There  may  be  horifontal  projections  with 
no  sections  belonging  to  them,  owing  to  c  being  imaginary.  The  two  surfaces,  <p  («,  y,  c)  vO 
and  <p  {x,  y,ve)  ~  0,  have  the  same  tangent  c^rlindcr,  but  meet  it  in  different  curves:  thej 
have  the  same  horixontal  prqjectiotUt  but  a  given  projection  has  not  tectums  in  both,  ualesa  e 
and  vo     both  real  for  tiie  Talue  of  o. 

I  nov  pvoeeed'to  the oonaidantion  of  the  teat  derived  ftom  the  dlHSMrentlil  cqoatibn  itaeU 
Thit  ia  luually  stated  as  follows : — The  singular  (meaning  extraneous)  solution  is  to  be  looked 
for  among  those  relations  which  make  infinite,  y'  "  %  (^'  v)  being  the  differential  equation. 
Remember  that  ^  (x,  y,  c)  =  0  and  (Pr  +  <PfX''^  ""^  equations  of  identical  meaning,  and 
treat  c  as  a  t'uuclion  of  three  variables,  or,  y,  obtained  from  the  second.  Substitution  of 
tUa  value  of  «in  thefirat  wiU  make  it  ldaaticd>  if  ibr  )^  we  write  ita  value  in  tenaa  of «  and  y. 
Thatia, 

/dc     dc    \  ,       ^  (dc     dc  \ 

de      (At    dc\  4o      ftp,  dc\ 

dc       (dc    de  \ 

If,  aa  will  moit  uaually  happen,  the  deferential  ooeiBdienta  of  e  be  of  ordinary  form,  then 
and         finite  nr  ininile  with  ^ :  ^  uaA  ^  :  ^« :  that  ia,  ^  and  Xt  ^7  ^  aabalitnted 

fbr  ^«  and  in  the  test  already  examined.  But  the  possibility  that  dc  :  d-j^  may  vanish,  or 
that  dc  •  dr  or  dc  ;  dy  may  become  infinite,  must  immediately  strike  the  mind.  If  indeed  we 
can  be  assured  that  the  concourses  of  the  mngiilar  curves  with  primitives  take  place  at  points 
of  finite  eorvatare^  ao  that  y"  of     +  Xv  X  "vXi*'^'    ordinary  and  finite^  we  innoh 

increeae  the  preaaniption  tliat  o«  and  are  ordinary,  but  atiil  we  have  not  proved  it»  Thia 
difficulty  puts  the  complete  meaning  of  the  teat  in  qnaation  lieyond  the  reach  of  ordinary 
analysis-    The  following  mode  of  examination  will  succeed  completely. 

When  two  solutions  of  y'  -  ^  (*»  f/)  i^^^  therefore  touch),  it  follows  that  y>_^  or  ^ 

one  or  both,  must  be  infinite*  except  only  in  some  of  the  cases  in  which  one  at  least  of  the 
eurvea  b  of  infinite  eurvMinn^  The  foUowiog  sketch  of  a  proof  may  easily  be  reduced  into  the 
language  of  dfahra  and  of  limita. 
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Let  P  be  the  point  of  concourse ;  take  Q  and  R  iodnitely  near  to  it  on  the  two  curves, 
and  let  the  tangents  at  Q  and  R  meet  in  T.  If  the  inerenients  of  the  angles  of  revolution  of 
tlie  tangieDts  have  a  finite  ratio,  tbat  ie,  if  the  currataree  be  both  flnite  (or  boA  nothugt  or 
infinitei  of  the  laae  order)  then  RTteoA  QT  ««  of  the  Mme  order,  and  hath  infinity  gtwt 

compared  with  QR.  Hence  the  angle  RTQ  is  infinitely  great  compared  with  QR,  subject,  it 
niflv  he,  to  exception  f  t  >ome  isolated  directions  of  QR  :  and  this  angle  is  rf^^  (1  +  dj^ 
being  iurmed  in  the  passage  from  Q  io  R.  Hence  x«<'*  +  Xf'^y  "  geocrally  infinitely  great 
compared  with  +  dy*},  and  iodepead«atly  of  da  and  dff  :  from  whidb  it  Ibllowa  tfiat 

Xx  or     is  infinite  at  P. 

Cooveridyt  let  Aem  be  a  oum  oa  which  jfgOK^u  infidte.  Take  a  point  P  on  this 
curve  which  is  not  of  infinite  curvature,  and  if  a  primitive  of  y'  ■  ^  ^  drawn  through  this 
point,  take  Q  and  R  on  the  given  curve  and  on  the  primitive,  infinitely  near  to  P.  Then  if 
the  primitive  be  also  of  finite  curvaturei  and  if  tangents  be  drawn  as  before,  it  follows  that,  a» 
d^  is  infinitely  great  compared  wkh  V'Cd**  +  df),  the  angle  QTR  u  infinitely  great  ccoipoMd 
with  QX.  From  thia  it  fdhiws  that  there  is  a  oontaet  of  the  fint  ovdor  at  leaat,  or  that  ia 
the  same  in  both  curves,  or  that  y'  x  ^tisfied  on  Uie  finC  COTVO^  All  this  requixee  mora 
amplification,  and  will  not  be  received  without  objection  except  by  those  who  give  it. 

Wc  collect  then  the  following  theorem,  remembering  that  at  a  point  which  has  not  infinite 
curvature,  y"  or  X'"*"XyX  "  infinite.  Any  relation  which  satisfies  x«  ■"  ^  '''^  Xv "  « 
certainly  latisfies  y'  -  x  ^benever  X'  +  X  ^  infinite,  and  «Mjf  Mtisfy  y'  -  x  ^'^"^ 
Xm*X>X^  infinite.  And  m  the  first  caee,  the  cur?e  X'^w^Xr'*  ^  contact  with 
all  the  primitives  which  meet  it,  but  in  the  second,  whetller  with  or  witiioat  eontact,  it  is  the 
locus  of  points  of  infinite  curvature  in  the  primitives  (most  commonly  cnspe)*  But  when 
jj,  +  x»X     infinite,  it  does  not  follow  that  y' =  ^  is  satisfied. 

The  following  ib  another  proof  of  the  novel  part  of  this  theorem.  Let  the  point  (#,  y) 
he  called  the  pde  of  the  »tnd|^t  line 

;,-y- j^(jr,  y).(^-  J.), 

This  line  is  tiingent  to  any  solution  ^x*  ^^^^  p*ue*  through  (4?,  y).  And  in  order 
tliat  a  family  of  stmight  lines  may  all  toach  such  a  eolntioo,  the  ultimate  inteneetiMi  of  any 
two  which  are  iofinitdy  near  to  each  other  must  he  the  pole  of  either.  Now  the  iatcnection 
of  the  line  above  given  with  that  in  which  «,  y,  x  tMComo  m  +  C^m,  $  +  Af,  x  ^Xf  ^ 
determined  by  the  equations 

So  tbat,  when  the  ultimate  intenection  is  the  pole  itsdf,  we  must  hare 

 a— ■  0; 

m  being  the  limiting  ratio  of  Ay  to 

If  P  and  Q  he  the  two  contiguous  points,  and  T  the  ultimate  intersection  of  their  polar 
lines,  we  now  see  as  follows.    If  P  be  not  on  the  curve  x^  »  oo  or     »  oo,  there  is  only 
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one  dinedoo  ot  JF*Q  for  which  T  do«t  cnneUe  nooiely^  Aat  determined  by  m  m  ^. 

But  tf  P  A«  on  that  curve,  there  ii  onlj  one  direction  (and  ihere  mty  not  even  he  that  one) 

in  which  T  does  not  coincide  with  P,  namely,  the  dircctioa  determined  by  m  «  —  Xf^Kr 

And  this  exceptional  direction  is  precisely  that  of  the  tangent  of  the  curve.  For  h  41 
has  the  direction  of  its  tangent  defined  by  y'  ■=  —  x»x"^X'.v'  ''"'^  Xv  -  a  hy  y  m  -  x,y-j-X»y 
Both  of  theae,  when  jf^  aud  become  infinite,  take  the  same  value  as  -  X'^^Xv*  ^ 
be  infinite  wiAotit  X|i*  ^  Aiougb  jr  -  cooit.,  giving  y  alio  inflidte;  and  if  x*  be  inbnte 
withont  X/^iti»  thcougb  y  « conat^  giving y  •  0;  eo  that  the  exocptibnat  dixectioo  b  tangent 
to  the  curve  in  tlioie  caeca  alao. 

If  then,  at  a  point  on  the  curve  w^ith  frivos      or  x»  X»     XvX  fi"***** 

follows  that  y  =  X  °"  ''^"^  curve,  or  the  curve  is  n  sinc^iilar  solution  of  y'  =  -j^ :  while  it  does 
not  follow  that  such  is  not  the  case,  even  i(  x,+  x^X^*^  infinite.  In  this  last  case  there  is 
a  angular  aolution  if,  aa  in  the  lonner,  x    ~  X«  "^Xv  ^  fomA  tnie. 

I  think  tlie  preceding  detaO  will  be  neoeawrj  to  prevent  auepidon  Aom  attachiiig  to  the 
following  short,  and  I  believe  conclusive,  account  of  the  matter.  On  a  Ctirve  on  which  x, 
and  Xjr  •"■e  both  infinite,  y  is  determinal  by  -  Xr*"^X»y  ~  X'»"^Xv'-»  fractions  of  the 
fom  oo-i-oo>  and  both  haviog  the  same  value,  or  extreme  form  of  value  (0  or  »)  with 

y,  P 

-  x»-r)j^   Now  a       XtX^  X  ■  ~        ~»       X  "  of  y'  on  the 

X*  x* 

curve,  whenever  P^y^mO;  tliat  ia,  certdnl/  when  P  Is  iinitei  and  ae  it  may  hqipen 
wliiin  P  is  infinite.    But  when  Xy  ~  ®  ^'^^  ^""^  X«*        ^^^^  ^  "  const,  and  y  »  0  on  the 

curve;  so  that  y  =  x  '*  satisfied  when  P-r-Xv"^'  ""^  sinTil-irW  for  the  case  in  which 
is  infinite  without  y^^.     The  reason  why  this  proof  is  never  given,  probably  lies  in  the  want 

0         00       ,  . 

of  the  habit  of  applying  the  determining  proceea  Sac     and  —  to  ftuictiooi  of  two  variablea 

an  called,  in  die  caae  in  which  one  of  then  ia  conatanL 

Nothing  which  precedes  necessarily  applies  to  any  case  in  which  x  —  05  or  y  -  00  is  the 
equation  to  be  examined.  And  I  have  not  made  any  examination  of  the  caaec  in  which 
X     CO  >  since  this  is  only  an  accident  of  the  position  of  the  axes. 

Aa  an  examide,  let  y'  =  a  +  y/(x  -  y).    Here  x* "  ^  >  Xy  '  aatic6ed  only  when 

y  e  ».  And  ■  -  ^  f  1  (1 .  a)  (c  -y)"*  which  ia  only  finite  Ibr  «  >  y  in  the  case  of  o—  i. 
And  in  thia  caae  y  >  «  ia  obvioudy  a  lolutioa.  Whcik  a  ia  not  >  1,  there  ia  no  dngnlar 
solution,  unless  x  m  n  or  y  00 ,  should  give  one.  But  y  «  or  is  nevertheless  a  stra^bt 
line  which  paiaes  through  cuspe  of  primittTce,  having  infinite  curvature.  The  primitive 
equation  is 

»«e+9(l>a)log(l-a-\/«  —  y)— £  <v/(dr  •  y). 

Let  yy    X  ^fi^y.  Thia  ia  the  equation  of  the  fiunily  of  curvea  which  alwaya  euta  at 

right  angles  the  family  of  straight  lines  y  -  y'x  -  -  y'/(-jr'~') :  so  that  the  fint  equadon  ia 
that  of  the  involutes  of  the  singular  solution  of  the  second.  The  singular  sohition,  if  any,  of 
the  first  ia  found  by  eliminating  y  between  it  and  y  y  :  and  this  singular  solution  is  the 
evoiute. 
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But  y"  is  made  infinite  by  the  result :  and  the  differential  equation  is  not  satisfied.  Conse- 
qundj,  tlw  erolirtv  Im  the  general  clnn«tffMtie  «f  ft  singular  solution  of  the  equation  of  the 
involnlei,  bat  is  NsUj  a  eurve  pasnng  tfamugh  their  caips  of  iafinite  oumtim.  TUi  was 
aoticed  in  my  Differentiai  CUeu/tM,  pp.  364>— 867< 

Let  g  •=  p,  y\  =  q  he  the  differential  equations  of  two  families  of  curves  md  bt 
/  ( I  >  y>  y'f  y'l)  ->  0  be  a  relation  which  ezisu  at  every  intersection.  Then /(«^  f,p,  f)  v  0  ia  an 
identical  equation,  and 

/rP«+/t«.+/#-0»  +/,«!+/, -0- 

In  all  the  cases  in  wliich  /j,  =  oo  ,  77^  =  CO  mal<o  9,  =  a  ,  5^  -  ce  ,  the  two  faoiilies  have  the 
same  singular  sulutiua,  or  locus  of  infinite  curvatures*  or  the  siogular  solution  of  one  is  the 
locus  of  infinite  curvatures  to  the  other. 

The  manner  in  wfaieb  tbe  test  just  considered  was  first  obtained,  was,  in  its  find  step,  as 

primitive  singulicre  rend  JF^(^)  =  0 ;  done  elle  rendra  infinieles  deux  fonctions /* (j?)  et/'(y)..." 
I  quote  Lagrange's  words  to  recall  the  very  decided  manner  in  which  he  spealts  of  the  pfPect 
of  J^{<l>)  •>  o,  without  apparently  casting  a  thought  upon  the  possible  accompaniment  of 
0'(y')  -00  ,  or  of  r{s)mO  and  F'(g)miK  But  w«  are  to  ranMnbar  tfiat  when  Lagrange 
wratB,  all  general  tiieorenit  were  looked  npoo  m  liabk  to  fidbire  in  particular  cases:  Ae  tact 
of  tbe  mathematician  detected  the  usual  way  in  whieb  an  extreme  case  aroae»  and  the  unusual 
ways  were  left  for  consideration.  The  practice  of  demonstrating  the  universal  truth  of  Taylor's 
theorem  in  one  chapter,  anil  its  occn.sinnaI  falsehood  in  another,  was  not  an  isolated  case,  but  a 
formal  specimen  of  what  was  done  whenever  it  was  convenient.  The  rcaMjiMlilc  aiteradiMi,  in 
ihe  ease  before  us,  would  be  to  extend  the  result,  and  to  state  that  j^,  and      {which  answer  to 

0  , 

/■'(«)  and  J" is)]  are  either  iuEnite  or  else  -  or  one  of  its  congeneric  forms.    This  is  the  test 

arrived  at  by  M.  Cauchy,  and  is  subject  to  the  following  difhculty.    If  we  could  be  secure  of 
arriving  at       in  the  form  P^(QR)  we  might  certainly  inf<'r       above  from  E  =  0,  But 
is  subject  to  ail  the  accideata  of  change  of  form  whicii  arise  from  disappearance  of 

£sctora,  &&  and  it  may  veil  happen  that  P-f-(QA)  shews  the  form  ^,  while  a  transfiMrmed 

equivalent,  being  the  one  we  actually  obtain  in  a  given  eiampleii  sbewi  die  ordinary  value  to 
vhieh  that  form  ia  zeducible.   The  test  deduced  is,  I  Yentore  to  any,  imperfect :  for  though 

admitting,  of  course,  dmt  ^  must  be  cnmtned  as  well  as  other  cases,  I  think  I  have  diewn  Aat 

uniem  <^  be^  pro  oies^  infinite,  there  is  no  singular  solutiMi.   Tbe  method  followed  is|  first,  a 

conalruictiTe  sdution  of  y  =  xi"*  9)*  V7  a^uming  that  •  -    gives  y    y».  snd  forming  the 

polygon  in  the  limit  of  which  the  curve  of  solution  is  seen  ;  all  done  in  algebraic  terms, 
without  reference  to  geometry,  and  for  values  both  real  and  imaginary.  This  first  part 
(Moigno,  Vol.  II.  pp.  365-434)  is  a  masterly  specimen  of  a  power  which  distinguishes  all  the 
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later  writing  of  M.  Caudij  m  AindameDtal  poiati,  tiwt  of  iceurriiig,  io  tho  tMatnait  of 
fkroled  mliieetii  to  the  TCiy  «oiiilderatioa  of  euoeeiiiTe  finitely  differing  valtw»  of  ft  foDction, 
hy  which  a  begiaoer  leems  oonwKMi  dififentiBtion  and  integration.    The  conclusion  it,  tliet 

y'  «■  ^  has  a  solution  in  which  .r  ■  Xj,  y  »  whenever  is  finite  and  rontinnoiis  from  ,r  —  .r  ,, 
through  any  finite  extent.  This  limitation  is  not  meant  to  be  an  cxcIumou  uf  what  is  withixit  : 
and  it  is  fullowed  (pp.  435,  8cc.)  by  proof  that  when  two  or  more  oolutions  agree  in  giving 

0  0 

*  "  *•  H  "!/»  *^  '^■'^  either  X  "  q  »      X»  *  q      Xy  "  *  •  question. 


llie  singular  solution  is  detected,  providrd  it  be  granted  that  whenever  only  one  solution 
gives  «■>  .re  y  ■  j^oi  ^^^t  one  is  an  ordinary  primitive.  This  point  is  asserted  in  ]>  i-S";,  and 
I  cannot  find  any  proof  of  it  in  what  goes  before.  Until  the  contrary  be  dii>pruved  (the 
geotneltittl  fllmtntlon  I  have  giTen  does  ditprove  it  in  rttd  caaec)  we  hav«  no  ri^t  to  aaniDe 
that  every  cxtraMoua  lolutioa  bae  at  every  pointy  eonooune  with  an  ordinary  priniitive>  I  may 
also  remark  that  IL  Cauchy  does  not  arrive  at  the  eaaes  in  whidi  only     h  infinite.  Thus 

/  at «  (1  -  4^-1  has      A 1  for  an  estraneous  solution :  but  j(gi»Ot  neither  «  nor  ^ .  And 

Lagrange  also  omitted  these  cases. 

The  whole  of  this  examination  was  suggested  to  me  by  what  appeared  a  strong  primd 
fitoB  case  against  the  tesU  derived  ftom     and     :  one  of  the  strongest,  I  thtnk,  which  was 

ever  finally  refuted.  The  primitive  and  dogular  have  contact,  generally  of  the  first  order  i 
and  y  has  the  same  form  in  both.  But  this  contact  is  not  generally  of  the  second  order; 
y"  is  therefore  not  the  same  in  both*.    Now  y' -  ^  must  give  y"  •  X»"*"  X»*y'» 

only  have  twice  as  many  values  as  ^  by  an  escape  Into  -  or  some  other  nngular  form :  and 


A  cs  T  ee  seams  of  neoesdty  to  be  the  mosi  common  way  io  which  this  can  happen.  But 

sometimes  the  contact  will  be  of  the  second  order:  may  not  Aen  Xf'^Xx-y  ^  ordinary, 

and  y"'  tlr'  first  wliieli  eyhibits  singuliritv  of  form?  And  soon:  for  the  contact  may  be 
of  any  order.    The  foHowiiig  investigation  blicwed  that  in  cases  giving  contact  of  the  second 

order,  the  general  forms  of     and     exhibit  a  tenden^  to  the  form  ^  though  I  do  not  find 

the  same  in  reduced  examples. 

Let  ^{*,  y,  a,b)  ^  0  be  the  equation  of  an  infinite  number  of  faniilies  of  curves,  each 
family  being  defined  by  a  relation  between  m  and  6,  to  which  relation  6'  is  the  differential  coeffi- 
cient of  6.  This  relatioD  existing,  the  singular  solution  for  the  separated  family  is  determined  by 

■^'^■^'-O.and^i^i-^-0; 

omitting  (in  this  sketdi  ot  main  points)  the  caaes  of  «  -  const,  and  y  «  cmist.    And  the 


*  How  doe*  it  happen  that,  Uioogh  y'  ^xi-^>  a)  "I'V,  >'or  |  ambi^uouj  cbm.  So  tiiat  it  :n<  :lir  follnwuif;  rcjivonin^  ii 
a  given  point,  K>vc  two  »nUnSon»,  with  difftrcnt  vrIucj  of  y  .     imcnirmi;  ;—"9inef (I,  however  great /' may  be,  then 


jftt  X»+»X'Xi  reiliicctl,  iihtrw«  nn  »j-ni]itniii  uli.itrvrr  of  ihr      /'    I'-O,  whin  /'  is  infinite."    All  we  ought  to  Mjr  is  4 

niMf  Aa  UMoiaMioo  of  um«nce»  will  ahew  ibM  i       ralnc  i«  0,  uul  ilut      fann  i*  aa  ladicaUoo  wt  lbs  pa»> 


f"B^*toabiataidaB|^'«^«+J*-J>,iBAtePsaiiBthi  [  iMIIiror 
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first  differential  equation  is  obtained,  both  for  primitive  and  singular,  hy  eliminating  a,  after 
robctjlDtkn  ftr  b,  between 

^  .  0,   jr'  +       0,  where  (F «•  ^«4>^). 

Now  kt  •  be  the  ftnction  of  «  and  y  which  gim  the  dngular  aolntion.  We  have  then, 
Jbr  die  dngalar  adutioo, 

+     +  F,.  ^  +  (Jf.*      ft")  C^.^-     jO  -  0. 

whence,  in  older  that  the  singukr  iolutian  may  agree  with  the  prindtirea  which  touch  it»  as 
to  3f^,  and  ao  have  cootaet  of  the  aecond  order  with  then,  we  niact  hare 

If  then  we  eliminate  ^rand  y  from 

^aO,    (^.+  ^tb'-Oor^- co,^y«  «),    mAF^-^F^.V mii, 

we  Imvc  n  diUbential  equation  of  Ae*  first  order  between  ^  6*  6',  each  adution  of  which,  be 
it  primitive  or  singular,  eeUeta  *  Ihmily  of  enrves  out  of  ^  >  0  fcr  wliieh  there  ia  contact  of 

at  least  the  second  order  with  the  singular  curve. 

Take  for  cTnTninntion  <^,+  6'  -  0,  We  have  then  (^^F,  -  ^.  F^"  0,  which,  combined 
with  0  >»  0,  gives  «  and  y  in  terms  of  a  and  6.  Take  the  pair  <p  ^  Q,y'  -i-  F  ^  Q,  and  by 
help  of  the  relation  between  b  and  a,  aup|)oae  a  a  function  of  «  and  y  from  the  first,  which, 
on  anbatitotioo,  gi^ea  ^  for    in  the  leeond.    We  have  tlwn 

Whence,  aa  a  general  rule,  by  passing  ovor  exceptional  eases,  and  leaning  to  Ae  conduaion 

tliat  ^  will  appear  in  5p<^c)tii:  cabc-s  when  it  appears  in  gcner^  forms,  we  should  imagine  that 

ond  Xr  "void  be  infinite  wlien  the  singular  solution  Itaa  contact  of  tlie  first  order  only 

with  primitivca,  and  ^  whmof  the  second  and  higher  ordcTBi   Bnt  audi  ioatanom  as  I 

happen  to  hnve  dicaen  do  not  eoofirm  tUs  condnsioa. 

Lot  OS  now  tdce  a  nngtttmt  solution  of  the  equation  between  a»  b,  b\  Taking  the  three 
eqaadons 

and  calling  the  second  \|/  -  0,  and  the  third  /+  t'  -  0,  we  imply  in  them  the  function  whiili 
h'  is  of  a  and  b  in  the  differential  equation  whose  singular  aolutioQ  we  are  in  search  of.  Aod 
we  have  (considering  «,  y,  b\  as  functions  of  a  and  h), 

dig  dv 
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dx     .  dy  db' 

and  ttmaar  cqmrtiaiii  with  iMfMOt  to  I.    DeCermiM  X  md  it  from  ^ 
+  M^r      -  <^  TWs  givet 

<i6'  .      -        ''ft'  .  ^ 

The  sioguUr  solution  usually  takes  place  when  \  and  n  are  infinite ;  or  wbeo 
CommoD  diiFcrcntiatioo  shews  thut 

TluB  fedttoet  the  pnceding  conation  to 

Vow  resume  the  equation  y"  +  F^.y  +  F,  =  o,  and  let  us  ask  what  is  the  condition  under 
whicli  is  the  same  both  for  the  priraitiTes  and  the  aiogular,  so  that  their  contacts  are  of 
the  third  order.    This  happens  when 

iF„+  F,, .  b')  y'  +  F^,.  b')  -  0, 

irfao*  y'  +  F  mO,  F,  +  F^.  6'  •  0.    Substitution  shews  that  we  have  in  this  case  also 

©.-©/-■ 

So  Ihtt  if  5'  «•    (a»  i)  be  derived  by  etiniiiatiag  «  and  y  hetwcea 

the  ordinary  primitiTe  values  of  b  in  terms  of  o,  substituted  in  ^  («,  y»  k)  -  0,  give 
fatiiilicfi  which  have  contacts  of  the  second  order  at  least  with  their  singulars.  But  a  aiDgulu 
value  of  h  in  terms  of  o>  similarly  used,  gives  contacts  of  the  third  order. 

The  connexion  of  the  preceding  with  the  theory  uf  the  singular  solutions  of  equations  of 
the  seoottd  oider  will  be  noticed,  and  alae  the  glimpse  whidb  it  gives  of  tiie  gencnd  tbeoiy 
of  singnlar  soluu'oos.  I  will  oonclade  tUs  seedoo  with  a  reoMilt  wliicb  nay  tend  to 
confidence  in  that  main-survey  system  of  reasoning  which  Lagrange  and  others  Inve 
though  by  no  means  intended  to  imply  that  it  is  to  he  implicitly  received. 

An  equation  of  the  form  <f>  (.v,  y,  c)  ^  0  may  have  mauy  diS'erenl  formn  given  to  it. 
If  ^  {x,     c)  ■>  0  be  another  equivalent  equation,  we  know  that      •  <p,  -      '•         ^ow  it 
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my  and  doM  hippni  that  m.  hnaxh  of  the  sbgalar  solution  which  the  first  form  only  yields 
out  ef  •  eo  >  maj  in  libe  leoond  Ibm  ba  ghna  bj  0.  And  I  Mjeve  that  in  engy 
case  a  form  may  be  obtained  which  will  allow  <■  0  to  repnwut  tbc  compkte  ™gwl*i> 
aolation.   If  thia  be  lo^  tha  induaiTOnm  of  tba  preceding  raaMwing  ia  mncli  augmented. 


Section  II. 

On  oerlom  tokitiom  of  diffkmUial  equaiiam  tokieh  uUmaMjf  (fagMnd  on  eUminaium. 

Soin  tiuM  ago  I  connnnilcatad  to  tbe  Socie^  a  nwthod  (printad  in  Vcl.  tiu.  Part  n.) 
<tf  whidi  I  afterwaida  &und»  aa  I  aoknowladged  in  a  note^  at  die  end,  ibat  It  had  been  given 

hy  X.  Chasleft,  from  m  inij)ub!ished  paper  of  Monge,  as  I  supposed.  On  looking  again  at 
the  account  givni  by  M.  Chasles,  (Jpfri-'f  Hiiforhiue,  •^■c.,  p.  37G.)  I  find  that  he  had  not  seen 
the  memoir  of  Monge  (which  was  never  printed,  though  intended  to  appear  in  the  Afemtiir^ 
of  the  Institute  for  1808):  but  that  he  had  onljr  the  hint  of  the  reciprocal  «urfacea  men- 
tioned at  the  end  cf  my  paper.  From  this  IL  Chaalcs  infer*  that  Monge  muit  have  need 
thoe  nrfaoes  in  Iha  Integration  «f  partial  dillierential  eqnatione.  So  that  ft  by  bo  meane 
follows  that  Monge  did  invent  the  method :  this  remains  with  Sf.  Cbaaka  nntO  a  prior  r%ht  ie 
eatabli-ilifd.     It  seems  (inliVelv  that  Monge's  memoir  is  now  in  existence. 

The  most  striking  jjeculiarity  of  tht;  nitithod  is  tiie  perfectly  reciprocal  character  of  the 
substitutions ;  in  transforming  the  equations,  sc  and  p,  y  and  9,  &c.  are  interchanged.  The 
loUowing  cxtenaioae  vill  thew  that  tbia  reciprocity  ia  not  an  eeeential  part  of  all  rinilar 
methoda.  TlMir  paenUar  ftabno  redly  ia,  that  dicy  are  fimnded  upon  die  drcwnatanoe 
noted  by  Clairaut  in  his  celebrated  tolution  ot  y»  y'j)  +  fy\  namely,  that  dieie  are  cases  of 
dilTercntintion  in  whicb  the  only  new  differential  coefficient  introduced  appear*  as  a  £utor 

of  the  whole. 

Let      express,  as  usual,  the      diifbrential  eoeiBdent  of  y  with  reepect  to  «,  and  let 

<p{s  being  a  rational  function  of  the  degree  ni.  When  m  exceeds  n,  integrals  of  y  wiU  enter  : 
we  need  not  exclude  these  cases  from  the  reasoning,  though  they  will  be  of  no  use.  Accord- 
ingly, j^*^  ia  n  ftctor  of  wbenca  it  foUowa  that  Y^^^  ie  eonalant  if  y  be  any  rational 
IbikBtioB  of  «y  not  cxeeeding  the  n*^  degree^ 

Lct/(r.,M  ^•-,.>  Fir,M***)  -  0,  a  differentild  eqnatiOB  of  the  n*^  order. 

Assume  y  ^  +  Ci  X  +  ...  i-  C„  cc*,  having  n  +  1  constants.  Substitution  reduces  K„  &c. 
and  therefore  /,  to  coastaota,  and  this,  even  though  the  rational  functions  entering  in  them  be 


*       itt  of  thii  note  u  misfdatcdt  U  iboiild  be  I84B,  not  1847. 
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.•vfaolly  uneonneeted.  If  then  one  of  tbe  vooctanto  C«  ftc  be  eafaadtuted  in  term  of  the  ratt 
from  fwm  %  we  hftve  the  complete  integral  of  tiie  equntion.  B7  differendeting  /■  4\  «•  obtiin 

(P  ^«  +  P,  0,0  +  .„  )       -  0, 

P,  Pu  lie  being  partial  diflerential  ooeHidenta  of /with  reapeet  to  F.,a»  Sic  and       ^,dp,  &e. 

being  the  several  rational  functions  of  these  last.  By  making  the  first  factor  vanish,  and 
eliminating  y^"  be  tween  thi;i  nnd  /-  0,  we  get  an  equation  of  the  (it  -  1)*^  order,  the  ordiMry 

primitires  nf  which  are  singular  solutions  of/^Q. 
For  instance,  let  the  equation  be 

Here  y  «  Q  +  C,x  +  CgjT*,  gives      -  -  sCiC„  and  (he  eompletc  primitive  ia 

y  =  -  2      +  c,«  + 

Differentiating  the  equation,  and  tbrowiog  out  the  factor  y  ",  we  have  ^ jr*  -  jcg"  -  ]/'  +  Jty*, 
and  elimioatioD  of  y"  gives 

♦y'*  -  12x-t/'  4  l().r(/  +  .r'  =  0. 

Of  this  V  93 -^Ig  is  an  nnlinary  solution,  ami  a  singular  solution  of  the  original:  but 
y  =  ^x'  is  a  biitgular  solution  of  the  last,  and  i&  not  a  solution  of  tlic  originaL 

Let/ir.,.,  y^,,.i)  "  0:  The  praoeding  method  gives  only  »  - 1  oonstanta,  or  m  ooMCanta 
with  one  relation  between  them.    But  if  we  write  »  for  9^  the  preceding  takea  the  form 

If  w»  diflhventiata  with  reapeot  t(»#,  and  diminate  f^.s^dm,  we  have  an  equation 
of  the  foma 

^  («)  «»   f^*  •  *d«)  -  0, 
which  18  of  the  tint  order.    When  it  or      is  foand  from  thia,  y  ia  found  by  int^ration,  but 
we  must  take  care  to  intraduee  the  lelatioD  Icnown  to  csiit  among  the  ft  coMtanta  which  the 

integration  brings  in. 

Id  the  game  manner  J"  (  Vmfi  ^ i«;a-i>  ^ ■^,■-1)  "  0  ia  reducible  to  an  ei^uation  of  the  i>ccuod 
order:  and  toiM. 

Whence  it  fbllowa  that  all  diftreotial  coeflldenta  of  can  be  expreMad  in  tenna  of 
thoae  of  V^^^_f,  and  thenoe  in  terma  of  thoae  of  Vgr,n.tt  »id  so  on.  If  then  a  differ- 
ential equation  contain  jt,  V^  ,^,  and  differential  cociBcients  only  of  F.-,,,^,,  Vff^^,^tn*t 
the  substitution  of  r  for       „  will  reduce  the  equation  n  units  of  order. 

The  following  cxmupk's  will  illustrate  a  large  class  of  transformatioos,  one  of  which  is  that 
whidi  florresponds,  in  equations  of  one  Tariable^  to  M.  Cbadca'a  matiiod  for  the  caae  of  two* 

Aeeording  aa  tha  tatSonal  function  ia  ^ jr  or       let  ^  or     be  uaed  to  repreoent  V^,^  Let 
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^  >  JT,  =  K,  80  that  Y  k  iiii{riied  in  terms  of  JT,  when  y  is  assigned  ia  terms  of  ».  Let 
dY'.4XhtT^ha.  We  have  then 

Consequently,  /(^.,       «)    0  il  reducible  in  the  first  insUnce  to  f{X,  F,  y^T)  a  0«  If 

from  this  we  find  JK  =  »"(A',  C),  this,  and  «  ■  j^F'  enable  us  to  find  ^Y,  and  thence  F,  in  terms 
of  X  and  C.  Substitute  in  0,  =  X  and  \|/,  <=  F,  eliminntr-  y  »*,  and  we  have  a  linear  equation  of 
the  order  n  —  1,  in?ulviag  the  constant  already  obtamcd,  and  yielding  n  —  1  others  in  iategra- 

For  instanoc^  let  j  y"  -  «y'  +  Jf  ■  —  {"l/'  -  jr'). 

Let  -  y"  -  »y'  +  y  -  F,    «y"  —  y'  -  A",     F'  = 

m 


die  complete  Talne  of  jf  can  be  found. 
By  making       F»  JT,  vhenoe  r  -  ^v.yC+^-f-^fl.jri"-*'',  we  me  that 

/  (^.,  >^.-,  -  0  depends  on/(jr,  F,  K*)  -  0. 

if  this  last  gi%'e  Y  «^  TS"(-rY',  C),  we  have  <p,  =  Kr(\|/„_™,  Cj,  which  is  one  unit  lowor  in  ordei 
than  the  given  equation,  and  can  be  reduced  in  the  manuer  already  pointed  out. 

We  ean  make  further  diioofeiy  of  rednetlMM  by  using  mote  diBSenntiatianB.  For  example, 
the  hut  can  but  one  gives 

Hence/ {0..  ^„  a;  .  (|^)'|  -  0,  depende«n/(jr,  F,  x  ^  H  -  0. 

This  last  being  integrated,  we  can  express  A'  by  help  of  F',  iu  terms  of  ,r  and  two  constants ; 
after  which,  substitution  in  the  tirst  equations,  and  elimination  of  y'"',  gives  a  linear  equation  of 
die  order  11  —  1,  Aom  which  the  remaining  constaata  are  found. 

We  may  olco*  instead  of  uaiog  X  and  T,  nie  functfama  of  them  dmilar  to  thooe  alieady 
given.   For  example,  let 

^y»-j,y'  +  y«  jrr-  F,    y"  -  ^  J^". 

Tben^«»«r',    ^     -  Jrr<i- F-«^-y,   ]^/*«Jr«i  fee  whence 

Vol.  IX.  Faet  IL  40 
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dqiend  each  on  the  other ;  and  one  will  often  be  directly  integnUe  triMB  the  other  is  not. 
Thii  Mcipiadtjr  «t  rdatioDi  olwBys  txuU  wlm  the  origioal  Mnmptkm  ave  n  in 


«.3...n'        2.S...«-l'  2.S...rt-l  9.3...« 

But  thcro  is  no  case,  so  far  as  I  can  see,  which  will  secure  a  transformation  and  chance  nf 
integration  to  et-ery  differential  equation,  except  the  fx^owiog,  which  suggested  the  wholt 
method,  and  was  derived  from  considerotioa  «if  M.  Clmaki^i  ncthod  Ibr  eqtiatioDi  of  thive 

Let  «^  -SP  •  F,     •  X.  Then  va  h«ve 
Beooe  die  Ibllowittg  cquatjone, 

J      Y*"      Y"  y"'  —  s  y"* 

/(*.  y'.  y".  y  .  y  »•••)  =  ^'  -  r,  ^,  p ,  -  pr, ,  -     ,,,,, — - .—)  -  o. 

depend  each  on  the  other.    If  the  second  can  be  solvwl,  then  r\w  iWsK  is  solved  by  eliminatug 
between  y  ->  XY'  -  Y,  and  x  m  Y' \  and  vire  versa.    If  we  apply  this  method  to  *  -/y, 
y  ^fy\  y  =        +      »  ^  *®  includes  most  of  the  common  caee»  in  wiiidi 

thl  solution  IS  reduced  to  dUminetko  alter  integntioii.  Thus  abo  f*^a^mhmf*  is 
redneed  to  ^  -  •f^  4^.  •«»  iTK^H  *  ^if^  +  X*')  -  >  >«  «lt«i««ta»y  Knear. 

K  w  eiiuwe  «-<^(r,  AT  -  F).  and  ^  for  r  and 

XT  -  F  at  faidiMB  of  difleieatia^,  we  easUy  obtain 

j'.3&L-+-X<'^^  +     ^   ,2-,  aw. 

This  may  suggest  transformations  available  in  particular  cases,  and  in  which  the  ofders  of 
differentiation  make  their  first  appearances  simultaneously.  If  we  try  to  carry  tbi*  faitiiCT, 
as  by  supposing  w  and  y  to  be  each  of  the  fonn 

<p  (r",  XT'  -  r,  ^Y"-  XY'  +  Y) 

«e  can  then  express  tf  by  aid  of  Y",  at  the  Iiighcst :  but  ;/"  requires  Y"'. 

[Sinoe*  the  abore  wae  communicated,  I  have  found  a  more  general  view  of  tiie  subject. 


ItH  4ale«r  Ikls  sdlllto  Is  Mwh  17.  IW. 
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by  which  an  v  number  ctf  model  of  traoiforfliatkiii  maj  be  e£EBCtad,  no  one  of  vhicfa  altera  the 

order  of  the  equation. 

lo  order  to  produce  a  sy&tcm  such  as 

^'<p ('.y.jf'),  T-^  {^.y,y)>  V  - 'f, i^,y,y'),  y"  -  f „ (<»,y,y', y"),  &c,  &c., 
in  wUdi      cball  l>e  exprcMed  in  taniM  of      ...  f*^,  end  nothiog  bigber,  it  is  the  neoeMMry 
nd  wSdeiit  cmtdilion  tb«t»  X  and  Y  b«ng  conetant,  JT  *  ^  and  f  •  ^  abaH  be  the  two 

primitivai  of  the  first  order  belonging  to  one  equation  of  the  second  order.  For  F',  or 
'^*  +  i^y'y'+  ^^t^'  divided  hy     +  cannot  be  independent  of      unlen  in 

tbe  form 

tlie  two  lait  nemben  be  identical:  in  wbicb  caae  and  F- ^  an  primitiTei  of  the 

cqoatioo  of  tbe  aeoond  older  obtained  bj  makuf  tboae  nemben  vaidah.  Such  a  oonneiion 
of  ^  and  ^  hdng  thoeen,  we  have 

JiT-^  *"-{(^)-^ + 

and  if  we  can  integrate  /  (.7,  F,  y,  &c.)  -  o  we  can  then  integrate /(^,  ^y:^  &c.)  -  o, 
by  eliminating  X  and  y'  between  A'^  =.  }'  =  \|/,  1''  =  v//,,  :  (^y-.  And  if  we  can  integrate 
the  second  equation,  we  integrate  the  Uml  by  eliminating  <t'  between  X»<Pt  K»  For 
instance}  if  we  choose  X  w  +  y  +  y\  we  find,  from  l+y'  +  y"«sO,  that  we  maj  have 
4^),  whence  7*^^,  JTm^  :    +  kc   Hence  the  equaticiit 

+  y  +     «-(l+30,  «',^^^*^^&c.|-0,  aDd/(A^,r,r\  F",  kc)  -0 

have  thdr  piindtivBa  couneeled  by  the  ]xeeeding  rule  with 

Xmw  +  y  +  y\  r  -  €*. 

Tbe  case  previously  given  is  that  in  which  the  two  primitives  chosen  of  y"  —  o  are  X  —  y', 
Km  y.  A  great  many  remarke  will  waggut  ttienti(lTei»  in  cxtenrion  of  thoie  commonly 
■Bade  on  the  equation  xy'-  ya/y.  Paming  over  tbeie^  I  obeerve  tliatif  /'(«,y,  Xf  I7*0be 

the  common  primitive  of  A' s  ^,  K  a  then  the  syitem  may  be  inverted  as  follows.  Let  X 
and  Y  be  tlie  variables,  and  jr  and  y  the  constants.  Then  the  same  three  equations  X  =  0, 
Y  ^yj/,  Y^'^/  contain  the  differential  equations  of  the  first  order  belonging  to  this 
inverted  system.  If  we  eliminate  y  between  these  three  equations,  we  have  them;  and  if  we 
thus  get 

« .«(Jr,r, r%  y .  1'(Jr> r.        m  ilMdl  h«ve  y  - i^r  •  ^r- 
Thns  in  the  instance  abovi^  we  have 

Y  Y 
«-logr,    y- jr-logr-^  +  i,  y'-p-l-^r-s 

and,  ar  and  y  being  constants,  the  first  two  f-qttntions  are  two  primitives  of  one  equation  cf  the 
second  order,  namely  1^'    0.    Tbe  original  primitive  is  Ym^X+Qf+»  —  l)e'. 
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If  we  want  to  have  equations  of  the  same  invertible  character  as  Y  m  »y'  -  y,  X»  y, 
y  m  XY  -Yf  «  ■  Y't  &C.,  we  must  choose  a  form  of  <p  («,  y,  Ji,  J")  =  0,  in  which  X  and  Y 
naj  be  intefcbangad  with  a  and  fv  witbmit  altentkm  of  Am  relstfan.  Tb«  iQitence  just  dtad 
camm  horn  p    y  m  aJTi  if  we«boote]rF-#^  JT,  w«  get 

y  y        y         f  y 

with  power  to  interchange  large  and  small  letters.    If  we  choose  X'^    Y'ai'  —  i,  we  b«ve 


vidi  Uw  cune  power. 

The  IbUoiriog  problem  thus  beeoBMi  of  inteiett.  OiTen  ^  («,  y,  y''.  jT*  )*  Kqoiml 
liM«DS  of  determiiiiAg  all  or  any  of  the  modes  by  which  it  may  be  transfornwd  into  the  given 
function  ^l^iX,  F,  F",  .  ,  ),  wbtre  X^  f  (ny,  yO.  F-i|(«,y,y^,  tbete  cquetiona  being  two 
|ffimitives  of  the  same  et^uation  of  the  second  order.} 


Seciiom  in. 

On  ll«  tmrnber  efeomtatUt  tMA  A»  conipMe  prteMoe  tf  a»  aqunHoH  earn  eoniain. 

It  has  never,  till  very  lately,  been  thought  necessary  to  prove  that  the  number  of  cun- 
aiantt  in  the  primitiTe  of  en  equidoo  of  the  nth  ord^  amounte  to  «:  and  I  am  not  awaic 
of  tmj  attempt  to  prove,  generaUj,  that  the  numher  cannot  exceed  ».  It  wae*  at  one  tine, 
usually  taken  for  granted  that  the  leatoration  of  the  primitive  form  requires  n  integrations 

and  no  more.  Now,  first,  it  was  never  *;licwn  that  (p  (r,  ij,  t/,...)  uluays  admits  of  a 
factor  which  renders  it  integrable,  independently  of  relation  betwieen  *  and  y.  Secondly, 
in  the  absence  of  direct  methods,  and  of  proof  of  their  possibility,  it  might  be  suspected  that 
in  certain  caern^  more  tlian  n  integrationa  would  be  lequtaite,  followed  bj  diangee  cf  form, 
and  then  bj  diff^nttatione  which,  in  consequence  of  the  changes,  would  not  dcetroj  the 
previously  introduced  constants.  Thus  the  notion  that  y'^  —  <p  (r,  y,  y',  y",  y")  must  yield 
y  by  fottr  integrations  would  not  stand,  on  its  own  a  priori  probability,  anjninst  any  one  who 
should  assert  that  it  rtx^uired  twenty  integrations,  the  introduction  of  a  factor,  and  sixteen 
differentiations. 

That  the  nlutlon  do»  introduce  a*  many  as  n  conitante  ia  praised  witliout  dilRcultj. 
TaltiDg  a  given  value  of  #,  and  assuming  values  of  y  y'..  independent  of  each  other,  we 

may  construct  a  solution  geometrically,  a<  the  limit  of  a  polygon  "of  curved  sides,  or  alge- 
1,raically,  by  forming  subsequent  (.lifl'creiitial  coeflScients  from  the  equation.  M.  Cauchy 
prefers  to  shew  the  approximate  construction  of  the  solution  of  »  simultaneous  differential 
4X|oadona  of  the  fint  order,  and  ite  introduction  of  n  conatanta;  aAer  which  he  roducm  the 
iin^  aqaaticn  of  the  ntb  order  to  n  audi  dmulteneoua  equationa. 
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Bj  a  differential  equation  of  the  nth  order  we  mean  a»  expression  of  y'"'  in  terms  of 
j|'*~",...y,  JF :  and  by  ita  complete  primitive  we  mean  that  reLatioa  between  y  and  a  which 
adnita  of  no  otktr  fdatioa  beCwecD  y'*',  y^"*\  &c.  except  tint  in  the  eqiutkMi.  If  we  take  a 
|»]iBitiTe  wUdi  oontaina  n  dirtincst  oonttMita  (that  ii»  cooitaDtc  which  do  not  admit  of  ledue. 
tion  to  «  raiall«r  number  bj  tabitituting  one  new  letter  for  a  function  of  two  or  more),  and 
if  we  differentiate  n  times,  we  know  that  elimination  of  the  n  constants  between  the  primitive 
and  its  n  dtffeTentUtted  equations  will  produce  one  equation,  and  one  only.  For  the  inde- 
pendence of  these  n  +  1  equations  is  established  by  each  of  them  containing  a  letter  which  is  not 
to  be  imnd  in  any  of  the  preceding ;  the  weond  iiat  sT,  the  third  y",  and  eo  on..  Go«- 
leqneatlj,  elimination  of  n  conetanta  by  the  eqiiattooe  wiiieh  diiRmntiation  furaiabet,  inde- 
pendently of  all  connexion  between  the  neaninga  of  y,  y»  fce.»  certainly  givea  only  one 
equation  of  the  nth  order. 

But  there  is  a  eonnexion  between  the  meanings  of  y,  jr',  fee. :  taking  this  into  account,  is 
it  not  posaible  that  some  other  relation  may  exist  between  ai^  yf<>y'*'*  Dot  indeed  algebraically 
dadudUe  finm  the  equation^  but  due  to  tlie  addirioml  ooondecation  of  the  oonooKioo  in 
qucatiooP 

Let  Fo  be  a  sym1)oI  for  the  primitive  equation,  and  let  Vt...V,  ht  qrmbola  for  the 
differentiated  equations.  Let  be  the  differential  equation  deduced  from  elimination ;  and 
if  it  be  possible,  let  there  be  another,  F^.  Eliminate  y'"'  between  E,  and  b\y  producing 
say  W,_y.  If  then  we  eliminate  the  n  — 1  quantities  y',...y~"  between  then  equations 
F|,...F,.„  TF._i,  we  obtain  a  relation  betweoi  jf,  and  the  «  eonatanta*  which  aamt  be  F^: 
Ibr,  were  it  any  otiier,  m  and  y  would  tbemaelvea  be  oonatanta.  Then,  ainee  Fi...  V,^n  l^-ir 
combined  give  Kj,  it  follows  that  F,,  F„...F,_,  combined  give  fF,.„  or  the  n  distinct  con- 
alants  can  be  eliminated  (algcbraicnllv)  by  help  of  n  distinct  equations  only;  which  cannot  be. 

Next,  obst  rve  that  if  y'"'  be  exprcssiM'^  in  terms  of  y'""",...y,  *,  it  follows  that  is 
in  an  iniiiiilc  number  of  ways  expressible  in  terms  of  y"'*,...y,  «.  For  y*"'™^  it) 
can  in  an  in6nite  number  of  way>  be  made  a  particular  caae  of  f***  *  ^  Ol^~"i...y» C),  and 
each  of  theie  waya  gtvca  ita  own  form  of        "  xiv'"'**"^*      ^^^^  ^  ^  Taluea  of  C. 

From  tlia  above,  it  follows  that  a  difPereotial  equation  of  the  nth  order  cannot  have  fewer 
than  n  constants  in  its  complete  primitive,  nor  more,  unless  it  have  an  infinite  nninlier.  By 
the  meaninsj  of  the  terms,  the  differential  equation  is  to  give  the  only  mode  of  expressing 
y"'  in  lower  orders.  But  if  the  complete  primitive  have  n  —  1  arbitrary  constants  only,  then 
y(<i-i>  lie  expressed  in  lower  ovdera,  and  ^  can  tberefore  be  expreaaed  in  lower  ordera 
in  an  infinite  number  of  waya. 

Again,  since  jf*^  can  be  expressed  in  lower  orders,  by  the  equation  itself,  it  followa  that 
+  *i  |jg  jj^gj  expressed  in  an  infinite  number  of  ways.  Hence,  there  cannot  then  be 
n k  constants  in  the  original  primitive:  for  then  y''^*' could  be  expressed  only  in  one 
way.  This  reasoning  applies  to  all  finite  values  of  Ar,  but  docs  not  disprove  the  possibility  of 
an  infinite  number. 

To  aetde  tbta  remaining  point,  obaerve  that  if  the  original  primittTe  have  an  infinite 

number  of  constants,  it  must  lie  possible  to  aangn  values  to  them  in  such  manner  as,  for  a 
l^ven  value  of  «,  to  amign  |pven  valuea  to  yjj^,...^*^  That  is  to  aay,  tlie  differential  equation 
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can  be  satisfied  by  any  values  of      y,  y  and  is  an  identical  equation.    Thi»  of  itaelf 

might  hv  held  sufficient  to  prove  that  there  cannot  be  even  »    1  constanti. 

[Writers*  ofken  expran  theniMlvea  «*  if  «  gtveo  eqiuttoo  of  the  eecond  order  had  but  one 
pair  of  primitira  of  dM  fint  order,  having  one  arbitrary  (Kinstant  in  eidi :  and  aiinibily 

for  other  orders.  But  this  is  not  correct :  if  a  -  ^  (or,  y,  y')  and  6  -  (o",  sr,y*)  be  any  one 
pair  of  primitives,  then  c  -  /  (0,  is  also  a  primitive  of  the  first  order  for  every  form  of  /. 
Thus  9  »  Qjr  4-  6,  and  am  by  ^  a*  -k- equally  give  y' »  0,  but  the  second  gives  a  very 
different  pair  of  equationa  of  the  fint  order  from  irhftt  the  fint  givefc  An  equation  of  the 
aeoond  order  repreaenta  •  tuolAy  ^  fmiUM  of  Now  though  «  treup  it  but  in  ooe 

«»y  n  group*  yet  a  group  of  gvoupe  ie  in  an  iniinite  number  of  ways  convertible  into  other 
groups  of  groups,  differing  acrording  to  the  manner  in  which  individuals  from  each  of  the  old 
groups  are  put  together  to  form  one  of  the  i  i  v,  ones.  Einh  of  these  methods  involve*  a  diffe- 
rential equation  of  the  first  order  with  an  in  burary  constant  in  it  The  nature  of  this  last 
equation  dietateB  the  principle  on  which  the  groups  are  fonned,  the  Talne  of  the  eonatant 
aettlee  which  grcnip  is  takeu  into  conddetation. 

In  the  common  form  y  =  y  x  fy,  it  is  said  that  WO  hicre  only  a  limited  selection  fixND  the 
lines  indicated  hy  °  0,  namely,  tliose  contained  in  y  mv  +/>ri.  But  if  there  ho  an  arbi- 
trary constant  in  f  m,  we  have  the  complete  solution,  since /tf  is  then  independent  nf  c  in 
value.  The  fact  is,  that  a  ~f{tf\y' x  -  y)^  which  answers  to  the  above  with  an  arbitrary 
eonetant  in  fl^  ia  the  gvneral  mode  of  lepreeenting  an  equation  of  the  iStet  older  formed  from 

But  it  if  further  to  be  noticed  that  we  are  not  bound  to  the  entrance  of  one  arbitrary  con- 
stant only  in  each  of  the  primitives  of  the  first  order.  The  equation  / {y  —  «r,  y'.t  -  y  -  h)  =  n 
is  really  satisfied  by  y"  -  0,  and  hy  y  A.t  +  provided /{A  -  a,  -  B  -  b)  •a  o.  And  this  is 
the  complete  primitive  of  /  0 ;  and  any  other  mode  of  iotegratim  will  introduce  the  new 
arbitrary  eonatant  only  in  raefa  oombinationt  with  «  or  or  bolb,  aa  will  render  the  three 
equivalent  only  to  two. 

Many  cases  have  casually  oNSomd  in  wbidi  a  greater  number  of  constants  enter  a 
primitive  than  the  theory  points  out ;  but  it  is  always  found  that  the  ronstnnts  enter  in  a 
manner  which  reduces  their  effective  number.  Nevertheless,  it  has,  1  think,  been  gene- 
rally received  that  an  integral  of  the  order  «  -  m,  of  an  equation  of  the  nth  order,  cannot 
have  more  than  m  eonetantt.  To  iliew  that  thia  it  not  alwaya  the  caae,  take  the  equatwn 
(il  if  ff)]^  4  J7««h  (7  -  2y  a  0.  It  has  three  independent  constants;  and  yet  it  is  a  primitive 
of  y"  m  0.  If  wc  differentiate  twice,  we  have  (A  -i-  .t)  y'"  ^  0,  and  though  it  cannot  be 
said  that  three  constants  disappear  in  two  diderentiations,  yet  it  must  he  admitted  that  a 
third  constant  is  driven  from  the  differential  equation,  which  must  he  y'"  >=  o.  Neither  do 
we  get  four  oonstanta  m  the  original  primitive ;  Ibr  if  we  iottgmte  {A  +  a:)  y  +  Bit -t-  C  "  Sy 
in  the  ummI  way,  we  find 

y  +  £*»  +  -'B)x+  (a*E~  -  0. 


*  The  data  of  ihia  ■ddliioD  U  Much  17, 1S51. 
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in  which  the  constant  of  integration  is  combined  with  the  old  ones  in  such  manner  that  only 
diree  dittiaM  aitxtniy  oonttmto  appMr* 

The  integnting  faetor  of  a  oMiinHNi  difleiwitiAl  cqmtJoii  it  >ny  lolutioD  cf  a  oertaiB 

partial  difTerential  equation,  and  therefore  contains  an  arbitrary  function,  which  ii  dw  cgtti* 
valent  of  an  infinite  number  of  arbitrary  constants.  It  must  therefore  lie  shewn  that  the 
primitive  of  a  common  differential  equation  does  not  contain  an  arbitrary  function.  In  the 
CNM  of  tb«  first  order  Aia  i«  easy,  for  if  Pdx  -k-  Qdyh^  made  dF  by  multif^icatioo  by  M, 
tbe  general  integiating  factor  is  ^  jtf,  and  tbe  prUnitiTe  it  of  the  form  ^  F  •  coaet., 
wliicli,  were  to  contaiii  a  million  of  arbitiarj  constants,  amounts  to  no  more  Aan 
r» const.  But  no  such  proof  applies  to  equations  of  a  higher  order  than  the  first;  on 
the  contrary,  I  think  it  can  be  shewn  that  all  the  primitives  of  such  ao  equation,  except 
only  the  general  primitive,  contain  effective  arbitrary  functions. 

Let  lis  take  0.  What  are  called  Me  prinutiree  of  the  lecond  order  are  +  a  •  0^ 
mj^ •'t^ ■¥ b  m 0,  >9«f'  +  Sy  +  o-(k,  But  it  ia  ebvioue  that  jT^O  »  equation 
of  the  third  order,  and  the  only  one,  which  Iblloire  from 

And  the  complete  integral  of  thie  ii  y  ■    —  -f  B«  +  <7,  mibjcct  to  the  coQdiden/(d  «, 

Neither  can  there  be  any  other  equation  of  the  second  order,  dedudble  from,  or  dedudug, 
y"'  «=  0,  and  not  contnined  in  the  above.  For,  let  (x,  if,  y\  y")  ■=  0  be  the  most  general 
solution  of  y"  «  0,  and  let  (/"+««•  P,  ry"  -  Srr.  =  Q,  J* »/"  ~  ~  ^  substituting 
the  values  of  y,  y',  y",  thcnu;  obtained  lu  terms  of  P,  Jl,  js,  let  =  0  be  tlius  reduced 
to  ^ (P,  <I,  H,  «)  •  a    Then  we  have  {^p  +  <Pq.x  +  <ptL- v"    0« "  %  vhidi,  aittee 

0  it  to  he  an  equatioa  of  the  third  order  dedoeible,  girei         o  for  all  valuta  of 
to  that  (ft  docs  not  contain  .r  explicitly. 

The  following  exron<iion  of  thi-  theorem  involved  in  the  method  of  treating  y  —  y  '^+fy' 
may  now  be  easily  proved.  Let  ^  («,  y.  A,,,. .A,)  «  0  be  the  complete  integral  of  an  equation 
of  the  nth  order,  and  let  Ui  +  Ai>m  o,,..Ug  +  A,^Of  be  the  fundamental  integrals  of  this 
equation  of  the  order  «  ~  1.  Then  the  general  preceding  primitive  of  the  aquation  of  the 
nth  order  it  /  ((7(  +  Ju,,M,  4  J,)  •  0,  /  being  «nj  form  whataiever ;  and  the  anpnd 
primitive  of  fA'  rquation,  independently  considered,  is  ^  («,  y,  ^i,...^.)  in  whidi  tbe  «s  new 
constants  Bi,...IS,  are  subject  to  the  condition  /  (//  -  7?,,..,.^,  -  P.)  -  0.  This  process 
most  be  repeated  on  the  last  primitive  in  order  to  proilucc  the  meet  general  equation  of 
the  order  n  —  t ;  and  to  on. 

For  illattration,  I  return  to  the  ceee  ct  m  9^  and  Indicate  the  mode  of  finding  Ae 
gUMBil  primitive  of  the  first  order.  Let  Jf  ■  bdr  +  c  be  first  taken  as  a  primitive:  Itt 
geoenl  equation  of  tbe  third  order  it  y'*' a  fl^  of  which  the  immediate  ptintttive  it 

-  S  4ry^  4  Sjr-fe  -/Cry  -!<4  »,  y*-**), 
whidi  however,  ttricUy  hdoogt  toy*  oa*  +     4  «  only  when  0  */  (0^  0).   The  complete 
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primitive  cf  the  laat  by  -  At^  *  Bm  +  C  eul^ect  lo  the  cgmlitmi  »C~2em,f^~B, 
tA  -  «a),  or  it  ti 

f  A^^+  Bm4-«-¥i/ib-ByiA'*»), 
and  of  this  wc  must  find  the  IIMwt  general  equation  of  the  first  order.    The  usual  equatioDt 
of  the  first  order  will  be  reodiljr  eeen  to  be  (A  and  B  being  the  coosunta  for  dininttioD), 
m^-gmA^-c~l/ib~9'  +  sAx,  so), 

#8<-Sy-  -  Bm''9e-f{b-Bt^  So); 

if  we  throw  these  into  the  forms  U~  J  "0^  V  ~  B  m  o,  then  F-  j?-  F(U~J)  is  the 
general  equation  of  the  first  order. 

Tdting  a  aimpU  ease  of  tluib  n  U  »At  which  gives  the  first  of  the  above  equatioaa 
affaatf  we  ou^t  to  find  fraoi  it  ff^.m  O;  and  if  we  difbrentiate  both  sidci,  we  find 

Neglecting  the  altematiw  oAered  bj  the  iirst  Isotor,  wbidi  givce  a  singular  aolutiaB,  we 
haTey*-S^-o,  y"'=o. 

I  cannot  find  any  condition  worthy  of  note,  except  the  simple  directness  of  the  mode  of 
derivation,  which  distinguishes  the  ordinary  primitives  from  those  which  I  have  given  above. 
It  is  not  even  tree  that  the  ordinary  primitives  are  the  only  ones  wldeh  oootaia  one  arbi- 
tnuy  ooDstant  more  thaa  tboee  fnm  wbidi  tbcy  are  imnedlatciy  derived.  Thus  a  «  -  y) 
is  as  much  a  primitive  of  a  0  as  a  >  aty  ~  y  or  a  y'.  And  it  ia  to  be  noticed,  in  refer* 
ence  to  the  ordinary  theory,  that  the  primitives  of  the  order  n  -  1  are  the  only  ones  which 
are  independent  of  each  other.  Of  those  of  the  order  n  -  9,  ^  n  (n  -  l)  in  number,  only 
n  -  1  are  independent  of  each  other,  the  rest  being  deducibie  from  them  ;  only  »  —  2  of  the 
order  n-  S,  and  so  on. 

From  looking  at  ihe  email  number  of  ease*  in  whieh  the  oonplete  series  of  ordinaiy 
prfnitives  can  be  fbund,  I  eurmiae  die  following  mode  of  derivation  to  be  tmiveraal. 

✓    '   V. 

Bt  JD^  £^ 

Each  letter  represents  an  equation  with  it*  order  subscript.  Of  the  five  equations  of  the 
fourtli  order,  h\  produces  none  of  the  third;  A\,  one  only,      ;         two  onH'  ;  and 

so  on.  Tills  process  is  repealed  on  each  of  the  groups,  until  the  complete  jn  iruinvp,  g^^  is 
attained.  Looking  at  tht:  fact  that  ail  in  the  first  group  are  independent,  it  may  be  sus- 
pected, I  Bubmity  that  any  general  mode  of  thus  obtaiidng  the  sucoeMive  primitives  will 
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find  it  convenient  to  treat  tbe  groups  of  largest  number  in  each  line  aa  containing  the  inde> 
pendent  equations,  from  which  all  tbe  others  are  to  be  deduced. 


SacnoN  IV. 

On  the  eomMtion  nf  integrabilUy  of  cp      y,  y, 

l.ot  the  successive  differential  coefficients  of  y  with  respect  to  «  be  denoted  by  p,  q.  r,  «, 
&€.,  using  y\  y",        wheo  conveoieDt.    Let  F  be  a  fuoctioii  of  w,  y,     q,  fitc,  and  let 

l^y*  be  ita  partial  diflbrential  ooelRdeiita  with  reapect  to  the  arrend  Icttars,  taken 

indepndeBlly.  Lot  the  aoeaot  be  tbe  aymbdt  of  oonpleta  diffemitiatioa  vitb  teapKt  to  «, 
■o  that  we  hvn  in  aU  eases 

r-  f,  +  t;p  + v,r+  f«  +  ... 

If  F  contain  no  letters  beyond  r,  then  «  occurs  only  as  seen  in  V,s;  and  so  on. 

Various  proofs  have  been  given  of  the  theorem  that  Fdjr  is  integrable  per  iodcpea* 
dently  ot  relatioii  beCwaen  y  and  «,  when  F,  -  V,'  +  V^-„,itmiAM  idcotkaUy.  Euler 
proved  it  by  the  caleolua  of  Tariatiooa.  Lagnnge  gave  a  compltcated  proof  inTolving  die 
flame  priodplc^.  Lexell  ga^ve  so  much  more  complicated  a  proof  (according  to  Lagrange, 
whose  mention  of  it  is  all  I  know  about  it)  tliat  it  is  difficult  to  decide  either  upon  its  truth 
or  generality.  Poisson  gave  another  proof  derived  from  the  calculus  of  variations.  M. 
Bertrand  gave  two  proofs,  one  from  tbe  calculus  of  variatioDs,  another  from  the  introduction 
of  d«6nite  integratioo  with  leapaet  to  a  aubndiary  variable.  M.  Jacqaaa  Koet  extendiad  Ae 
aeeond  proof  of  M.  ficrtrand,  and  the  roaulting  form  of  Poiaaon,  ao  aa  to  HMke  them  apply 
to  all  cases,  without  any  failure.  (Pois>;on,  Mem.  Imt.,  18^<|,  p.  26O;  Bertrand*  Ee. 
Poiyf^ch  rah.  ?8  ;  Moigno,  Vol.  11.  p.  sjii.)  AUuaion  ia  made  to  some  inreatigatiflina  d  M. 
Sarrus,  wliich  i  have  not  seen. 

The  objection  to  all  these  proofa  la  that  they  are  not  ftindamental :  they  introduce  eonai- 
derationa  the  Ibrtbeat  fhim  dementary  of  any  whieh  can  now  be  ima^ned,  the  priociplee  of 
the  calculus  of  variations,  and  the  uae  of  espression  by  integration  with  reapect  to  a  ▼atiable 
introduced  for  nothing  but  expression.  This  objection,  however,  ia  of  no  validity  until  a 
flimple  .uid  fuiK!anu'nt.il  proof  is  given :  and  this  I  propose  to  do. 

Again,  it  is  to  be  shewn,  not  only  that  the  criterion  is  tu^cimt^  but  that  it  is  neces9ary. 
Same  of  the  proofa  of  the  latter  pdnt  appear  to  me  to  Id  entirely.  They  depend  upon 
the-  Tcduction  of  jVda  to  an  int^rated  portion  together  widi  an  intq;^  of  the  form 


*  April  !>,         I  picked upsmemolr  bjrM.Saffui,  which 

luu  Use  appcnrancr  of  hting  part  of  the  Jounutl  de  CKcolg 
Polyttehniqne .  and  iheil|{ti«lureliw"Toi>)i;  xiv.  No.  vii.ier 
jiwiTler  1834."  TbU  memolT  conlaioe  the  pioof  here  given, 
In  substance,  though  the  equations  on  which  th«  mierion  is 

founded  u%  not  dcoMHutnttd.  Ii  1*  •inguUr  thai  M.  Bcxttud 
Vot.  IX.  PAkT  IL 


taVee  no  notice  of  il.  except  to  obteirc  that  M.  Sarru*  iae*  not 
I  u»«  the  cjilculu*  of  variation*.    IVfM.  Cauchr  and  .^^oi(fno  pax, 

it  ovei  iltiigcilicr     Jlut  il  iiuist  be  ob»cTfc<l  that  M.  Sarru« 

r>iabli>hr<  nn\y  the  ruMtnty  of  tbe  eriteiioD,  and  doe*  not 
_  e«tah]ish  lt.inf^loiM«y,«Mept«lMB  dwsfiaikasiintglflisil 

m  gnuited  with  ic 
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jj[F,-  V,'  +  ...)  Qdx.  Tlui,  kif  aMimdl,  mutt  Ttoiih ;  wlueb,  though  clear  «Dougfa  in  the 
oonmoD  ctw  in  whidi  <| «  mil  Ty-...  it «  fbnetioB  ol m  ooly,  Ji  not  tnllckntlj  fupportod 
in  any  ether.   Why  may  not  (F^-  ...>  Q  be  itself  a  n«v  intepaUe  function  ? 

Let  F  be  to  integnUe  fuactioa*  tay  of  «»  y,  j»,  9,  r,  *,  tf  whkh  tberefore  em  be  thioirn 
into  the  fonn 

V^X  +  Yp  +  Pq  +  Qr  +  Ba  +  St, 

where  X,  Y,...S  are  functions  of  s,  y,  p,  r,  «,  and  not  of  f,  and  are  themselves  differential 
ooefficieaU  of  fVdx.  Consequently  we  mutt  have  all  such  relations  as  P,  -  iK^,  AT,  -  Q,,  &c. ; 
or,  Jf  and  JKTbeing  any  tiro  of  tbe  eapitabi  and  m  and  » their  ectreeponding  sdmU  letlent  we 
nuet  have  Jf.  ^Jf^    If  dien  we  diAeraitiate  with  leapect  to  aoy  one  letter,  My  r,  we  bave 

m  {S,  +  J?,p  +  R,q  +  B,r  +  Jt,«  h-  Jl,0  -t- 
Proceeding  tb«i%  we  get* 

F,-i^+r,  Q-r,-F/+F;, 

F,  «  Q'  +  P,  -  F/  +  V."  -  V;\ 

Vr^R  +Q,  i'"^,-  ^9  +  y"  -  V;"  +  F,", 

F,-^+ J?,        0.  F,  -  f;+  f,"-  f;"  +  vr  -  F,^ 
f;-o  +  5. 

whence  the  neoeieity  of  the  criterion  u  eatabKriied.  (Tbe  general  theorem  on  wMdi  it  depend* 
It 

(W)^.,m{W^'*W^.^  (JF). 

wbieb,  we  may  notioe  in  paaaing,  gives 

the  last  terin  containing  (IF^)**""',  whenever  k  is  greater  than  n.  It  foUowa  that  {1V**')^m 
always  integrablc  per  ae  k  -n  times,  whenever  k  is  greater  than  n. 

Tbe  last  equations  give  the  first:  for  if  we  dUEsreotiate  V^JC+  Yp  +  Pq  +  ... 
we  bare 

F. ♦  y^,P*  ^,9  + ...  -     +  Tp  +  (P'-j.  r)g  +  

wbicb»  by  the  last  nz  equationa,  k  F«  •  JT*.   And  thai  it  appears  that  tbe  partial  diffarential 

coefficient  of  A"  +  Fp  +  ...  with  respect  to  any  letter  (except  only  ,v)  is  so  much  of  tilCloM 
difTerential  coefficient  as  is  seen  in  tbe  explicit  coefficient  of  tbe  next  letter.  Agein,  we  nrait 
<ibserve  the  following  theorems : 


•  I  c«nm  mpAtM  lB«  k  Mtind  Aat  the  wdl  koowa  I  idigdienaf  dwton^wtdwd.  (bMft  by  H.tan<.] 

fetias  r,,  r,"  r,\  *c  an  iWliiiie  b«t  ill*  puttal  dtffimniU  * 
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If  K  be  int^able  p«r  «e,  au  ar«  also      and     -,  and  moreover,  V  is  identuaUj  equiralmt 

fr,dx  +  (F,  -  f;  + ...)  p  +  (F,  -  F/  + ...) }  +  (F,-  f;  +  ...)  r  + ... 

If  Kbe  integrable  per  $e,  so  also  is 

V^W^V^  W  +  V,W"  +  V,ir" -i-  

where  W  is  any  function  whatsoever  of  y,  p,  qf.»  or  of  any  of  them.  For  common 
integration  by  parts  show*  tb«t  tht»  M  iDtegnhk  or  not  witJi  /(F^-  V^'  +  ...)  IVdm. 
Thi*  is  an  easy  way  of  making  eomfilicated  integraUe  f nnctioiM  tnm  tiniple  ohm.) 

I  have  pul  the  preceding  renarkt  in  paMDthMec,  be>cause,  tliongil  immediataly  aiislng 

out  of  what  goes  before,  tliey  are  not  wanted  in  what  follows,  namely,  in  proving  the 
tufficieney  of  the  criterion.  For  this  purposL'  observe,  first,  that  if  the  criiorion  exist,  or  if 
—  Fy'  ...  -  0,  we  can  re-^tablish  the  last  six  equations  (and  thence  the  first)  in  /orm, 
widiont  any  aaiumptioa  aa  to  A',  JT,  8ce.  batng  all  partial  difoantial  ooeffidenta  of  one 
funetion.  For  we  liavo  a  right  to  aaniim  Y^,  Jt—  y,  —  ^m  P,  >  F/,  &c.,  and  pro. 
oeediog  tbii%  we  obtain  F-  F^  -  r  =  -  F,'+..„  Bnt,  by  the  criterion,  =  F/- ... « 
whence  the  second  equation  follows:  lastly^  aMttne  X  ao  that  V^X-^Yp-^  ,„  and  we 
have,  as  before  shewn,       -  X'. 

From  these  forms  alone,  and  the  universal  theorem  (IF),  it  follows  that  in  every  case 

m  or  that  X-¥  Tp  "f  ...  ii  a  eomplete  dilfo«nttal  ooeflidcot.  Take  aqy  letter*  «ty 
r.  If  the  partial  tests  of  integrability  be  aU  true  whenever  one  of  the  letters  a*»  ii,  is  r,  they 
are  all  true  when  one  of  them  is    the  letter  preceding  i*.    To  prove  dus»  oihserve  that 

(F,),-  q;  ^     +  p.  -  iV  +  «,  +      by  hypolbesiB* 

(F,),-i?/  +  i?,+  Qr 
TliiB  proves  nothing,  Ixing  only  an  identity.    Now  take 

(F^),  =  p:  +  p,  +  n  -  r;  +  /^^  +  R^, 

{V,),  -      +R,  +  Qy,  whence  P,  -  4- 

Again,        (F,),-F/+r,-i?;  +  r,. 

( K),  -R,'  +  Q,  i  whence  Q,  - 
Lastly,  ( V.X  -  Xj  +  -T,  -  RJ  +  Jf,, 

iK),~B;+(Li  wbmiee  Q,^X^ 

wlienee  the  tiieflflem,  if  tme  fiir  any  case  in  whkh  r  atera,  b  true  isr  any  case  in  which  q 
enters.  Eveiyfldng  dien  depend*  upon  piuvlag  the  tcata  in  wkkb  #  entei^  sinoe  no  one  of 
die  capitds  is  n  iiinetion  cf  i. 

Now       F„  -        P«-  0  +  fl',  +  0 

wUdi  ia  an  identity.  But  V^^mS^  and  V^mQ-¥R,-¥«,  whence  8,^X,i  and  so  on. 
Hence  It  is  proved,  from  first  principles,  that  the  criterion  is  sufficient  as  well  as  necessary. 

Ifthe  function  X+  Vp  +  Pq  +  ...  be  intcgrablc  per  se,  it  appears  that  Xdx+  Vdy+Pdp+  ... 
is  intcgrable  per  m,  independently  of  the  connexion  between  j^,  p,     Stc    If  then 

Ada  +  Bdb  +  Cdo  -t-  Ed«  +  ... 
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be  e  cnaplete  diftrentiilof  M  TuiiUee  c,  &c.,  it  Mows  dut  tbepwdd  tcttt  «  he. 
^  ->  I)  in  mmber,  are  all  contdned  in  one,  as  loUowa.  Assane  h  a  fimctioo  ef  «,  and 
let  e,  e,  8(C.  be  the  Aferential  eoeHeieiits  of  6  with  respect  to  a.  Then  the  condition  that 
Ada  +  Bdh  +  ...  is  intagnUe,  or  mAcr  the  ooUeedon  of  aU  the         -  i)  oonditaons,  is 

seen  in 

Om{A  +  Be  +  C0^  ...)» -  M  +  i»c  +  Ce  +  „X  +  (A  +  5c  +  C«  +  ...),"  -  ... ; 
and  as  the  above  snpivxitions  may  be  made  upon  every  order  in  which  the  letters  can  bf 
written,  we  have  i .  2  .  a  ...  n  modes  in  which  this  reductioo  to  one  form  can  be  implied ;  any 
one  of  which  is  sufficient. 

This  one  eiiteriaa,  then,  involves  many;  hut  as  wt  Icnov  dial  perfectly  diadnct  relations 
cannot  be  rednoed  cKpliddj  to  one,  we  eannot  but  say  we  itnov  that  V^-  V^+..,mOu  net 
merely  one  relation.  The  following  mode  of  shewing  that  it  involves  otbcn  Suggested  itsdf  to 
me  before  I  was  in  possraoion  of  the  proro<?inf^  solf  equation. 

Tf  we  were  to  suppo^  any  letters  beginning  with  y,  aayy,  p,  q,  to  he  constants,  so  that 
K  is  a  functicm  of  x,  r  a  function  of  «,  and  «,  /,  its  first  two  differential  coetficients,  it  is  clear 
that  wo  sbonid  still  have  an  IntegraUe  ftmctlon.  For  tf  Ad^-t-Bdh  lie.  be  integrabk 
indcpendcndy  of  rdallon  between  o,  A,  flie.  it  u  still  integrable  if  we  make  da  *  0,  or  dA  *  0,  kc. 
Comequently,  on  sneh  a  at^porition,  r,-  F/ +  r,"  vanishes.  That  is,  if  in  t;,  r,  wc 
write  p,  <T,  T,  for  r,  a,  /,  in  every  place  in  which  they  appear,  and  then  form  F,  -  V\'  +  T/', 
allowing  r,  «,  /,  to  appear  whenever  they  result  from  y,  p,  9,  but  writing  o  for  p  be.,— the 
part  containing  p^  a,  t,  will  vanisb  identically. 

It  appears  above  that  the  mode  of  actually  iloding  /  Vd»  ia  equally  applicable  to  the 
detsrminadon  of  fiddm  Bib ),  when  «  and  h  are  unoonneeted.  As  deaied  fifom  all 
liability  to  fail  by  M.  Jacqu«i  Binet,  it  is  as  follows. 

In  V  write  u  zy  for  y,  w  being  a  function  of  *  only  which  must  be  definitely  assigned  in 
any  convenient  way  before  the  operation  is  completed  ;  y  being  an  indeterminate  function  of  a;  \ 
and  «  a  variable  ind^endent  of  •  and  y  Let  9,  r,  &c.  be  the  differential  ooeflideats  of  y  in 
w  ^  try.    If  then  we  look  at  F,  whieb  is  a  function  of  ar,  n  .|>  sry,  «'  -c       lie.,  as  a  function 

/I 

where  F,  is  the  function  of  «,  u  +  y,  u'  +  p.  Sue.  and  V.,  the  ssoie  function  of  «,  «,  u\  &c., 
which  is  a  determinate  functioo  of  » '.  and  Vg,  V^,  &c.  have  u  4  Mj/t  u  +  srp,  he  written  for 
y,  p,  &c.  Consequently 

/F,ll«  -  /F,rf»  ^  fdv.  f{V0  4  V,p  +  ...  )  dm 

of  wbidi  die  first  term  is  determinate,  whfle  the  aeoood  term  is  found  by  performing  J  d» 
upon 
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y(F,-  r;+  vr-  F;"+r;') +|»(F,-.  f;+  f."-  0 
+  Mn- 1^/+  K"  ^r'*+ 17  - 

The  sufficiency  of  the  criterioo  now  appears  again  ;  and  when  it  is  satisfied,  we  see  tliat  we 
have  nnly  n  r^etcrminate  function  of  »  to  iDtCglBtfl^  and  aftec  IDte^rfttioa^  and  of 
to  write  y  -  u  for  y,  p  -  tt'  for  p,  &c. 

Id  Poisson^s  process,  the  result  is  that  of  the  preceding  with  tt  «  0 :  but,  as  M.  Moiguo 
remarks,  tins  supposition  may        To  inflnite  or  IncalciilaMe. 

But  dw  eMiMt  way  of  airiving  at  fVdm,  m  any  caw  tlnl  cm  oeeitr,  ii  fay  lilmeniing  dial, 
when  the  criterion  b  ntlifiedl,  F^and  are  both  integrable  per  »e,  and  give  (fVd9),uid 
{fVdy)^  by  the  process.  A^atn,  if  /  tlnn  last  Irttcr  (hnt  enters,  wo  know  that  fVd.r  fV  dt 
(#  only  varying)  -t-  (a  functioo  of  preceiient6  of  «}  :  and  if  observatioa  be  not  now  sufficient  to 
detect  that  (unctioiD*  we  fam*  other  putial  dilftraitMl  ooeOdento  of  ^  hil^rol  loii^  in 
V,  <-  F/»  Ice.  H.  M.  Bertiand  and  M cigno  have  both  preferred  bd  indiraet  mod^  (wUdi  hn 
tradaoee  aiUtnty  conalaiitc  to  he  detemiaed  durfaig  the  fMroeee*)  in  preflsrenee  to  the  opentioD 

J  dm  and  tha  example  they  have  both  chosen  ie 

F  ■  8 «  +  y*  +  Sdryp  +  *g  +      -  p. 
With  this  I  should  proceed  as  follows:— If  fVdm  ■  U,  we  have 
r,-«  +  2yp  -t-  94'S«r,        Cr,»  S«-|-  y*  +p  +  2»g  -  2p  »  2*  +y»  +  8*5  -  p, 
F,  -  «jf  +  imp,  U,  -  *«f , 

and  miwtbe  the  only  term  iDTtdvfaig  9;  whence  die  btq^nd  vnet  he  nnmedlat^  eeen 
to  be 

ary-  +  jt*^  -  pa. 

It  is  sufficiently  well  known  that,  in  mathematics,  undefined  dependence  is  independence, 
though  perliaps  the  nasun  never  finds  words.  But  it  appear*  in  the  preceding  that  this 
tenains  true  to  the  following  extent  If  &  he  any  function  cf  u,  and  if  c^  a,  fce>  be  tlie  nccee- 
llve  diffatential  coefficients  of  b  with  respect  to  a,  then,  till  the  connexion  of  b  and  a  is  defined, 
a,  b,  r,  e,  &c.,  are  perfectly  iadependeat  of  each  other.  This  might  eaafly  be  cstaUiabed 
otherwise. 


Section  V. 

On  tht  demonelraliont  o^ifte  mode  o/tfunrfommg  muUiple  tnt^rabt. 

I  have  always  been  dimetiafrd  widi  the  manner  in  whidi  Legrenge,  L^gendxe,  and  all 
other  wiitera  wiw  have  treeted  the  eul^ect,  ectnbiidi  die  mode  of  diengiiig  die  variehles  in  a 


*  We  httvt  them,  beesuar  iht  eauii«it  way  of  ei<ta)>li*hing 
the  eilMtion  (which  mum  be  done  fintt)  b  hj  going  through  the 
•UMMiTcCmaadM  of     K«  Ji>  K.-r,  Qm  V.-R,  &c 


t  Thii  wctioo  wM  ■  tuhMqueni  cooimuiiiattisii,  dated 
Fttaiaqr  n.  IMI. 
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multiple  integraL  In  mj  DiffermM  CaiwftM,  (pp.  syt^ass.)  I  thmdniMd  tUi  mode,  aod 
lubsdtotBd  «notfier,  wUdi  Ibr  the  CMe  of  two  wuliilM^  a*  diewn»  ud  of  diffl«,  m  night 
be  ehewn,  is  perfeetlj  nUdent  and  not  rerj  difBsidt  Heftag  thue  evaded  the  necessity 
of  consiilcrincr  the  usotl  demonstration,  I  have  never,  until  now,  entleavoured  fully  to  settle 
in  my  own  mind  the  question  whether  the  doubU  which  1  entertaiaed  about  it  were  or  were 
not  well  grounded.  This  I  have  now  done*  and  have  satisfied  myidf  that  the  fault  is  one  of 
oniaiiaD  onlj*  and  that  the  oadBMOii  can  be  eaiflj  aupplied.  Il  would  not  heeome  ne  to 
eondode  that  amljita  do  met  tupply  thia  omiiaiaii,  each  for  himself:  and  yet  I  am  foieed 
to  8ii<;pect  it  by  oheerviog  that  the  moat  recent  writers,  as  M.  Gauchy  aod  H.  Catalan,  (dted 
by  M.  Moigno),  neither  mention  omission,  nor  supply  it. 

In  making  the  summation  expressed  by  jjzdxdy,  any  process  is  sufficient  which 
dividee  the  whole  extent  (say  an  area),  over  which  integration  is  made,  into  dement*  of  the 
aeoood  order,  n  in  number,  «  being  infinity  and  auma  all,  or  negleete  a  number  of  an  order 
lower  than  it*  It  is  not  necessary  that  to  one  value,  or  rather  poeition  and  value,  of  d«, 
should  correspond  an  infinite  nunil)or  of  cases  of  dy  :  it  is  enough  that  the  whole  area  signified 
by  ffdx  dy  should  be  subdivided  into  m  infinite  number  of  rectangles,  each  of  which  ha«!  all 
its  sides  coinciding  with  sides,  or  parts  of  sides,  of  others.  We  have  then  to  ihew  that  the 
particular  mode  of  tnatment  we  propose  for  Jfda;  dy  just,  aa  it  were,  eerarr  lAe  grewMl; 
and  we  have  tben  to  treat  ff»dm  dy  by  that  mode,  or  mmtktr.  There  ia  an  unlimited  number 
of  ways  of  dividing  a  given  treu  into  rectangles  of  the  sort  of  contiguity  required  :  and  it  if 
obviously  allowable  to  shew  one  way  of  filling  up  the  required  extent,  and  afterwards  to  use 
another  way  in  summation ;  provided  always  tliat  we  assure  ourselves  of  the  equivalence  of 
the  two  extents  which  are  used.  Now  it  is  the  sole  defect  of  the  usual  proof,  tiiat  in  con- 
verting jfxdmdy  into  fjwdu4%  the  mode  of  dividing  into  elements  of  the  fimn  dai  do  which 
ia  adopted  in  the  proof  of  equivnlenoe^  ia  nof  tiiat  whidi  u  intended  to  be  uaed  in  dw  anbeo- 
qucnt  integration,  and  that  this  is  not  suted.  Lcgendre***  ptoof^  thangjng  lymbob,  is  Ule- 
rally  as  follows,  {Mem.  Acad.  Sc.  1788,  pp;,  458,  459.) 

Let  u  and  v  be  two  varirihles  which  we  are  to  introthirc  in  plnre  of  r  and  7  :  suppose  that 
between  these  four  quantities  we  Lave  estabiisiied  two  equations,  from  whence  we  have 

dx  =  x^du  +  x^dVf 
dy  -  y.da  +  y,do, 

the  value  of  d«  in  »d4rdjr  must  alwajs  suppose  y  ooostant ;  ao  that  for  substitution  we  have 
y.dw   y,dv  »  0,  or  do  «  -  y.di»  4>  y, :  wheooe 

We  have  yet  to  introduce  v  in  place  of  t/ :  for  this,  observe  that  dy  m  the  above  element 
supposes  u  constant    We  have  then  dy  =  y,dv  and  the  final  result  of  the  transformation  is 

('Jfn^'^Jfdudv. 


•  8w  also  LavMvs  (JWm,  ^aarf.  177%  1st).  I  kai*  1  inteiets  »  Lsamv^  wIiom  om  bas  liiiMi 
cind  li^tBdn,  wiMasoos  bM  tea  tadq^eotet  vni^ 
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Here  is  then  a  relation  instituted  between  du  and  dv,  which  is  forthwith  tacitly 
abandoned  after  being  used.  M.  Caiiehy  makes  the  abandonment  formal.  He  Mys  (Moigno, 
VoL  II.  p.  215.)  "  Des  lors**  that  is  after  du  has  replaced  d«,  **  ces  deux  variables  dcvraient 
Itn  faid^penduitefy**  for  vbidi  do  mwn  b  giwB*  Nmr  it  b  pldn  tiMt  tlieve  i»  no  objeetion 
to  oar  inatitatiDg  a  rdation  bfltween  4u  md  dv  in  llie  dcneot  dndn.  If  we  take  u  and  «  to 
be  new  rectangalar  eo-onBoetaiy  and  maA  ont  the  area  correipomfing  to  the  area 
over  which  wo  are  to  integrate,  we  may  cover  this  area  with  elementary  rectangles,  in  each  of 
which  is  a  function  of  du,  u,  and  v.  We  may  not  have  a  pnxess  of  integration,  inverse 
to  differentiation,  by  which  to  sum  the  results:  but  we  want  no  such  process  for  distinct  concep- 
tion cither  of  the  end  to  be  gained,  or  of  any  appraiunate  amount  of  acquisition.  It  ii  not 
true,  indeed,  that  there  it  a  idation  between  du  end  do  hi  the  final  eUment  above  coostmeled : 
tbe'  second  dv  is  a  different  one  from  the  first  But  it  is  true  that  ff('V„y,  -  xdudp, 
mmmr<]  :n  the  same  order  of  elements  as  ffjrdxdij,  will  not  proceed  first  with  respect  to  II 
and  then  with  respect  tn  v,  but  in  another  mode,  in  which  tt  and  V  vary  together,  both  in  the 
first  integration,  and  in  the  second. 

In  the  phme  of  «y  draw  perpendlGnUHr  etnight  fines  hafing  tbe  cqnatimiB  #  m  eomt., 
y  m  eonit. ;  nnd  in  die  plane  of  ««  draw  tbe  curree  wUcb  aniwer  to  thcN  itndgbt  finee» 


X  and  y  Ix-ing  each  a  function  botli  of  u  and  v.  So  that,  if  ar  ■  o  in  the  first  system,  and 
f  •»  ^  (u,  v),  then  ^  (u,  v)  —  a  is  the  curve  answering  to  the  line  «  »  a.  Taking  the 
dement  IMS,  die  d«  of  tbe  tmmfennatlan  is  (12)  throughout;  the  fint  dv»  (ttf)  wfaidi 
ii  rdated  to  (IS)  by  the  eqaation  H>«,(«l)  •  0;  the  woond  and  final  do  Is  (14).  Tbe 
iotegndt  first  with  respect  to  «,  and  then  y,  of  fftdmd^,  if  perfectly  indteted  in  the  tfnne* 
formed  integral,  would  reqviirc  two  integrations  in  which  botli  u  and  v  vary  at  every  step. 
And  it  may  be  noticed  that  as  (1S45)  only  differs  from  (£4)  by  a  quantity  of  the  third  order, 
the  usual  mode  of  proceeding  with  Jzdxdy  may  be  imitated  with  the  curvilinear  elements. 
But  it  is  not  intended  thai  tbe  trenslbnned  btegral  ffndmdn  eboold  be  sammed  in  this 
way :  a  diflerent  subsequent  reeolution  of  the  wliole  (tio)  sne,  bj  Ikies  panDcl  to  ibe  axes 
of  u  and  o,  is  always  contemplated,  and  the  absence  of  all  notice  of  this  stq»  bas«  I  davs  say, 
made  the  process  as  unintelHgihlo  to  some  others  as  it  was  to  me. 

I  need  not  enter  upon  the  way  in  which  the  preceding  remarks  may  be  made  to  apply 
to  triple,  &c,  integrals. 

A.  DE  MOBOAN. 

TTmVKBStTT  COLLBGB,  LVMMMI. 

/omMfy  1%  1861. 


Digitized  by  Google 


[186] 


PB0FE8S0R  DE  MORGA19,  ON  SOME 


ADDITIONS. 


Sectioa  1,  page  8  (of  the  memoir).  It  should  have  been  noticed  tbtt  when  * 
cr  «  piradiieei  n  ntult  vfaich  does  not  satisfy  -  }(i  the  squatioa  whkb  it  dlMt  satisfy 
ii  ^  M  ^  .  jr»  where  Xn  the  Taloe  of  P**-^ 

Though  Clairaut  waa  the  first  who  entered  upon  the  theory  of  the  singular  solution,  jet 
it  must  be  observed  that  (as  notod  by  the  late  D.  F.  Gregory)  the  existence  of  such  solutions 
was  first  seeot  and  the  name  given  to  them,  by  Brook  Taylor  {Method.  Increment,  p.  S7). 
His  iMtanee  h^~iay  y'  (i  +  y' "  i,  of  which  his  genenl  solution  is  y  ■>  a  +x^{i  -  a'), 
and  liis  rin^iOarit  ^tudimm  aofadie  is    >  1 4     obtdned  bj  diiTcKntiatioii. 

Section  2.  The  method  given  in  my  finnner  paper  lor  partial  differential  equations,  and 
first  imitated  in  section  2  with  reference  to  equations  between  two  vari;ihlo«.  and  then  extended, 
may  now  have  the  corresponding  extension  marie  with  reference  to  partial  difierential  equa- 
tions. Let  ^  (jr,  y,  «,  K,  Z)  »  0  be  an  equation  counectiug  «  with  the  variables  «,  y,  and 
the  constants  X,  Z*  Let  9,  r,  ^  have  tbdr  usual  signiiicationa,  Fhwi  ^  »  0, 
^  +  ^'J»-«»      +  may  obtain  ^-f  («, 9* «»f»»  9)»  1^ - 9 («i  y,  a, p. 9)* 

y,  X,  p,q):  from  which,  if  Z  be  a  functioa  of  X  and  Y,  we  obtain  the  partial  diiib'- 
ential  equation  of  which  0  =  0,  X  and  I'  being  constant,  is  Lagrange's  primary  goluHon. 
Instead  of  this,  let  all  six  letters  be  variables,  and  let «  be  a  function  of  x  and  y  understoocL 
whether  determined  or  uodeterorioed :  then  X^J^t  T^nt  imply  that  Z  is  a  conjugate 

AinctioD  of  X  and  Y,  TIkese  last  relations  are  substitutions  fixr  tnnisfiinnation»  hy  aid  of 
which  any  partial  differential  equation  may  be  transformed  into  another  of  the  same  older. 
For,  J*,  Q,  It,  Sic  being  differential  coefficients  of  Z,  ip     0  gives 

{(p,  +  (p.p)  d.t  -f  {<p^  +  (p.q)  dy  +  (f/)^.  +  (/j  P)  dX  a-  ('p..  +  (p^Q)dy~0, 
whence  since  <pg  -f  <p,p  -  0  and  +  <j),q  •=  0  even  wlicn  X  and  V  are  variable  (for  under 
dicae  niationa  they  were  made  to  vary),  we  have  +  °» 0,  0y  +  -  0,  that  is,  P 
and  Q  are  expressible  in  terms  of ai»  ]»» 9.  Carrying  this  on,  we  may  shew  that  B,  T  • 
are  expressible  by  aid  of  no  higher  differential  coefficients  of  z  than  r,  «,  t.  And  the  wflsTngifB 
alluded  to  in  section  2  between  the  differential  equations  in  which  tlic  small  letters  are  con- 
stants, and  those  in  which  the  large  letters  are  constants,  exist  also  in  this  case.  If  then,  ob- 
talni^g  from  the  above 

we  hare  an  equation  to  be  integrated, 

/IfC-^.y.  2r,p,7),     ,j(.  .),  -nrf.  ),     <r(. .)  }  -  0, 

and  if  we  can  integrate  /{X,  Y.  Z,  P.  Q.  ...)  =0,  it  follows  that  we  integrate  the  original 
equation,  by  eliminating  X,  V,  p,  q,  between  the  live  equations  X  «  f ,  )'  =  ^,  Za  ^,  P  ■  w, 
Q  -  «,  in  which  Zhw»  known  in  terms  of  X  and  V.  If  we  choose  that  X,  F,  Z  shall  be 
ledpRically  rdated  to  *,  y, we  bare  but  to  taite  a  form  of  ^  in  which  «,  y,  »  are  sfarnd*. 
taaeously  interchangeable  with  X,  Z,  as  in  ar  -f  Z  ■  X»  *  Yp,  the  case  treated  by  If. 
Chaiies^  and  by  myself  in  my  former  paper. 
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To  t«ke  another  such  instenoe,  let  os  have  Xm  +  Yp  +  Z»  ^  1,  +  Zp  »  0^  Y-t-  Zqm'Ot 
giving 

JT  ?  ,  r.- —  


px  •¥  qy  -  »  px  ■¥  qy  -  z  +  qy  -  v 

I.- J. 

ia  vhidi  the  gnat  and  sqmU  ktten  are  iBtarchaiigeafakb 

M.  Chaile»  hkueelf  has  gone  eo  ftr  as  to  extend  lue  caee^  bjr  Iriali  to  evevj  inatanee  in 

which  Tf  and  Z  are  fraetkntB  haviog  numerators  and  denominators  which  are  linear  func- 
tions of  p,  7,  and  p,r  +  qy  —  x.  The  preceding  is  therefore  not  a  new  case:  but  we  might 
get  one  if  we  took  Jdx'  +  JK'y"  +  Z'x*  -  I,  or  the  like,  to  say  nothing  of  the  unlimited  number 
of  caiee  in  which  the  traniliDinniqg  fanetiona  aie  not  redprocel. 

Seetlon  3.  In  confinnation  nf  the  ineennediata  prindtiTeB  of  a  iHftmtU  equation 
containing  arUtraiy  functions,  it  may  he  shown  that  an  equation  of  the  nth  order  is  not 

distingLiiahable,  so  far  as  one  integration  is  concerned,  from  a  partial  differential  equation  with 
n  todependent  variables.    Let  y  "  -=  0  (x^  y,  ^, y"),  or,  making  ^  ^p^y"  mq,  &c., 

r  ^  (p{:T,y,  p,q)  (1) 

the  first  integral  of  this  must  give  q  in  terms  of  Xy  p.  Wbeo  this  integral  is  found,  it  must 
satisfy  the  partial  diflerential  equation 

Obviously,  then,  the  first  integral  of  (1)  is  contained  in  the  complete  solution  of  (9):  if  my 
conclusion  be  true,  the  second  is  not  more  extensive  than  the  iirst.  The  first  and  chief  obj: 
tion  to  this  would  seem  to  be  tliat  (I)  lias  in  it  implied  conditions  which  do  not  accompany  (2), 
In  (1),  p  is  understood  to  be  a  function  of  x  and  y,  aud  y  a  function  of  x:  while  in  (2),  though 
these  relations  are  xecqgniied  in  tlie  fbnnation  of  the  flnt  side  from  q,  they  do  not  csist  as  |iart 
of  tlie  oonneiion  between  the  equation  and  its  scdution.  To  which  I  ivpfy  that  though  in  the 
course  of  the  progress  towards  the  original  primitive  of  (l),  we  recognize  the  connexion 
between  p,  y,  and  r,  yet  in  the  first  step  of  that  transition,  it  will  be  found  that  we  do 
not  further  recognize  it  than  was  done  in  the  substitution  of  +  q^.p  +  q^^q  instead  of  r. 
For  if  g  >  >lf{x,  y,  p)  be  the  first  integral,  we  return  to  (l)  by  combining  it  with 

without  any  other  consideration  whatever. 

Now  let  qmyf/{s,  y,  p)  satiify  (s) :  y,  p,  hdng  uidependent.  The  following  equation 
then  is  idmUcalfy  true, 

and  being  identically  true,  is  true  if  for  ji  wc  write  y'.  And  in  this  equation  is  all  that  is 
necessary  Ibr  deducing  r  ■>  y,  q)  from  y  <-  ^  (or,  y,  p)  on  the  supposition  that  p,  ?,  and 
r,  are/,  jfi*,  y**:  which  sliowi  that  r  -  ^(«»  y,  q)  fbllows  from  f  «  ^(v,  y,  p),  when  p  >  tic. 
provided  only  that  r  •  ^(«,  y,  p,  q)  satisiies  («)  wlicn  y,p  are  independent  The  whole  of 
this  part  of  the  argument  may  be  summed  up  as  IdUows 
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When  we  grant  the  absolute  identity  of 

y-  y')  +  V's,  i-^*  i.-  i/ )  y  +  ^/(*.    y)  •  i'  (*,  y,  y), 

we  grant  all  that  is  necessary  to  prove  thai  y  -  ^  (»,  y,  y',  y")  follows  from  y "  -  (*,  y,  y'), 
and  no  more. 

Wlicii  ve  gnnt  dial  g  *  ^(«,  y,  p)  Mtlifiei 

in  which  «,  y,  are  indqiaidMIt  twUiIm,  it  can  be  shown  that  we  have  granted  the  preceding 
identity,  and  no  laope.   CoMaqtMHdy,  sverjr  tolutioD  of  die  partial  diiTereBtial  equation  give* 

an  integral  of 

y"'  -  ^  (jr,  y,  y',  y"), 
and  every  integral  cm  be  thai  olitafaicd. 

It  cea  Airther  be  ihewn  <bat  any  ablutioa  ct  (1)  k  ordinary  or  anfolar,  aeoocdinf  aa 
the  aolotioB  of  (S)  from  wUdi  it  ariaea  b  ofdinaiy  or  dngolar. 

My  3,  1851. 


£RRATUJUI. 
At  tin  bmlnttiac  tt  Sectei  l,>kf  4^(*4f  ««i<' 
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1.  Tbs  history  of  scieace  suggests  the  reflection  that  it  is  very  di£Bcult  for  the  same  per- 
lop  at  tlie  miw  ti«M  to  do  jwtioe  to  two  oonflkdiig  Iheoriai.  Take  iar  emnpk  the  Cutciini 
hypotbefit  of  fortioM  and  the  Newtonim  doetrine  of  uniTcnd  gnntation.  Tlio  mSbmat*  of 
the  earlier  opinion  resisted  the  tfHdenoe  of  die  Newtonian  theory  with  a  degree  of  obstinacy 
and  captiousoess  which  now  appears  to  us  quite  marrellous :  while  on  the  other  hand,  since 
the  complete  triumph  of  the  Newtonians,  thetf  have  been  uowilling  to  allow  any  merit  at  all 
to  the  doctrine  of  vortices.  It  cannot  but  seem  strange^  to  a  calm  observer  of  such  changes, 
that  in  a  matter  which  dqiends  upon  nwthcnathaal  pmoft,  Ae  whok  body  of  the  nathemadoal 
woild  ahottld  fMm  over,  as  in  thi«  and  nmilar  eawe  they  Mem  to  hare  iane,  tnm  an  ophiion 
confidently  held,  to  its  oppoute.  No  doubt  this  must  be.  In  part,  ascribed  to  the  lasting 
efFectF  i  f  ( ilucation  and  early  prejudice.  The  old  oj)in!on  passes  away  with  the  n]fi  genera- 
tion :  the  new  theory  grows  to  its  full  vigour  when  its  congenital  disciples  grow  to  be  masters. 
John  Bernoulli  continues  a  Cartesian  to  the  last ;  Daniel,  bis  son,  is  a  Newtonian  from  the 
flrst  Newto«*s  doctrines  are  adopted  at  onoe  in  Eng^nd,  lor  diey  are  the  sdutiiaa  of  a  pn»> 
blem  at  whidi  his  oonlenpotaries  have  been  Uboariog  Mac  yeazs.  They  find  no  adherenits  io 
France,  where  Descartes  is  supposed  to  have  already  explained  the  constitution  of  tlie  worU; 
and  Fontenelle,  the  secretary  of  the  Academy  of  Sciences  at  Paris,  dies  a  Cartesian  seventy 
years  aft«r  the  publication  of  Newton''s  Principia.  This  is,  no  doubt,  a  part  of  the  explana- 
tion of  the  pertinacity  with  which  opinions  are  held,  both  before  and  after  a  scientific  revolu- 
tion: but  this  is  not  the  wbolot  nor  peihapo  the  most  iostrnetive  aspect  of  the  sulgeGt.  TImts 
is  another  ftature  in  the  disnge,  which  cxplainsi  in  seme  degree,  ham  it  b  poerible  that,  in 
subjects,  mainly  at  least  mathematical,  and  Hierefore  daiming  demonstrative  evidence,  mathe- 
maticians should  hold  different  and  even  opp^Tsite  opinions.  And  the  object  of  the  present 
paper  is  to  point  out  this  feature  in  the  successions  of  theories,  and  to  illustrate  it  by  some 
prominent  examples  drawn  from  the  history  of  science. 

9.  The featureto  which  I  rder  is  tbis;  that  when  a  preveknt  theory  is  fiwod  to  be  unte- 
nable, and  conseqiiently,  is  stMceedad  by  a  dUftrent,  or  even  by  an  opposite  ooe^  tlie  change  is 
not  made  suddenly,  or  completed  at  once,  at  least  in  the  minds  of  the  most  tenacious  adherents 
of  the  earlier  doctrine  ;  but  is  effected  by  a  transformation,  or  series  of  transformations,  of  the 
earlier  hypothesis,  by  means  of  which  it  is  gradually  brought  nearer  and  nearer  to  the  second  ; 
and  thus,  the  defenders  of  the  ancient  doctrine  are  able  to  go  on  as  if  still  asserting  thdr  first 
aphdoM^  and  to  eonthiue  to  press  their  pdnte  of  adTsntage^  if  they  ha«e  any,  against  the  new 
theory.  They  borrow,  or  imitate,  and  in  souie  way  aeoonmodate  to  their  original  hypothesis,  the 
new  explanations  which  die  new  theccy  givee,  of  Ae  observed  facts  s  and  tbus  they  maintain  a 
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loit  of  tcHmI  ooadstency;  till  the  original  hypothoii  beeoBBM  inextiiealify  ooofuwd,  or  brealu 
down  under  the  weight  of  the  eitxiliery  bjpotheeefl  tbue  futened  apoo  it,  in  order  to  ndie  it 

Gonsistont  with  the  facto. 

This  often-occurring  course  of  events  inifr^t  1v-  illustrated  from  the  history  of  thf  a-^tro- 
nomical  theory  of  epicycle*  and  eccentrics,  m  is>  ucil  kuuwu.  But  my  present  purpose  it>  to 
give  ooe  or  two  Inricf  illuttratiooa  of  a  somewbet  aamilar  tendency  ft'om  other  part«  of  iden- 
tifie  hlstoiy ;  and  in  tiie  iret  plaoe^  fivm  that  pare  which  hae  almdj  been  referred  the 
hatde  of  the  Cartciin  and  Newtoniatt  eyeteme. 

3.  The  part  of  tho  Cartesian  syttem  of  vortices  which  is  most  familiarly  known  to  general 
reader*  is  tlic  explanation  of  the  motions  of  the  planets  by  *uppo^ing  them  carried  round  the 
.<un  by  a  kind  of  whirlpool  of  fluid  matter  in  which  they  arc  immersed :  and  the  explanation 
of  the  motiona  of  the  eatelBtee  round  thdr  primarinliy  efanOar  rahonHnate  whirlpools,  turning 
round  the  primary,  and  carried,  along  with  it,  by  the  primary  vortex.  But  it  ehould  be 
borne  in  mind  that  a  part  of  the  Cartesian  hypothesis  which  was  considered  quite  as  important 
as  tlie  cosDiical  explanation,  was  the  explanation  which  it  was  held  to  afford  of  terrestrial 
gravity  Terrestrial  grnTitv  was  a"<«icrtpd  to  arise  from  the  motion  of  the  vortex  of  suhtile 
matter  which  revolved  round  the  earth's  axis  and  filled  the  surrounding  space.  It  was  main- 
tained that  by  the  rotation  of  lOch  a  vortex,  the  partielee  of  the  tobtile  matter  would  exert  a 
centrifugal  force,  and  by  virtue  of  tlwt  ibroei  tend  to  recede  fram  the  center ;  and  it  was  bdd 
that  all  bodies  wiiich  were  near  the  earth,  and  therefore  immened  in  dw  Tortez,  would  be 
pressed  towards  the  center  by  the  effort  of  tlie  subtile  matter  tn  recede  from  the  center*. 

These  two  assumed  effectii  of  thr-  Cartesian  vortices — to  carry  bodies  in  their  stream,  as 
straws  are  carried  round  by  a  wiurlpool,  and  to  pre&s  budiuii  to  the  center  by  the  centrifugal 
effort  of  the  wfatrliDg  matter — oiuet  be  conaidered  leparately,  became  they  were  modified  sepa- 
ratdy,  as  the  pragma  of  diwuerion  drove  the  Carteiiane  from  point  to  point.  The  former 
efiimt  indeed,  the  dragging  force  of  the  vortex,  as  we  may  call  it,  would  not  bear  working  out 
on  mechanical  principles  at  all  ;  for  as  soon  as  the  law  of  motion  was  acknowledged  (wliich 
Descartes  himself  was  one  of  the  loudest  in  proclaiming),  that  a  body  in  motion  keeps  all  the 
motion  which  it  has,  and  reaves  in  addiiion  all  that  is  impressed  upon  it ; — as  soon,  in  short, 
as  philosophers  rejected  the  noUon  of  an  inertness  in  matter  which  conitantly  retards  its  move- 
ments,— ^it  was  plain  that  a  planet  perpetually  drsfged  onwards  in  its  orlnt  by  a  fluid  muring 
quicker  than  itself»  must  he  perpetually  accelerated  $  and  therefore  could  not  follow  thoac- 
constantly-recurring  cycles  of  quicker  nnd  slower  motion  which  the  planets  exhibit  to  us. 

The  Cartesian  mathematicians,  then,  left  untouched  the  calculation  of  the  progressive 
motion  of  the  planets ;  and,  clinging  to  tiie  assumptiou  that  a  vortex  would  produce  a  ten- 
dency of  bodies  to  the  cento;  made  various  suocemive  efibrts  to  construct  their  vortices  in 
such  a  manner  that  the  centripetal  foroea  produced  by  them  should  coincide  with  those  which 
the  phenooiem  required,  and  therefore  of  courae,  in  the  end,  with  thoae  which  the  Newtonian 
theory  asserted. 

In  truth,  the  Cartesian  vortex  was  a  l)ad  piece  nf  machinery  for  producing  a  central  force : 
from  the  first,  objections  were  made  to  the  sutriciency  of  its  mechanism,  and  most  of  theae 

•  Cartes,  Pritteip.  it.  28. 
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objections  were  very  unsatiafactorilj  answered,  even  granting  the  additional  machinery  which 
its  defcttdm  deoiABdad.  One  lbinnidabl«  (A>j«ctiiMi  wa«  woo  sttrted}  and  eontintied  to  tbe 
iMt  to  be  the  tonnent  of  the  CurfeHuuM.    If  terrcstilal  pvntj,  it  was  iiiged»  arise  tnm  At 

centrifugal  force  of  a  Tortex  which  revolves  about  the  earth's  axis,  terrestrial  gravity  ought 
to  act  in  plnnes  perpendicular  to  the  earth's  axis,  instead  of  tending  to  the  enrfh's  center. 
This  objection  was  taken  by  James  Bernoulli*,  and  by  Huyghensj  not  long  after  the  publico- 
tioo  of  Descartcs's  Principia.  Huyghens  (who  adopted  the  theory  of  vortices  with  modificft- 
tions  of  his  own)  supposes  that  there  are  particles  of  the  fluid  matter  which  move  about  the 
earth  in  every  poaaiUe  directioo,  witbio  tlie  spherieal  qpaee  which  ioeludes  terrestrial  oltjeets  i 
and  that  the  greater  part  of  these  motions  being  io  spherical  BUrftces  COIICMItriiC  with  the 
earth,  produces  a  tendency  towards  the  earth's  center. 

This  was  a  proceilure  tolerably  arbitrary,  but  it  was  the  best  which  could  be  done. 
Saurin,  a  litde  later:;:,  gave  nearly  the  same  solution  of  this  difficulty.  The  solution,  id«tttify> 
ing  a  vortex  of  some  kind  with  a  central  ii»ree»  made  the  hypothesis  of  vortfoes  applicalile 
wherever  central  forces  existed  ;  but  then,  in  return,  it  deprived  the  imS{g«  of  a  vortex  of  all 
that  clearness  and  simplicity  which  had  been  its  first  great  recommendation. 

But  still  there  remained  difliculties  not  less  formidable.  According  to  this  explanation  of 
gravity,  since  tbe  tendency  of  bodies  to  the  earth's  center  arose  from  the  superior  centrifugal 
force  of  the  whhrling  ontter  wfaidi  pinbed  them  inwmd  ns  water  pushes  a  liglit  body  upward, 
bodies  ought  to  tend  more  strongly  to  tbe  center  in  proportion  as  Aey  are  less  dsnnse.  The 
rarest  bodies  should  be  the  heaviest ;  contrary  to  whnt  we  find. 

Descartes's  original  solution  of  this  difficulty  has  a  certain  degree  of  ingenuity.  Accord- 
ing to  him  (Pritirij>.  iv.  US)  a  terrestrial  body  consists  of  particles  of  tlie  fhird  element,  and 
the  more  it  has  of  such  particles,  the  more  it  excludes  the  parts  of  the  ceiettial  tnatter,  from 
tbe  revolution  of  which  matter  gravity  arises ;  and  tberefivre  the  denser  is  the  terrestrial  body, 
and  the  heavier  it  will  be. 

But  though  this  might  satisfy  him,  it  could  not  mliafy  the  mathematicians  who  followed 
him,  and  tried  to  reduce  his  system  to  calculation  on  mechanical  principles.  For  how  could 
they  do  this,  if  the  celestial  matter,  by  the  operation  of  which  the  phenomena  of  force  and 
motion  were  produced,  was  so  entirely  different  from  ordinary  matter,  which  alone  had  supplied 
men  with  experimental  iUitstrations  «f  mebbantcal  principles?  In  order  that  tbe  celestial 
matter,  by  its  whirling,  might  prodtue  the  gravity  of  heavy  bodies,  it  was  mecbaniealJy  neoes- 
sary  that  it  must  be  very  dense ;  and  dense  in  the  ordinary  sense  of  the  term ;  for  it  was  by 
regarding  density  in  the  ordinary  sense  of  the  term  that  the  mechanical  Qeoesaity  had  been 
established. 

The  Cartarians  tried  to  escape  this  result  (Huyghens,  Petanteur,  p.  l6l,  and  John  Ber- 
noulli, JVbwwrist  Pmaiett  Art.  81)  by  saying  that  there  were  two  meanings  of  densit;/  and 
rarity ;  that  some  fluids  might  be  rare  by  having  thrir  parddes  Isr  aaund«p  others,  by  having 
their  particles  very  smnU  though  in  contact.   But  it  is  difEcult  to  think  that  they  oouM,  as 


■  Jae.  BenwaUi,  JfctuMn  Pinutt  tmr  k  9g$ltm  dt 
M.  JOetearUM,  0^  T.  1.  |t.  SM  (MM). 
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ptraoot  w«ll  ««qmii»ml  with  laeehaiileil  iiriiKiiilii»  latlify  themdvei  vith  Mm  ^itmetioii ; 
for  ihej  could  hanllj  ftil  to  aee  that  the  nedunuiMl  elftet  of  tnj  pordiHi  of  fluid  dapaub 

upon  the  total  mass  moved,  not  on  the  uze  of  its  particles. 

Attempts  made  to  exemplify  the  vortices  experimentally  only  shewed  more  clearly  the  force 
of  this  difficulty.  Huyghens  had  found  that  certain  bodies  immersed  in  a  whirling  fluid 
tmdcd  to  Ibe  oMtar  of  the  vortex.  Bat  when  Seiiliiian*  a  litlic  later  made  daiiler  experi- 
nwnte,  be  bed  the  nortiScetiMi  of  Spdiiig  th«t  the  hMdoit  bodiee  bad  tha  grealeit  trndeney 
to  recede  from  the  axis  of  the  vortex.  "  The  result  h^*  as  the  Secretary  of  the  Academy 
(Fontenelle)  says,  "  exactly  the  opposite  of  what  we  could  have  wishixl,  for  the  frartegian] 
system  of  gravity  :  but  we  are  not  to  despair  ;  sometimes  in  such  researches  disappuiutmaot 
leads  to  ultimate  success.** 

But»  passing  by  tble  dilBoiilty«  and  ssnimiDg  that  in  aome  way  or  other  a  centripetal  fiwce 
arises  from  the  eantriftigat  Ibeee  of  the  Tcvtu,  the  Carteaian  owthematidanB  ware  naturally  led 
to  calculate  the  circumstances  of  the  vortex  on  mechanical  principles  ;  especially  Huyghens, 
who  had  successfully  studied  the  subject  of  centrifugal  force.  Accordinj^lv,  in  his  little  trea- 
tise on  the  Cause  of  Gmvitatiorit  (p.  1*3)  he  calculates  the  velocity  of  the  tiuid  matter  of  the 
vortex,  and  finds  that,  at  a  point  in  the  equator,  it  is  17  ttmee  the  vdocity  of  tiia  earth'*  rotatioo. 

It  may  natuiaUy  be  adced,  how  it  eonea  to  pan  that  a  etream  of  fluids  denae  enough  to 
pfodooe  the  gravity  i£  bodiee  by  it*  eeotriftigal  ftirce,  moving  with  a  vdoeity  17  tiaaea  tiiat  of 
the  earth  (and  therefore  moving  round  the  earth  in  85  minutes),  docs  not  sweep  all  terrestrial 
objects  before  it.  But  to  this  Huyghons  had  already  replied  (p.  137),  that  there  are  particles 
of  the  fluid  moving  in  all  direotUmtt  and  therefore  that  they  neutralise  each  other  s  action,  so 
tu  a*  latond  motion  i*  eotwevaed. 

And  thuB,  aa  early  a*  tUe  treatiae  of  Huyf^ai  that  la,  in  dino  year*  from  the  publica> 
tion  of  Newton's  Prineipiaf  a  vortex  is  made  to  mean  nothing  more  than  some  maehfneiy  or 
other  for  producing  a  central  force.  And  this  is  so  much  tlie  case,  that  Huygheiis  commends 
(p.  1()5),  as  rnnfirminp  his  own  rnlrulation  of  the  velocitv  f)f  his  vortex,  Newton's  proof  that 
at  the  Moon's  orbit  the  centripetal  force  is  equal  to  the  centrifugal ;  and  that  thus,  this  (mot 
i*  lem  than  the  oentripotd  ftrco  at  the  earth**  Mrface  in  the  inverse  proportbn  of  die  aquaree 
of  the  distance*. 

John  Bernoulli,  in  the  mm*  manner^  but  with  6r  leas  clearness  and  less  candour,  has 

treated  the  hypothesis  of  vortices  as  beinf^  principally  a  hypothetical  cause  of  central  force. 
He  had  rrpt^ntcd  occasions  given  him  ot  jiri  jiniuidintf  his  inventions  for  propping  up  the 
Cartesian  doctrine,  by  tiie  subjects  proposed  for  prizes  by  tiie  i^aris  Academy  of  Sciences ;  in 
whicb  eompetition  Carteahm  qieeulalion*  were  flivourafaly  reecived.  Thua  tlio  aubjieet  of  the 
Priae  Eawya  for  1T3Q  waa»  the  eaqJanatinn  of  the  ElKpticd  Form  of  the  planetary  orbit*  and  of 
the  Motion  of  their  Aphelia,  and  the  prize  was  assigned  to  John  BereouUi,  who  gave  the 
explanation  on  Cartesian  principles.  He  explains  the  elliptical  figure,  not  a«  TJc'ieartes  him- 
self had  done,  by  supposing  the  vortex  which  carries  the  planet  round  the  suti  to  be  itself 
squeezed  into  an  elliptical  form  by  the  pressure  of  contiguous  vortices ;  but  iie  suppoMs  the 
planet,  whik  it  i»  carried  mund  by  die  vortex,  to  have  a  limited  oaeillatory  motkn  to  and 
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from  the  center,  produced  by  it*  hfin"?  oHrjinally,  not  at  the  distance  at  which  it  would  flofst  in 
equilibrium  io  the  vortex,  but  above  or  below  that  point.  On  this  suppodtioo,  the  planet 
would  oscillate  to  and  from  tb«  center,  Berooulli  aaja,  like  the  mereuvy  «1t«n  deranged  in  a 
bMfoneler :  «Qdl  it  is  evident  tbat  eudi  en  oedllatioo,  eembtoed  with  «  motioii  round  tbe  center, 
»%^t  produee  nn  ovel  cwttt,  either  with  a  iised  or  with  •  moveeUe  ephdioo.  All  thu  how- 
ever merely  amounts  to  a  possibility  tbat  the  oval  flMf  be  an  dlipwi  not  to  a  pimf  tliat  it  will 
he  so  ;  nor  does  Bernoulli  advance  further. 

It  was  necesAary  tbat  the  vorticee  flhoiild  be  adjusted  in  such  a  manner  as  to  account  for 
Kepler*!  laws;  and  tliii  waa  to  ho  done  bj  niakiBig  die  vdmity  of  eaeb-  stratum  of  the  vortex 
depend  in  a  soitable  manner  on  its  radhis.  The  AVM  de  Molikes  attempted  this  on  the 
supposition  of  elliptical  vortices,  but  could  not  reconcile  Siqdol's  first  two  laws,  of  equal 
elliptical  areas  in  equal  times,  with  his  third  law,  that  the  squares  of  the  periodic  tiuies  are 
as  the  cubes  of  the  menu  distances*.  Bertunilh",  with  his  circular  vortices,  could  accommodate 
the  velocities  at  diiierait  di&taDces  so  tbat  they  should  explain  Kepler's  laws.  He  pretended 
to  prove  that  Newtoi^sinvcatigations  mpeding  vortieoi  (in  the  mnth  Seetion  of  die  Second  Boole 
of  the  Aine^)  were  nedianically  ervoneoua;  and  in  truth,  it  intuiC  be  allowed  that,  heddes 
several  arUtraiy  assamptiona,  there  are  mom  cmtt  of  feasooing  in  them.  But  for  the  moat 
part,  the  more  enlightened  Cartesians  were  content  to  accept  Newton's  account  of  the  motions 
and  forces  of  the  solar  system  as  part  of  their  scheme  ;  and  to  say  only  that  the  hypothesis  of 
vortices  explained  the  origiu  of  tbe  Newtouian  forces ;  and  that  thus  theirs  was  a  philosophy  of  a 
higher  land.  Thus  it  is  asserted  (M<m.  Acad.  1734),  that  U.  de  Moliiie*  retains  the  beautilbl 
theory  of  the  Newton  entire,  only  he  renders  it  in  a  sort  less  Newtonian,  by  disentangling  it 
htfm  attraction,  and  transfer riin;  it  from  a  vacuum  into  a  plenum.  This  plenum,  though 
not  its  native  region,  frees  it  from  the  need  of  attraction,  which  is  all  the  better  for  it.  These 
points  were  the  main  charms  of  tbe  Cartesian  doctrine  in  the  eyes  of  its  followers  ; — thv  rretting 
rid  of  attractions,  which  were  represented  as  a  revival  of  the  Aristotelian  "  occult  qualities," 
''substantial  forms,**  or  iriiatever  die  was  the  most  disparaging  way  of  dMcribing  tbe  bad  philo> 
eophy  of  the  daric  agesf ; — and  the  providii^  some  material  iotermediom,  by  means  of  whidi 
•  body  may  affect  another  at  a  distance ;  and  thus  avoid  the  reproach  urged  against  the  New* 
tonians,  that  they  made  a  body  act  where  it  was  not.  And  we  are  the  less  called  upon  to  deny 
that  this  la^t  feature  in  the  Newtonian  theory  was  a  difficulty,  inasmuch  as  Newton  himself 
was  never  unwilling  to  allow  that  gravity  might  be  merely  an  effect  produced  by  some  ulterior 

Vnth  such  admlBBlonB  oo  tbe  two  sides,  it  is  plain  that  the  Newtonian  and  Cartesian 
aystems  would  coincide,  if  the  hypothesis  of  vortices  could  be  modified  in  such  a  way  as  to 
produce  the  fnrcc  of  t^'ravitation.  All  attempts  to  do  this,  however,  failed:  and  even  John 
Bernoulli,  tbe  moBt  obbtiuate  of  the  mathematical  champions  of  tbe  vortices,  was  obliged  to 


•  Acad.  Par.  1733. 

f  Acim).  Sc.  17<i().  If  we  abandon  ihc  clear  princlplM 
of  mechanic*,  the  writer  tay*,  "  louse  U  iumitre  que  noni  pou- 
vofM  aTolt  CM  elelote,  et  dihii  TsiU  replong^  it  D«i>*ca)i  dtn, 
IssaMlSMcsimAm  da  Peri|ntettinie,dcatl*Clcl  d«iu  TevUle 

It  WW  all*  ^tvKlsA  to  Ihs  MtwMBtaB  sfMiai,  ikai  it  did 


nol  account  for  Uie  remarkable  facts,  ihai  ^.U  iiic  niottorih  ot  the 
primary  planets,  all  the  motioni  of  the  saicUitct,  and  all  thr 
motion,  of  ratation,  locluding  that  ot  tbe  tuu,  are  iit  ib«  wine 
direction,  and  nearly  in  the  ume  plane  ;  facta  which  have  been 
urged  by  Laplact  as  m  itraagly  recommending  ilie  Nebular 
Hypotheai, ;  and  that  hypotl>e«ii  b,  in  troth,  a  bypothetl*  at 
fWtlMi  mjMciiag  Ui«  •r^fiM  of  Ow  qrstcB  sf  (hs  mrUL 
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give  them  up.  In  bis  Prize  Essay  for  17^-^1  (oo  the  luclinatiunft  of  the  Planetary  Orbit**,)  he 
says  (Art.  viii.),  «  The  gravitalkiB  of  the  Pl«iict»  toverdi  the  center  of  the  Sun  and  tihc 
weight  of  bodice  towards  the  center  of  the  earth  has  not,  for  ita  cauee^  either  the  actnctioo  of 
M.  Newton,  or  ihe  centrifu^  foroe  of  the  matter  of  the  vortez  according  to  H.  Deecavtee;" 

and  he  then  goes  on  to  assert  that  these  forces  are  produced  hy  n  perpetual  torrent  of  matter 
tending  to  the  center  on  all  sides,  and  carrying  all  bodies  with  it.  Such  a  hypothesis  is  r^ry 
difficult  to  refute.  It  haa  be«n  taken  up  in  more  modern  times  by  Le  Sagcf ,  with  i>ome  modi- 
ficatioDa;  and  may  be  nnde  to  aooouot  for  the  priodpal  facts  of  the  outversal  gravitation  of 
matter.  The  great  difficulty  in  the  way  of  aneh  a  hypotheeis  is,  the  ovcrwhcjming  thought  of 
the  whole  universe  filled  with  torrents  of  an  invisible  but  material  and  tai^Ue  subetence, 
rushing  in  cvprv  direction  in  infinitely  prolonged  straight  lines  and  with  immense  velocity. 
Whence  can  such  matter  coHie,  and  whither  can  it  go?  Where  can  be  its  perpetual  and 
infinitely  distant  fouutiiiu,and  where  the  ocean  into  which  it  pours  itself  when  ita  infinite  course 
is  ended?  A  revolviDg  whirlpool  is  easily  eoncrfved  and  easily  supplied ;  but  the  central  toirent 
of  Bemoolli,  the  infinite  stream*  of  perticlea  ot  Le  Sage,  are  an  explanation  far  more  incon- 
osivable  than  the  thing  explained. 

But  however  the  hypothesis  of  vortices,  or  some  hyjxithesis  substituted  for  it,  was 
adjusted  to  explain  the  facts  of  attraction  to  a  center,  this  wii»  really  nearly  all  that  was 
meant  by  a  vortex  or  •  tourbiUoD,"  wlwn  the  system  was  applied.  Thus  in  the  case 
of  the  last  act  of  homage  to  the  Certesian  theory  which  the  Fcendi  Academy  rendered 
in  the  diMiihutioo  of  its  priaes,  the  designation  of  n  CarteMWO  Essay  in  1741  (along  with 
three  Newtonian  ones)  as  worthy  of  a  prize  for  an  explanation  of  the  Tides ;  the  differ- 
ence of  bigli  and  low  water  was  not  explained,  as  Descartes  has  explained  it,  by  the  pressure, 
on  the  ocean,  of  the  terrestrial  vortex,  forced  into  a  strait  where  it  passes  under  the  M(H)n  : 
bnt  the  waters  were  supposed  to  rise  towards  the  Moon,  the  terrestrial  vortex  being  dii>turU.>d 
and  broken  by  the  Moon,  and  therefore  less  dfeetive  in  fcrcbg  them  down.  And  in  giving  an 
account  of  a  Tourmaline  from  Ceylon,  (Acad.  Sc.  1717)  when  it  ha*  been  ascertained  that 
it  attracts  and  repels  substances,  the  writer  adds,  as  a  matter  of  course,  "  It  would  seem 
that  it  has  a  vortex."  As  another  example,  the  elasticity  of  a  body  was  ascrib^^d  to  vortices 
between  its  particles:  and  in  general,  as  I  have  said,  a  vortex  implied  what  we  now  imply  by 
speaking  of  a  central  force. 

4.  In  the  same  asanner  vorticee  were  ascribed  to  the  Magnet,  in  order  to  account  for  its 
attractions  and  repulsions.  But  we  may  note  a  circumstance  which  gave  a  special  turn  to 
the  hypothesis  of  vortices  as  applied  to  this  subject,  and  which  may  serve  as  a  further 
illustration  of  the  manner  in  which  a  transition  way  be  made  from  one  to  the  other  of  two 
rival  hypotheses. 

If  iron  filings  he  brought  near  a  magnet,  in  such  a  manner  as  to  be  at  Uber^  to 
assume  the  podtion  whidi  its  polar  action  asdgns  to  diem ;  (for  uistance,  by  strewing  them 
upon  a  sheet  of  paper  while  the  two  poles  of  the  magnet  are  ckiee  below  the  paper;) 


"  iViMmnil  MiflffW  Cffcilf,  Of.  T.  Ill,  y.  IBS.  th*  sun*,  roudon  csiucd,  or  m  leut  rendered  cTidnt.  Ber. 

Ths  esvlatlOB  of  tbCMUll  «f  Om  phmrts  Amn  the  pluie  of  no«lli'»  explaoatian  conutti  in  tuppoaijiK  the  pluveu  to  h*te  • 
tbc  attn'seqwuer  wMorcamw  sdHRcnlty  in  the  ijrjtem  which  '  tmtof  Ur;cnv{<ur,vt  Hr^  v,us>ra;.,  \  in  the  stream oTltewMi. 
•oppowd  thu  dicy  ««n  omiM  nmad  bjr  tbt  wtiew  ubich        ^  se*  fhtU  tnd.  Sc.  B.  iii.  c.  ix.  Art,  7. 
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they  will  ftrrange  themselves  in  certain  curves,  each  proceeding  from  the  N.  to  the  S.  pole 
of  the  tnagoet,  like  the  meridiaDs  io  a  map  of  the  globe.  It  is  easily  shewn,  on  the 
tuppoutton  of  OMgDetic  attraction  and  repulsion,  that  these  magnetic  cunea,  as  tbej  are 
termed^  wc  caeh  a  ciinre  vhote  tangint  at  croy  point  ia  iIm  diveetioii  of  *  vnH  line 
or  pudeki,  u  deterauDcd  hj  tbe  nttnction  md  npuUon  of  the  two  pole*.  But  if  «e 
suppose  a  magnetic  vorhm  ooDttuitly  to  flow  out  of  one  pole  and  into  die  other,  in  ttreomB 
which  follow  sueh  curves,  it  is  evident  that  such  a  vortex,  being  supposed  to  exercise 
material  pressure  and  impulse,  would  arrange  the  iron  filings  in  corresponding  streams, 
and  would  thua  produce  the  pbeoomeoon  which  I  have  described.  And  the  bypotheeUof 
ttnlrtU  torrmU  of  BamoulU  -or  Le  Sege  whieh  I  havo  rafenod  to»  would,  in  iti  applioF 
tion  to  negnets,  really  beoomo  this  hypothesis  of  a  magnetic  vortoX}  if  we  furtlier  tuppcee 
that  the  matter  of  the  torrents  which  proceed  to  one  pole  and  from  the  other,  mingles 
its  streams,  so  as  at  each  point  to  produce  a  stream  in  the  resulting  direction.  Of 
course  we  shall  have  to  suppose  two  sets  of  magnetic  torrents ; — a  boreal  torrent,  proceeding 
to  tiie  norA  pole,  and  from  tile  loath  pole  of  a  magnet ;  and  an  auitvel  toment  prooeedbg 
to  the  wntb  and  fton  the  north  pole  t^^taA  with  theee  suppoaitionB,  we  malce  a  trantidon 
froia  the  hjpodleeU  of  attraction  and  repulsion,  to  the  Cartesian  hypotlicst'g  of  Tortioeo, 
or  at  least,  torrents,  which  determine  bodies  to  their  magnetic  positions  by  impulse. 

Of  course  it  is  to  be  expected  that,  in  this  as  in  the  other  ra-if.  when  we  follow  the  livpo- 
tbesis  of  impulse  into  detail,  it  will  need  to  be  loaded  with  no  many  subsidiary  hypotheses, 
in  order  to  aeoonunodate  it  to  the  phenomena,  that  it  will  ho  longer  eeem  tenaUa>  Bnt 
the  phuiibility  of  the  hjpodiedi  in  ill  fint  applieatioa  oennot  be  denied:— Ant,  it  may 
be  observed,  the  two  oppotite  streams  would  eonutenet  eedl  other  »  at  to  produce  no 
local  rnotim,  only  directirm.  And  this  case  may  put  us  on  our  guard  against  other 
suggestion*  of  forces  acting  in  curve  lines,  which  may  at  first  sight  appear  to  be 
discWDed  in  magnetic  and  electric  pbeuomena.  Probably  such  curve  lines  will  all  be 
Iband  to  be  only  renilting  lines,  arinng  fion  tlie  direct  action  and  conbinttioo  of 
demcntary  attraction  and  repulatoo. 

5.  There  ii  another  caae  in  which  it  would  not  be  difficult  to  devise  a  mode  of  tranudon 
from  one  to  the  other  of  two  rival  theories :  namely,  in  the  case  of  the  emission  theory 
and  the  undulation  theory  of  Light.  Indeed  several  Steps  of  such  a  transition  have  already 
appeared  in  the  history  of  optical  speculation ;  and  the  conclusive  objection  to  the  emission 
theory  of  Ught,  aa  to  die  Carteeian  theory  of  Tordeee,  ie,  that  no  amount  of  additional  hypo* 
tbeiee  wiU  reoondle  it  to  the  phenomena.  Ite  defendcn  had  to  go  on  adding  one  piece 
of  maobinery  after  another,  aa  new  classes  of  facts  came  into  view,  till  it  became  more  cotuplex 
and  unmcchanical  than  the  theory  of  epicycles  and  eccentrics  at  its  worst  period.  Otherwise, 
as  I  have  said,  there  was  nothing  to  prevent  the  emission  theory  from  migrating  intn  the 
undulatory  theory,  and  as  the  theory  of  vortices  did  into  the  theory  of  attraction.  Vot 
die  emimioniMB  allow  tliat  tnye  may  hHtrfere  s  and  that  thew  inteiferenoei  may  be  modiiied 
by  alternate  jflCe  in  the  ray  a;  now  theee  Ota  ace  already  a  liiod  of  imd^itAtMon.  Then  i^n  the 
{dienomena  of  polarized  li^t  ahew  that  the  fits  or  undulations  must  have  a  irammn* 
character:  and  there  is  no  reason  why  emitted  rays  should  not  be  subject  Xo  fitn  of  trnngvgrse 
modification  as  well  as  to  any  other  fits.  In  short,  wc  may  add  to  the  emitted  rays  of  the 
one  theory,  all  the  properties  which  belong  to  the  undulations  of  the  other,  and  thus 
Yoft.  IX.  Past  II.  48 
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account  for  all  the  phenocnefia  on  the  emission  tbcorj ;  with  this  limitation  onlj,  that  the 
emiwion  will  have  no  ifaare  in  the  exjdanation,  and  the  undalatiom  will  have  the  whole. 
If*  failMd  of  coBoeiTiiig  iIm  anivtcw  ftiU  at «  tttMutmrp  «llMr,  we  mppow  it  to  be  full 
ef  cdMrid  |Murtidn  nortDg  in  every  direction ;  and  if  «re  eappoee,  in  the  one  taat  end 

in  the  other,  this  ether  to  be  susceptible  of  imdulntions  proceeding  from  every  luminooe 
point  ;  the  rpsiiltn  of  the  two  hypotheses  will  be  the  same  ;  and  all  we  shall  have  to  my 
i%  that  the  suppobition  of  the  emisnTe  motion  of  the  particles  is  superliuous  and  useless. 

6L  Hub  view  of  liie  nwDner  in  iridch  livd  theoriai  paw  into  one  another  appears  to  be 
•0  unilMiifflar  to  tiioee  wiw  bave  00I7  digbtly  attanded  to  the  Uitafj  of  aoiMMe^  tbat  f  iwvc 
tboiij(bt  it  might  be  worth  wbila  to  illustrate  it  by  a  liHr  examples. 

It  might  be  said,  for  inRtance,  by  such  persons,  "  Either  the  planets  are  not  moved  by 
vort!ce<«,  or  thcv  do  not  move  by  Uie  law  by  which  heavy  bodies  fall.  It  is  impossible  that 
botli  opinioftfi  can  be  true."  But  it  appear»,  by  what  has  been  said  above,  that  the  Cartesiam 
did  bold  bodi  optirfoni  to  be  tnie;  and  one  with  jiiat  ai  nucb  i«moii  ai  the  other,  on  dMb> 
aaeiraiptiou.  It  night  be  said  in  the  aame  nanoer,  «  Either  it  is  falae  that  Ae  filaiwtt  are 
made  to  describe  their  orbits  by  the  above  quasi-Cartesian  throry  of  Bernoulli,  or  it  ia  falee 
that  they  oWv  the  Newtonian  theory  of  gravitation."  But  this  would  be  said  quite  errone- 
ously ;  for  if  the  hypothesis  of  Bcrnoiini  be  true,  it  is  v^  hwause  it  agrer-i  in  it>!  rr<^i!lt  with 
the  theory  of  Newton.  It  is  not  only  passible  that  both  opinions  may  be  true,  but  it  is 
eertab  tbat  if  die  fint  be  kh  the  eeeoad  ii.  It  ndgbt  be  aaid  again,  •'Either  die  pkneti 
dcaeribe  tbeir  orbiti  by  an  InharaBt  virtae,  or  aeeordiiig  to  the  Newton  tiieory."  But  thi*  gfain 
would  be  erroneous  f  tdtt  the  Newlooian  doctrine  decided  nothing  as  to  whetiier  the  force  of 
gravitation  was  inherent  or  not.  Cotes  held  that  it  was,  though  Newton  strongly  protested 
against  being  supposed  to  hold  such  an  opinion.  The  word  inhereni  is  no  part  of  the  physical 
theory,  and  will  be  asserted  or  detiied  according  to  our  metaphysical  views  of  the  essential 
attiflmtee  of  matter  and  finm 

Of  ooum^  tiie  poanfaility  of  two  rival  bypotlwMB  being  trne^  one  of  whid)  tdia»  the  explap 
nation  a  etep  higher  than  the  other,  is  not  affected  by  the  impossibility  of  two  oontradiotmy 
assertions  of  the  same  order  of  generality  ^H'intr  both  true.  If  fhorc  \)c  a  new-discovered  comet, 
and  if  one  astronomer  asserts  that  it  will  1  turn  once  in  et;ery  w  years,  and  another,  that  it 
will  return  once  in  every  30  years,  both  cannot  be  right.  But  if  an  astronomer  says  that 
though  it!  interval  was  in  the  lait  inetance  80  years,  it  will  only  be  SO  yean  to  the  next 
return,  in  eooacqnenee  of  perturbation  and  tciittanoe,  he  may  be  perfccdy  ri^t. 

And  thus,  when  difft  : mt  md  rival  explanations  of  the  same  phenomena  are  held,  till  one 
of  them,  though  long  defended  by  ingenious  men,  is  at  last  driven  out  of  the  field  by  the  pres- 
sure of  facts,  the  defeated  hypothesis  is  transformed  before  it  is  extinguished.  Before  it  has 
disappeared,  it  has  been  oioditied  so  as  to  bave  all  palpable  falsities  squeezed  out  of  it,  and 
eabddiary  provirions  added,  in  order  to  neoondle  it  with  the  phenomena.  It  has,  in  abort, 
been  penetrated,  infiltrated,  and  metamorphoied  by  the  lunounding  medium  of  truth,  before 
tba  aerdy  arbitrary  and  crraneoue  reridtton  ha*  been  finally  ^ccted  out  of  the  body  of  per. 
oianent  and  certain  knowledge. 

W.  W, 

Tunrr  Lodob^ 
JfrU  IC  ISftt. 
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qf  Camlridge. 


THrcx|ir«M(m'*  colours  of  thick  plates,"  has  been  appropriated  to  «  d«w  of  pbcDoineBa 
diaoovHcd  by  Newton,  and  described  by  him  in  the  fourth  part  of  the  second  book  of  his 
Optics.  In  Newton's  experiment,  the  sun's  light  wa<»  admitted  into  a  darkened  room  through 
a  hole  in  the  window-8hutter,  and  allowed  to  fall  perpendicularly  upon  a  concave  mirror, 
formed  of  ^ass  quickrflTairad  lit  btdk  A  white  opaque  card  pieiced  with  a  sniU  hole 
being  theD  interpoied,  at  the  diattiMe  of  the  eentre  of  carvatuxe  of  the  ninror,  lo  that  the 
f^idarly  reflected  light  returned  by  the  mom  small  hole  by  which  it  entered,  a  set  of  colonnd 
riqgs  was  seen  depicted  on  the  card  encompassing  the  hule.  The  e-cistrncc  of  these  rings  was 
attributed  by  Newton  to  the  light  scattered  on  entering  the  glass,  and  then  regularly  reflected 
and  refracted ;  and  he  succeeded  in  deducing  from  his  theory  of  fits  the  laws  of  the  rings, 
both  as  regards  the  idalion  between  the  dianeten  of  niooeaiive  linge,  die  Older  of  the  odours, 
the  variatUHi  of  the  dhuoaeter  of  a  given  fiog  oorrcipoiidiBg  to  a  variation  eidier  in  the  radius 
of  cnrratuiv  of  the  surfaces  or  in  the  iUchnese  of  the  glass,  and  even  die  abioliite  magnitude 
of  the  system  formed  under  given  circumstances.  The  phenomena  which  present  themselves 
when  the  mirror  is  inclined  a  little,  so  as  to  throw  the  image  of  the  hole  to  one  side,  are  very 
curious,  and  have  been  accurately  described  by  Newton  in  bis  tenth  and  eleventh  Obftervations. 

In  the  course  of  a  eeifae  of  expcrimMtal  leieawhee  on  theae  ringit  tiie  Duke  de  Cltaulnee* 
dieeoveied  aeddcntally  that  thdr  brWhuicy  was  greadj  Incraaaed  by  breathing  on  tlie  f^mm. 
Sinoe  the  nuieture  loon  evaporated,  in  order  to  procure  a  pennanent  tarnish,  he  spread  over 
the  surface  a  smalt  quantity  of  a  mixture  of  milk  and  water,  which  on  drying  left  a  degree  of 
dimness  verj*  suitable  to  the  experiments.  By  substitutinn-  for  the  plass  mirror  a  metallic 
speculum,  in  front  of  which  there  was  placed  a  plate  of  tarnished  mica,  it  was  easy  to  observe 
the  f  ariadon  in  tlie  dianeler  of  tlie  rings  eorreqionding  to  a  Tariation  in  the  £rtanee  of  the 
ndea  from  die  ipecalunk  In  tide  form  of  die  experiment  tlia  gtam  plate  was  replaced  by  the 
plate  of  air  comprised  between  the  niea  and  the  speculum.  Rings  were  also  produced  when 
the  tarnished  mica  was  replaced  by  a  screen  of  fine  muslin.  In  this  case,  however,  according 
to  the  Duke's  statement,  the  rings  were  nearly  square,  though  rounded  off  a  little  at  the 
angles.  A  set  of  parallel  wires  gave  merely  a  bright  band  intersected  by  short  bonds  which 
ware  vividly  oolowed.   Even  dw  Made  of  a  hidfe  produced  a  eludbur  appearaooe,  weak 
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indeed,  but  suflicient  tn  cstablisli  the  identity  of  the  effect.  It  is  unnecessary  here  to  discuss 
the  theoretical  view»  ut  ihc  Duke  de  Cbauloes,  since  the  progress  of  optical  science  has  since 
led  to  •  complete  explanatiofi  of  the  fermatioD  of  the  tinfs. 

The  coloan  at  thick  pktet  were  firit  expUindl  on  the  undidetory  themy  by  Dr  Tonng*» 
by  whom  they  were  attribttted  to  the  interference  of  two  streams  of  light,  of  which  one  is 
scattered  on  entering  the  glass,  and  then  regularly  reflected  and  refracted,  and  the  other 
regularly  refracted  and  reflected,  and  then  scattered  on  its  return  through  the  first  surface. 
Dr  Young**  explanation  is  however  excessively  brief ;  and  he  haa  rather  pointed  out  th« 
appUcetjoo  «f  the  grend  end  newly-diioiiveKd  principle  of  interfeienoe  to  the  cxpbiialion  of 
the  phenomenon,  than  followed  the  subject  into  any  of  its  detaila.  At  the  sane  time,  it 
appears  evident,  from  an  attentive  perusal  of  what  he  has  written,  that  at  least  the  broad 
outlines  of  the  complete  explanation  were  clearly  present  to  his  mind. 

In  the  course  of  a  paper  entitled  *'  Experiments  for  investigating  the  cause  of  the  coloured 
oonoentric  rings,  discovered  by  Sir  Isaac  Newton,  between  two  object-glasses  laid  upon  one 
another,**  WilliaBi  Hersehel  mentions  an  experiment  in  whidi  rings  of  the  iwture  of  those 
of  thick  pUrtee  weie  produced  by  merely  strewing  hair-powder  in  the  air  in  fhmt  of  a  metallie 
speculum  placed  as  the  mirror  in  Newton''s  experiment f.  The  remit  of  this  experiment  was 
justly  regarded  by  Hersehel  as  inexplicable  on  the  theory  of  fits.  It  nay  here  be  refloarkcd 
that  it  is  in  perfect  accordance  with  the  theory  of  undulations. 

In  the  Annatet  de  Chimie  et  de  Physique^,  will  be  found  a  report  by  Ampere  and 
Pdaaon  on  a  memoir  by  M.  PoolDet,  oonlaining  some  experiuMnte  on  the  ringi.  The  experi- 
ments were  moetSy  the  some  as  those  of  the  Duke  de  Chaalaes,  bat  accompanied  by  rnHnares. 
M.  Pouillet  found  that  the  rings  were  produced  by  placing  in  front  of  a  metallie  speculum  an 
fipaque  screen  containing  an  aperture  of  any  form.  In  this  case  the  rings  were  round,  what- 
ever might  be  the  form  of  the  aperture.  The  experiments  are  mentiooed  by  M.  Pouillet  in 
bis  EUmen*  de  Physique^. 

A  complete  explanation  of  the  rings,  according  to  the  theory  of  undulations,  has  been  given 
by  Sir  John  Hersdiel  in  hi*  treatise  on  liight  ||.  The  ringe  are  supposed  to  be  fimned  in 
Newton's  manner  with  a  i^ase  mirror,  the  luminous  point  bring  utuated  in  the  axis.  Having 
investigated  the  elementary  system  of  rings  which  would  be  produced  by  the  two  streams 
scattered  in  passing  and  repassing  at  tlie  point  of  the  first  surface  where  it  is  cut  hy  the  axis, 
Sir  John  Hersehel  shews  that  if  the  surfaces  be  supposed  to  be  a  pair  of  concentric  spheres, 
having  the  luminous  poiht  in  thdr  centre,  the  elementary  qrstems  corresponding  to  the  several 
dements  of  the  first  surface  will  be  superposed,  in  such  a  manner  that  a  distinct  system  would 
be  thrown  on  a  screen  hdd  *at  the  distance  of  the  luminous  point.  The  laws  of  the  rings 
resulting  from  theory  are  precisely  those  which  had  been  discovered  by  Newton,  and  the  cdcu- 
lated  magnitudes  were  found  to  agree  almost  exactly  with  Newton's  measures. 

A  set  of  coloured  bands  have  since  been  observed  by  Dr  WhewcU,  which  are  formed  when 
the  image  of  a  candle  hdd  near  the  eye  is  viewed  by  reflexion  in  a  plane  mirror  of  quick- 
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silvered  glass,  placed  At  tiie  distance  of  soioe  feet.  This  observatiua  was  communicated 
to  M.  Quetelet,  by  whom  it  Im  ben  yOMAtd*.  In  i^MiiBg  liie  eKpcnmeot  together, 
Jh  Wbewdl  and  If.  Qactdet  firniid  tbtt  it  wm  «a  snentid  omditfa»  cf  mcoew  tint  the  tor&ee 
dMNdd  Mi  be  pefftctly  te^bt,  and  that  to  «Mare  the  production  of  the  bands  it  w»  tiiflicieiit 
to  braathe  gently  on  the  surface  of  a  cool  minor.  Inrtead  of  Tapour^  whiiA  aoon  cfapocatasy 
M*  Quetelet  roconi mends  a  tarnish  of  efrcase-|-. 

In  clobiog  thib  sketch  of  the  history  of  the  subject*  I  may  be  allowed  to  express  my 
obligation*  to  Dr  Uoyd  for  hia  valnabk  Report  on  Iliyiioal  Optics,  iriiieh  oontaina  a  \md 
aeoouiit  of  aU  tbat  was  itnown  alioat  the  iobjeet*  aeeompanied  bj  rafcNnoea  to  tbe  oiigfaial 
papers. 

My  attention  was  called  to  the  subject  by  the  Master  of  Trinity  College,  who  shewed  me 
the  bands  above-mentioned,  which  hp  shortly  afterwards  brought  before  the  notice  of  this 
Society  |.  It  seemed  to  me  from  the  first  that  the6c  bands  were  of  tbe  nature  of  the  coloured 
rings  of  tbick  plates,  lo  that  tbe  tbaoiy  of  tbe  tantm  only  requirad  to  be  worked  out,  that  of 
tlie  latter  behg  loaowo.  Had  I  fdt  any  doubt  on  the  sutgect,  it  would  loon  here  been  disri* 
pated  when  I  came  to  make  experiments ;  for  by  properly  Taiying  the  experimenta  the  two 
systems  were  seen  to  be  incontcstably  of  the  same  nature. 

The  mirrors,  whether  plane  or  curved,  were  prepared  in  the  followincr  njanner,  which  I 
ean  reofnameod  to  any  one  who  wishes  to  repeat  the  experiments,  as  being  both  easy  and 
efiGaeioaa.  Tbe  nnmir  bong  bdd  horisontdly,  a  nizture  eansUting  of  thtae  or  four  parts 
of  water  to  one  of  milk  was  ponied  on  it,  and  allowed  to  apiead  over  the  surlbeeii  The  minor 
was  then  held  in  «  vertical  position  in  front  of  a  fire,  when  the  greater  part  of  tbe  mixture 
ran  off,  and  the  remainder  dried  in  two  or  three  minutes,  when  the  mirror  was  ready  for  use. 
To  prevent  disappointment  on  the  part  of  any  one  who  may  he  looking  for  Dr  Whewell's 
bands,  I  will  here  mention  that  in  order  to  see  them  properly  the  image  of  the  flame  must  be 
seen  distinctly,  ao  tint  a  sborlad-sighted  person  requires  an  eye-glass  or  spectadea. 

A  ooocave  mirror  prepared  with  mOk  and  water  is  wdl  adapted  ibr  perfbraiing  Newton'a 
experiment  in  bis  manner,  or  rather  by  aubstituting,  as  in  the  Duke  de  Chaulnes^s  expertmenta, 
the  image  of  the  sun  in  the  focus  of  a  convex  lens  for  the  small  hole  employed  by  Newton. 
The  experiment  may  however  be  varied  in  the  following  manner.  Whatever  appearance  is 
presented  on  a  screen  may  be  seen  without  a  screen  by  receiving  the  rays  directly  into  the  eye, 
and  adaptiug  it  tor  distinct  vidon  of  ao  ol^ect  at  tbe  dlstanoe  of  the  screen.  Accordingly,  in 
order  to  see  the  rings  wMch  in  Newton*s  experiment  were  thrown  on  a  screen,  it  is  sufident 
to  phwe  ft  smdl  flame  in  front  of  tbe  nunwr,  in  aneb  a  podtion  as  to  eoindde  with  its  inverted 
image,  when  a  remarkably  beautiful  system  of  rings  is  seen  in  air,  surrounding  the  flame. 
Not  the  least  striking  circumstance  connected  with  these  rings  is  their  apparent  corporeity, 
since  they  seem  to  have  a  definite  position  in  space  like  an  actual  object.  The  strikuig  and 
beautifid  phenomena  so  accurately  described  by  Newton  in  his  10th  and  lltb  Observations 
may  1m  seen  in  this  manner  fay  moring  tbe  flame  ddeways.    By  dteiing  in  various  ways  the 
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poMtioDS  of  the  flame  aod  of  the  eye,  both  in  this  experiment  and  m  that  with  a  plane  mirror, 
die  lingi  or  buds  imb  in  the  two  omm  may  be  peswind,  indcpeodcntlj  of  toy  theory,  to 
be  evidently  of  die  Mune  mtiim  It  ie  unaecMMiy  h«e  to  deicribe  at  length  the  Taiioue 
appeenoMMpNeeated,  rince  fhey  an  aoticad  in  the  body  of  the  pepv,  in  ooonexion  with  the 
theory. 

The  first  "jprtion  ronffiiii"  the  tht^ory  of  the  rings  formed  in  Newtou  s  wanner.  i  he 
invettigation,  though  diiiering  a  iitde  m  the  mode  in  which  it  is  conducted,  is  the  same  in 
princi^  «B  that  jiwtn  bj  8b  Jchm  flendid,  but  it  aoaMwhal  man  general,  hmmuu^  ae  the 
carvatune  of  the  two  aodbiee  aie  euppoied  to  be  any  whataoever,  and  the  liuniaoui  point  ie 
not  nppoeed  to  be  situated  in  the  axis.  The  distance,  too,  of  this  pdnt  fkom  the  axis  ia  at 
first  supposed  to  he  arbitrary,  in  order  to  inve&tigate  under  what  circumstances  the  rings  ran 
be  formed  m  ost  dic  tiiirtlv  on  a  screen.  The  second  section  contain*  the  theory  of  the  bands 
aod  rings  formed  by  a  plane  mirror.  The  expression  for  the  retardation  is  deduced  as  a 
pardeiilar  caae  fran  the  fimnnla  investigated  in  tiie  firtt  awtiont  but  on  aceowit  of  the  intenit 
whiGh  afttadwa  itidf  to  tbeae  banda,  and  the  ainiplicit  j  ti  ihm  tbaoiy,  a  separate  inveatigatioo 
it  likewise  given.  The  next  two  sections  are  devoted  to  cases  of  more  generality,  and  OH  the 
whole  less  interest :  still,  a  few  results  of  some  interest  are  obtained.  The  last  two  sectioot 
contain  a  closer  examination  of  thf  prtxise  mode  in  which  thr  phenomena  are  pm  inrcd. 

Although  the  present  paper  is  a  little  long,  the  reader  must  not  suppose  that  the  theory 
of  the  lings  and  banda  is  anything  but  liaqile.  The  length  arises  partly  from  the  detail  in 
nhich  die  nil^eet  has  been  eonsidcrsd,  partly  front  the  gmerality  of  bobm  of  the  investigatioos, 
pardy  Ihiai  the  dewription  of  esperimenls  which  aowMnpaniea  tlie  thaHwdcal  invasdgationB. 


8B0I1ON  1. 

Rimg»  Ukrow»  am  •  aerseH  if  a  «onea»«  mimr  comUlkig  a  km  OmmBiai  Ae  JM 
mm/hs,  ami  qnSektihtni  mt  Ike  buek.  Cendttftm  <f  dirliNeftMw  wAm  lie  riNtge  oiv  ikrmm 
on  a  aorwsn,  or  of  fixity  when  they  ore  tiuoed  in  air.  inmtit/tation  of  the  phenomena 
nh^frvf^  wAen  Ute  kmunom  pobU  it  mooed  in  «  4inetion  perpmtdicuiar  to  the  aim  of  the 

mirror. 

1.  Let  a  luminous  point  L  be  situated  either  in  or  not  far  out  of  the  axis  of  a  mirror 
such  as  that  just  described ;  and  let  it  be  required  to  investigate  the  illumination,  at  the  point 
M  of  &  screen,  due  to  two  streams  of  lieJit,  of  which  one  is  scattered  at  the  first  surface,  and 
then  regularly  reflected  und  refracted,  anci  the  other  is  regularly  refracted  and  reflected,  and 
tiiett  soattered  in  ooming  out,  the  point  M  being  supposed  to  be  utuated  not  tu  out  of  the 
aila.  Let  the  miivor  be  «efcmd  to  die  lectaagalar  ases  of  «,  y,  »,  die  axia  of  m  bd^g  the 
axis  of  the  niinar,  nnd  the  imfp»  twing  dtuated  in  die  iirat  or  dinuned  anrlhoe.  Let  r  be  the 
radius  of  the  first  aurfiw^  •  tliat  of  the  second,  t  the  thickness  of  the  glass,  fi  its  index  of 
refraction ;  and  suppose  r  and  $  poddfe  when  the  concavities  of  both  siufaoes  are  turned  in 
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the  direction  of  x  poRitive.  I^et  a,  6,  c  be  the  co-ordinates  of  L  ;  a\  A',  r'  those  of  M;  and 
suppose  fi,  h.  a,  and  h'  small  compared  witli  r,  c  ,  r,  and  «.  Let  jr,  y,  z  be  the  co-ordinates 
of  9X^y  point  P  on  the  dioitned  sunace,  R  the  retardatioD  of  the  atream  which  was  scattered 
at  P  OD  ctnergeace,  relatively  to  that  vhidi  wai  teattend  at  the  aame  pobt  on  Atrancai  Let 
£i,  be  tlie  imagea  of  L  after  icfraotioii,  xetaiio^  and  laeand  icfiaetiant  rcepectively ; 
M,,  Mt,  M,y  the  images  of  M ;  and  let  a,  b,  c,  or  a',  b\  c,  with  the  suffixct  1)  S,  3,  denote  tbe 
co-ordinates  of  /,,,  L,,  L,,  or  JVf,,  M^,  M-,,  In  approximatiDg  to  the  value  of  fi,  let  the  squares 
of  the  small  qnrint'rips  «,  h,  x,  y,  Stc.  he  rt  tinned,  m  that  the  terms  neglected  are  of  the  fourth 
order,  since  all  the  lernis  are  of  evea  orders,  as  will  be  immediately  seen  when  the  approximatioti 

3.  The  rays  diverging  from  L  may  afUv  refiaedon  be  supposed  to  di  verge  front  I^f  oot^ 
withstanding  the  spherical  aberration  of  direct  pencils,  and  the  astigmattsm  of  oblique  pencils. 
For,  first,  let  L  be  in  the  &rA^.  The  supposition  that  the  rays  diverge  from  L,  is  equivalent  to 
supposing  that  the  front  of  a  wave  is  a  sphere  having  X,  for  centre,  whereas  it  is  really  a 
euifiMo  of  nvolutkm  eudi  iSM  £|  fa  tiM  eentie  of  curvature  of  a  eeetion  made  by  a  plana 
throng  the  aiia.  This  [daae  cuts  splicfe  above  mentioned  in  a  eird^  vlneb,  being  a  drda 
of  eurvatuN^  cannot  have  with  the  curve  a  contact  lower  diin  one  of  the  eecond  order.  But 
the  contact  is  actually  of  the  third  order,  since  the  curve  and  circle  touch  without  cutting. 
Hence  the  error  produced  in  the  calculation  of  R  by  suppo«in<r  ths  front  of  n  wavr  to  be  a 
sphere,  instead  of  that  surface  which  it  actually  is,  is  only  a  small  quantity  of  the  fourth  order, 
and  quantities  of  this  order  are  supposed  to  lie  neglected. 

Next,  ooosider  an  oldique  pencil.  Let  V  and  L"  be  two  points  in  Ac  axis  of  the  pencil 
which  are  the  centres  of  curvature  of  its  principal  sectiona.  If  the  distance  of  L*  and  L"*  from 
each  other,  and  from  Z,,,  were  not  small,  the  front  of  the  wave  would  have  a  contact  of  tlic 
first  order  with  a  sphere  described  round  Li,  with  such  a  radius  a-s  to  pass  throtir.;h  thp  point 
where  the  front  is  cut  by  the  axis  of  tbe  peocil;  and  in  that  case  the  error  committed  by 
taking  the  sphere  Ibr  tha  netoal  front  would  fan  of  dm  sseond  order.  But  L*  and  L"  am 
dtuated  at  distaooei  Snm  Li  which  are  email  qnantitlaB  of  the  Moond  order,  whence  it  will 
reedilj  be  seen  dwt  the  actual  arror  u  only  of  the  fourth  order. 

3.  Let  the  exprr'^^ion  (Z.  to  i,)  denote  the  retardation  of  a  wave  proceeding  from  L  to 
L„  or  rather,  in  caae  L,  be  a  virtual  focus,  the  difference  of  retardations  of  two  waves  starting 
from  L  and  Lt  *nd  reaching  the  same  given  point.  Then 

Rm(L  to  l^■^FM-FL,-  {{M  to  M,)+FL  -  PM4  m  K  +  F, 

where 

jr«(£  to  to  jfj, 

r~PM-Pl,^(PL~PdQmr^r',  suppcae. 

According  to  the  explanation  given  in  the  preceding  article,  when  the  poritien  of  P  ttenges 
JT  mnsluB  constnnt,  to  the  d^;m  of  approximation  which  it  fa  pmpoaed  to  employ,  but  the 
valueofr  depends  upon  the  position  of  P.  We  have 
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•nd  «  -  —  (ap*  +  y*),  nearly.    Expanding,  we  get 

Let  =  c'  -  Cj  +  r/  +  Fj,',  where  F,'  is  the  sum  of  the  temw  oonttining  a  ind  and  F,' 
the  cum  of  the  terms  containing  b  and  y>  Then 

(o'-«)'  (fl,-^)« 

'^■~5?  a^T"* 

There  is  no  occasioa  to  write  down  F,',  since  it  majr  be  deduced  from  by  writing  6,  y 
ftr  fl^  A.  Taking  to  d«note  Ibr  F  what  F/  dnotM  for  F'l  we  get  by  interchanging  a  and 
4^,  4^  and     and  lubtnctingy 

IT  fa~<^y    (a-#)'  (g'.-ii^ 


In  order  that  the  fiogs  nay  ba  Ibraed  on  a  aoreen  with  perfect  dlatinetnaaa,  it  is 
that  the^diferanea  of  phase  of  the  several  pairs  of  streams  which  come  from  the  several  points 

of  the  dimmed  surface  should  be  the  same;  in  other  words,  tha?  tlie  retardation  R  should  be 
independent  of  *  and  tf.  Deferring  for  the  present  the  investigation  of  the  conditions  of 
distinctneM,  we  may  observe  that  when  these  conditions  are  satisfied  the  expres&ion  fur  R  must 
be  the  fame  aa  )f  «  and  y  imm  *»A  equal  to  seto.   We  have  therefiwe 

where 

[£,  Jf]  -     to  i;,)  +  ^  -  €b  +  ^  -  5 

and  [JIf,  Z.]  is  formed  from  [/,  3/]  by  interchanging  the  co-ordinates  of  L  and  M.  In  the 
above  expression  e*  has  been  written  for  sliortness,  in  place  of  a*  +  h*.  Now  supposing 
Ct  C|,  c^,  Ci,  to  be  all  poaitire,  and  denoting  by  At  B  the  paints  in  which  the  first  and  second 
sinfaees  reapectiTdy  are  cut  bj  the  axia  of  the  mimor,  we  have 

{L  to  L^mJL' fiALi^nBLi-k-tiBLt- tkAlt*  ^Lt\    .   .  (9) 

which  gives,  on  expanding, 

,  a'  fie*      .     J.      U.9*         .      „  /itf,' 

(L  to       -  . +  - -Me.  -  (e.  +  *)  +  *        + 0 

-^^__.  +  e,  +  - 


We  have  therefore 

e?  eV  0.'  ^»  1 
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Although  this  forauta  was  obtained  on  the  supposition  that  the  points  L,  L^,  Ls, 
Mi  Mit  lay  on  the  positive  side  of  the  plane  of  xy,  it  is  true  independently  of  that 

restrietkNU  For  when  on*  of  tlie  tod  L,  Li,  L,,  Lt,  from  haTing  real  beoonie*  Tirtnal, 
or  from  haviag  bMB  vfarMal  beooMOt  real,  tbeoonreqpondiiig  ordinate  0,  Oi,  +  or  dianfet 
^gn.  At  the  Mine  IIbm^  in  die  eipfMiion  Ibr  Ac  recmdniaoii  dMoNqe  pa§a&d  tn&r  ii  oonverted 
into  dutance  taved,  and  vice  vtni*  Hence  in  viy  such  expression  as  (8)  the  sign  of  one  or 
more  of  thp  line*;  is  chancer!.  But  in  the  expansion  of  the  radical  by  which  the  length  of  such 
line  IS  tx^  ri  ^sl  <i,  the  sign  of  c,  Cj,  <^  +  or  must  be  changed  at  the  same  time,  and  there- 
fore no  change  is  required  in  ttie  expanded  expresciooi. 

To  dinunale  Oi  «nd  §,  Una  (8)»  tie  niay  obeerre  tbat  we  bnvo  yeey  nearly 

«    J»«*  ei"'"ei  +  #* 
and  ijinOar  oxpreariona  hxM  good  for  ^,  &e.  Hcnee 

/  ^M  +  t\  «k  *  +  ... 


Wemi^t,  if  lequind,  expraae  e^  and  e^  <n  tennt  of  e  by  die  feraralB  of  conunon  opdei^ 
without  making  any  supposition  n  to  tbe  magnitude  of  t.  In  pmBliae»  howrrer,  t  is  utuaDy 
small  compared  with  c,  c„  &c.,  so  that  we  mny  aimpUfy  the  above  espraadoo  by  1 
the  first  power  of  t.    We  thus  get 


B 


tie*    e»\     t/a'*+b'*    a*  +  b*\ 


4,    Before  proceeding  to  apply  this  expression,  let  U8  invotdgale  tile  conditiooa  of  ( 
ness.    Denoting  by  the  addituma  to  It  tM  aeeount  of  tlie  terma  involving  #,  y»  we 

get  from  (1) 


and  Ayil  may  be  obtMned  by  intetdiangiHg  s  and  b,  9  nnd  y. 
We  linve  by  the  fwmulm  of  oommon  optica 

ct     1-  +  *    «    0i  +  *»     eb     i.  •  •  • 

whence*  wippoafaig  t  anudl,  expanding  at  fur  as  the  first  power  of  I,  and  putting  for  dmrtnem 

ao  that      the  radiut  of  a  speonlum  having  the  tame  focal  length  aa  the  minw*  we  obtain 
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and  therefore 


Again 
whence 


aci  e^  +  t  «t 

ft «  Oi  +  t  «b 


Neglecting  ^  altogether  in  the  fonaulffi  (7)i  wc  get 

Ci    Ct    ii\e    pi  * 


and  tlwrafiin 


(10) 


Let  A JK-f^iyA  «  £JL  The  fimnnUa  (6>,  (9)>  (lO),  and  the  MWiapondftig  foramha  relating 

to 

The  condition  of  distinctness,  as  has  been  already  observed,  is  that  AJZ  shall  vanish  inde- 
pendently of  a?  and  y,  in  which  case  the  elementary  systems  of  rings  corresponding  to  the  several 
elements  of  the  dimmed  surface  will  be  superimposed  on  the  screen.    The  coefiideot  of  «*  + 
will  Tadah  when  ddicr  vt  the  following  equationi  ii  aatiafied; 

1     1  S 

c-c.    or^  +  -.-  (,«) 

In  order  that  the  ooefldcnta  of  m  and  y  may  vanidi  independently  of  particular  vahies  of 
a'  and  ¥  we  nnet  have 

 (13) 

which  eqnntions  satisfy  at  the  same  time  both  of  the  equations  (12),  of  which  it  would  have 
been  enough  that  one  should  have  been  catisfi^.  Hence  the  rings  are  formed  most  distinctly 
wh«B  dn  lomiooua  point  and  the  ecreen  are  both  at  n  ^itanoe  ftom  the  nimr  equal  to  thai  of 
ooincident  conjugate  focL   Tbia  agreee  with  oheerTation*. 

Whatever  be  the  poeition  of  the  luminoua  point,  if  «l,  h\  «  be  the  co^inatee  of  ite 

a'      a      h*  h 


■  Sm  MtwMD-i  OiMat.  Bask  II.,  Fttt  nr..  Ote.  1,  fbr  tk* 
cHchiiriildi  llweivfSiMMSsfiiM  MP  inftccisM  alike.  Mil 
an  expcrituDi  ly  dit  Daika  da  Chanlnea  ( Jtfte.  fAetMmit, 
mi.  p.  141)  to  (he  eata  ia  which  ihef  an  unlike.  In  thi* 
a»|MdMi  a  |ilaaa  miiaa  laaa  mm  muj^ajiA.  Baih  ftca  is 


aaamalaB,  alter  bavlag  baaa 
ihe  taidilam  It  appaan  ftan  a  panifi  al  dia  aal  af 

Newtoo'a  twcMUi  Obtcmtioii  that  be  twi  Uaiailf  laadS  «!• 
pmmcnta  ofaaiaiilarDaniK,  tbaKaaliaaf  whtdtlwmraia 
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«od  the  Moood  Une  is  die  cxpreMum  fiir  AJI  beeooM 

mc  \C      C  pi 

which  vanishes  since  c  satisfie<!  thr>  second  of  equations  (12).  If  a  screen  be  held  in  a  direction 
perpendicular  to  the  axis  of  the  mirror,  at  such  a  distance  as  to  receive  a  distinct  image  of  the 
luoainous  point,  and  if  a ,  h\  if  be  now  taken  to  denote  the  oiKordinates,  not  of  the  image 
itedf,  but  of  a  point  of  tbe  aereen  veiy  near  the  inu^  the  port  of  AJS  whkh  iavolm  the 
iqnane  of  «  and  y  will  eontimie  to  vaniah,  wmnwidi  «a  o'  zenumM  the  mmm  o  befixe,  and  the 
part  which  oontaina  fint  powers,  though  not  abeolutely  evanescent,  will  be  very  small ;  and 
therefore  a  portioo  of  the  igrstem  of  lingi  fai  the  neighbourhood  of  the  hoage  «iU  be  formed 
diatioctly. 

5.  This  agrees  with  observation.  In  repeating  Newton's  experiment  in  his  way,  except 
that  a  lens  of  short  focus  was  employed  instead  of  a  small  hole,  and  that  the  surface  of  the 
glass  was  purposely  dimmed  with  milk  and  water,  I  found  that  when  the  mirror  was  placed  at 
a  ^itanee  fram  the  Inninons  point  widdy  different  flom  he  ndiue  of  oarvatuN,  and  incKned  a 
litdot  ao  aa  to  allow  of  reeeiving  the  inuige  on  a  aheet  of  paper  without  atopping  the  hieident 
light,  and  when  tbe  paper  was  hdd  at  ench  a  diatanoe  from  the  mirror  aa  to  reedve  a  diatinct 
image  of  tbe  lualnoua  point*  the  image  waa  aeeompanied  by  very  distinct  arcs  of  rings. 

Whatever  appearance  is  pre^rnted  on  a  screen  maybe  seen  without  a  screen,  hy  placing  the 
eye  in  such  a  position  as  to  receive  the  rays,  and  adapting  it  to  distinct  vision  of  an  ohj<>rt  at 
the  distance  of  the  screen  in  its  former  position.  It  is  found  universally  that  when  the  image 
of  the  lununoua  point  it  aeen  distinctly  it  it  accompanied  by  a  portion,  moce  or  lem  extensive, 
of  a  syatem  of  cdoured  linga  or  bands.  In  this  way  the  rings  may  be  aeen  whan  the  image  is 
virtual,  in  which  case  they  cannot,  of  oourK,  be  tluNiwn  on  a  acreen* 

In  the  experiment  described  in  the  introduction,  in  which  a  small  flame  is  placed  in  audi  a 
pnqition  as  to  coincide  with  its  inverted  image,  and  viewed  directly,  the  rings  seen  are 
remarkable  for  their  fixity,  appearing  like  a  btxiily  object  surrounding  the  flame,  and  having  a 
definite  parallax,  whether  judged  of  by  the  motion  of  the  head,  or  by  the  convergence  of  the 
axes  of  the  two  eyes.  The  same  ia  true  of  tbe  system  of  rings  fomad  when  the  iiame 
is  moved  tideways  out  of  the  position  above  mentioned.  Tlie  reason  of  this  fixity  is,  tliat 
inasmuch  as  the  retardation  is  independent  of  a  and  y,  a  given  point  of  an  imnginary  plane 
drawn  through  the  flame  perpendicular  to  the  as  is  of  the  mirror  helong^  to  a  ring  of  the 
same  order,  whatever  be  the  point  of  tbe  mirror  against  wliich  it  is  seen  projected. 


&  Having  inveatigatad  the  oonditiona  of  distmctnee^  let  us  now  proceed  lo  ooosidcr 
the  magnitude  and  choraeter  of  the  rings,  suppoung  the  luminotts  fmbtt  to  be  dtuated  at 

a  distance  p  from  the  mirror,  and  the  rings  to  be  thrown  on  a  screen  at  the  same  distance,  or 
else  viewed  in  air.  In  this  case  c  «  e'  <■  p ;  and  if  the  luminous  point  be  in  the  axis  e  ■  0, 
which  reduces  (5)  to 


44-^ 
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It  readily  follows  from  this  expressioD  that  a  system  of  rings  is  Au'med  similar  to  the 
rings  of  the  sjstcn  to  wMdi  Ncwtm**  wum  It  ««|weidly  attaebcdL  The  ringi  ia 
die  ptcMOt  CBM^  hovevcr*  «speci>Hy  wfam  viamd  in  abr,  bm      more  WlKnit,  «nd  in  thUi 
respect  more  resemble  the  rdbotiid  system.    If  e|  be  tbe  ndtttt  cf  the  tint  hfig^t  rfai^  Ibr 
wbkh  A  -  \v  the  kofth  of  a  weve  of  Usht, 

and  for  the  bright  ring  of  the  order  n,  e  =  -y^n  .  e, .  The  formula  (14)  has  already  been  dis- 
cussed by  Sir  John  Uerscbel*  and  compared  with  NewUm'a  measures,  with  which  it  nianifetie 
a  Very  close  agreement. 

With  white  light,  only  a  moderate  number  of  rings  can  be  seen,  on  account  of  the  varia- 
tion of  the  scale  of  the  system  depending  on  a  variatioD  in  the  refrangibility  of  the  component 
parte  of  wUeh  white  li|^t  is  made  up.  When  the  ringi  were  fbmed  in  air,  and  the  eouree 
of  light  we*  tile  flaine  of  en  oilplamp  with  a  aoail  wick,  I  have  csounted  aeven  or  eight  mr- 
rounding  the  central  bright  spot.  But  when  the  *7elem  is  viewed  through  a  piinn,  or  when 
the  flame  of  a  qpirit-lainp  Is  used,  an  immeme  number  of  riii|p  may  lie  seen. 

7.    Next,  suppoee  die  luminous  poiot  out  of  the  axis.    Referring  to  the  formula  (5), 

wc  see  that  the  retardation  is  not  now  equal  to  zero  at  the  axis,  but  diroiigbout  a  circle  whose 
radius  e  is  equal  tu  e.  Hence  the  achromatic  title*  of  the  system,  which  was  formerly 
reduced  to  a  point,  is  now  a  circle  having  its  centre  in  the  axis,  and  passing  through  the 
lumiooUB  point  and  its  image,  which  are  situated  at  the  opposite  extremities  uf  a  diameter. 
The  IHnges  of  the  first  order  wOl  be  a  pair  of  cirelee  having  their  centre  in  the  axis,  and 
1  jing,  one  outside,  and  the  other  inside  the  entnd  fringe ;  the  ftinges  of  the  second  order  will 
be  another  pair  of  circles  Ijring,  one  outside  the  larger,  and  the  other  inside  tbe  smaller  fringe 
of  the  first  order,  and  so  on.  It  is  to  be  remarked,  however,  that  only  n  finite  number  of  fringes 
are  formed  inside  the  central  white  fringe.  If  the  value  of  R  when  <?' 0  be  denoted  hy 
—  noX,  n,  will  be  a  numerical  quantity,  a  tuuction  of  X,  which  determines  the  number  of 
ftii^ee  and  the  fracdon  of  a  fringe,  belonging  to  the  light  of  which  the  wavniiengtb  is  X, 
wluoh  are  lonned  inside  tlie  central  white  fringe.  Tbe  ▼slue  of  may  be  got  from  equation 
(5)  on  putting  ^  ■  0^  wfaidi  giree 


If  white  light  be  used,  and  if  n,  exceed  8  or  thereabouts  (or  rays  of  mean  refrangibility,  all 
the  fringes  which  the  overlapping  of  the  different  colours  allows  to  be  visible  are  formetl  indde 
as  well  as  outside  the  central  white  fringe  ;  and  if  the  luminou<(  point  be  moved  still  further 
from  tbe  axis,  a  portion  of  the  field  of  view  around  the  axis  will  appear  free  from  rings.  If 
the  mdius  cf  the  oentnl  white  fringe,  or,  whidi  is  tiie  lame,  the  distance  cf  tiie  luminous 


"  lassAblmls  dsaols  Ih*  faciw  sf  As  prfsls  for  which  the  tturdattao  U  tutui  w  mto,  whkh  fMiM  s  cianw  «o  ciAsr 
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point  from  the  a-^i"«i,  be  denoted  by  \/n^  the  radii  of  the  bright  fringe*  of  the  fjr«t,   

orders  wiU  be  denoted,  on  the  same  scale,  by  •v/(n«  l),  \/(tta  ^2)  and  tbote  of  the  dark 
rings  by      K         V^c,    D  ... 

The  manner  in  which  the  rings  open  out  from  the  centre  as  tlie  luminous  point  is  moved 
■idewsys  out  cl  die  axis  It  verj  itriki]^  and  has  ban  aflcnrately  deaciibed  fay  Nawlon.  Tbe 
czphnadaD  of  it  ia  obrioua.  It  b»j  fae  lanarked  that  the  ayateaii  of  imga,  regaaded  aa  in- 
definite, is  formed  on  tbe  same  scale  whatever  ha  tbe  distance  of  the  lumhiaiii  paint  from  tlie 
axis,  but  the  portion  of  the  indefinite  system  which  alone  is  visible,  in  consequence  of  the 
coincidence  or  approximate  coincidence  of  the  maxim*!  and  minima  of  intensity  corresponding 
to  the  several  colours,  dependa  altogether  upon  liiat  di^unce.  Sint^  lu  passing  from  the 
interior  to  die  exterior  boundaiy  cf  a  g^ven  fringe  the  square  of  dia  cadiua  Mcdvaa  a  |plven 
incneae^  it  ftllovs  that  the  area  of  the  fiinge  ia  conatanty  that  ia,  ind^eDdent  of  the  per* 
pendieular  distaoee  of  the  luminous  point  froni  the  axis.  Hence  the  breadth  of  the  fiinge 
continually  decreases  as  the  diameter  of  the  circle  v,'hich  forms  cither  boundary  increases. 
When  a  small  fiame  is  used  for  the  source  of  light,  and  is  moved  sideways  from  the  axis,  the 
fringes  soon  become  confused,  because  a  flame  which  does  very  well  for  forming  the  broad 
IHngea  of  oomparatiTeiy  amall  ndiua  aeen  near  the  «xi^  will  not  answer  for  die  fine  fringes  of 
laige  ndiua  whiidi  ava  formed  at  a  diataoee  froaci  the  axiSi  But  on  iidng  for  the  aoaroe  of 
light  the  image  of  the  sun  in  the  foetti  of  a  amall  concave  mirror  belonging  to  a  microaoope 
apparatus,  I  found  that  the  fringes  were  formed  quite  distinctly  even  when  their  diametem 
became  very  large  and  consequently  their  breadths  very  small. 


Section  II. 

Amib  fimud  k§  •  jitaM  stirrer,  «nd  mewed  HkntOig  bg  Me  eye. 

8.  In  die  case  of  a  plane  ntrror  p  ob  ;  and  if  H  be  die  letaidalion  the  atretm 
acatteced  at  emergence  rdatively  to  die  etream  aeattered  ^  entranoe^  R  will  be  obtuned  bj 
adding  together  the  eeeond  memhen  t£  eqiiationa  (5)  and  (11).   Hence  we  have 

fi.  i  [1  }(,_«')»+ -i  {(a:- a)* +  (y -*)•!]..    .    .  (15) 

It  ia  to  be  remembered  that  in  this  formula  a,  h,  c  denote  the  co-ordinates  of  the  luminous 
point;  .r,  y  tho^c  of  any  jx)int  in  the  dimmed  surface;  a  ,  b\  c  those  of  any  point  of  space 
towards  which  the  eye  is  directed,  and  fur  distinct  vision  of  which  it  is  adapted ;  and  that  tbe 
fonoula  ia  only  approximate,  the  approximadon  dependiog  both  upon  the  amallneas  of  die 
«il>li(|uilj>  and  upon  the  smallneM  of  die  thiekneaa  f  of  the  |^an  in  compaHwn  widi  the  dis- 
tanees  of  the  lumtnoua  point  and  the  point  Jlf  foom  the  mifrar. 

Aa  regards  the  illuminetion  at  a  given  point  Jf ,  we  are  evidently  ooncemed  with  so  moeh 
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only  of  the  dunmed  surface  as  lies  within  •  oone  having  if  fSor  Tfrtn  and  the  pupil  o(  the  eye 
fcr  bates  and  ^ Imda  will  be  Men  dierinedy  if  Xdonotaller  by  oBoreiluniaiaiaDftaetkm 
<if  X  when     f  alter  Ivoai  one  point  to  another  of  the  portion  of  the  ditnmed  iurfiMX  wUch 

lies  within  this  oone.  Now  we  have  seen  already  that  the  bands  are  in  all  cases  Men  dia- 
tinctly  in  the  neighbourhocxl  of  the  image  when  the  image  itself  is  seen  distinctly,  so  that 
when  the  image  is  real  the  bonds  may  even  be  thrown  on  a  screen,  iu  which  case  a  com- 
paratively large  pordoo  of  the  dftaned  turfiwe  ia  GOttcemed  in  didr  finmation.  We  ma/ 
oondode  tiiat  in  the  preaent  caae  the  bands  irill  be  aeen  with  suiBcieot  diatioctneaa  throughout, 
provided  the  imagt  of  the  luminoui  point  be  seen  diatinctl/. 

9.  In  oondderiiig  the  diadnetneM  or  indistinetnen  of  the  bands»  we  are  ooneemed  with 
the  finite  aiae  of  the  pupil  of  the  eye;  but  in  inveitigating  only  tbdr  form  and  magnttnde 

we  may  suppose  the  pupil  a  point,  and  reduce  each  pendl  entering  it  to  a  single  ray, 
wliicli  forms  the  axis  of  the  pencil.  Let  E  be  the  eye,  or  rather  the  centre  of  the  pupil, 
h  its  perpendicukr  distance  from  the  mirror,  and  suppose  the  axis  of  x  to  pa-ss  through  E. 
The  ray  by  which  a  portion  of  a  band  is  seen  as  if  at  Af  cuts  the  mirror  in  a  puint  whose 
«0K»dinatas    y  are  equal  to  a',  h'  altered  in  the  ratio  of  A  to  A  -     so  that 

Substituting  in        we  get 

fi-^[j^(«'  +  J^)-^{(*-°)'  +  (»-i>)l],     ...  (16) 

ftom  which  it  may  be  observed  that  ^  has  disappeared,  as  evidently  ouf^t  to  be  the  case. 
The  expression  (l6)  might  have  been  at  once  deduced  from  (15)  by  putting  the  co-ordinatee  of 
the  eye  in  place  of  a,  h\  c.  The  renson  of  this  is  evident,  because  the  retardation  is  con- 
stant fur  the  same  ray,  and  a  ray  may  be  defined  by  the  positions  of  any  two  points  through 
which  it  passes.  We  may  therefore  employ  the  points  E  and  P,  instead  of  Jf  and  P,  to 
deine  the  ray,  and  may  tbevefora  at  once  snbetitnte  the  Cfr«rduwlcs  of  E  for  those  of  Jf  in 
the  expremion  for  the  retardatioo. 

10.  To  determioe  the  forms,  &c.  of  tlie  bands,  nothing  more  will  be  requisite  than  to 
discuss  the  fosmuin  (iQ.  As  however  this  formula  was  obtained  as  a  particular  caae  from 
a  vary  gsnessl,  and  eooaequently  ntber  complicated  investigntion,  in  whidi  the  curvatures  of 

the  surfaces  were  supposed  to  have  any  valueSi  and  as  the  bands  to  wMdi  it  relates  are  of 
great  interest,  the  reader  may  be  pleased  to  see  a  special  investigation  of  the  formula  for  the 
case  of  a  plane  mirror. 

Ketainiog  the  same  notation  as  before,  except  where  the  contrary  is  specified,  let 
be  Ae  feet  of  the  pcrpeodiculars  1st  fill  fkmn     E  oa  the  plane  of  the  dimmed  surface,  and 
let  L^Pm  a,  si.    Let  Jl|  he  the  retardation  of  a  ray  regularly  refracted  and  reflededf 

scattered  at  emMgence  at  P,  and  so  reaching  E ;  the  retardation  of  a  ray  reachii^  E  after 
having  been  scattered  at  P  on  entering  into  the  glass,  and  let  -  R^^  R.  Let  LSTPE 
be  the  course  of  the  first  ray,  which  emanates  from     is  regularly  refracted  at  S,  regularly 
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rejected  at  I\  and  scattered  on  emergence  at  P.  The  lines  LS,  ST,  TP  will  evidently  lie 
in  the  pUoe  LL^P.    Let      <p'  be  the  angles  of  incidence  and  refractioo  at  S.    We  bare 

Si^LS  +  i/xST  +  PEt 

«e§ee^i-S|iilMS^'-l- v^(A*  +  »*)  {vff 

■ad 

e  tan  ^  ^  it  Un  <f>  m  9,       Bn^a/iriD^'  (i8) 

The  obliquity  being  supposed  small,  we  may  expand,  and  retain  only  the  squares  of  small 
quantities,  the  terms  thus  ne^cted  involving  only  fourth  «nd  higher  powers.  We  get  in  the 
first  place  from  (17) 

2Ji-c+2M'  +  A  +  i^c^*  +  2M<^''  +  ^].      ....  (19) 

But  cqiiadma  (18)  give 

and  «tt1wtitating  in  (19)  we  get 

To  oArtaiii  Ru  it  irBl  be  inAdeDt  to  ioteicfaMigB  e  and  k, «  andih  ainoe  if  m  luppoeed  Hm 

course  of  the  ray  jrenwed  it  would  emanate  from  £,  be  regularly  refracted  and  reflected,  then 
scattered  on  emergence  at      end  SO  would  leach  L.    Interehani^iig,  sabtxectingy  end  xe* 

ducing,  we  obtain 


TUs  fcrmub  is  man  gcMial  than  (16),  ciiioe  no  apprazfanalion  faei  yel  been  nade  depending 
OB  die  megnitude  of  t.  In  pracliee^  liowev«ry  t  h  ectuaUy  andl  eompend  widi  e  end  ib,  to 
that  we  may  simplify  the  formula  by  retaiail^  only  the  first  power  of  1*  which  zeduoet  (SO)  to 
(16),  inaamndi  as     •  4r*    y^,  and  «<  -  («  ^  «)■  4.  (y  -  6)'. 


11.   Let  us  now  pnioeed  to  apply  tbe  fimnuk  (16)  to  tbe  explaoatioo  of  the  phenomena. 

In  discussing  this  formula,  it  is  to  be  nmembered  that  .v,  y  are  the  a>-orclinatcs  of  tlio  point 
of  the  mirror  on  which  a  fringe  is  seen  projected.  Since  the  direction  of  the  axis  of  y  is 
disposable,  we  may  make  tbe  plane  of  »  pass  through  the  luminous  point,  in  which 
case  &    0,  and 


For  a  given  iiinge  R  is  oonitant.  Hence  tlie  fttogM  fonn  a  system  of  conoentrie  dMke, 
tbe  centre  of  the  system  lying  in  ibe  aiis  of  «.   If  «  be  the  absdssn  of  the  centre 


ah^      .  I  ah       ah  \  ,  . 


Now  a&(A-c)~'  and  aA(A  +  e)-*  are  the  abeeisBae  of  the  poinis  hi  which  the  plane 
of  the  mirror  is  cut  by  two  linee  drawn  through  the  eyei,  one  to  the  lumlnons  point,  and  the 
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other  to  its  image.  Hence  we  have  the  following  oonatruction :  join  the  eye  with  the  luminous 
poiDt  and  with  Ht  baagtt'md  pfoduee  die  fiinMr  fine  to  meet  the  nimri  die  widdfe  point 
of  the  line  jobidg  the  two  pointe  in  which  the  minor  w  out  bj  the  two  Unee  dmwn  fiom 
die  cje  wfll  be  tiw  eentre  of  the  ejttem. 

Hence  if  the  lumtDous  point  be  placed  to  the  right  of  the  perpendicular  let  faU  from 
the  eye  on  the  plane  of  the  mirror,  and  between  the  mirror  and  the  eye,  the  concavity 
of  the  fringes  will  be  turned  to  the  right.  If  the  luminous  point,  lying  still  on  the  right, 
be  DOW  drawn  backwards,  eo  «a  to  come  benle  the  eje,  and  ultimately  fall  behind  it,  the 
cunratnre  will  deeiaaw  till  the  ftiogee  become  straight,  after  whidi  it  will  immne  in  the 
eontvery  dinetion,  the  eonvcsitj  being  now  turned  towarda  the  right.  Thb  agMei  with 
obeerfadon. 

19.  Tlw  expression  for  B  Aewt  that  the  circle  which  forms  the  achromatic  Une  of 
the  system  passes  through  the  two  points  mentioned  in  the  last  paragraph  but  one.  This 
is  always  observed  to  be  true  in  experiment  as  far  as  regards  the  image,  and  is  found  to  be 
true  of  the  luminous  point  also  when  it  is  in  front  of  the  eye,  liu  as  to  be  aeen  along 
widi  the  ftioges,  provided  tlie  fHnges  naeh  ao  br. 

Oenotug  by  the  Tdue  of  J2  tt  the  centre  of  the  ^tten  of  cfandc^  talMo  poritivdj, 
wa  get  from  (si)  and  (tt) 

aU 

The  numerical  quantity  may  conveniently  be  called  the  central  order,  since  when  it 
lies  between  t  -  ^  and  »  +  ^,  where  i  is  any  integer,  the  colour  at  the  centre  belongs  to  the 
bright  ring  of  the  order.  If  o  he  die  radios  of  the  central  fringe,  e  win  be  equal  to 
the  semi-difliweoee  of  die  quantities         +  0)"*  and         -  c)~\  whence 

ach 

"-iVT^  

Having  found  the  centre  of  the  system  of  circles  and  the  projection  of  the  image, 
or  the  point  where  the  line  joining  the  eye  and  the  image  cuts  the  mirror,  describe  a  circle 
passiog  through  this  projection.  This  will  be  the  central  line  of  the  bright  fringe  of  the 
order  0^  and  its  ladfaia  wil  be  eqoal  to  v.  Now  deeetihe  a  pdr  of  drdas  whose  ladB  mo 
to  o  as  V'Os*  1)  to  v^Mr  These  will  be  the  central  fines  of  the  two  bright  fringes  of 
the  first  order,  for  the  particular  colour  to  which  the  assumed  value  of  X  relates.  The 
central  lines  of  the  two  bright  fringes  of  the  second  order  will  be  a  pair  of  circles  with 
radii  proportional  to  •y/C'^i  *       ^"^^  The  fringes  will  be  broader  on  the  concave  than 

on  the  convex  side  of  the  central  white  fringe.  When  the  fringes  become  straight,  «, 
beeomee  inifatite,  and  the  sjrsten  becomca  symmetrical  with  reepeet  to  die  central  iringe. 
Thb  agrees  widi  obierradon. 

13L  When  die  londnone  point  is  rituated  in  a  fine  drawn  through  the  eye  perpendieidar 
to  the  mimr  •  *  0^  and  we  have  rimply 
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In  this  case  the  achromatic  line  of  the  system  is  reduced  to  a  point,  and  the  rings  are 
analogouB  in  every  respect  to  the  transtuitted  systera  of  Newton's  rings.  For  the  bright  ring  of 
lh«  itnt  order  JK  » ifa  X*  and  tfamfoKB  Ih*  nuHm  at  lb*  ting  fa  equal  to 

's/fHx .  eh 

vfaldi  bcoomet  iofinita  whm  0  «  A.  Henoe  if  tbe  limlnous  point  be  at  £nt  aituated  in  hoat 
at  the  *ytt  and  be  then  canerired  to  more  badtwarda  thiough  the  ^e  tOl  it  peases  behind 
it,  the  rings  will  expand  indefinitdjTt  "Bd  an  ^a^ppear,  and  vOl  reqtpear  agaia  when  the 
luaainotta  point  has  peaaed  the  eye. 

14.  AH  th0  preeadiflf  eonduaionB  agne  paifectlj  with  experiment,  ao  fiur  a*  qualitatiTe 
icBulta  are  coneerned  j  for  I  have  not  taken  any  measures.    The  change  in  the  direction  of 

curvature,  which  I  had  not  noticed  till  it  was  pointed  out  by  the  formula,  may  be  readily 
seen,  when  the  flame  of  a  caniHlp  is  the  source  of  light,  bv  holding  the  cnnHlc  at  arm\s  length 
nearly  in  front  of  the  eye,  but  a  little  to  the  right,  then  drawing  it  back  beside  the  eye, 
and  finally  holding  it  at  em'a  kngdi  behind  the  head*  and  aa  nearly  in  n  line  drawn  dirough 
tlie  eyo  perpendicular  to  the  minor  aa  the  shadow  of  tlie  head  will  aUow. 

When  the  candle  fa  iidd  near  the  cye^  n  portion  only  of  the drdes  can  he  eeen;  tlie  circles 

are  in  fact  reduced  to  circular  arcs,  and  these  arcs  may  even  Imome  perfectly  straight.  But 
when  the  candle  is  placed  at  a  |^ood  distance  from  the  eye,  suppose  half-way  between  the  eye 
and  the  mirror,  and  a  small  piece  of  card  is  placed  as  a  screen  in  front  of  the  flame  to  keep  oft' 
the  glare  of  the  direct  light,  the  circles,  or  at  least  several  of  them,  may  be  seen  complete, 
except  that  it  must  lie  left  to  the  imi^nation  to  fill  then  up  where  they  are  lud  by  the  screen. 
In  thfa  way  the  manner  in  whidi  tlie  rings  open  oat  Urom  the  centre  of  the  drdee  may  be 
olMerred,  though  not  for  the  first  rii^  or  two,  whidt  Open  out  while  the  centre  is  hid  by  the 
screen.  Instead  of  a  candle  with  a  screen.  It  fa  better  to  use  the  image  of  the  eun  in  the  focus 
of  a  small  convex  or  concave  mirror. 

15.  The  conclusion  deduced  from  tlieory  which  was  mentioned  in  Art.  19  cannot,  of 
course,  be  compared  with  experiment  directly.  But  the  experiment  may  be  successfully 
performed  by  substituting  for  either  the  luminous  point  or  the  eye  a  virtual  image.  Using 
for  the  luminous  point  the  image  of  the  sun  in  the  focus  of  a  small  ooucave  mirror,  at  the 
distance  of  aome  ftet  in  front  of  a  plane  mfarar  dt  whkh  the  eur&oe  had  been  prepared  with 
nnlk  and  water,  I  pliMed  a  piece  of  plate  glass  between  the  mirrors,  indined  at  an  an^e  of 
about  45\  The  greater  part  of  the  light  coming  from  the  image  of  the  sun  wa.<i  transmitted 
through  the  plate  of  glass ;  and  on  returning  from  the  large  mirror  a  portion  of  this  light 
was  reflected  sideways,  so  that  the  rings  could  be  seen  by  reflexion  in  the  plate  of  glass  with- 
out obstructing  the  incident  light.  The  system  of  rings  thus  seen  was  very  beautifid,  and 
there  was -no  direct  light  glaring  in  the  eye,  and  yet  no  screen  to  hide  any  part  of  the  system. 
It  was  easy  to  know  when  the  image  of  the  eye  in  the  indined  phte  fay  in  a  line  drawn 
through  the  luminous  point  perpendiciilar  to  the  plane  mirror,  by  olraerving  when  the  image 
of  the  luminous  point  seen  by  reflexion*  first  at  die  plane  mirror,  and  then  at  the  plate 
Vol..  IX.  Past  II.  45 
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of  glass,  laj  in  the  centre  of  tbe  system  of  rings.  Supposing  the  image  to  have  this  position, 
on  moving  lh»  head  tUiewnyt  the  opening  out  of  the  rings  could  be  tneed  ftom  ilt  fory  torn" 
meoemeat   Bj  movliig  back  (be  heed  eo  ae  to  keep  the  image  of  the  fainnnone  pcnnt  in 

the  centre  of  the  ^iteoi  of  rings,  it  was  easy  to  try  the  experiineDt  to  which  Art.  13  relates, 
the  virtual  image  of  the  eye  being  thus  kept  in  a  line  drawn  through  the  luniinous  point 
perpendicular  to  the  mirror,  and  the  eye  moving  relatively  to  the  luminous  {>oiiit,  whirh  is  as 
good  as  if  tbe  luminous  point  had  moved  while  the  eye  remained  fixed.  I  found,  in  fact,  that 
on  moTing  back  the  head  the  rings  expanded  till  the  bright  central  patch  auriounding  tbe 
image  filled  the  Whole  fidd  of  view^  and  on  oontinuing  to  OMTe  hack  the  heed  tbe  lidgB 
appeared  agni  '  Tn  the  position  in  which  the  central  patch  filled  the  whole  field  of  new, 
the  least  motion  of  the  eye  aidewaya  waa  aufficieut  to  bring  into  the  fidd  portions  of  eneariTdjr 
bn>ad  coloured  bands. 

Between  the  system  of  rings  seen  wbeo  tbe  eye  was  respectively  nearer  to  and  further 
from  tbe  mirrmr  than  wiwn  in  Ae  poaition  in  wUdi  dw  rings  became  infinite,  there  was  one 
difoenee  whldi  naj  here  he  mentioned.  So  h»g  aa  the  image  oecapied  the  eentre  of  the 
systems,  they  were  similar  to  eadi  other ;  but  when  the  head  waa  moved  ddeways,  tbe  centre 

of  the  eircles  passed  in  the  first  case  to  the  side  of  the  image  towards  which  the  head  waa 
moved,  and  in  the  second  case  to  the  contrary  side.  This  affords  another  way  of  comparing 
with  experiment  the  result  of  theory  already  mentioned  relating  to  tbe  direction  of  curvature, 
and  it  will  be  readfly  seen  that  the  result  of  mperiment  agrees  with  the  prediction  of  theory. 
For,  suppose  tiie  dutanoe  of  the  eye  from  tlie  oUique  plate  leas  than  that  of  tbe  litminoua 
point,  BO  that  the  virtual  image  of  the  eye  lies  between  the  luadnooe  point  and  the  mirror, 
and  let  the  eye  move  to  the  right.  Then  its  virtual  image  moves  to  the  left,  and  therefere, 
according  to  theory,  the  centre  of  curvature  ought  to  fall  to  the  left  of  the  image  of  the 
luminous  point,  right  and  Itift  being  estimated  with  reference  to  an  eye  supposed  to  occupy 
tite  position  of  Ait  virtual  image  of  the  aetaal  eya<  But  on  aceount  ot  reflexion  at  tbe  glass 
plate,  tiiere  is  reversion  from  right  to  left,  and  therefbre  to  the  eye  in  its  actual  position  the 
centre  of  curvature  falk  to  the  right  of  the  image  of  the  luminous  point,  winch  i^^rees  with 
observation.  The  experiments  described  in  this  article  may  be  tried  very  well  with  the 
flame  of  a  taper,  but  in  examining  what  becomes  of  tbe  rings  when  they  expand  it  is  more 
satisfactory  to  use  sun-light. 

16.  In  describing  the  disappearance  of  the  ring»,  I  said  that  the  central  spot  expanded 
till  it  filled  tbe  whole  fidd.  In  truth,  when  the  rings  had  expanded  a  faint  luminous  central 
spot  of  finite  sixe  remained  visifale,  wluch  was  surrounded  by  a  dark  ring,  and  then  a  ftiint 
luminous  ring.  It  would  have  been  more  correct  to  speak  of  the  dark  ring  as  fidnt,'  since 
these  rings  consisted  Tucrely  in  slight  alternations  of  intensity  in  n  generally  bright  field. 
These  rings,  however,  had  evidently  nothing  to  do  with  the  former  rings,  which  had  di«p- 
pearcd ;  for  they  continued  to  have  the  image  of  the  luminous  point  for  their  centre  when 
the  bead  was  motred  to  one  side.  Tbey  were  doubtless  of  the  same  nature  as  those  which  are 
seen  when  a  luninooa  point,  or  the  flame  of  a  candle,  is  viewed  dimugh  a  piece  of  ^asa 
powdsred  with  lyeopodittu  seed,  and  aroae  litoin  dw  interfcrenee  of  pairs  of  streanie  of  lig^t 
whieh  passed  on  opposite  sides  of  the  gkbules  of  dried  mflk.    I  merely  mention  these  rings 
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l^t  my  oae  in  repeating  the  experimeot  should  observe  them,  and  mistake  them  for  some- 
diing  retadng  to  die  odour*  tji  tldelc  plates. 

17.  The  formula  (21)  determines  the  breadths  of  the  several  fringes,  which  are  unequal* 
except  in  the  case  in  which  the  eye  and  the  lumiooui>  poiut  are  at  the  same  distance  from 
the  mirror.  It  will  be  ooDTcnieot,  however,  to  inTettigate  ft  ample  fennula  to  apran  what 
fMj  be  rc^^arded  as  a  sort  of  mean  bnadlh.  Let  the  mewi  hcettlth  be  defined  to  be  that 
which  would  be  the  hnadth  of  one  fringe  if  die  rate  of  variatioo  of  the  order  of  a  fringe, 
Jbr  variation  of  position  in  a  direction  perpendicular  to  the  length  of  a  fringe,  were  constant, 
and  equal  to  the  rate  io  the  neighbourhood  of  the  projection  of  the  image,  and  let  /3  be  this 
mean  breadth. 

Putting  y  ■  0  in  (£]),  diticreutiating  on  the  euppositioD  that  B  and  a  vary  together,  and 

after  differentiatioo  putting  aA  (A  4-  c)~'  for  a,  we  find 

2<o  . 
dR» — zd»i 
|Le» 

and  mc«t  acemdhig  to  the  defiidtum  of  /3,  X'^dS  m  fi-*dmt  we  have 

P^iiSth  (25) 

Wlieii  r  =A  the  bands  are  straight,  and  of  uniform  breadth,  thatbreadt)!  Winn  equal  to  /3; 
and  wlieu  the  bands  are  not  very  much  curved  j}  may  still  be  taken  as  a  convenient  measure 
of  the  scale  of  the  system ;  hut  the  formula  (25)  is  not  meant  to  be  applied  to  cases  in  which 
the  pnqcethm  of  the  image  of  the  lunlnoua  point  Alls  at  all  near  the  oentre  of  die  drdcs. 


SBcxnoN  in. 

Bingt  firmad  b$  «  eumd  mifrar,  mm!  vieued  din^  hftkeegt,  whm  Oe  himinou$ 
jwtef  oad  ito  IsMv*  oiw  flof  in  Ao  some  jiloiM 

18.  The  rings  and  bands  of  whieh  the  theory  has  been  considered  in  the  two  preceding 
sectioiis  may  be  regarded  as  ligniinig  die  two  extreme  cases  of  the  generd  system.  In  the 
first  CBSB^  the  rings  appear  to  have  *  definite  position  in  spaoet  in  the  seoood  caae^  evoy 
iMog  depends  upon  the  positioa  of  the  eye.    These  are  the  cases  of  most  interest  bnt  there 

are  some  properties  of  the  general  system  which  deserve  notice. 

In  order  that  rings  may  be  thrown  on  a  screen,  it  ia  neccR'Sfiry  that  the  retardation  of 
one  of  the  interfering  streams  relatively  to  the  other  should  be  sensibly  constant  over  the 
whole  of  the  dimmed  surfoco,  or  at  least  ovsr  a  large  portion  of  it.  But  when  the  rings  are 
viewed  diractfy  bjr  dit  ve  are  coDoemed  with  so  smsU  a  portion  of  the  dimmed  snr&oe, 
in  viewing  a  given  pobt  of  a  ring,  that  the  rings  nay  he  seen  very  wdl  in  cases  hi  which 
thej  could  not  be  thrown  on  «  screen.  Moreover,  we  have  seen  that  even  independendy  of 

46^ 
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the  small  sise  of  the  pupil,  a  portion  at  least  of  the  ijrstem  is  seen  distinctly  when  the  image 
of  th«  hmimMM  pobt  it  mm  4ittiii«dj.   Onitting furdutr  CMuUaMtlioii  «f  di»eoii£liaBs 
dutinetDflni  let  iw  regard  the  cje     a  pcint,  and  inveetq^  the  ftcm  and  ebaneter  of  the 
ringi. 

19.  Let  j\  ^,  A  be  the  co-ordinatea  of  the  eye.  To  find  the  retardation,  it  will  be 
Mifideiitt  as  ID  Art.  9»  u»  write/  g>»  A  Ibr  A',  «r,  and  take  •»  y  to  denote  tiie  oo-ordioatet  of 
that  pobt  of  the  minor  on  which  a  gjven  point  of  a  ring  ia  m«b  pngaeted.  The  whole  iciuda- 
tioD  b  the  tnm  of  the  expnuiaoe  in  and  (it) ;  and  makhq^  Ae  ahove  Mihatltndan  we 
find 

Henee  the  benda  itiD  fbnn  a  •jfttem  of  eonetntrie  dxclai.  If  F  be  the  o^odUnatee  of 
the  centre  of  the  ^yitem, 

//I     i\     an  \\ 
^^h\K    ^)—c\c  ^)  

Va    JVA^e  p] 
and  Y  may  be  written  down  from  symmetry. 

The  equatione  of  a  line  joining  the  eye  and  the  Itmmoue  point  are 

/-«    g-h  A-e* 

At  the  pcint  in  which  tUa  line  onts  the  minor  0^  or  at  least  ie  a  very  Hnall  quantity, 
wUdi  may  be  nigkcled.  Henee  we  have 

^    c     h  ,  . 

f-—  («) 

e  ~  A 

from  whence  «}  may  be  written  down  if  required.  If  ^„  denote  the  co-ordinates  of  the  point 
in  whidb  the  Hne  joioing  the  eye  and  tlie  image  meata  the  mirror,  9,  may  Iw  obtained  from 
f  ,  9  by  wridog  ou  Aj,  Oi  for  a,  ^  where  Ot,  i|,  Oi  denote  the  otHiedinatoa  of  the  ii 
Obearvii^f  that 

a,       a         1     S  1 
Cj         c '        C|     |»     c ' 


we 


find 


*  *   m 


lit 

A  *  c  "js 
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The  formula;  (27),  (2S),  and  (29)  shew  that  X  18  equal  to  the  semi-sum  of  ^  and  ^i,  anil 
for  the  same  reason  1'  ia  equal  to  the  semi-sum  of  f\  and  9,.  Hence  the  geometrical  coostruc- 
tfan  glTcn  in  Art,  11  fbr  finding  the  centre  of  the  system  la  tfae  oue  of  •  pltne  ndirai  sppliei 
equdlj  lo  a  cumd  mimN',  even  wIwd  the  cunratiues  of  the  two  turfiwes  we  diftrent.  Since 
the  retardation  vanishes  for  the  image  itsdfy  !t  follows  that  the  achromatic  line  it  a  circle 
liaving  the  two  points  of  iotenection  abore  nentioaed  fSor  opposite  extremities  of  a  diameter. 

20.  It  follows  from  the  expressions  for  X  and  T,  or  from  the  geometrical  constructiun  to 
whldi  tbey  lead,  that  if  the  eye  be  not  in  the  line  joining  tbe  Inminoat  point  and  its  image, 
wiienefer  it  eroaaes  citlier  of  two  planes  drawn  peipendieular  to  the  axis,  and  passing,  one 

through  the  luminous  point,  and  the  other  through  its  image,  the  centre  of  curvature  of  the 
bands  moves  off  to  an  inBnite  distance,  and  the  bands  iMoome  strai^t,  and  then  liend  ronnd 

the  other  way. 

When  the  eye  coincides  with  the  luminous  point,  gy  h  become  equal  to  a,  6,  c,  respec- 
tivdj,  and  R  vanishes  independent]/  of  «  and  y.  The  same  Uhe|  place  when  the  eye 
cflioddca  with  the  imagc^  since  in  this  case 

/       a      g       b      1     1  £ 
h      e*    k      e*    h    e  p' 

Hence,  when  the  eye  crosses  either  of  the  planes  above  mentioned,  remaining  in  the  line 
joining  tlie  luminona  point  nnd  its  image,  instead  of  bands  wt&A  beeome  strain^t  and  tiien 
dumge  eurvaturei  we  have  rings  which  disappear  hj  moving  off  to  iofinitj,  and  then  appear 

I  Imve  verified  these  conclusions  by  experiment,  substituting  when  necessary  a  virtual 
imnao  of  the  eye  for  the  eye  itself,  in  the  manner  explained  in  Art.  15.  The  experiments 
embraced  the  following  cases,  in  the  description  of  which  O  will  be  used  to  denote  the  centre  of 
curvature  of  the  mirror,  F  its  principal  focus,  X  lihe  luminous  point,  and     its  image. 

&Nicnva  mimr:  L  beyond  O.  Eye  (I)  bqrond  Z;  (9)  pasdng  £;  (S)  between  L 
and  Imi  (4)  passing  L,i  (5)  between  and  the  mirror. — Concave  mirror :  L  between  O  and 
F.  Eye  (I)  beyond  ;  (2)  passing  ;  (3)  between  and  L ;  (4)  passing  L ;  (S)  between 
L  and  the  mirror. — Concave  mirror:  L  between  F  and  the  mirror.  Eye  (l)  beyond  L; 
(2)  |ra>ving  (3)  between  L  and  the  mirror. — Convex  mirror.  Eye  (l)  beyond  Li 
(i)  passing  L ;  (s)  between  L  and  the  mirror. 

Tim  minors  employed  were  formed,  as  nsoal,  with  suffiHsea  of  equal  oorvature.  When  the' 
obaervation  was  made  direcdy,  there  was  no  diiBeulty  in  determining  at  which  aide  of  the  line 
joining  the  luminous  point  and  its  image  the  eye  lay,  and  consequently  in  deciding  wheAer 
the  direction  of  nirviture  agreed  with  theory  or  not.  When  the  observation  was  made 
by  reflexion  in  a  plate  of  gla»a,  the  eye  was  placed  so  that  its  virtual  image  fell  in  the  line  LL, 
by  moving  the  head  till  the  image  of  the  luminous  point  was  seen  in  the  centre  of  the  system  of 
lingSb  The  mdii  of  the  two  surfacea  of  the  minor  bdng  the  same^  or  only  difleiiog  by  a  small 
quantity  oomparalile  with  die  thidcness  of  the  0tM,  tfae  anrfiwea  may  be  regarded  at  forming  a 
pair  of  conoentrie  apheret ;  and  therefore,  everything  bdng  iymmetrical  with  respect  to  the  line 
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joining  L  and  when  tbe  image  of  the  eye  ii  in  tMi  UiM  the  band*  neoeiMiily  beeoue  ring*, 
hwing  tlM  iimgefor  tMr  eentze.  Henoe  the  theoty  of  the  ringe  or  bands,  wbidi  it  ii  the  object 
of  the  experinait  to  compare  with  obserTadoUi  is  not  involved  in  the  aaeumpUon  that  the  image 

of  the  eye  was  in  the  line  f//^,  wlicii  the  system  of  ring^  appeared  nrranged  symmetricallv' 
around  the  imnge  of  the  luminous  point.  By  moving  the  head  a  little  to  ott-  sirle,  and 
oWrring  whether  the  centre  of  the  system  of  rings  then  lay  to  tiie  right  or  lett  of  the  image, 
it  vaa  easy  to  oompave  tbeoij  with  obierTatioa  as  to  the  direetiMi  of  curvature. 

There  was  no  difSeolty  in  idling  when  the  virtual  iauge  of  the  eye  eoindded  with  the 
image  of  tlie  luminous  point,  since  ia  that  cose  the  latter  image  expanded  indefinitely.  The 
phenomena  observed  offered  no  direct  test  of  the  coincidence  of  tiie  virtual  image  of  the  eye 
with  the  luminous  point,  except  what  arose  from  the  appearance  of  the  bands  themselves.  I 
did  not  think  it  vorth  while  to  take  any  measures,  but  contented  myself  with  observing  that 
when  the  eje  was  in  the  expected  position,  or  dieridboatii  the  rings  expanded  indefinitely 
when  the  image  was  kept  in  die  centre  of  the  system,  and  the  bandsfonned  when  the  imege  was 
allowed  to  peas  to  one  side  dunged  cnrvature  as  the  head  moved  backwards  and  ibrwaids. 


21.  The  bands  may  be  considered  as  completely  characterised  by  the  position  and 
magnitude  of  the  adiromatie  line,  and  by  the  value  of  the  numerical  quantity  whidi  has  been 
ahready  defined  as  the  central  order.  A  simple  gsonattiCBl  construction  has  already  been  given 
for  determining  the  achromatic  circle.  Substitating  YfatM,y\n  (96),  and  dcno^g  the 
resulting  value  of  £  by  -  fi,X,  we  find 

tn  the  appUcation  of  this  IbrmaU  ii^  is  to  be  Iskcn  podttvdy. 

Denotbg  as  before  the  radius  <rf  the  aduomatic  drde  by  «,  we  find  firon  (tS),  (C9),  and 
the  Itarmula  fbenee  derived  which  gjve  91, 

{{(o";^)  "^(ft  "  p)}     {h[c~~)  ~  e(*"p)}  . 

When  the  bands  are  nearly  straight,  instead  of  the  central  order  it  u  more  convenient  to 
consider  the  mean  breadth  of  a  fringe.    Accortling  to  the  definition  of  /3, 

linoe  the  radii  of  the  several  rings  are  as  the  square  roots  of  their  orders.   We  have  therefore 


2«B 


28.  In  the  case  of  a  concave  mirror,  if  a  small  flame  be  so  placed  as  to  coincide  with  its 
images  and  be  then  moved  n  littb  towards  the  miirory  or  from  it,  it  is  poaaibJe  to  see  a  single 
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gystem  of  rings  with  both  eyes  at  once,  if  the  eyes  be  situated  symmetrically  with  respect 
to  the  flame  and  its  image.  The  rings  so  seen  appear  to  be  situated  between  the  flame 
and  its  image.  Let  £  be  the  right  and  f  the  left  eye,  end  suppose  the  bead  te  placed 
that  the  fine  LLt  bisects  Eff  at  right  aoglea.  On  aocoont  of  the  rimflarity  of  podtion  of 
the  two  eya^  the  system  of  rings  seen  with  one  eye  mUBt  be  exactly  like  the  system  leen 
with  the  other,  and  therefore,  in  order  that  a  single  system  may  be  seen  with  both  eyes  at 
once,  it  is  necessary  and  sufficient  that  the  axes  of  the  oyes  b«  directed  to  the  centres  of  the 
reftptrctive  systems.  It  has  been  shewn  already  that  the  projected  place  on  the  mirror  of  the 
centre  of  the  system  seen  with  either  eye,  suppoae  the  right  eye,  bieeete  Ae  line  jdning  the 
projected  plaoea  of  the  flame  and  ite  image.  On  aeconnt  of  the  eappoaed  snMllncn  of  the 
obliquities,  this  is  the  same  thing  as  saying  that  the  centre  of  the  system  eeen  hj  the  tight  eje 
appears  in  the  direction  of  a  line  bisecting  the  angle  LEL^.  Similarly,  the  centre  of  the  system 
aeen  by  the  left  eye  appears  in  the  direction  of  a  line  bisecting  the  angle  LE'Lj.  In  order 
therefore  that  a  single  system  only  may  be  seen,  the  axes  of  the  eyes  must  be  made  to  converge 
to  the  pdnt  in  which  the  biaeeting  Unee  intereect  LL^f  and  therefore  the  eyatem  of  rings  will 
appear  to  be  aitoated  between  the  flame  and  its  image. 

Since  the  vtf^e»  LEL9,  LJE'L,,  are  bisected  by  the  axes  of  the  eyes  when  the  tyelem 
of  rings  is  seen  single,  it  follows  that  the  flame  and  its  inverted  image  are  each  seen  double^  in 
such  a  manner  that  the  erect  flame  seen  by  either  eye  is  superposed  on  the  inverted  flame  seen 
by  the  other.  This  agrees  with  observation :  in  fact,  I  was  led  by  experiment  to  the  above 
rale  for  determining  the  apparent  position  of  the  rings  before  I  bad  deduced  it  from  theory. 
The  obearvatioo  was  made  when  the  flame  was  in  front  of  in  image,  in  which  caee  the  porition 
of  the  ringn  m  qpoce  appears  more  definite  tlian  when  the  image  is  in  front  of  the  flane. 


SfionoH  lY. 

Straight  hands  fwrned  bjf  a  plane  mirror  at  a  «0fUtderfl6le  angle  o/imeUenee,  and  viemed 
bg  the  ege,  et<Aer  direcUff,  w  rouf  A  a  teletc^^ 

23.    As  the  angle  of  ineideoce  increases,  the  bands  become  finer  and  flner>  and  aftw  they 

have  become  too  fine  to  be  distinguished  by  the  naked  eye  tliey  may  still  be  seen  through  a 
telescope,  provided  the  source  of  light  be  stifficieiitl v  siimll.  When  the  source  of  ligiu  was 
the  image  of  the  suu  iti  a  lens  of  short  focus,  I  smvf  traces  of  tiie  bands  when  the  angle  of 

incidence  was  about  Sff,  but  they  were  not  at  all  wdl  fonned  beyond  an  angle  of  about 
Iff  mC,  after  whidi  they  began  to  be  eonfiranded  with  rays  which  shot  in  all  directions  from 

the  image  of  the  luminous  point.  With  a  mirror  made  of  thinner  glass  they  would  probably 
have  been  visible  at  a  still  lar"<.T  aniile  of  iniidoiice.  The  thcorv  of  Section  TI.  suflicieiitly 
explains  their  origin  and  general  character;  but  inasmuch  as  the  ohiiquitv  was  supposed  small 
in  investigating  the  formula*  ut'  that  Ejection,  it  may  be  deairable  tu  ubtuui  au  expression  for 
their  breadthy  in  which  no  approximation  shall  be  nmde  depending  on  the  smallness  of  the 
obliquity^  in  order  to  meet  the  case  of  any  future  measures  which  may  be  taken  at  a  large 
angle  of  incidence. 
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24.  The  nuUtion  being  the  same  as  iu  Art.  10,  we  bave  merely  to  employ  the  equations 
(17)  and  (i8),  without  making  any  apprOTiiiMtipn  dqmdUig  on  the  tntlliMH  of  <p  and  <p'. 
The  tUekiieM  t  wnaj  itill  be  euppoeed  aaieU  «ooi|iered  with  e  and  h.  N^lecting  I  ibr  •  tint 
approximation,  and  then  iubititatti^  in  the  email  terme  the  valuee  of  tan  and  lee  got 
fiwn  the  firat  appnniamtion»  we  Hod 

latetchanging  e  and  A»  «  and  «,  and  subtracdsg,  we  get  fioally 

SS.  For  the  admimatie  fine  JE  ■  and  therdbce  «  :  e  ::  «  :  A.  Henoe  e  ie  to  ti  In 
the  oonaiaot  ratio  of  c  to  A,  and  therefore,  by  a  well-known  geometrical  theorem,  the  achromatic 

curve  is  a  circle,  having  its  tei^fre  in  the  line  L,^E,  protluceil,  and  cutting  this  line  in  the  two 
points  in  which  it  is  divided  internally  and  externallv  in  tho  piven  ratio.  Tlie  latter  of  thciie 
points  may  be  formed  by  producing  LE  to  meet  produced,  and  the-  former  by  producing 

LL^  till  the  prodnoed  part  ii  equal  to  the  line  itielf,  and  then  joining  the  extieniitjr  of  the 
produeed  part  with  £.  Hence  the  cooetruction  given  in  Art.  It  far  detennioing  the  bt^t 
bond  of  the  order  lero  oontiauee  to  hold  good  whatever  be  the  ani^  of  inddeneOi 

26.  In  the  neigbboarhood  of  the  image  the  bonde  are  eeosibly  itraight,  being  aree  of 
drdee  of  Tery  large  radiue.  To  find  the  mean  breadth  of  a  bond,  it  will  be  luAdent  to 
auppoee  the  point  P  to  lie  in  the  line  J^E^  to  diUbrentiate  equatian  (S8)  making  H,  «,  and  « 

vary  together,  while  « «*  remdna  constant,  replace  ^  by  ^ ,  and  after  diilerentiation  take 

u  and  8  to  refer  to  the  small  pencil,  regarded  as  a  ray,  by  which  the  image  is  seen.  If  t  be 
the  angle  of  incidence,  we  may  put  after  diiferaitiation  e«et8n<,  iiaAtani.  We  thus 
iind 

9t{e  +  hy  nnicoe'j ^  ^ 

On  account  of  the  largeneii  of  the  angle  of  incidence,  the  breads  of  the  bands  is  sensibly 

uniform,  and  therefore  y3  may  be  re^rdcd  as  the  breadth  of  any  one  band.  It  is  to  be 
remembered  that  /3  denotes  the  linear  breadth  of  a  band  as  seen  projected  on  the  mirror.  If 
we  denote  the  angubur  breadth  by  w,  we  have  on  account  of  the  smallness  of  w 


/3co8t        Xc  s/yu'-sin** 


hwKt    t{c  +  h)  siaSt 


(35) 
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Section  V. 

On  the  nature  of  the  defieetion  of  the  two  interfering  atreame  from  the  coune  of  the 
regularly  refracted  light. 

27.  It  WM  suggested  to  me  bj  a  friend^  to  whom  I  was  shewing  some  of  the  experiments 
dmribed  Id  tint  paper,  ihit  in  oidcr  to  lee  bmdt  or  rings  of  the  cwne  valuiv  it  would 
praibalilj  be  niflfiieiit  to  dim  tbe  two  fines  of  e  plele  «f  gbw^  and  view  a  luiDliioiie  pdnt 
through  ft.  But  hsTing  prepared  tho  two  hem  of  ■  piece  of  p)«t»  |^Me  with  nilk  and  water 

in  the  saine  manner  as  for  mirrors,  taking  care  to  treat  the  two  faces  as  nearly  as  pnssiWf  alike, 
on  viewing  a  luminous  point  through  the  plat£  I  found  not  the  slightest  trace  of  the  rings  or 
bands,  whatever  were  the  distance  of  the  eye  from  the  plate.  There  were  indeed  one  or  two 
iudiitiiict  rings  surrouiidtBg  the  luninoiis  point ;  but  tbcee  wcn>  of  « totaUj  diflbiMtt  aotnrek 
bdng  uilogoue  to  tlie  iliigi  eeen  witb  Ijoopodiiim  Med,  end  andng  ham  ttie  iDterferenee  «f 
pairs  of  streams  which  passed  on  opposile  sides  of  the  milk  globules.  There  was  no  difficidty 
in  disfinffuishing  them  from  the  system  sought  for,  since  they  continued  to  have  the  luminous 
point  for  their  centre  when  tlif  pkte  was  inchned  to  the  line  joining  that  point  with  the 
eje.  The  absence  of  nogs  or  bands  indicates  therefore  that  the  streams  scattered  at  tiie 
tppodte  iidet  of  «  plate  are  incapeiUe  of  iMsriMog. 

The  ray*  eeatterrd  eo  as  to  make  infinitdy  miall  angles  with  the  regularly  refracted  ray* 
hdoog  to  a  point  in  the  bright  band  of  the  order  aero,  and  are  therefiire  brought  to  a  foctia 
on  the  retina  when  the  luminous  point  is  seen  distinctly.  The  same  must  be  at  least  very 
approximately  true  for  neighbouring  points  of  the  system  of  rings,  did  any  such  px!><t,  nnd 
therefore  a  portion  at  least  of  the  system  would  be  seen  distinctly  when  the  luminous  poait  was 
■een  diitinctly.  The  dittaneea  of  the  luninni*  point  Irain  the  glass  plate,  and  cf  the  glass 
plate  fiwn  the  eye,  were  oompataifale  widi  Ae  oonespondhig  diiteneee  in  tike  eaperinent  wHb 
a  plane  Buimir,  and  tlie  Aicluwes  of  glass  was  comparable  likewise ;  and  with  a  mirror  the 
bands  are  seen  with  the  utmost  facility  within  wide  limits  of  the  thickness  of  the  glass,  and  of 
the  distances  of  the  luminous  point  and  of  the  eye  from  the  mirror.  But  to  prevent  any 
doubt  as  to  whether  the  bands  might  not  have  been  too  small  to  be  seen  when  fcM-med  by  trans* 
nnMaii,  I  have  ealewlatad  the  talandatioii  in  the  same  manner  aa  in  Art.  la   Tha  fmall  ia 

where  JE  is  (he  letardation  of  Ae  etream  scattered  mt  cmei^genoe  relatively  to  that  seattMcd 

at  entrance,  c  is  the  distance  of  the  luminous  point  from  the  plate,  A  that  of  the  plate  from 
the  eye.  f  the  thickness,  and  ^  the  refractive  index  of  the  plate,  and  .r,  y  are  the  co-ordinates 
of  the  jKi.tit  in  villi,  li  thp  pinto  is  nit  hy  any  small  pencil  (regarded  as  a  ray)  which  enters  the 
eye,  and  are  measured  from  the  point  in  which  the  plate  is  cut  by  a  line  joining  the  luminous 
point  and  the  ^e^  a  line  to  wUdi  die  plane  of  the  plate  is  supposed  to  be  perpeodtettlsr. 
On  inbMitotitig  numerioal  values  In  the  above  formnlB,  it  appeared  that  the  dimendons  of  the 
ihigs  were  sneh  that  they  eovld  not  possibly  bare  escaped  notioe  had  they  really  been  Itanncd. 
The  non-appearance  of  the  rings  Iseds  to  the  AHowiiig  law. 
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In  order  that  two  stnamt  of  aeattered  light  may  be  arable  of  interfering^  U  m  neeeesary 
Aai  thtg  skotM  to  mUttnd,  in  paeeing  mmd  repandng,  ly  ito  *am  Ht  tfpartieU*,  3W 
ttrmm  wMdk  Amw  toM  «eattend  If  iwo  i^ueemi  Mit  ef  furiUke,  attto«f4  Uttg  my 
have  come  originally  from  MHM  mttna,  toftoM  with  ffwqMfll  ft>  00m  Mk§  tm  ttnwn 
coming  from  d^brent  eour<m» 

Aceoctfiqg  to  tUt  law,  in  ali  cdenhttaw  vdatiiif  to  Ae  eoloiin  of  diiek  phMb  we  miMt 
ooiuldcr  tbe  elemeatary  ijiten  of  rings  or  bands  eomipondinf  to  Mcb  clement  of  the  dimiMd 

surface  of  the  mirror,  and  then  conceive  these  elementary  systems  superposed.  We  niust  not 
compound  the  vibrations  corresponding  to  streams  which  ba?«  been  scattered  bj  diffcrrat 
elements,  and  then  find  the  resulting  illumination. 

9S.   TheTCMoncf  thbkw  wfllbeappttViitifitliteoDildMadtlMftiwr^ 
Muall  M  thej  mnj  bo^  an  muaUj  larjgB  k  toMpariioB  with  wai«a  of  light,  so  that  the  l^ht 

scattered  at  entrance,  taken  as  a  whole,  is  BMMt  irregular ;  and  the  only  reaiOB  why  Kfgiilar 
interference  is  possible  at  all  is,  that  ertrh  pnrttrlc  of  dust  acts  twice  in  a  lilllilar  IMHIMr,  OlMe 
when  the  general  wave  is  going,  aad  again  when  it  is  returning. 

To  examine  more  particularly  the  mode  of  action,  let  P  be  any  particle  of  dust,  and 
eomider  a  wave  of  light  which  eminates  from  any  particular  denieot  of  tlie  flame  or  Mwree  of 
whatever  it  he.   Whai  tUi  ware  readiM  P  aad  imeaeda  ab^g  it,  a  portioa  is  lefleeted 
externally  in  all  direetioafl,  and  with  this  we  Imve  Mthing  moee  to  do.    When  the  wave 
has  just  passed  P,  we  may  conceive  it  as  having  in  a  certain  senm  a  hole  in  its  front,  corre- 
sponding in  size  to  P,  that  is  to  say,  there  will  be  a  certain  portion  of  the  surface  forming  the 
general  front  of  the  wave  where  the  ether  is  quiescent.    As  the  wave  proceeds,  the  disturbance 
diverge*  from  (he  neighlMNitlioed  of  this  hole  by  regular  diflractioD,  mid  when  the  distDtbanea 
leadwe  the  qaidnflvMed  swelMe  the  geoeml  wave  snflhrt  leflectioa,  as  wdl  as  the  seeendaiy 
waves,  which,  having  diverged  from  the  ndgfaboorhood  of  P,  do  not  oimstitate  a  wave  wfth  an 
unruffled  front,  in  consequence  of  the  absence  of  s^ondary  waves  diverging  from  the  hole, 
which  would  be  necessary  to  complete  a  wave  with  a  front  similar  to  that  of  the  original  wave. 
If  we  conrider  any  particular  difiracted  ray,  the  chances  are  that  on  its  return  it  will  get 
out  by  regular  nftactimi,  dnee  the  dost  is  supinsed  to  eofvcr  a  moderate  portioB  only  ef  the 
flnt  saifwe  of  dm  mirror.   A  portion  of  the  original  wave  which  entered  the  i^hus  by  regular 
rcftactian  at  a  certain  distance  from  P,  after  regular  reflexion  is  ineident  on  P  from  within. 
The  chances  are  that  the  portion  thus  incident  on  P  does  not  correspond  to  a  spot  where 
the  front  of  the  wave  is  materially  ruffled  by  diffraction  at  entrance,  so  that  in  considering 
the  wave  incident  on  P  we  may  neglect  the  previous  diffraction.    The  wave,  then,  just 
after  refraetinn,  is  inrident  on  J*,  hy  whieh  «  pwtion  is  reflected  badt  again  in  various  divee- 
tioDs,  with  whieh  we  have  nothing  to  do^  a  portion.  It  may  be^  is  refracted  «r  abwriied  bj  P, 
and  the  remainder  passes  on.    The  wave  so  passing  on  diverges  from  the  neighbourhood  of 
P  by  ordinary  diffraction,  and  the  two  diffracted  streams,  having  been  diffractc-d  in  a  similar 
manner  by  the  same  particle,  are  in  a  condition  to  interfere.     The  similarity  of  the  two 
diffractions  will  be  considered  in  more  detail  in  the  next  section. 
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Now  while  the  light  is  still  in  the  glass  conct-ive  tli«  particles  of  dust  removeii,  and 
then  replaced  at  raodom.  The  chances  are  that  no  paitids  will  now  occupy  the  ponition 
Ibmaly  oocupied  by  J*.  Let  1^  be  the  pwtide  aeucit  to  tlio  fenaier  pontion  «f  Pt  and, 
to  mike  •  nifipontMiB  m  fiivoarabb  m  po«ib1e  to  iotaffawacii  kl  bo  Ao  vvy  parliele 
P  moved  a  little  along  the  surface  without  rotation.  Although  the  interval  of  retardation 
It  of  the  two  streams  diffracted  by  P  in  it?  first  position,  and  rpachin<7  u  ;?iven  point  of 
space,  is  sensibly  the  same  as  the  interval  of  retardation  uf  tiie  two  sUeaois  iliiiracted  by 
P  in  its  second  position,  and  reaching  the  same  point,  yet  this  interTiI  vould  be.  changed 
altogedicr  mm  the  tiiiiif«i«iice  of  podtkn  to  toko  place  duiiog  the  Interatl  of  tioM  which 
depce*  between  the  dqwrtnue  of  the  warn  fkom  P  and  ita  Mtnm  after  ledexkn,  aa  may 
▼ery  readily  be  aeen.  The  anoant,  too^  bj  whidl  the  interval  of  retardation  would  be 
changed  would  vary  in  an  irregular  manner  from  one  particle  to  another,  and  therefore 
DO  regular  interference  would  take  place.  Now  the  purely  ideal  case  just  considered  is  pre* 
cisely  aQalogoua  to  die  eaae  of  actual  experiment  when  a  lomiaoos  point  is  viewed  through 
a  plate  of  glaie  with  both  faeea  dhnmedi  riaee  the  pertioka  on  one  face  have  no  idathm  to 
dioee  OB  tbe  odier.   Wo  ought  not  dMnfim  in  indi  a  cate  ae  thia  to  eipcet  to  tee  ringe  or 

29.  According  to  the  formula  (S5),  the  angular  breadth  of  one  of  the  bands  formed  by 
a  plane  ndmr  beeonaa  aottridenble  when  i  beoomes  nearly  equd  to  90**  so  Uiat,  apparently, 
binda  oni^t  to  be  viriUe  aft  « lai^ge  angle  of  incidencew  Bnt  if  the  couma  ct  the  two  atfeans 
ioattered  by  the  same  set  of  partideB  be  traced,  it  wiQ  lie  finind  that  tbej  aw  ao  widdy 
separated  that,  for  various  reasons,  no  regular  interference  can  be  cxpeetcd  to  take  place. 
Aococdioglj,  the  bands  are  not  seen  at  a  large  an^  of  incidence. 

30.  In  the  preceding  sections  I  have  spoken  of  the  light  by  which  the  rings  are  formed  as 
having  been  teaUerei  'al  the  Anmed  aurfhce.  And  so  it  really  is,  if  by  that  tern  we 
nMiely  undentand  deflected  lirom  tbe  eourae  it  woidd  have  Allowed  aeoordfa^  to  the  rqpdar 
law  of  wftaction.  But  accordbg  to  the  axplanatkn  given  in  die  precedlog  ardde  the  Qgfat 
is  not  scattered,  in  the  strict  sense  of  the  term,  but  rcgnkariy  dilftaeted.  Scattered  ]%bt  is, 
strictly  speaking,  «uch  a?  ihst  Lv  which  objefts  are  cominonly  ««>n,  or  npnin,  such  as 
that  which  is  transmitted  through  white  paper  and  similar  substances.  The  preceding  view 
of  the  nature  of  the  light  by  which  the  rings  are  formed  is  confirmed  by  tbe  results  of  several 
ai^erimciite. 

In  the  expetioMBto  of  Sir  William  HencM  and  M.  FoniUat  uHntioned  in  die  introdoo- 

tlon,  as  well  as  in  some  of  those  of  tbe  Duke  de  ChaohMaii  rii^  of  the  Mune  nature  as 
those  formed  by  a  tarri-'hed  mirror  of  quicksilvered  glass  were  produced  in  cases  in  which 
the  deflection  of  tlie  light  from  its  regular  course  was  incontestibly  of  the  nature  of  diffraction. 
From  the  similarity  of  effect  we  have  a  right  to  infer  a  probable  simflarity  of  cause,  unless 
audi  a  auppoaithxi  abonld  entail  some  peculiar  diAeully,  whidi  doee  not  seem  to  be  die  caae 
b  Ae  prceent  inetance,  but  quito  die  eontnuy. 
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31.  Having  cleaned  the  surface  of  a  concave  mirror  which  had  been  employed  in  forming 
Hbt  faradi,  I  raUMd  ft  Utdt  t«Ui>«r  qd  it,  and  tihM  wiped  the  mlinir  In  oam  dirvctioo  wiA 
1  hindkcrduef,  w  to  1mv«  *  flndj  itrteted  tarauh  on  it.  The  laniA  ««•  wot  niB- 
dMit  to  aaute  nudi  obMarity ;  bat  til*  in^ge  of  a  candle  wttn  ia  the  minor  «*§  ■ceuoi* 

panied,  as  is  usual  in  such  cases,  by  two  tails  of  light,  which  ran  out  in  a  direction 
perpendicular  to  the  stria;.  Having  placed  a  small  flame  in  the  centre  of  currature  of  the 
nunor,  I  found  that  the  rings  were  formed  with  great  brilliancy  where  they  were  inter* 
Meted  hj  the  taib  of  Kght,  bat  cbearhen  they  were  ahnoit  whoUj  ioTinble. 

Now  the  telle  of  Qgbt  «n  known  to  be  n  phenoBwoon  of  difllraetioa:  the  ttrieted  tatnltb 
iney  b  fact  be  regarded  tm  4  tort  of  iiregular  grating,  eod  the  tails  of  light  «fe  cf  dw 
nature  of  Fraunhofcr's  spectra.  If  a  tarnish  in  general  were  capahlc  of  producing  rings 
independently  of  diffraction,  thrre  appears  no  reason  why  a  tarnish  of  tallow  should  not  be 
capable ;  for  the  portides  of  ullow  are  as  fine  as  those  of  most  other  kinds  of  tarnish.  But  if 
in  the  oiae  of  «  tarniih  of  tallow  the  deleetioa  of  the  light  tarn  U»  ngnler  ooone  be  not  a 
phenonunoB  of  dillimctioa,  there  appcnn  no  mm  why  the  ringa  ehouid  be  oontned  to  die 
laila  of  light  in  the  cKperinent  deieribed  above; 

32.  The  phenomena  of  pcjlari/atiim  seem  however  to  lead  to  a  crucial  experiment  for 
deciding  whether  the  deflection  of  the  light  from  its  regular  course,  which  enaUes  the  rings  to 
be  fimied,  be  m  pfaenonenon  of  difliraedon,  or  ct  aeattering  in  the  atrict  eenae  of  the  tern. 
When  polarind  li^  ii  MatteMd*  as  for  esample  when  it  ie  lefleeted  from  or  ttanimitted 
through  white  peper,  it  Io«et  its  pbfaunmtion,  but  when  pobriicd  light  aidRM*  legnler  diflbe^ 
tion  it  retains  its  polarir ation. 

Havinjj  placpf]  a  small  fl imp  near  the  centre  of  curvature  of  a  concave  mirror,  of  which 
the  surface  had  been  prepared  with  milk  and  water,  I  placed  a  Nicol's  prism  close  to  the 
dame^  ao  as  to  pokiiae  the  Kgjfat  incident  m  the  ndritir.  On  ezamming  the  rings  widi  another 
NloaI*s  prism,  they  proved  to  lie  petleedy  polaiiaed. 

33.  It  may  not  be  considered  out  of  place  here  to  point  out  what  nppcar^  to  be  the  cause 
of  a  phenomenou  observed  by  M.  Pouillet.  In  an  experiment  in  winch  rings  were  oecasioned 
umply  by  the  straight  edge  of  ao  opaque  body  held  in  front  of  a  metallic  speculum,  it  was 
tMind  that  tbay  were  fwined  jHstinctly  in  only  one  half  of  their  drcnnference.  The  leMon 
of  this  appears  to  be  simply  as  Ibilowa.  As  the  wavee  of  fight  pass  the  difiaetinf  ec^  lit 
their  progress  towards  the  mirror*  those  rays  which  are  diffracted  inward^  so  as  to  enter  the 
geometrical  shadow,  after  being  regularly  reflected  at  the  mirror  fall  upon  the  opaque  body, 
by  which  they  are  stopped.  As  thc^p  rav^  arc  r  qnired  for  the  formation  of  that  half  of  the 
system  whidi  lies  on  the  same  side  as  the  opaque  body,  the  other  half  only  is  well  formed. 
The  first  half  may  be  Ibimed  obscnrely  by  a  few  rays  whkb  ate  diffitaeted  in  die  rcqdnd 
direetion  at  soeh  n  distanea  Hmn  dm  edge  that  on  their  return  they  pern  dear  of  the  edge, 
and  so  pniosed  to  intefftts  with  othsr  rays  diflracted  by  the  edge  on  the  return  of  the  general 
w»¥e. 
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Imteatigation  of  the  anglet  of  diffraction. 

34.  Something  yet  remains  to  done  in  order  to  complete  the  theory  of  these  rings 
and  bands,  namely,  to  mmpnre  the  two  diffractions  wliich  a  waTC  of  light  ex{>eriences  at  its 
entrance  into  the  glass  oiid  on  its  return,  respectively.  For  the  pha«e  and  intensity  of  a  ray 
dfffimetcd  b  «  pvan  diMctbn  depend  altofether  oo  the  dieuiutances  under  which  the  dtf- 
Anetaoin  t^ei  pleee;  and  wei«  dieiB  drainiitiMai  miterinBy  diifafant  b  the  ente  of  the  two 
diffraction!  aboreracntioned,  the  rbigi  nii|^t  be  modified,  or  mi^t  even  disappear  altogether. 

Let  us  consider  first  the  case  of  a  concave  mirror  when  the  luminous  point  and  jts  image 
are  in  the  •>mw  plane  ]HTppnfliculor  to  the  axis.  lu  this  cn>ie,  if  we  consider  any  point  P  on 
the  dimmed  surface,  and  any  point  M  in  the  plane  of  the  rings^  the  angle  of  diffraction  for  the 
nj  dMVneted  at  cniei||enoe  vlU  be  IiPJf*.  For  the  ny  difllracted  «t  entnmoe,  the  angle  of 
difinetioa  amminwI  in  air  wUl  be  XPJfa,  that  Is  to  My,  JfaP  ie  the  ooune  of  «  laj  in  air 
which  by  regular  refraction  into  glass  would  b«  brought  into  the  direction  of  the  ray  diAncted 
at  F.  If  C  he  the  intersection  of  the  axis  and  the  plane  of  the  rings,  C  will  be  the  centre  of 
the  system,  and  the  middle  point  of  both  the  lines  LL^  and  JWiV,,  and  therefore  £Jlf,  will  be 
equal  and  parallel  to  ML^.  Hence,  on  account  of  the  smallness  of  the  obliquities,  the  angles 
of  dBfliMieddii  LPMm  LJPM  an  lenaibly  equal,  and  thefar  planet  eemtUy  eoinddcnt,  but  tibe 
deviadone  take  plaoe  in  oppoeite  dlieethMa.  Bat  between  die  two  dUrnetione  the  l^ht  iindcr> 
goes  reflexion  ;  and  afaioe  the  mutual  inclination  of  tvo  rays  is  reversed  by  reflexion,  we  muit 
conceive  the  direction  of  fifvintion  reversed  in  the  first  diffraction,  in  order  to  compare  the 
circumstaoces  of  the  two  diffractions.  Allowing  for  this  reversion,  we  see  that  not  only  are 
the  angles  of  diffraction  sensibly  coincident,  but  the  directions  of  deviation  are  the  same. 

AeoonUng^y,  die  interferenoe  eonoeeted  widi  diftnction,  and  the  intarferenae  which  ^vee 
liee  to  die  odoura  of  tUek  plntM^  take  plaoe  independendy  of  eacih  otiier.  For,  let  /,  /* 
denote  the  vibrations  at  M  doe  to  two  streams  of  light  diffracted  by  any  particle  of  dust  P  on 
entering  the  glass,  and  passing  on  opposite  sides  of  F ;  let  J,  J'  denote  the  vibrations  due  to 
two  streams  diffracted  at  emergence,  and  passing  on  the  same  sides  of  P  as  /,  /',  respectively  ; 
and  let  /-f  /'  denote  the  resultant  of  1  and  l\  and  similarly  in  other  cases.  Let  ^  be  the 
dUhrenoe  of  phaee  conesponding  to  the  retaidadon  Jt,  and  m  tha  diAtenee  of  phase  of  /, 
and  thcre&ve  also  of  tT,  on  aeeount  of  the  dnflarity  of  tiie  two  diffiaedons.  We  nay 
represent  tlra  phases  of  the  four  vibrations  by  d  +  x  +  <^  ^  X>  ^  ^>  respecdvdy. 
Writing  down  for  greater  cleameM  the  phases  along  with  the  lyBlbaU  of  the  vibratiooa,  we 
may  express  the  resultant  of  the  whole  four  vibrations  by 

Koreover,  on  account  of  the  similarity  of  the  two  diffractions,  the  coefficients  of  the  two 


*  In  opeakinK  of  angles  of  diflrRction,  luch  u  T.^PM,  I  |  PM,mti  (Itt  IsMT tS iSBSli MM b WksS ptSBS  Am  W 
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vibrations  /,  J  may  be  supposed  equal  to  cidi  other,  tad  liktwiio  tbote  of  the  vibrations  J'. 
It  ii  true  that  tlw  dBlftwtioiM  talce  ffltoe  at  diffimnt  diitaiiCM  ftom  the  amwee  of  l^t^  oa 
aoeouBt  of  the  finite  tbidaieM  of  die  glaia»  hut  the  diftfenoe  of  diatanoe  eooqwred  irith  either 
of  the  abadate  distances  is  a  small  quantity  of  the  order  t,  which  maj  be  neglected. 
Hence  the  two  rpsii1t?!nts  /  +  /*,  J+  J*  beloHg  to  a  diffraction  ring  of  the  same  kind,  and 
in  fact  differ  in  nothing  but  in  phase ;  the  phase  of  the  former  exceeding  that  of  the  latter 
hy  Hence  the  two  kinds  of  interference  go  cm  independently  of  each  other.  It  is  true 
that  in  the  pveeeding  leaaonii^;  we  have  oonddered  oaly  two  interfMng  atreama  J,  t,  and  that 
in  ealenlationa  of  difiMCtion  we  have  to  consider  the  resultant  of  an  farfinita  number  of  atiwuM^ 
But  the  same  reasoning  would  evidently  hold  good  wimtovcr  wen  ih»  nmnher  of  itnaaa 
/,  r,  r...  with  their  eoReapondenU  J»  X,  J*... 

85.  When  an  irregtilar  powder,  or  anything  of  the  kind,  is  used  to  scatter  the  light,  no 
djftaction  rmgi  an  viMUe^  became  a  ^ven  point  If  in  the  plane  of  the  ringe  woidd  beloiig  to 
n  diffiraction  ring  of  one  hind  to  6r  aa  one  partide  of  duet  wui  eoneemed,  and  to  a  diAndlon 
ring  of  another  kind  ao  liw  as  another  audi  particle  was  concerned ;  and  therefore  nothing  is 
seen  but  the  interference  rings  belonging  to  thick  plates.  But  when  Ivcopodium  seed  is  used 
the  lycopodium  rings  and  the  interference  rings  are  seen  together,  'i'he  former  are  always 
arranged  symmetrically  around  the  image,  as  ought  to  be  the  case,  since  they  depend  only  on 
the  an|^  of  diflhaetion,  whidi  ii  the  aanie  ftr  all  pohiti  of  a  drde  deacribed  round  £,  ee  a 
centn.  diia  drownatanee  they  an  at  ooee  diatiagindhed  fimn  die  latter,  die  entn  of 
which  falle  half  way  bttwoeD  the  luminous  point  and  iti  image.  On  scattering  some  lycopodium 
seed  on  a  concave  mirror,  and  placing  a  small  flame  near  the  centre  of  curvature,  at  such  a 
distance  laterally  that  the  two  systems  of  rings  intersected  each  other,  I  found  in  fact  that 
whatever  colour  appeared  in  that  part  of  a  lycopodium  ring  which  lay  outside  the  interference 
ayitem  was  predominant  in  die  latter  ayetem  tlironghottt  dm  remaining  part  of  a  dide  deecrihed 
round  the  inuge.  When  the  flame  was  placed  in  the  axis,  an  abaoraud  inequality  in  dm 
brilliancy  of  die  linge  of  the  interference  eyatem  became  very  apparent.  This  inequili^  wna 
eanly  aeen  to  eorreepoid  to  the  altematiooe  of  intend^  in  the  lycopodium  ayatenu 

36.   Let  iu  now  turn  to  the  general  case,  in  which  the  luminous  point  and  the  eye  are 
auppoeed  to  have  any  poeitiacM»  ddicr  in  the  aide  or  not  fir  out  of  it. 
The  equadonaof  the  linea  P£»  PE  an 

f-a,     g-y        h  ' 

Let  the  small  angle  L^E  be  pmipctcd  on  the  planes  of  zx  and  and  let  a,  ft  be  the 
projections,  measured  positively  towards  «,  y,  and  from  FL^  towards  PE,  The  preceding 
equationa  give 
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vhkb  bMOUMMy  mhtn  a,  aod    are  expressed  in  terms  of  a  and  «^ 

If  a',  /3'  be  the  projections  of  the  angle  of  difFraction  LPE„  (where  denotes  the  imi^  of 
the  eye,)  we  may  find  o',  /3'  from  a,  (i  by  interchanging  a,  b,  c,  and  /» A,  and  changing  the 
sign.  If  now  wc  change  the  sigQS  of  tile  molliiig  expressions,  io  order  to  allov  for 
llabii  at  ^  back,  «ad  so  eompuo  tbe  dreamstaooM  of  the  tm>  difflnctioiit»  we  ehdl  obtdn 
libe  VBEj  Mine  espicseloQs  as  at  first,  since  (36)  and  the  corresponding  expressum  whidi  ^Tee  0 
leoiain  unchanged  when  a,  6,  e,  and  /,  g,  h  are  interchanged.  Hence  in  tbe  general  caae^  es 
wel!  an  in  the  pnrticuUr  case  first  considered,  the  two  diffractions  take  pUce  under  tho  same 
circumstances,  and  therefore  the  interference  rings  are  not  affected  by  any  irregularities  which 
may  attend  tlie  mode  of  dtffractioo.  Fttrthermore,  abould  tbe  diffraction  take  place  with 
e  eettaiii  d^giee  of  ngideri^,  «•  In  the  ceae  of  Ijeopodinm  wedt  »  ei  to  mhibit  lii^ 
or  frfafBB  in  the  eggNgite  effect  of  all  the  pwtfclw  whicli  tend  l^t  into  the  cje  in  ineh  a 
direction  as  to  be  brought  to  a  given  point  on  the  retlM^  the  dillhwtioa  lingi  and  the 
interference  rings  are  leen  iodepeadent  of  each  other*. 

87.  If  3  be  the  amall  angle  of  dilRraetion,  3*  -  a'  -I-  /3*,  wheaee  from  (SQ  and  the  otiier 
eqneitMO  vfaiefa  may  be  written  down  Ikoin  tftmHry, 

Hence  the  loci  of  die  inintB  Ibr  wMeh  the  angle  of  diflbetioo  hes  gtren  vduee  Ibm 
a  ifstcm  of  cencentiie  circles.  Rcftning  to  (S9),  we  see  that  the  «o-oidinates  of  tbe  centre  of 
tbe  system  are  ^j,  >7n  so  that  the  centre  is  situated  in  the  point  in  wh'^rh  the  mirror  is  cut  by 
the  line  jcnning  the  eye  and  the  image  of  the  luminous  point.  This  result  might  have  been 
foreeeen,  since  i  vanishes  only  for  the  regularly  refracted  light,  and  this  enters  the  eye  only  in 
tile  dhfidioii  of  the  Hne  joiniDg  the  eye  and  tlie  im^ge.  By  intradudng  tiie  oMirdinates  ^, ,  i;,, 
the  equation  {ft)  wmj  ht  pat  nnder  the  form 

3'-(J-»-^-^j'i(*-W  +  (y-'7.r}  (38) 

Since  tbe  difFraction  becomes  very  sparing  when  the  angle  of  diffraction  beoooes  at  ell 
considerable,  it  follows  that  the  interference  rings  are  but  weak  at  a  considerable  angular  dis- 
tance from  the  image  of  the  luminous  point.  This  agrees  with  observation.  In  the  experi- 
ment in  which  a  flame  is  placed  in  the  centre  of  cnrvatare  of  a  eoncave  mirror,  and  is  then 
moved  to  one  nd^  elthoo|^  the  rings  are  symmetiicel  with  reepeefc  to  the  ffanne  and  lie  tmi^ 
eo  for  as  regards  their  forms  and  obloiira,  thej  are  not  symmetrical  so  for  as  rqpucds  tliefar 


■  g^sasusptwghmpwIiiUHls  whkMhswmjmlfHMes 
wWuMMSSOiMlw*  io  tart  «f  aemawglsii  iwliwui  sTwIiA 
the  rerfac*  Wis  dssBi  I  sat  tsdlaiJ  ta  ihiat  dm  ifct  s^aaiih 

ring*  abmrrti  fe]r  die  thlk*  de  Chmlnw  In  die  expcHmcnt  wtdi 

inunUn.  klrrady  mfniloiied,  vm  due  to  a  combinatlmi  of  the 
ntoand  liogt  at  thick  pUtc»,  end  of  the  kpiicanace  pioduced 


hgr  ■  tiiM  liei  gntiB^  If  io»  die  Independence  of  the  t«« 
ifil— i  wtM  ban  tea  mtesA  evident  by  tUf hdj  IncUalBg 
diSBtaii,  lAaidMliMKfFMB  wmU  have  hed  dM  inw|iB 
ll»  ill  eiBttik  whsicas  il» ftnssrwwddkasaksd  tells canaa 
a  point  titiMliA  nldmr  taMsa  Aa  tmlaiai  yatat  mA  As 
imase. 
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intensities,  but  are  decidedly  juore  brilliant  on  the  aide  of  the  image  than  on  the  side  of  the 
flaaie  ilad£  That  iUs  it  not  due  neidj  to  th«  glare  of  the  dinct  nay  be  pravcd 
bj  hnlding  m  uiull  oliiflst  in-  Aoni  of  the  ibumii  ao  to  acnea  die  eye  ftoaa  die  diieet  lq^t» 
when  the  rings,  though  better  seen  than  before  in  the  neighbourhood  of  the  flame,  are  still  much 
wenker  than  on  the  opposite  side,  if  the  distance  of  the  flame  frotn  the  axis  is  at  all  consider- 
able, For  the  same  reasicm,  in  the  case  of  a  plane  mirror,  when  the  luminous  point  is  placed 
a  good  distance  in  froDt  of  the  eye,  ao  that  the  rioga  do  not  run  out  of  the  fidd  of  view, 
thcj  flannot  be  traced  thraughout  their  whole  estcnt  if  the  angular  diataoee  betwean  the 
hiMBiiioua  point  and  ka  inaga  he  too  great*  but  only  thnM^hoot  a  portion,  more  or  Icaa 
ooniidendili^  on  die  aide  of  the  image* 

88.  In  the  case  of  a  concave  mirror  when  the  luminous  point  is  not  far  from  the  centre 
of  curvature,  and  the  rings  are  viewed  by  an  eye  placed  at  no  great  distance  off,  the  first 
factor  in  the  expreaaion  for  (e9uatioa  38)  la  mit  laig*,  and  ttic  ogle  of  difiraetioa  doea  not 
inereaie  nqpidly  in  paaabg  away  from  the  image.  In  the  «aae  of  a  plane  mirror  |i  >  « ,  and 
if  we  suppoae  «  and  h  equal  to  what  thagr  were  in  the  former  case,  or  thereabout!,  in  order  to 
make  the  two  cases  comparable  in  every  Mipect  except  the  curvature  of  the  mirror,  the  factor 
in  question,  though  larger  than  before,  is  still  sutticiently  small  to  prevent  5  from  increasing 
very  rapidly  on  receding  from  the  image.  Accordingly,  in  both  these  cases,  the  rings  'and 
banda  are  aeen  with  brilliancy  at  a  eonaidienUe  angular  diitanoe  from  the  image.  But  in  the 
caae  of  a  eoum  minor  of  oonaUlecaUe  oorvnture  p  ia  ucgaftiTe,  and  not  Utg^  ao  that  thelhelar 
hi  the  expreaakm  for  ^  becomes  considerable,  and  accordingly  the  angle  of  dilBraetion  increases 
rapidly  on  reccdltig  from  the  image.  I  found,  iu  fact,  that  such  a  mirror  was  peculiarly 
ill  suited  for  producing  rings  or  bands,  inasmuch  as  only  a  comparatively  small  portion 
of  the  system  usually  seen  was  visible,  namely,  the  portion  which  lay  in  the  immediate 
ndghboorhood  of  the  image. 

6.  G.  STOKE& 
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[Bead  in  ^art  March  11,  1850,  and  in  pntk  OOtUt  I8SO13 

Tut  equation  to  tlie  curve  of  an  elastic  deflected  beam  is  usually  deduced  from  the  assump- 
tions: 1,  that  the  longitudinal  compression,  or  extension,  of  an  elf(*tic  filament  is  proportional 
to  the  compressing  or  extending  force;  2,  that  for  ecj^ual  extension  and  compression  the  com- 
pressing and  extending  forces  are  equal  to  each  other. 

It  appears,  however,  from  experiment  that  theee  hjpotliete*  «re  not  exact.  AH  nibitiiMsei 
i^peer  to  b«  lubject  to  a  difsei  tftlasHdigt  i  «•  thdr  elaetie  fiweee  of  icatitntioii  ineKoae  in  a 
mBavliat  IcM  degree  than  in  proportion  to  the  extentiott  or  compression.  The  first  of  the 
■ssumptions  above  mentioned  bears  in  England  the  name  of  Dr  Ilooke's  Law,"  and  its 
inexactness  was  noticed  vcrv  soon  after  he  proposed  it,  hy  Leibnitz,  James  Bernouilli,  and 
others.  In  the  Acta  Eruditmrum  of  Leipsic  for  xGQ^^  Bernouilli  gives  certain  investigations 
respecting  the  Eliatic  Cunrei  1,  genendlj  vhcn  the  ehitio  Ihraee  IbUow  any  law  whatever  s 
S,  when  they  vary  ai  any  {lower  of  the  atennon  t  St  when  they  are  diieetly  proportionat 
to  the  extension.  He  states  that  it  is  worth  while  to  examine  the  results  of  the  latter 
hypothesis  which  had  been  employed  by  Leibnitz  in  his  treatise  de  Renttentia  Solidorum^ 
but  deems  it  certain  that  the  law  is  different  in  different  bodies.  "  Id  quod  experimenta, 
tuiB  nostra  turn  aliorum,  abunde  contirniare  videntur,  quorum  plurima  prailaudatus  auctor 
[Fimocieetn  Tertius  de  Laoie]  indintriue  ma^aUdU  notifiw  «t  vrtS*  hwo  dt.  RCeneeL" 

The  real  law  of  daitidty  of  any  material  oen  be  known  only  hy  direct  axperimente  on  the 
material  itself,  and  it  seems  neatly  certain  that  even  for  two  different  specimens  of  the  same 
metal,  the  laws  wn  il  l  1>p  in  some  measure  different.  All  tlicrefore  that  can  be  done  by  formula 
is  to  represent  approximately  the  results  of  exptrinients. 

If  e  be  a  fraction  expressing  the  extension  uf  a  rod,  and  to  the  direct  force  producing  that 
extcnioD,  to  may  be  put  equal  to  the  eom  of  a  icries  of  terms  involving  coostint  ooeffidents 
and  asoending  integral  powers  of  «.  Such  a  eeiies  will  be  eonve^jeot.  But  to  represent 
exactly  by  such  means  the  results  of  a  eingle  set  of  experiments  very  complicated  formula 
would  be  required.  If,  for  instance,  20  experiments  were  made  with  different  weights  stretching 
a  rod  of  iron,  the  formula  mn?t  generally  contnfn  ?0  tcrm«! ;  for  the  experimental  results  would 
probably  give  equations  dctcrnuuing  20  ditfcrent  independent  coefficients  of  such  terms. 

The  law  of  Hr  Hooke  stops  at  the  first  term  of  such  a  sscies  of  asoending  algebraied 
powers  of  o.  The  idea  readily  suggests  iteelf,  that  by  extending  the  seriee  one  term  further, 
its  ctnws  may  be  oorreded.   The  formula  so  modified  would  heooma 

•p-Jo-J?^  (1) 
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The  coefficients     and  B  would  be  found  from  experimeDt.    That  B  naut  be  aflected 
the  iNg»tiTe  sign  appears  ftom  the  eonaidention  tliit  dividing  by  c  we  have 

"^mA-Be.  (2) 

And  as  the  ratio  w  ;  *  dccKasn  aa  e  incnaaes  the  aecond  term  on  the  aeoond  tide  of  equation 
(S)  mutt  be  negative. 

From  the  experiments  recorded  in  the  Report  (1849)  the  Royal  Commission  <*  appointed 
to  inquire  into  the  Application  of  Iron  to  Railway  Structures,"  it  is  manifest  that  the  formula  (1) 
there  adopted,  is  suhjci  t  to  unavoidable  inaccuracies.  A  large  number  of  results  from  it  are 
compared  in  the  licpurt  with  the  results  of  experiments.  The  bars  were  subjected  to  extension 
by  weights  regularly  increased  up  to  the  breaking  weights.  Tiie  dilfereneee  between  the 
reeolta  of  experiment  and  fimnulm  are  not  +  and  -  pfomiseitoutljt  but  their  eigne  obeer«e  a 
certain  order;  that  ia,  tliey  are  nqptive  for  aetreral  terme  together,  and  poeitive  for  aeveral 
tenne  togetiier. 

Eight  formuls  are  given  for  extension  of  diiferent  kinds  of  cast  iron,  and  in  every  case, 
without  exception,  at  least  one  half  of  ;ill  the  results  of  eacli  set  come  together  in  tlie  middle  of 
the  series,  with  errors  in  excess,  and  arc  preceded  and  followed  by  results  in  which  the  errors 
are  in  defect.  Tbe  fonnals  cannot  however  be  considered  satisfactory  until  the  errors  be 
affected  by  the  and  —  signs  promiscuously  and  without  regular  sequence.  For  whik  the 
«nwa  obeerve  any  general  law.  thqr  are  thcmselTea  cnpabb  of  bang  represented  by  an 
algebndcal  expreesion,  which  may  be  added  to  die  original  formula  by  way  of  eorreetion. 

The  general  character  <rf  the  errors  is  this :  they  are  at  first  ih  i^ative,  then  positive,  and 
increasing  up  to  some  term  near  the  niitttlle  of  the  scries;  they  then  tiecre;t->-e  till  they 
become  negative  again.  Now  since  the  sit;ii  of  the  error  tmdergoes  in  generiil  two  changes,  first 
from  —  to  +,  secondly  front  to  — ,  the  algebraical  expression  for  it  passes  through  zero 
at  eadi  of  these  changea.  Therefore  if  e  be  the  correction  which  is  Bero  when  «,  the  extemnoUi 
is  zero^  and  changes  sign  when  e  •  a»  and  e  ■  6,  the  equation 

e-  ^e(a e), 
where  Jt  is  constant}  wouU  exprew  diese  characteristics  of  e. 

£flSwting  the  multiplication  of  the  quantities  in  the  brackets,  and  adding  tiie  reeulting 
expression  for  the  eorreetion  to  the  original  formula  we  obtain  a  formula  involving  tbe  firat 
three  powers  of  the  extension,  which  if  correctly  applied  will  be  found  to  lie  much  more 
accurate  than  the  formula  involving  the  first  and  i^econd  powers  only. 

In  the  R'^port  above  refcrreil  t<\  the  weigiit  producing  an  assigned  extension  of  iron  is  in 
one  case  cou.puicd  by  a  forinala  iiuulvitig  the  first  four  integral  powers  of  the  extension. 
But  in  this  biquadratie  formula*  as  wdl  as  in  the  quadratic  fonnulas^  the  nuBaerical  ooefldents 
are  obtained  by  eubstitution  in  experimental  results  selected  at  random,  and  by  talcing  the 
mean  of  tlie  ooefficieots  so  compated.  This  process  being  immethodic,  is  not  likely  to  produce 
the  most  accurate  results.  The  mathematical  laws  of  cninbination  of  observations,  in  which 
several  results  are  to  be  represented  by  a  formula  wiuch  on  the  whole  sludl  give  the  least 
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possible  error,  have  been  laid  down  hj  Gauss  in  the  Theoria  CombknaHonii  Observaiionumt  by 
L^ndN,  Laplace,  Poinon,  iTorjt  and  othen. 

Mr  J.  C.  Adams,  Fdknr  of  St  John's  College^  has  by  the  aaethod  of  Least  Squares  cobh. 

putrd  for  the  author  of  the  present  paper  numerical  formulse  from  the  experiments  here 
considered,  and  has  sliewn  that  when  llie  cube  of  thu  extension  is  included,  tlie  coincidence 
of  the  furmulsB  with  the  results  of  experimeats  on  extension  may  be  made  almost  absolutely 
exact. 

According  to  such  a  formula,  if  e  be  the  extension  of  a  uniform  rod  of  a  unit  of  length, 
and  *  unit  of  aectioiial  area,  the  longitudinal  foroe  produdDg  that  extenaion  ia 

ae-t-^c'-f  ^«'> 
where  a,  ^  0'  are  empiiical  constants. 

Sinnhrly,  if  e  be  the  eompresaion  of  a  sunitar  rod,  the  force  produdng  that  compreesion  ia 

7c  +  5c*  +  J'o^, 
where  y,  ^,  5*  arc  three  other  empirical  constants. 

The  following  is  a  brief  abstract  of  the  method  of  applying  these  formulae  to  compute 
email  de6«ctions  of  a  uniform  beam  of  rectangular  section,  resting  horisontally  on  supports  at 
its  extremities  and  deflected  by  «  weight  midway  between  them.  First,  the  compreisioo  and 
extension  of  every  fllameot  of  the  beam  are  expressed  in  terms  of  its  radios  of  eitrvatare  and 
distance  from  the  neutral  axis.  From  these  expressions  the  sum  of  the  forces  of  compression 
above,  and  of  extension  below,  the  neutral  axis,  are  obtained  by  integration.  But  the  conditions 
of  equilibrium  require  that  the  horizontal  elastic  forces  developed  in  any  section  of  the  l>eani, 
above  the  ueutral  axis,  be  equal  and  opposite  to  those  below  the  axis.  Therefore  by  equating 
the  two  integrals  just  referred  to^  the  position  of  the  neutral  axis  m  obtained. 

Next  the  sum  oi  the  moments  of  the  elastic  forces  about  the  neutral  axb  are  obtained,  and 
the  sums  are  equated  to  tile  moment  about  that  axis  <tf  tbe  pressure  (P)  of  the  nearest 
fulcrum,  the  latter  moment  being  the  product  of  balf  the  deieeting  wright  by  the  distance  («) 
of  tbe  fulcrum  from  the  axis  nhnut  which  moments  are  token.  This  equation  involves 
the  radius  of  curvature  and  is  bolved,  by  approximation,  with  respect  to  the  reciprocal  of 
that  quantity. 

Let  the  fukrurn  be  the  origin  of  co-ordinates;  «,  as  above  defined,  tbe  Imisootal,  and 
p  the  vertical  co-ordinate  of  a  point  in  the  elaitie  curve.  The  reciprocal  of  the  radius  of 
enrvatore  at  the  point  («,  y)  b  equal  to  (tbe  second  differential  coefficient  of  y  with  respect 
to  m)  -r-  (a  quantity  which  becomes  equal  to  unity,  when,  as  here,  the  horizontal  indinatioii  of 

the  tangent  at  any  point  of  the  curve  is  very  small). 

It  has  not  been  considered  necessary  to  give  here  the  .steps  of  the  investigation,  as  the 
analysis  though  tedious  and  involved  is  of  an  ordinary  kind.  Making  the  substitution  indi- 
cated, and  integrating  twice  the  equataon  laatobtdned;  it  ia  IbwMl  Anally  tbat,  taking  the 
origin  at  the  fulcrum,  the  equation  to  tbe  elastic  curve  or  neutral  line  of  a  rectangular  beam 
of  depth  d,  borisontal  breadth  ^  «m1  lengtb  Stf  is 

en*    >kV    (ft«^-c)<»n»  i>V  {»V^e)«f^\ 

'"i^-T*  + — n — ti — T"* — i — r 
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6  -  ^  d  03  +  3a'7  ')  (1  +  aiy-iy*t 

«  =  ^  -  (1  +  «*7-i)-<^r  +  y.! Y-i), 

The  constants  in  the  equation  to  the  curve  are  determined  by  the  couditiuns  that  it  passes 
through  the  origin  and  that  —wmQ^  when  m»a. 

IS  accordtag  to  ibe  orduMury  hjpotheM  we  pat  a  •  7>  and  mglMt  tenna  dependiog  on 

^,  ^,  2,  ^  (or  put  thoae  codBdentt  equal  to  sero)  h  and  e  become  sero. 

The  equation  to  the  curve  then  coincides  with  ordinarj  equation  to  the  elastic  curve  given 
by  Pdsnn,  (TVott^  de  Mieanique,  S24)  and  others. 

If  in  the  equation  to  the  elastic  curve  here  investigated,  x  be  put  —  a,  the  value  uf  the 
deflcctiao  at  ibe  centre  of  the  bean  la 

1       4~*  5  • 

whence  it  may  be  aeen  that  the  deflection  ia  gnater  than  it  would  lie  if  Ae  elaatidtj  were 
perfect 

All  thes'"  foi-Tnulfp  howevf^r  It  ad  to  very  complicated  results  when  applied  to  investigations 
respecting  tlie  deflection  of  beams.  The  cubic  and  quadratic  formulae  have  moreover  the 
serious  inconvenience  that  from  the  expression  for  the  weight  in  terms  of  the  extension,  to 
iind  oonveracly  the  esteoaion  in  terma  of  the  wdght  involvee  the  difflcultj  of  aotviog  in  one 
'  a  enbi^  in  the  otlwr,  *  quadntie  equation  with  large  numerical  ooeffidenti. 


UyparboUc  Lam  MasticU^, 

Tbs  formnb  about  to  be  pvqMned*  ia  far  more  accurate  than  the  formula  (1),  and  haa 
greatly  the  advantage  in  point  of  simplicity  of  computation  from  it  It  possesses  the  practical 

advantage  of  great  facility  in  calculating  either  the  extension  in  terms  of  the  weight  or  the 
weight  in  terms  of  the  extension.  When  applied  to  the  theory  of  beams  it  leads  to  an  ex- 
pression, nmUar  in  form  to  itself ^  from  which  with  the  utmost  readiness  the  deflection  can  be 
computed  from  the  tranavem  prewure  or  the  tmncvenw  preemre  fimn  the  ddkctlon. 

If  e  be  the  extennon  of  a  rod  produced  by  a  etretdnng  weight  w»  it  will  be  fennd  by 


■  A  notice  of  (his  fonnul*  wm  read  by  Prof.  Mnt  «D  I  te  tlw  AdviBecnott  of  Scknce,  IBM,  laA  is  friMSd  vilh  the 
InlMlf  nf  tha  iiihitt  «i  Hif  mttrimt  ttf  ihi  Brillifc  ftmrfiHwi  1 1-^  «— .i  a»«^h.« 
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eumiiMtkm  of  the  experiioeQU  ia  the  Report  abora  refemd  to,  that  ai  tc  is  iDcreaied  by 


lucreiiiBDts  up  to  the  braeldDg  we^tt  the  i»tio  - 


diet  it  WMj  be  neerly  cxpneeKil  bj  A*  fbnnnk 


—     a  -  pui. 


(3) 


a  end  j3  being  empirical  coDstants. 

Comparing  tliis  with  the  formula  (2)  above,  we  oh<!ervc  that  the  only  difference  is  in  the 
Bticuuii  term  on  the  right  band  side  of  the  equation  which  is  here  made  proportional  to  the 
■intdiing  weight  ineteed  flf  a»  befbre  to  the  extenaioii. 

It  idey  be  heic  lemarked  thet  the  compariiott  of  the  fimnulee  (s)  and  (3)  for  tiie 
dioel  exteiMioii  of  inn  tppKee  aleo  to  the  rimihw  tbfmtib»  for  Hnt  dUkctran  of  ben  bj 
vcrac  piMsarB  at  their  centre.  The  formulse  for  extension  are  identical  with  tbote  fbr 
deflection,  except  that  ID  the  latter,  d  the  dcfleotion  ie  iubititated  for  e  and  le  fepreeenta  the 
transverse  pressure. 

From  (3)  may  be  obtaiiied 

ae       .  ur 


sad  e  > 


Theee  cxpreadons  g$vc  w  hi  terms  of  e,  and  eln  terme 
of  m  reepeedvdy.  Thqr  maj  aleo  be  put  in  the  form* 


a 

j3a' 


which  is  thf'  equation  to  a  rectangular  hyperbola 
of  winch  e  and  w  are  the  co-ordinates.  Let  CA^  CB  be 
tiie  asymptolee  of  the  earrei  than  Teferring  to  the  laat 
equation  «  and  m  will  be  nteasured  paralld  to  the  asce 
Oe,  Ow  respectively;  the  origin  O  bdng  aibove  one 
a^mptote  and  to  the  left  of  the  other. 

The  proposed  formula,  therefore,  exhibits  the  HypekboUc  Law  or  Elasticity  according 
to  the  nomenclature  of  James  BertiouilH  who  {lor.  cit.')  reprosents  the  idatioa  of  the  twiniftn 
to  the  extension  by  a  curve  which  he  calls  the  linea  temwnum. 

Similarly  the  formula  w  ^  Ae  -  Be'  may  be  termed  the 
partA<dic  formula,  for  it  ia  the  equation  to  a  parabola  of  which 
w  and  «  are  the  co^wdinatea*  Let  ^  be  the  Tertex*  AB  the 
axle  of  die  onre*  then  Ob,  Ow  are  the  axes  of  «  and  w 
respectively.  O  die  oi^n  bdng  a  pmnt  in  the  enrve  hdov  W 
the  axis. 

Now  it  has  been  already  observed  that  in  comparison  with 
a  series  of  experimental  results  the  parabolic  formula  gave 
the  too  small  at  the  eommenoement  of  the  senei^  too 
ktge  towards  tiie  middle  of  it,  and  sufasequcntlj  too  Mmll  i 


TUs  amounts  to  the  same 
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thing  as  saving  that  as  the  experiment  progresaes,  to  increaaes  is  comparison  with  e  too  fast 
at  fine,  aod  nfbrwazdi  not  iMt  enoii^  At  potDtt  «f  th«  cnrr*  tnm  O  townb  A  tlie 
vertex  of  Ihe  penbola,  llie  tanfcnt  to  the  eurte  becomn  rapidly  more  and  mom  nearly  perpen- 
dieulmr  to  the  azia.  In  the  tiyperfoola,  on  the  contrary,  the  direction  of  the  curve  does  not 
cfauge  ao  rapidly  and  ia  not  perpendicular  tiU  it  meeta  the  aaymptote  at  an  infinite  distance 

fran  the  origin.    In  caeea  ot  tnnverae  preamre,  as      ihall  eee,  ^  is  actually  reduced  not 

mudi  IcM  tiwn  one-lial^  and  in  all  caaea  the  greater  thia  fednetioD,  die  greater  will  be  the 
emm  of  the  paraboiie  fimnula. 

In  the  fallowing  taUee  the  Paraholio  and  HyperboUe  Ibrmulv  are  compared  with  expcci- 
nenta  upon  extenaion  and  deflection.     The  first  taUe  contains  the  mean  results  on  four 

different  sorts  of  cast  iron,  shewing  the  corresponding  extensions  and  weights  for  a  bar  1  inch 
square  in  section  nnd  10  feet  long,  together  with  the  weight  computed  from  the  extensions 
by  the  parabolic  formula 

w  -  1161176  -  soigose* 

and  the  hyperhoBc  formtila 

to  -  118156.484  "^i^*  ^'^l]  • 

The  aaoond  tdde  oontauia  the  d^leetums  and  corresponding  deflecting  prsasures  applied 
horiiontally  at  the  centre  of  a  bar  of  Blaenavon  iron  UfiSS  inches  deep  in  the  direction 
of  the  pressure,  and  3.066  inches  broad,  supported  at  points  1$^  feet  apart,  with  the 
weights  computed  by  the  parabolic  formula 

«  •  149.9d-7>S044f 

and  the  hyperbolic  formula 

«  >  15S.64-r  ^~  *  .OSl  j . 

The  results  of  the  parabolic  formulce  arc  copied  from  the  Report  of  the  Imn  rommission, 
pages  59  and  70.  It  will  be  obeerred  that  in  each  case  the  mean  error  of  the  parabolic 
Cannula  is  between  «  and  4  times  as  great  as  that  of  the  hyperbolic  formula. 
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id) 

Dcril-Ctirr.  ri 

of  an  inch. 

(«.) 

Conesponding 

weight  by 
expeiiment. 

Weight  computed 
by  Hyperbolic 

Difl'crcnce;  weight 
by  hyperbolic 
formulm  minui 
imI  wciftii. 

Weight  compoted 
by  paiabolic 
rormuU. 

Difl-errnfc;  weight 
by  parubolic 
t'oruiuia  minui 
real  weigbL 

■181 

SB 

a7-7 

-  •« 

86*9 

-  1*1 

•3754 

56 

56-6 

•f  -6 

55-2 

-  -8 

•7686 

lis 

112-5 

+  -5 

110*9 

-  I'l 

1-184 

168 

167-9 

-  •! 

167'4 

-  -6 

1*88S 

«4 

»4'9 

■I- 

2.'5-4 

+  1-4 

2-105 

280 

S80'4 

+  '4 

283-6 

+  3-6 

2-604 

336 

SS4'5 

-  1-5 

341-5 

+  5-3 

9-1^ 

898 

9S»'0 

4-  1 

4087 

+m 

3-756 

448 

44R-5 

4-  -5 

461-4 

+  18-4 

4-402 

504 

503*3 

-  '7 

580-8 

•(■16-3 

860 

557*8 

-  S*S 

578*1 

418-1 

5-777 

616 

612-7 

-  8*8 

6255 

+  9-5 

672 

mm 

-  5'f; 

4.  1*6 

7-610 

72<J 

734- 1 

+  61 

7W5 

-  4-6 

8-780 

7S<4 

798'! 

4-14*l 

759-6 

-S«>4 

9*887 

840 

854-0 

4-14*0 

777-8 

i6;5r5 

Mean 

I6;i68*8 

Mejn  JQ.5 

Parabolie  IbnnuU  w  -  149'9<i  -  7-S04ft^.     Hyperbolic  formttla  w  -  155*64^     4-  *08i  j . 


Digitized  by  Google 


[184]  H.  COX,  ESQ.,  ON  TH£  DEFLECTION  OF  IMP£BF£CXLY  ELASTIC  BEAMS 


The  Cmrvaiure  qf  Deflected  Beam. 


We  shall  now  proceed  to  connect  the  formule  for  direct  extension  and  compression  with 
that  for  the  deflection  of  mi  eUstk  beuDi  of  wliidi  dio  tnmmno  nedoo  u  •  rectangle  with 
Tcrtieal  ddea,  bj  tnmvcne  pMMure  tt  iti  omtn. 

If  fbr  ft  nd  of  om  tmit  of  lengdi  and  oao  unit  of  leetioDil  ana 


e 

Fur  a  rod  of  length  I,  the  exteniiiuu  by  the  same  weight  will  be  i  timea  as  great :  therefore 
if  e  be  the  extension  of  such  a  rod,  we  must  hare  in  order  that  w  maj  remun  unaltered. 


Also,  if  the  sectional  area  of  the  rod  be  «  units  of  area,  tiie  wdght  to  praduoe  a  given 
exteasioo  io  such  a  rod  »iU  be  •  tines  *»  great  ae  befotv,  or. 


Wbleh  ie  the  genefil  femttla  ibr  Ihit  eKtamSon  of  a  rad  I  ftct  long,  and  IiaTiag  a  eectional 
area  «.   Similailj,  let  the  fenaola  Ibr  the  compwieion  d  of  a  nnllar  rod  be 


where     und  d  are  empirical  contents. 

To  apply  these  formuloe  to  deternnnc  the  extension  or  compression 
of  a  deflected  beam,  let  J,  B  be  the  sections  of  parts  of  the  upper  and 
lower  surfaces  of  the  beam,  made  by  a  vertical  plane  passing  through 
the  poiate  of  support.  Let  C  alio  be  a  part  of  the  InterMMSIion  of  that 
plane  with  the  neutral  eurfcce,  and  $  Ae  •mail  ai^o  made  by  the  inter- 
lection  of  cootlguoue  nornaie  of  three  lines  C»  B  whidi  are  asMined 
to  have  the  same  centre  of  curvature  O. 

Then  if  R  be  the  ratlins  of  curvature  of  an  element  of  the  curve 
C  and  of  an  element  of  a  parallel  curve  below  C,  Rd  will  be  the 
length  of  die  former,  tfi  of  the  latter.  If  the  beam  be  subject  to 
w»  strains  of  torsioD,  it  may  be  awumed  that  the  neutral  surface  is  « 
cylindrical  surface,  and  that  the  material  above  and  below  it  is  bent  in 
cylindrical  lamina;  parallel  to  that  surface.  So  that  if  dr^  be  the  depth  of  the  filament  measured 
along  its  radius  <>f  curvature,  u  the  transverse  thickness  of  the  beam  at  the  part  where  it 
is  situated,  fidr^  will  be  the  area  of  the  section  subject  to  the  extension  (r^  -  B)0, 
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AND  THE  HYPEBBOLIC  LAW  OF  ELASTICITY.  [186] 

Substituting  then  for  the  area  and  extensioD  in  the  formula  (J),  the  total  teasioD  at  a 
distance    -  JZ  bdow  tiw  pmtnl  nuftM  li 


r,-R 

Similarly  substitutiog  in  {B),  the  total  compressioo  at  a  distance  R  -  r  above  the  neutral 
mi&oe,  aappoiing  jit  to  mnain  conatant  (as  the  transverae  aection  of  the  beam  i«  rectangular)  ia 


iriwve  r  b  ^  ndim  of  carvatnn  of  s  filamcmt  above  tbe  aeiitnl  mrfiwek 

Ths  totd  monient  about  the  neutnl  axb  of  Iho  tcBrion  dmioped  m  mj  trMMveno  vow 
tieal  section  of  the  beam  is  found  by  multiplying  the  first  of  the  two  preceding  expressbni 

hy  r—R  and  integratino;  Itetwwn  the  limits  defined  by  the  low^r  surface  of  the  beam 
and  the  neutral  surface.  lu  this  way  it  will  be  found  that  if  be  uow  taken  for  the  radius 
of  curvature  at  the  lover  tuifaoe  of  the  beam,  the  total  moment  teoaon  at  the  vertical 
•eotioa  here  oooaidered  la 

f(r,-jQ'    fijr^-X)*    0^(r-Ry  » 
9M  4JP      +      SW  / 


And  similarly  the  total  monMnt  of  compiewMn  r  bebg  the  ladlin  of  eurvatun  of  tbe 
njpper  mtfaoe  of  tbe  beam, 

— 4/2'  ^-   f  

Equating  moments  about  the  neutral  axis  for  the  equilibrium  of  the  portion  of  the  beam 
between  the  transverse  section  in  which  the  above  moments  are  developed  and  the  nearest 
fulentn,  we  bave  tbe  mm  of  theae  mements  equal  to  the  moneiit  of  die  preMure  on  the 
fiikram.  Tbk  pfeanire  ia  equal  to  half  tiie  deflecting  ptcwure  applied  at  die  oeotre  of 
the  beam.  Also,  if  #  be  the  perpendicular  diitanoe  of  the  centre  of  momenti  from  the 
dnection  of  P,  the  moment  of  P  is  P«  and 

=  (A')  +  (iT). 

The  relation  of  r.  -  il  to  iJ  —  r  determines  the  position  of  the  neutral  axis.  Now,  if  for 
equal  degrees  of  longitudinal  compression  and  extension  the  elastic  forces  of  a  rod  of  iron  were 
die  MOM,  we  ahoald  have,  by  known  principles,  the  neutral  azia  at  tim  centra  of  gravity 
of  the  transversa  vertical  lectkm  of  the  beam.  But  that  the  neutnl  axia  ia  near  the  centra  of 
gravity  is  evident  from  the  fact  that  the  oidinaiy  fonnoIsB  for  the  deflection  of  beama,  in  wbidi 
the  position  of  the  neutral  axis  is  so  assumed,  agree  well  with  experiment.  The  same  hypo* 
thesis  also  renders  the  numerical  results  accompanying  this  paper  consistent  with  themselves. 

It  is  important,  however,  to  shew  that  a  small  error  with  respect  to  the  position  <^ 
Ae  neatral  adda  doea  not  bidaoe  a  large  enor  m  the  eipmlion  of  moments,  but,  on  tbe 
eonlraryf  pradoees  an  enor  vhidi  is  suaU  in  compariaon  with  the  ofjgiaal  error,  and  ia 
dMMfore  of  a  second  order  «f  small  quanddea. 

Yob  IX.  Pak  II.  46 
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0^  H.  COX,  ESQ,  OJS  THE  DBFLBCTION  OP  lUPBBFBCTLY  BLASTIC  BEAMS. 

Fm,  as  in  the  last  disgratii,  l«t      B  reprcMDt  the  poiitioiii  of  Ae  upper  and  lower 
raiAoet  rf  tbe  bena  rapeetircly,  C  of  tlie  neutral  ratflMe^  aft  of  a  tnns-  a— — 
v«ne  Tertie*!  wetiop,  to  that  the  warn  of  tho  tendom  devdopsd  between  • 

and  h  is  equal  to  the  anai  of  the  eoDpressions  between  c  and  a.    Also,    c  ^• 

at  a  email  distance  above  the  real  neutral  swrfoce,  let  nnotVier,  C'c,  be  — - 

taken.    Let  T  be  the  sum  of  the  forces  of  tension  developed  between  c 

and  6.  and  C  the  nim  of  the  fotoee  of  compressioo  developed  between  «^  B'<-  

and  a.   Then  C  ie  nearly  equal  toT*,  aad<7-7i»a  Boall  quantity. 

Also,  let  m  The  the  moment  of  the  forces  7* about  c;  then  it  is  clear  that  tlitir  mommt 
about  c  is  {m  +  cc')T.  If  nC  be  the  moment  of  the  forces  C  about  c,  (n  -  cc)C  is  thcir 
moment  ahoni  J,  Henee  the  difflmnce  of  ^  •urn  the  momenti  of  .T  and  C  tdtcn  about 
«  and  «'  reqpeetiTCly  ie  (C  -  Z^o/.  Alio  e^  ii  a  small  qnanti^ ;  henoe  {f!-  T)eit*  k  the 
pnodnct  of  two  eniU  quantltiea. 

Next  widi  reipect  to  the  noment  about  e!*  of  the  UiutM  wbiob  muet  be  suppoaed  to  ciiit 
betwaeo  e  and  o',  if  ^  be  taken  aa  the  neutral  ane,  it  U  obvione  that  the  aMnent  ct  this 
tenHon  U  ttill  •auUer  then  the  abovew 

Heneoi  on  the  «boIe>  the  dfifbrenoe  of  uoiiMnte  due  to  a  anudl  eaur  In  tiUuf  the  poehion 
of  the  neutral  axil  too  high  l«  two  qoantitice  Mnall  with  reepeet  to  Aat  emir,  and  theMfine 
•mall  in  a  higher  degree  with  respect  to  the  total  moment.  A  similar  condusian  would  he 
airiTed  at  if  Cc^  were  takeo  a  little  below  the  real  neutral  axii. 

Aeaundng  then  fbr  the  purpoee  of  this  oompuution  the  oeutnl  axis  to  coincide  with  the 
centre  of  gravity,  we  have  Ibr  a  rectangtthur  beam  ii-r« r,  —  Jtxl,  where  ildl  is  the 
Uddwem  of  the  beam. 

Suhedtoting  Ibr  the  vahiee  of  (Jt)  and  (ff)  in  the  equation  of  momenti 

'  •  +  7  J*        •  o/3  +  7^       $  tt^*y^  1 

d 

Now  this  series  is  always  very  convergent,  both  because  the  fraction  —  is  small,  and 

because  /3  and  S  are  small  in  comparison  with  a  and  0  respectively.  Heuoe,  we  may  Mlbeti- 
tute  for  the  above  equadoo  the  following,  without  considerable  error. 

Pit    tPa+y(      IS  d  afiJt'fh\     (3  d  o^+t^X'        \    d*a  +  y  I     S  d  aP  +  yi\ 

The  laet  eerice  coipcidee  with  the  Ibtnier  in  Iti  fint  two  terms,  and  diCeni  fiom  it  by  email 
fiactioni  of  each  of  tho  ettbaequent  terau,  iftoa,i%7>andlbe  given  the  values  henaftar 
determined  from  asperimcnta. 
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AND  THE  HYP£BBOLIC  LAW  OP  SLASTiaTY.  [187] 


Solving  tile  eqoatioo  vitii  Nipeet  to  ^, 

1   £j  


1  ji «  +  7  J  .  3  «yi 
if  p-'=M(<' — tman^d.".^ — 


Now  if  y  be  the  co-ordinate  of  the  curve  perpendicular  to  «  and  lefcmd  to  tlw 
origiii  of  oo^vdiiuitefl,  namdj,  the  extremity  of  the  neutral  axi«, 

Also,  since  —  is  olwAjrs  very  stnall,       maj  be  neglected  as  compared  with  unity,  and 

1  d*y 
then  —  «  —  . 

Substitutiog  -j-z  for  —  in  the  above  equatioa,  and  expanding  the  right  side  of  it, 

^  »  }»*  +  l»»»»n  +  f^j^jiP  +  ... 

Integntiiig  tiviee  aod  mnemberiog  that  when  «  «  •  (the  half  length  of  the  heam)  ^  *  0« 

and  jf»0  when  <i'  =  o, 

dy       a'  -         ,  o*  -         .  -o*  -  **  . 

»-f(--T)*9(-'-7)-^(«''-T)- 

The  integration  might  riao  be  easily  effected  without  expanding  tlie  expreaaioo  Ibr  — ,  io 

JE 

which  case  the  equation  to  the  elastic  curve  would  be  exhibited  in  finite  terms. 
Ify  be  the  central  deflection  or  the  value  of  y  whea  j?  »  a, 

Thie  aerice  i»  fapidly  convergent,  and  if  we  assume 

The  latter  series  will  coincide  with  the  former  for  the  first  two  terms,  and  difier  troai  it  by 
about  i^th  part  of  the  tfaurd  term,  ^tli  part  of  the  fourth  term,  8cc.  We  may  therefore 
conaider  the  laat  equalioD  veiy  nearij  aocurate :  and  we  have 

or,  giving  p  and  »  their  values, 
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[188]  H.  cox.  ESQ.*  ON  THE  DEFLECTION  OF  IMPERFECTLY  ELASTIC  BEAMS 

wbich  is  the  required  equadoa  Goaoectiog  the  formula  fur  direct  extension  and  compcciaioa 
with  that  tat  the  d«l«elioii  of  m  bcMi  «f  netangular  HBlioii. 

On  th*  hjpoChMis  of  petftet  clutieity  fi  and  I ■     and  a  ■>  7; 

vthkh  coincides  witli  Poitson's  formula  for  the  deflccUon  of  •  porftcQj  dastie  TtfaiB  of  fce^ 
angular  section  {TraiU  de  M^caniquef  No.  324). 


The  Breakki^  Weight  <if  itetef^jw^r  Beame. 

Cast  iron  is  much  stronger  to  mist  ruptura  bj  eompresrion  than  < 
quently  s  rectangular  bar  of  that  metal  wbaa  dcHeeted  i«  alvaji  bfolccn  bj  the  «**Tinitrti  of 

its  convex  side. 

Suppose  tlie  uUimate  extension  of  a  rod  of  cast  iron,  or  tlie  greatest  extent  to  which  it  can 
be  atreteiied  befbre  breaking,  to  be  the       part  of  its  length.    We  have  shewn  that  if  li  be 

the  radius  of  curvature  of  tht  m  utrnl  surface  and  d  liaU  tiie  depth  of  a  deficcte  1  bar,  —  is  the 

ratio  of  the  extension  of  a  (ilument  on  the  convex  side  of  the  bar  to  its  Uttstretcbed  length; 
therefore  when  the  bar  breaics,  d  is  the      part  o[  Jt  or  nR, 
Alio  «•  iiave  fbnad  Aat 

g  +  7     3  a^+yl 


J»»        «       *      a  +  7 


At  the  aentre  of  the  beam  mm  a.  Let  B  he.  the  brenldng  vaightj  or  twice  the  Value  of  P. 
the  ptMBure  on  the  folcniai.   TImd  putting  d  •  nEt 

a  a    \u     4     a+y  J 

or  the  breaking  weight  varies  as  the  thickness  and  the  cube  of  the  depth  directly  and  as  the 
length  inversely.  In  reapeet  to  thie  law  the  preceding  formula  agrees  with  that  hitherto 
uaed  and  is  confirmed  hf  experiment.  It  is  obserred  indeed  in  die  Beport  of  the  Iron 
Commission  that  the  law  is  not  aGcomtelj  true  for  hare  diferiiig  eeniiderably  in  nmgni 
tude,  but  -he  anomaly  is  satisfactorily  accounted  for  (p.  Ill)  aa  aiimng  ''principally  fiom 
the  superior  hardaeaa  of  smaller  castiiigs." 


Direct  Qfu^reseion  qf  Out  Irm. 

Fnn  the  ftmnulm  for  direct  tension  and  for  ddlectlon.  by  substituting  numerical  values 
of  the  coelleiento  deduoed  from  experimentp  may  be  obtained  the  numerical  values  of  the 
coelBelentt  in  the  ftrmnk  for  direct  eompresshm. 
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AND  THE  HYPERBOLIC  LAW  OF  ELASTICITY.  [1^9} 

This  method  wmam  to  give  more  coenrate  valuei  than  the  experimsntft  on  direct  eonu 

pression  detailed  in  the  Report.  For  those  experiments  were  made  on  bars  endoeed  in  tubes 
of  which  the  side?  resisted  the  flexure  of  the  bar? ;  but  this  resistance  had  of  necessity  great 
cifcct  in  sustaining  the  external  force  applied  longitudinally  at  the  ends  of  the  bars.  Also  part 
of  the  quantities  set  down  for  the  compression  of  each  bar  h  probably  due  to  the  two  ends 
appnaddog  each  other  by  it*  flexure.  Moreover  the  numerical  restilta  are  vety  Im^lar,  for 
JnMcMl  «f  exlnhitiDg  the  vatio  of  the  we^bt  to  the  eompieMum  ae  eonateatlj  ^WmiiiMihmg  m 
ibe  weight  inereaaea,  they  represeat  that  ratio  as  altematdy  incrrasing  and  diainisfaing 


In  the  folkniing  computations^  the  coefBcients  y  and  i  In  the  hyperbolic  formula  for 
compression  arc  (Te<?iice{1  by  three  indpj>endent  cnlrulations  from  OTporiments  on  three  bars  of 
Blaenavon  iron  of  different  eizsA  couipared  with  experiments  on  the  dir^t  extension  of  the 

same  material. 

Wc  have  seen  that  for  the  mean  re&ults  of  the  direct  extension  of  four  different  sorts  uf 
iron  in  bars  10  feet  long  and  1  square  inch  in  section 


W  -  11815&M4  <}' 


For  Blaenavon  iron  alone  the  formula  is  nearly  the  same,  and  from  the  experiments  will 
be  Ibund  to  be 


W  -  1I7I06.5  -j-  Q  +  8'*7j  . 


Or  if  the  length  of  the  rod  and  the  extenaioa  he  both  meuaivd  faj  the  aane  unit  of 
length*  1  hidi, 

NT  «  MO  at  117106L5  -r  ^  +  *.47  »  ISoj  . 

Hence  o  -  120  x  117106.5  and  0  -  S.47  x  ISO. 

We  have  aeen  diet  fbr  the  defleotion  (/)  of  •  bar  of  the  aane  material  8,066  inches  l>y 
LOSes  inehea  in  aeetbo,  and  supported  on  pobta  1^  Aet  asnnder» 

W  m  IS5J6*      {y*  *    9t  fmw^  (155.6*  -  •OSIW). 

The  general  formula  for  deflection  was  found  to  be 

Comparing  this  with  the  above  value  of  /,  and  remembering  that  w  «  2/*,  we  have 

2ttd' 

155.64  • (a  4- 7)    .......  (f) 
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Here  n  =  S.fXJfi,  d  =  .7f>l,  and  o  «  81  inches:  effecting  the  computation  and  substituting  the 
values  of  a  and  above  given,  we  find  from  (1)  y  -  120  x  144892,  and  from  (2)  ^  \A. 
HcncB  fcr  a  bar  IQ  ftet  long  and  1  indi  iqiiaie  the  hyperbolic  formula  for  the  compression 


W«  I4489S 


For  another  bar  of  tlie  same  iron  ,S.l  incbes  by  S.05  inches  in  section  supported  on  points 
18^  feet  asunder,  of  which  the  expcrimoutal  results  are  given  in  the  Report}  p.  ^S^  we  find  that 

/=  W       (1'20().24  -  .19,S;1»r). 
Hence  by  the  satue  method  of  cumpuLatiuo,  as  in  the  preceding  case,  tlit  c<>rre?pondiDg 
formula  for  direct  compression  of  a  bar  10  f^t  long  bj  1  inch  square,  will  be  tuuud  to  be 


For  a  bar  of  the  same  iron  l.0£  inches  in  the  dSrectioo  of  pressure  by  S.05  inches  broad, 
nn  tnpporta  9  ftet  aiitiider>  «f  wUda  die  eiEpcrfaiiental  lenilts  are  given  In  the  B«poe^  pn  7S» 
itisfiniml  that 

fmHB'*'  (M0.481  -  4M875W). 

Henca  the  eoraeqpondbig  femnihi  finr  eompreasion  of  a  bar  10  lieet  kii^  by  one  inch  iquare 
it  found  to  be 

w- 157069 

The  several  formulae  for  compression  agree  quite  as  closely  as  can  be  expected,  when  it  is 
considered  that  the  size  of  the  bar  influences  the  hardness  of  the  metal.  The  last  of  the  pre- 
ceding fomiuisi;  indicates  that  the  metal  is  hardest  in  the  smallest  casting,  a  result  confirmed  by 
pnetkal  ezpnkooe.  To  obtain  oomplele  aocuracj  «  and  /3  should  have  had  diifcffcnt  values 
airigned  to  tbeni  in  eadi  of  the  above  camputBtioDs,  but  diere  an  at  present  no  del*  liar  asoeiw 
tahdng  how  ftr  die  tennk  stiength  of  a  cast  inn  bar  depends  on  its  bulk. 

The  gteat  dedderatum  for  perfecting  the  Hyperbolic  or  any  other  hypothetical  law  of 

elasticity,  is  the  want  of  knowledge  of  these  variations  of  the  strength  and  elasticity  of  the 
material,  which  depend  nn  the  magnitude  of  the  castings.  It  is  greatly  to  be  desired  that  this 
defect  of  experimental  data  may  not  Icmg  continue  unsupplied*. 


*  Tbc  dftU  of  the  numerical  rcoulu  of  thii  paper  are 
tabulaied  in  Appendix  (A)  to  the  Report  above  referred  lo, 


Uw  vshiibl*  and  oralU 


tt  IstM  BodskioMM, 
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XV.    On  the  Oscillations  of  a  Suspension  Chain.    By  J.  H.  RouRS,  M.A.,  late 

Fellow  qf  Jems  College,  Cambridge. 


CRMd  Dee.  %  mV} 

1.  Iv  the  fiiHoiring  paper  I  prapaae  to  detemine  the  tcuIoD  and  other  cireumfltanoM 

uf  motion  at  any  point  of  a  dlaturbed  chain ;  principallj  irith  a  Tiew  to  exhibit  the  cainet 

of  fracture  bv  viljration  in  suapension  bridges,  and  to  suggest  menns  for  obviating  as  much 
as  possible  the  danger  arising  from  sucli  vibrations.  I  shall  consider  the  curvature  of  the 
chain  to  be  but  small,  as  it  in  in  practice,  as  al&o  the  extensibility  of  the  material  to  be  zero. 
The  linear  expaoaion  of  wrought  iron  h«n  being  only  j^th  for  a  strain  of  a  ton  to  the  aqiiare 
iwAh  would  introdiioe  additional  terms  into  the  equadon  for  the  motion  of  inextenaihle  dndns 
too  minute  to  be  important.  I'u  ajtply  the  results  of  my  investigation  to  the  case  of  a  suspen- 
fsioi)  bridge,  I  shall  suppose  the  platform  perfectly  flexible,  and  t)ie  weight  of  the  platform  and 
load  uniformly  distributed  throughout  the  chain.  I  shall  likewise  suppose  the  links  of  the 
chain  to  be  so  numerous,  that  it  may  be  considered  simply  as  a  flexible  material  line;  of  course 
theae  conditioin  are  never  entirety  AilfiUed  in  au^iennoiu  chain* ;  but  the  object  I  propoae  to 
myself  is  not  so  much  to  eatenlate  exaedy  the  amount  of  strdn,  to  wbidi  any  one  partieahr 
bridge  is  liable,  but  bow  far  the  suspension  principle  (supposing  it  could  he  perfectly  carried 
out)  would  give  rise  to  ?trains  from  vibration,  and  hence  to  infer  what  we  might  expect  woiild 
take  place,  during  the  oscillations  of  bridges  constructed  mainly  or  partially  on  that  ])rinciple. 
Before  I  enter  upon  the  analysis  of  the  question,  I  shall  prove  a  property  of  / («)  when 
eipanded  by  Fouriar'a  method  in  a  aeries  of  coainea  of  lihe  form 

The  node  of  proving  this  property,  and  the  propriety  of  doing  sO)  were  suggested  to  me  by 
the  paper  of  Professor  Stokes  on  the  "  Critical  Values  of  the  Sams  of  Periodic  series."  I 
may  observe  at  once,  that  the  effect  of  the  majority  of  the  prnctical  causes  of  disturbance  in 
suspension  chains,  unr  h  as  a  moving  load,  variable  pressure  of  wind  sweeping  rapidly  across  the 
platform,  and  the  iramping  of  columos  of  troops  moving  acrosa  the  bridge,  are  all  easily  and 
rapidly  expressed  by  series  of  siocs 

.      .    /2lS  +  lw»\ 

n  being  miy  positive  integer ;  at  all  events  by  far  the  greater  part  of  the  effect  of  such 
disturbing  causes  can  he  most  easily  exhibited  in  a  leriea  of  this  description,  aa  we  shall 

hereafter  see. 

2.  Let  then  /{»)  vani&h  wiien  s  •=  a, 

/'(«)   .    .    .    .  *-o, 
/"(*)   ....  «-«, 
/*•(•)   .    .    .    .  *-0 
Vol.  IX.  Pakt  III.  40 
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Then  if  /(«)  be  expanded  in  a  Fourier's  series  of  ooriiies  of  the  form 

\      'J        (I  I 

n  being  any  positive  integer,  /'(«),  /"(«),  /"("')  obtained  by  differentiating  tiie  series  for 
/(«),  will  be  the  same  aa  if  obtained  by  direct  expansion  in  a  sum  of  detinite  integrals. 

/in  +  1  vt\ 


./(♦)8lll— -  //,.a,n— —  — rf# 


(8n  +  l)ir  8      «  (2n  +  l)ir  2  a 

(2«  +  1)  ^  ■ '^'^  2      T  (2n  +  l)',r»  '  2  7 

♦o'  Sn  +  I  ?r«  . 

(2n  +  l)*ir*  2  a 

9rt             .   .   2n  +  1  tra 
./(«)  sin  —  


(2n  +  l)ir  .     '2  a 

(2n  +  l)'ir»"'  «      a      (2n  +  l)»ir*      *  '         «  a 

(2n+ l)*$r''''    ^'         «  « 

Taking  the  integrals  between  the  limits  «  =  o  ami  .s- =  «  we  find  in  all  these  three  equa- 
tions, that  all  the  terms  on  the  right  hand  side  of  the  equation  vanish,  with  the  exception  of  the 
Int  tmn;  hence  etX&vg  the     oodEcient  in  the  diicct  czpsDNona  ot/ls),  /'(«),  /"(«)> 
A^t  J',.  J".!  jf,,  leapeetivdy,  we  have 

wMdi  provet  tKe  proper^  in  qaestion. 

It  i«  quite  possible  that  even  if  /'(«)  vanishes  when  «  «  a,  and  /(a)  did  not  vanish  when 

2n  ^  \  9  $ 

9  ma,  that  /'(«)  o>uld  be  expanded  in  a  aeries  of  aines  of  ,  with  advantage  of 

cdeiilatkwi,  juit  m  Profcaamr  Stokes  has  shewn,  that  /(«)  can  he  expanded  in  a  aeries  of  noes 

of     "-^  when  /(«)  does  not  Yattish,  when  a  «  d,  fircquently  with  gain  in  lahour  of  naamrical 

2n  +  1  ira 

details;  but  in  the  cases  in  which  I  have  employed  'S,An  sin  —  to  represent /(«), 

/(«)  has  always  had  its  greatest  value  when  a  «  o.  I  ahall  proceed  now  to  tofrn  the  partial 
differential  equation  for  the  oscillations  of  a  Hexible  chain  disturbed  only  in  a  ▼effttcal  plane, 
small  quantities  of  the  second  and  higher  orders  being  at  first  neglected. 
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S.    T,ct  a  tangent  to  the  lowest  point  of  the  chain  at  re«t  and  parallel  to  the  horisoil 
be  token  for  the  axis  of  x,  a  normal  and  vertical  at  that  pcdnt  for  the  axit  of  y. 
Let  a  mass  of  an  units  length  of  chaio  =>  1, 
The  area  of  a  section  of  chain  =  ]. 

«\  y  coordinates  of  a  point  in  disturbed  chain  1 

«»y   of  tame  point  in  dudn  at  rat/* 

Lety-«-l-ii»y-y<f«. 
Let  7' «  touioD  at  (d/,  sO  »  diattttlwd  chain. 
T  m   y)  in  chain  at  lait. 

c    length  of  chain  die  wofgbt  of  wMeh  equals  the  equiUbrtnni  tendon  at  Ae  lowest  point 

of  the  chain  at  rest. 

g  the  accelerating  force  of  gravity. 

»  K  length  of  chain  irom  origin  to  («',  y). 

Then  dy'»  =  ds*, 

d.l  '  +  dy"  as  ; 

dot  du     dy  dv 

This  may  be  called  the  equation  of  continuity  of  the  chain.  As  I  have  found  that  all 
dmumetances  of  importance  arc  equally  well  developed  by  oscillations  in  which  the  chain  i, 
always  ejrmmetrical  about  the  vertical  axis,  as  by  osdllattoos  in  which  this  i»  „ot  the  case,  I 
shaD  consider  oolj  oniliattons  of  the  4bnner  deseriptifln,  sfnoe  the  niinber  of  arbitmy  fonetions 

is  dtminisfaed  and  the  labor  letaened,  on  this  hypothesis ;  which  necessitates  u  and  ~  beine 

ds  ® 

each  •  0  when  «  -  o.  It  may  bo  observed  that  this  condition  does  not  at  all  affect  the  kind 
of  analjiis  enoployed,  it  only  shortens  the  arithmetic  For  the  equations  of  motion  we 
shall  have 

de  ds  V  ds) 

dt*  ds  v  d*r 

<ftt     d  (    dn  da!\ 
du       dy  dv       «  (j*F 


uiyiu^cu  Uy  GoOgle 


382  J.  H.  ROHRS,  ESQ.  ON  THE 

rfff     «  .  ■ 

^  -  -  in  the  catetuuy 

ajt  c 

«-  +  "  7- 

c  dtr     c  d9 

/urf*  -  -  i  ^  ♦  - (F  -  uV.)  +  lfi« ; 

if,  and  Jlfa  being  arbitrary  functtoot  of  f  only  introdaeed  bj  the  integratidfi. 
jV,  will  be  so  anamed  that  V  may  Taniafa  when  a  «  a,  or     -  a 
d*F 

o  «  ~  +  i.,,  Z,  an  arbitrary  function  of  U  *iU  be  aitumed  to  have  aucb  a  value  that 

V  may  •  0  when  a  ■  «. 

d  V 

Jvds  =  -.—  +  L,«  +        (L,  being  another  arbitrary  fuoclicMj  of  t). 
da 

do  dtf 

Now  ^  *     ^  **  ^  ^litn  a  « 1^  by  bypotbeua ; 

rfK  dV 
.%  0  •  3 — +  Itt,  and  if  £»  •  0  - —  muat  -  0. 

EUatinattDg  to  by  iotegration  fnun  oar  two  fundamental  equatiooa,  we  have 

fd'v         dx      rd^u         dii         fdv  d.v     du  dp\ 

Jde'^'''d.-JTe^"'d»'^\diTs'd,Ts) 

Hence, 

The  grealeat  value  of  -  will,  throughout  thia  iovaitigation,  be  luppoaed  to  be  ^  >  aa  it  ia 

nearly  in  Boat  aaapenaion  bridges  of  wide  apan,  oonsequcntly  powers  of  ^  above  the  aeoond 
will  be  rejected  aa  too  amall  to  materially  modify  the  leaolt,  we  shall  then  have 

dV     <P  _     /     «»\     2«  (T  --^ 

df'di*Te^''^'*^\''?)-eTf^^'^^ 

4^  d«  /      *»\  d'V 


2«  <f  dV 
If,  as  a  first  approximation  we  neglect  the  term  •  F«  and  assume  for  -j-  a  sum 


« 
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S  \Jn  — ^ —  —  j  •    ThM  £,  -  0^ 

-  2      —        —         «d  CI. 

At  least  whca  2  ^.  ^"      -  ia  coDvergent  as  it  ta  in  all  the  cases  I  have  considered. 

8  • 

*'  1 
N^leeting  also  —  ,  the  value  of  wUdi  lies  betvean  0  and  — ,  and  j«  Iheidbie  inafgnift' 

cant,  also  u  must  ■>  0  when  »  ^  o  ;  .-.  iU,  a  0  ; 

•••i?(-ii)  +  ?s?<*''>-"U)  «. 

We  diall  afterwards  appvazimate  to  the  eolation  «t  the  entire  eqoatkw,  wdoding 
—  -  F,  by  substitating  for  V  in  tliat  term  its  valtM  iMind  from  (4),  and  working  the  equa- 
tions over  ag!)'n, 

«  can  be  t-xp^Ued  in  a  rapidly  converging  series, 


f8a(-ir'  aw-Hirri 


between  the  limits  amO  and  «  -  o,  where  a  is  the  length  of  the  half  chain,  or  the  value  of  « 

from  the  lowest  point,  to  the  point  of  suspension. 

SubstitutiDg  then  in  (4),  and  equating  to  aero  the  eoefficioita  of  like  siaea,  we  have 


<PJ, 
df 

2 

8o  d» 

df 

^- 

t 

¥:? 

2 

-  eg 

25.  w* 

Ai  + 

SS.e* 
he 

The  conditioo  tliat  «  nay  m  o  when  «  -  a  renders  it  neeessaiy  that 

Ji-  Jt  +  Ji-  fcc 


c 


•  0  (6). 


If,  however,  we  assume  only  A,  +  Aj"  O,  ami  suppose  the  initial  values  of  the 
constants  in  the  equations  for       fcc.  to  be  •  o,  A,,  A^,  &e.  wiU  Ibnn  an  exceeding  rapidly 

convergent  series,  the  sum  of  wiiich  will  be  very  small,  so  that  —  ^  may  be  neglected  ; 

c 

we  shall  thus  have  a  vibration  of  three  terms,  and  two  types  of  vibration^  we  shall  onlj  retain 
the  type  with  the  liigher  coeiBdeot,  aod  in  this  way  we  shali  find 

AtmhctM'^CgM.iji^i, 

.4  a .  15  A  COS  y/eg,M,i  r"  t» 
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2a 

The  chain  being  supposed  started  frum  iustantaneuus  re^it. 

^Tbe  oUier  tjrpe  is  y/cg*iAt 

4.  A  far  better  imy,  howeTer,  to  g«t  «t  tbt  type*  of  vibntioii  U  the  fbUowing,  wbidi  waa 
pointed  oat  to  tM  by  Pn^eaaor  Stolcee.   Snoe  it  ii  dear  tiiat  if  we  were  to  eliminate  ~  {M^\ 

from  the  infinite  number  of  equations  (5),  we  should,  (with  tlic  condition  A^-  At-^  A^-hc^O)^ 

hsre  the  Hune  typaa  in  vteiy  tenn  be;  lAqy/cg^  be  a  type  connon  to  all  the 

teniia»  MbalHutiag  for 

fcc>  Ite. 

And  eliminating      ifo  hetvicn  llie  tirst  and  each  aoMaediilg  aet  of  aqvatioiM,  we  hkn, 

A,il-ff)^A,  |3'(3»-9»)-0, 
^*(l-9*)-J,{5»(5«-9»)-0, 
1  &c.  8tc.       «  0. 

And  Ai-  At  +  A,  -  fitc.  -  0; 

5.  There  ia  another  yet  limpler  mode  of  determming  9,  for  whkh  I  am  alao  indebted  to 
a  Uat  of  Prafeaaor  fltokea',  who  advlaed  me  to  attadt  equation  (4)  at  once,  without  the  uee  of 

dV 

series,  which  (when  it  is  not  required  to  have  —  ex  pressed  in  a  series  of  a  particular  form,) 
is  by  far  the  shortest  plan. 

■'^^•]"''«'d?U"^^'«j^ 


/rf  r  2»  .,\       d*  /dF 


Now  TT—  ■  0 ;  .'.  a  ■  0  ; 


dF 

and  — —  H  0»  in  ordor  that     may  -  0; 
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0-  -SpjU;^A  an  py/egi  on  pa. 

(•.■  by  hypothesis       can  be  expanded  m  a  senoi  of  2..  An  — CM   j 

«nd  that  2^tt^^±ill  i»  eonTefgent) ; 

.'.  0  M  ^  3  if,  4.     CMp*  an  p'^/egt ; 

.*.  0  —  rin  />a  -  pa  cos  pa,     .'■  tao  pa  ^pn. 
This  oonditioQ  is  easQy  shewn  to  be  the  same  as  (7),  for  putting 

5».  -n-^ 


Taking  logarithms  and  dilfiveiitjatiiig 


20  20 

tan  d  «  t 


4  4 


Let      «  irgi 


4 


49  (    1  1  \ 


.'.   i  +   :5  +  &C.  -  —  «=     -  tan     1 ; 

1  _g«     3*  -  g*  8      4^  y 

tan  — 2.  ■  — , 
S  S 

which  is  idantical  with  pa  ■  tan  pa,  since  pa 

The  tjrpea  of  ▼ibntkm  I  had  foaiid  for  ^«  were  ^t.i.eg.^  and  V^fi4.S.c^ ^ ,  and 

I  proved  that  the  greatest  amount  of  "play''  at  the  end  from  the  neglected  terms  A^,  A^,  Uc 
would  he  litUe  taoie  than  jbs},A  the  maxiaatini  diatnrlMiMe  at  the  oeotre  of  the  didn,  of  eoune 
thia  HoaiU  quantity  night  be  lalielj  set  aside,  and  we  aball  now  see  that  the  accMnte  raluea  of 
the  typen,  conesponding  to  those  obtained  at  first,  differ  imperaeptiblj  fram  the  above  values. 
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Professor  Stokes  was  kind  enough  to  work  out  for  me  the  first  two  or  three  roots  of  the 
equatioa  tan  "  i  which  with  hia  method  I  shall  here  tnuMcribe.  It  ia  dear  that 
f  win  alwsjra  be  iwarir  expiMted  bj  (fti  + 1),  i  being  a  porftiTe  int^, 

cot  9«  (si  4-0^-0. 

Tlds  can  be  eotved  leedily  by  succciaTe  aubatitution,  or  by  trial  and  crrar,  tbe  fint  two 
root*  give  . 

B  =  12«.  34', 

The  ansond  of  these  valuea  coweaponds  tn^/M.teg^  and  would  give  us  y^M.iSe^jj^, 

whidi  onljr  diffen  bj  S  in  tbe  fourth  figure  of  tbe  toot  from  the  value  we  have  already  found. 

The  reaaon  why  I  bave  dioaen  vibratioDS  in  which  only  one  type  appears  will  be  gtveB 
when  we  eontider  tbe  action  of  smaill  periodic  farcea  on  tbe  chains  {  it  will  then  be  seen  that 

in  bridges  of  wide  span  terms  containing  the  types  \/24 .  2c^  ^  are  very  likely  to  be  those 

which  express  the  disturbance  occasioned  by  soldiers  inarching  iu  lime  along  tbe  platform  ; 
and,  consequently,  that  I  could  scarcely  have  selected  a  bett^it  example  to  illustrate  the  subject^ 
generally,  and  the  eflcct  of  the  annU  tenia  I  ahaU  lieieaftcr  indude— in  pardcular — than 
the  floe  we  aie  now  diaenaaing. 

To  dclenntne  the  tenrion  we  hove 

writing  for  ^  its  value  *,(--,_*_--  exactly ; 

o*  «  V\/e*  +  a*  ' 

9        S<  d* 
A  le  -  -  -  -r  -7-  (F-  iVJ  and  when  •  -  «, 

e  v>t 

The  term  m  «  or       oorrespondug  to  ^  is 

—  h  cos  VcgTi* .  2  —      let  therefore  ^  A  -  A', 
and  we  shall  find  tbe  teoaioD  -  18«  .  Hg  cos  (\/c^ .  24 . 2  ^  /)  nearly. 
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28  cC  dV 
<L    To  indyde  tbe  term  —      (F),  let  iit  ainiine  for  -t-  m  «dditii)ii«l  aeries  of 

tr  ar  tu 

s  2 .  JIa  rin  niMreaentiDg  a  function  which  vaniahes  wben  «  «  0  and  a  ■  a. 

0 

In  —  write  for  a  — s  aia  — .  which  will  be  near  anough  lor  oar  purpoie  without  taking 
temiaof  the  eeriea 

rfl*        \<M^       So     ir     €*r  ««     Sir    rf<^         So  «w/ 

!f  £1.  _  1  /£A'      -  rin 

"     U  *«•         a  "sdf        m  ) 

alio       4'*"  -7*o>«V^V.«*.*r'*»  """^y' 

^.  ^.  _1^.7>,  (writing  7  for  tha  periodie  fanetkm), 

T  5^' 

only  the  periodie  T,and  putting  the  coeflaieiitt  of  v»^/eg  ^< fce. » o,  wahaw 

-fi|-^(1.07*2r>  nearly. 


■       •  a 


The  valiiaof  «  whan  •«  «  derived  from  tfua  aeriea  ia  .OlSA' nearly  at  ita 
Vo&.  IX.  PAKt  III.  SO 
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CooaeqnMtly  fiur  u  tmut  iimilving  ^  dw  duiii  is  not  quite  Iwteiwd  at  U»  trnda,  m 
ordar  to  rander  it  to,  we  mutt  ictom  to  our  ori^nal  equation, 

*tl  'IT 

•*  ■  "  5  di*  *  «  rf»  * 

where  ~  -  2.  J.  tio  J5  ^,  j.^  uq 

d«  S      a  e 

-j-j  "  S.^a  —  cotnv,  when  «  «  a ; 
or  S 

Again,  i/i  +  ^  -  0,    «  -  «| ; 

Ly  -  (2?i  -        +  SBt)  -  -  0. 

a 

&c.  «  lie. 

&c.  B  See. 

Whence  ^{^J^  +  A^^^'Cg^ (8l-i,  +  JJ, 

>  TT 

Whence      — Acos  v  2i.  I3.cj:^<, 
-.875  A  (2), 

writing  T  as  bcfora  for  the  periodic  flnietiao.    MaximaiB  dielnilMQce  at  centre  from 
L  <¥  S.4«  ieries  (taking  in  tho  two  email  temi  J*,      is  ,9tK, 
Fram  S.tf«  scries  is  .WA'i 

.%  .JI5  V  b  the  mashnmn  dietntlMMMe  ncailj.  • 


The  masinum  mereaM  of  tenrion  at  the  ends  is  1S4.A>  T  nearly. 

If  wc  compare  this  with  the  results  obtained  by  neglecting  the  play  "  .0\8h'  we  shall 
find  .96A'*  neariy  for  the  maxinutm  di«turh«nce>  and  \9St.ltlgT  fat  the  maximum  increaae  of 

d»F  «* 

tension;  the  diiTeicnoe  therefore  is  imporeeptible.   We  nd^  include  the  term  <^  at- 

*  Including  the  port  deri.ved  fren  tetice. 
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though  it  obviotMly  pradiuM  acaicelj  any  effect;  we  ehould  then  write  for  c*  the  Crowing 
•eriet : 

\/l01 

If  we  take  the  first  term  only,  we  shall  find  the  types  incMued  in  the  ntio  of 

nearly,  and  the  tension  at  the  end  will  be  increased  about  J^***. 

If  a  B  soo  feet,  A'  >  1  foot,  it  hence  appears  that  for  a  dieturbaiwe  (.i,  being  the  leading 

Cera,  and  ^/M,t€g—  the  type)  of  Ibot  at  ibebweet  point  of  the  duia,  tb*  imsicMe  of 
teodon  would  be  more  than  ISO^*  mora  dian      the  equiUbiiuni  tenaion  at  the  loweit  point. 

7.  Let  VIS  nnw  suppose  itf«  —  0,  or  the  iBcreaae  of  tension  to  be  0  at  the  points  where  the 
chain  i»  supptHrted  ;  in  this  case 


And  if  m  take  ooa  term  only, 

#  .  £$«* 


■  A  COB     eg.  —  t. 


The nannHNtt Talae of  «« -  -  - — 

--ne«>ly. 

Theg»..e.t..lne.fn,.!'F.*A'g. 

c  n^ 

We  have  obtdned  then  tbii  ranarkaUc  nralt,  that  a  *'pl*7  **  of  j^**  tba  maiiaittiB  value 
of  « in  «» at  tiie  pojnta  «f  sospenalott  i«  au Adent  to  lednoe  the  incnaae  of  tenaion  to  an  inap- 

pndable  quantity.  Tide  ftct  would  seem  to  suggest  the  employment  of  bufTers  or  saddles,  or 
some  kind  of  yielding  clastic  mode  of  attacliment  for  the  ends  of  the  chain.  For  it  ia  dear 
that  if  if,  be  always  zero,  or  at  all  events  small,  w  will  never  be  considerable. 


8.  I  diaQ  now  praeeed  to  coniider  the  elfeet  of  tiie  tiannt  of  loa^  and  die  uaidiing  of 
troops  along  the  platform,  and  also  of  the  variabila  pwiiura  of  gnata  of  wind  moving  at  n  Ugh 

velocity.  I  shall  suppose  the  load  to  be  travelling  at  an  uniform  rate  p,  and  to  be  equally 
distributed  throughout  the  portion  of  the  platform  it  covers ;  so  that  if  6  were  the  length  of  the 
part  of  the  platform  covered  by  the  load,  m  TtaXio  of  the  weight  of  the  load  to  that  of  the 
diaina  and  platform  hamediatdy  above  and  bdow  itt  the  effeet  of  die  load  would  be  nearly 
the  aame  as  though  the  foree  of  gnrity  were  inereaaed  in  the  ratio  of  1  4-  ^  :  l>  upon  the 
dmlns  and  platibnn  jnat  above  and  bdow  the  load;  (that  ia,  n^^eeUaig  tarma  multiplied  by 

50— £ 
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-  vMcb  would  but  dightly  modify  the  icndt).    Of  eoune  m  i»  iuppoMd  mall  eompand 

with  I.  We  thoidd  then  have  an  additiooal  term  /'(«)  on  the  fight  hand  aidecf  the  equation 
(I),  which  would  have  one  of  theae  three  eeta  ttf  Taluci. 

(1)   0  tiU  «  >  A  -     and  thence  a  -     tQl  c  >  a. 

(s)   0  till  •  «  a  •  (p^    6)  -  thence  a-p^t01e>a-p<  and  thence  »  0  tiU  a  >  n. 
(5)    —  Mtf  till  e  ■  6  -  pt  and  lihenee  •  0  till  e  m  a. 

And  on  the  right  liaiul  side  of  equation  (4)  we  aball  have  a  tenn  //'(#)  da,  or  /(«),  which 
will  have  one  of  theae  tbiee  sets  of  values. 

(1)    0  till  e*  a-pf»  and  thence        |« -  (a  - pt)\  till  « «  a. 

(S)  0  ti<!  V  .  {a-(p< -i-ft)^,  and  thence -Mf' I'' •+(p'  +  ^)i  till  e-«-pf,  and 
thence  m  —iigb  till  «  -  a. 

(*)    -  ftg»  till  *     &  -  p/,  and  thence  ^  -  ng(b  -pi)  till  e  a  «. 

In  aocoirdance  with  these  conditions /(«)  will  be  lepfceented  by 

...  -,8a        1       |.2n+l        .  Sfl  +  l     /a-pfvl  .  we  I 

„  8a       1       t  .  in  +  I     /a  -  pt\ 



.8a       1       r.  Sfi<|>l     /6-p/\l   .    2n +1  ir*  "I 

Aa  win  immedintdy  upptvt  if  we  perfijcm  the  operation  ~jf'  *>» — —  —  d«  le- 
membering  the  valuee  of/i  and  ft. 

The  first  set  of  values  being  empk^ed  till  the  load  haa  eatirdy  deared  the  piers,  the 
aecond  tiU  the  formost  pert  of  the  load  has  reached  the  middle  of  the  platfiirm,  and  the  last 
from  the  time  it  baa  readiecl  the  middle  tiU  it  has  denied  tiie  first  half  of  the  platform. 

If  we  would  calculate  tlie  exact  amount  of  disturfaanoe  due  to  the  passage  of  a  sfaigle  load 

at  a  given  velocity,  we  must  not  of  course  suppoae  the  chain  to  be  always  symmetrical  about 
tiie  axis,  but  must  include  the  functions      and  3f,,  and  compute  for  the  two  sides  of  the 

dV 

dwin  at  the  same  tivoe.    Denoting  by    «'  -j- » kc  the  oorie^ondii^  ▼dues  on  the  one 

OS 

dV 

side  of  the  chain  to  u  t>        Ecc.  ou  the  other  we  should  have  to  determine 

da 

Xi|||  Af|,  Xi(  and 
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and  because  the  tension  at  the  lowest  point  of  the  chain  must  be  the  tame  derived  from  either 
set  equations, 

o  e 

It  is  of  eoone  not  necessary  that  a  should  «=  a,  for  the  cham  nd^t  hftve  been  suspended 
from  two  points  not  in  the  same  horizontal  line.  I  shall  however  suppose  that  the  chain 
is  kept  always  symmetrical,  either  by  the  passage  of  another  similar  load  from  the  opposite 
end  of  tbe  platform,  or  by  any  other  means,  and  that  a  •>  a,  as  the  laws  I  would  arrive  at  are 
«i  I  befov*  $Ut«d,  quite  independent  of  the  km  of  the  diituihed  diiitt  being  synunetriad. 
or  umymmetrknl  ibout  the  vertical  axie. 

Ae  n  fitit  example  of  the  elieet  of  a  uoving  load,  I  ahaU  suppose  die  bridfe  disturbed  by 
two  equal  loads  inuving  from  opposite  directioDs  with  the  same  velocity  and  tendfaif  to  awtt 
ill  the  centre.  I  shall  assume  b  to  he  >a,  and  shall  consider  only  what  happens  till  the 
load  reaches  the  centre.  In  tl)i$  case  it  will  be  sufficient  to  employ  the  first  of  the  three 
sets  of  formulc  It  is  clear  that  according  to  these  suppositions,  the  chain  will  be  symme- 
trieal  about  the  veitieal  axis.  I  shall  soppoee  alio  that  by  means  of  saddles  or  some  other 
eontiivanee,  tbe  tensian  at  the  ends  is  Itqit  conetant,  so  that  If^mO, 

Then  we  ahonld  have 

if  ...  w»  80       8a  .  TP 

^  W  -  -     ^  ^  I  -  M*'      +      ;^  -in  -  (a  -  p  0  ; 

eP  ,  ^   A  8«  8a    .    3ir ,  ^ 

he.  m  8rc. 

If  p^  be  Tery  small  compared  with  eg,  the  conditlott  that  At  and        may  —  0  when 

dt 

i  —  0,  will  make  A,  -  0 ;  that  is  to  say  wlun  w  e  put     =  0  in  the  denominator  of  the  last  term ; 

Now  when  pi»»a  since  p  has  been  aisnmed  to  be  indeAnitelj  small  $  it  is  dear  tiiat 
the  poaitioa  of  the  chain  ou^t  to  coincide  with  its  statical  position,  on  the  hypothesis,  that 
while  the  tension  at  the  ends  is  the  same  as  beftxr^  the  density  has  been  inceeaaed  thraui^haut 

from  1  to  1  -f  ^. 

And  therefore  the  deflection  in  the  centre  as  furnished  by  our  equations  ought  to  be  the 
■ame  as  tbe  rtntieal  deflection,  or 

is«*      d*r  /a«< 
So'  *d^-^ 
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Now       a  —  jtf,  4.        4-  fee.  «t  the  ceDtie» 

sVll»«  "^j 


If  wUk»«Ay  tb*  lint  twm  nesrlyO 


—  — .      ^ ,  a  mult  icmarkably  cloie  to  tile  true  ->  !i  .  — . 


In  practice  p*  always  will  he  small  compared  with  cfj,  for  taking  a  at  only  75  feci,  r  500, 
and  exceeds  90OO;  while  would  rarely  cxeced  400,  and  for  persons  walking  would  not 
probably  be  more  than  50  (or  about  4  miles  ao  hour).  In  tbe  same  manoer  we  may  shew  that 
]f  the  diiin  be  tied  at  its  endcj  the  nere  walkin|^  witlwat  Hamj^nf,  acraM  tlie  platfbnn  of  « 
boij  of  tmope  would  praduoe  an  inappredaUe  vibnidon. 

In  the  case  of  a  gust  of  wind,  however,  sweeping  across  the  platform,  and  exerting  a 
▼ariabk  ptcaMUo  upon  it,  lapidly  chaogiog  horn  potnt  to  paiot ;      m^t  >  eg,  «r  .-if  tbe 

40* 

cbabi  w«M  foetened  «t  iia  end*,  J*^  or       or  S5ji*  migbt  ■      ic  the  aquare  of  some  one  of 

the  types  of  J|  fee ;  of  eonne  then  tenia  not  peiiedie  would  he  iDtroduced,  end  with  this 
conditioiii* «  aneoeidoa  of  gusts  ha? ing  the  same  vdocitj  ud^  do  atudi  miaduef. 

9.   To  catimate  tbe  effect  of  maNihiDg  io  tmie»  we  oheerre  Aat  if  when  Ae  pbtfam 

is  either  in  its  highest  or  lowest  positioQ,  it  receives  an  iafipulae  from  tbe  foot*  the  extent 
of  vibration  will  be  increased  t-acli  tiiiio.  Such  an  effect  may  be  expressed  by  a  periodic 
function,  which  goes  tlirough  all  its  values  in  the  time  occupieil  by  a  single  step,  or  jx*rhaps 
by  two  steps;  certainly  by  two  steps  if  the  platform  be  in  its  higiiest  or  lowest  position 
at  die  epoeb  of  two  conseeatiTe  stepa.  Let  P  be  such  a  periodic  fonetioiD,  tben  finnulsr 
(S)  niiut  be  multiplied  hj  (t  +JBF)  where  £  ie  a  given  constant. 

To  taite  a  simple  example^  let  ns  suppoae  the  bridge  covered  with  people,  and  that 
half  of  them,  half  way  Aon  cither  end  to  the  middle  are  stawidng  in  time^  it  is  required 
to  esdmate  tbe  effect. 

Then/(«).oUUe-|,  and  -  dUe-a. 

Where  /Pis  die  periodic  fwcej  P  dw  periodic  port  of  it,  and  /a  coeflldent. 
Let  us  suppose  die  cbain  to  have  play  at  its  ends  so  that  JT^  can  be  kept  ^9, 

•^(•>  -  -  ^-  ^+  i)'"'^^-       _  ^-dn  —  w) .«!  — 


Let  now  PmtUk  fy/eg*  ^  ij . 

Then  writiqgifc  for  ^  ^sin  |  .  sin  ./ 


^'-cg^A-k.iuv'cg.^^i, 
^  •  fee. 
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Whence  when  t  is  eonndenUy  great 

A,  —52-. 

Nf^lediiig  periodic  tenne,  in  coffiparisOB  with  die  huge  tKm-perlodie  term. 

10.  If  the  ends  of  the  chain  be  fastened  and  i*  hare  for  its  type  the  same  value 
as  aoj  oae  of  tbme  which  we  have  UMind  far  a  dunn  tied  at  ha  ends,  and  if  the  disturbing 
force  conliiioe  for  a  ooniidenlile  lime  and  dwn  ecaie,  tlie  diiturbance  will  ium  hat  oot 
^rpe»  the  Mine  ae  the  ^pe  of  P, 

For  if,  as  before,  we  consider  eqnationi  (5),  and  assume  (sin  qt)  Tot  one  at  the  periodk 

functions  which  satisfy  these  equations,  as  a  term  of  jlfg,  7  being  the  tjpe  of  P,  after  a 
long  time  M,^  will  be  nearly  expressed  by  one  term  C^t  cos  qt. 

If  then  we  assume  for  it  J,,  Jfi  -^u  values  <7,<co8^^,  C\t  cos  qt,  he,  and  equate 
ooellidente  wo  diall  find  that 

Cq     Cq  CfQ 

have  the  same  values  as  though  we  had  assumed  simply,  JW,  —  C, cos  q(. 

Now  It  at  the  time  r  the  disturbing  force  cease^  C|r,  Cir,  &c.  are  the  coefficients  of 
^„  ^g,  &c. 

And  these  ooeffidents  are  in  the  sane  ratio  as  though  we  had  aMuned  Ibr  itr,,     cos  9^,  a 

dAi 

vibration  ot  one  type  only  (g)  and     — ,  &c.  are  the  same  therefore  the  disturbance  will  be  the 

Mune.  Inthiscaaeif  wepnt««Othepenodicterm  divides  out,  eoDsequcntly  there  will  be  nodal 

points  at  which  tiiere  will  be  no  vertical  motion.   The  reason  why  tOie  tjpe  ^v^M.Seg-  ^ 

has  been  so  prominentlj  brought  forward  will  now  appear  ;  suppose  troops  marchiog  at  the  rate 

of  4  milesanhonr;  and  let  die  length  of  a  step  be  one  yard ;  then  the  time  of  a  single  step  is 

$600"  i" 

e  —  nearly ; 


4  X  1760  S 

if  thctefinw,  sin  ^^/STicg-  ^     "      .S\/7g~  t  nearly, 

have  a  period  of  l"  it  is  very  likely  that  the  impulse  of  the  feet  may  lie  c  Dt  nninicated  to  tlie 
platform  at  its  highest  and  lowest  positions,  and  therefore  it  may  be  repre&eoted  by  a  periodic 
Csree  P  wbicb  goes  through  its  periods  in  1*. 

And  P  and  sio  &v  =  t  will  have  the  same  period 


if  sb  1^  .  v^(»  +  0}  -  Bin  ^-ZycgU 
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/,  V^-7«;      a- —tf-SOO feet  nearly s 
Ibrt  apta  dMKfbEeofMOfeeC,  .*.  y/^Ug ^  »  •  likdy  tjpe  to  bMone  of  iupMrtUMe;  for 

'  So 

oipm  of  obottt  liOfeet,  ander  the  tone  curcuautaiioe8»\/s.Sof  X  U  the  Qrpe  that  would  riee. 

Beddn  tiiere  ii  always  a  lemtrinUo  teodenoy  to  adjiMt  oiie*s  itappiDg  to  die  motion  of  a 
vilnatiiig  floor,  and  to  tread  heavier  on  the  floor  when  it  la  ainkuig  than  when  it  It  fiaiag; 
vhieh  will  of  coone  pioduoe  »  QonliniiaUy  ineraaiing  diitmhanoe. 


In  the  case  of  the  dutnibaoce  of  whidi  "^M.icg         the  type  (neglecting  tetnu  midti- 

fflif^  Iw  f!)  ,  the  nodal  point*,  or  pointa  of  no  Tcrttcal  notion,  are  at «  -  .159,  «  - 
and«a>a. 

11.  To  carry  the  approximation  to  the  second  and  higher  orders,  we  should  have  a« 
before, 

dt    dt  \   d«       d»  dtJ 
dv  df    dudm    lildux*    (dv\*\  ^ 

/(Tv  da  rdru  dy  _  /do  d»  du  rfy\ 
d?  37***  '  J  d?  dl**' "  ^  Is;  57"  dJ  d^/ 

(dv  dm    du  dj|\ 

**ld;d7"d;'d7j* 

d»  edT  1/  •«\*  /d'tTv* 
di'"cd?'"iV*7)  Vd?)' 

tfV  d^V 

where  -j^  u       found  to  a  fiiat  appraximation. 
conaeqnendy  we  ihoidd  ham 
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At  befere*  we  mutt  appvosinkte  by  fint  iM|^«eliiig  «ad  then  taking  into  aeooinit  the 
tcnm  multiplied  by  -  and  its  powen;  the  proeeM  would  be  dnplj  laborioui  and  ineleganty 

and  as  it  is  rather  general  laws  than  oitnute  results,  that  we  require,  the  labor  of  the  cal- 
ciilatUm  would  be  scarcely  repaid.  It  roaj  be  obaerved  that  the  most  importaiit  term  and 
the  oqIj  one  perbapa  worth  ooniideiiiig  at  all  it 

12.    On  the  whole,  then,  we  maj  state  the  foUowii^  as  the  moet  important  of  the  reeultt 

we  have  arrived  at. 

(I)  That  fur  a  slight  disturbance  of  a  chain  of  but  small  deflection  the  increase  of 
tension  is  nearly  udlbrm  throughout,  and  consequently  if  we  eanse  the  increase  of  tenrion 
to  be  always  small  or  mo  at  the  pointo  of  snqjMniioo,  we  may  be  sure  that  it  will  not  be 
▼ery  great  at  any  other  point. 

(3)  That  the  mere  transit  of  loads  at  an  ordinary  pace  acKMS  IxidgBS  of  wide  apan  is 
not  liltely  to  produce  a  sensible  vibration. 

{S)  That  stamping  or  tramping  of  any  kind  is  dangerous  in  the  extreme,  as  if  it  be 
periodie  and  eojneide  in  period  wUh  any  «if  the  pomible  types  of  vihralion  we  ham  abeady 
Ibund,  It  will  g^ve  rise  to  a  oontinaally  increanng  distuibanee. 

(4)  Tliat  tlie  rapid  sweeping  of  gusts  of  wind  along  the  platform  ia  apt,  nndsr  the  eondi- 
tioos  we  have  already  found,  to  give  rise  to  violent  vibrations. 

(5)  That  when  the  vibration  arises  from  the  action  of  a  periodic  force  (coinciding  in  type 
with  a  type  of  vibration  of  the  equation  of  disturbance^)  continued  for  some  time  and  then 
ceadi^  the  disturbance  (approximately)  w31  oonnik  of  terms  oortaiidng  but  one  type  of 
vibration,  and  the  chain  will  be  separated  bjr  nodal  points  where  diere  wOl  be  no  vertieal 
motion. 

The  most  important  points  of  difference  between  the  motion  of  a  suspension  bridge  and 
that  of  a  simple  chain  are,  6rst,  that  in  a  suspension  bridge,  the  rigidity  of  the  platform  tends 
to  checic  the  vibrations  of  the  chains,  but  probably  not  much  in  bridges  of  wide  span :  and 
aeooiMlly,  tltat  tlie  links  of  the  diain  are  finite  in  length,  about  thirty  being  the  average  number 
from  pkr  to  pier;  iMs  latter  point  of  diiFcrenee  would  not  however  greatly  alter  Ae  results. 
A  very  common  and  practieally  one  of  the  most  important  causes  of  danger  1  have  not 
alluded  to,  I  mean  the  Improper  manner  in  which  sometimes  the  chains  are  bolted  together, 
and  which  causes  an  cnormou?!  twisting  force  to  be  brought  to  boar  upon  the  bolts.  This  is 
however  a  question  entirely  independent  of  the  problem  of  a  vibrating  chain.  If  by  means 
of  buffers,  or  some  Idnd  of  spring  attachment,  the  increase  of  tension  at  the  ends  of  the 
chain  couU  be  kept  within  moderate  Units,  it  ia  dear  that  but  tittle  danger  need  be  ap> 
prehended  Jbom  the  dudn  befaig  thrown  into  a  state  of  ^bration;  tiie  very  ipeat  amoont  of 
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tension  at  the  ends  of  chains  of  bridges  of  wide  span  seems  a  fatal  obstacle  to  the  emplojment 
of  lueh  modM  of  sttadmattt ;  «ni  pntelily  it  irould  be  lew  ooetty  to  inereMe  to  «  suffideot 
emoant  the  thkkneM  of  the  daSmt  tbeii  to  adopt  »  comiiilflx  mode  of  ipriiig  attaidiBent.  ercn 
if  it  were  poMible  to  coutruct  one. 

Mr.  Homersham  Cox  has,  I  believe,  shevn  that  by  the  use  of  oblique  tension  rods  to 
support  the  platforin,  the  same  load  could  be  siistainwl  -is  by  suspension  chains  of  the  same 
amount  of  material  as  the  oblique  rods ;  and  for  bridges  of  narrow  span  at  least  this  would 
teen  to  be  the  fnHesMm  eoutmetioD,  ai  h  would  be  lev  HaUe  pnibifaly  to  vibratioD. 


ADDENDA. 
Im  the  fdlutioD  of  the  equation  . 

(P  dV    9a  <F  (P  <PF 

d?  d7-'?d?^»+d?^''-''d7' 

iJPV 

we  aaamned  in  the  fint  IneiaBee  that  ~  eoidd  be  expanded  in  aconwrgent 

and  ehewed  that  in  the  majori^  of  the  kfaida  of  disturbance  atiring  fran  oidinaiy 
our  assumption  wns  true.  It  is  ctinott^  though  ptaetieally  uadeaa,  to  csamine  eome  kindi  cff 
dirturfaanoe  in  which  this  is  not  the 


liCt  us,  Ibr  instanee,  suppose  that      could  be  expanded  in  a  convetgent  series 

SJ.sb^,  sothatalao2^il.eoe«-^ 
a  «  a 


was  convergent,  and  let  us  suppose  the  chdn  free  at  its  ends.  The  modao  being  supposed, 
as  Utherto,  to  be  always  sjuinieliical  about  the  vertical  axis.  Then,  as  befbte,  we  should 
have 

-r-+  -i  Mt  ^  Lit  rnhmpi/ogt  naif -^-u^ 

*F     ,  2  ^ 

■jp-  4-  L,  a  0,    .'•  0  ■  •  —  JU^  .f  Ap  UD  pyegt  cos  (pa  +  a) ;  . 

•3-5-  «  0,    .*.  0  -  A  sin  a  ; 
V  a  •  0. 

Hence,  0  -  >       4.  Up  mip/>/egt  c«w  pa, 

to 

—  -^M^ X>ia Astnp  V  ftgt  sin  pa, 
which  delemrines  Jf,  and       when  p  is  given. 
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In  this  kind  of  vibration  thf  disturbed  chain  is  always  tangential  to  thf  equilibrium 
position  of  the  chain  at  the  pointi;  ot  su^ipcnMun,  but  in  tliose  kiudii  we  previoubly  cout>idered, 
the  incUnatioQ  of  the  disturbed  chain  to  its  equilibrium  poidtioD  was  a  ouiximum  at  the  points 
of  mqwMioP. 

If  we  exaooiM  the  general  equation, 

and  assume  for  ~  the  feUowiog  form, 

2 .  A  sin  v/ eg  {pt  +  /3)  sin  (p#  +  o)  +  Ps*  +  Its  +  Q, 
A  bang  a  constant  and     R  and  Q  functiona  of    we  shall  find  tvt     R  and  Q  ^subititati^g 

ID  (II)  and  equating}  P  -  ^  •  0^ 

sir. 

il  +  Li  +       -  0, 

whence  P,  Q  and  R  are  given  in  terms  of      Z|       and  M^. 

We  shall  now  consider  the  motion  of  the  two  portions  of  the  chain  reckoning  from  the 
right  and  the  left  of  the  origin  separately,  dabbing  the  s^uibob  which  have  reference  to  the  left 
hand,  or  native  part  of  the  chain.  Hence 

0- -  -  3-=- + -7- +  Jfi 
•  ed«%  «<<•, 

adPV    I  dV  ^. 

Abo  «t  * «t  v« 

?(n-JlfJ--(F;-JfoO, 

r  c 

which  eight  conditions  are  sutiicient  to  determine  L^,  Z,,,  M^,  AIi  and  L^',  Li,  Mf,  and  Jf,', 
whether  Ae  chain  be  tjnmetrieal  eJwnyi  about  the  wtieal  axis  or  not  Or  we  nay  eoniider 
the  whole  length  of  die  ebahi  between  its  two  eiidi»  if  «' »  -  41,  we  dieU  then  have 

and  empkijfhig  onlj  one  let  of  equation^  we  ahall  thus  by  iheae  finir  Gonditkas,  be  cnaUed  to 
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determine  M^t  and  but  I  ihmk  the  former  would  be  found  in  practice  the  shorter 
method.   WWfi  the  dbtattMOce  ariiet  fron  •  tniT«Uing  lonl,  w«  thooUl  iMUiiie  fiir 

for  if. «ri«  ^  {-  + ^  (- CO. -  + jco. -j^  -  fcc)}l, 

and  /  («)  would,  u  iicKtofor^  be  expanded  in  a  seriea  S .  sine*   —  ,  and  we  should  have 

to  ouunine  the  two  Imoebfit  of  the  chain  at  the  same  time,  the  calculation  would  be  leagthy, 

and  the  results  of  no  more  interest  than  those  we  have  already  obtaiiiefl.  Without  going  any 
way  into  the  calculation  ;  wc  can  however  sec,  that  the  types  of  vibraiiun  of  the  ^^1.  series 

would  be  but  digbtly  modified,  for  anoe  the  intioductkn  of  ^  £i«  aearaely  cbaofca  the  tjrpee 

of  Att  Au       wben  J*,  J^*  fcc  ««  the  leading.tenM  from  their  nduM 

aod  for  all  practical  purposes  produces  no  effect  on  the  tjpas  of  A^t  &c. ;  a  slight 

variation  in  Z,,  occasioned  by  the  disturbance  being  not  symnictrical,  would  make  but  little 
diffcrerfp.  Consequently  we  may  state  roughly,  that  wjicthcr  the  oscillations  be  symmetrical 
or  un&ymmctncal  about  the  vertical  axis,  the  time  of  a  vibration  arising  from  the  causes 

we  have  coDddered,  end  which  are  expiescible  coDiergently  in  a  S  J,  lia       ^  ^ 
will  be  newlT  -   *°   >-=  where  n  it  a  poNtive  intefer. 

J.  B0HB8. 
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FA,  1«  mA  MM  IS,  MSft] 

Wn»  a  itraaiii  of  pokriaed  light  ia  deoonipond  into  tvo  itKBiai  wUdi,  after  lumng  been 
modUied  in  a  alighlljr  diilbent  manner,  are  reunited,  tlie  mixture  it  found  to  have  acquired 
properdes  wbidi  are  quite  diadnct  from  thoie  of  the  original  stream,  and  ^Te  riae  to  a  nun* 

ber  of  curious  and  apparently  complicated  phenomena.  These  phenomena  hare  now,  however, 
through  the  labours  of  Young  and  Frcsnel,  been  completely  reduced  to  law,  and  cmhraccd  in 
a  theory,  the  wonderful  simplicity  of  which  is  such  as  to  bear  with  it  the  stamp  of  truth.  But 
wben  two  pblarned  ateeame  ftom  AHomit  eoureee  nix  togetber,  the  tnixtare  poeaeeaee  pio- 
pertiee  intermediate  between  tboee  of  tbe  or^toal  atreama,  and  none  of  tbo  eatioue  phenomena 
depending  upon  tiie  interference  of  polaiucd  light  are  manifested.  The  properties  of  such 
mixtures  form  but  an  uninviting  subject  of  investigation  \  and  accordingly,  though  to  a  certain 
extent  they  arc  obvious,  and  must  have  forced  themselves  upon  the  attention  of  all  who  have 
paid  any  special  attentioD  to  the  physical  theory  of  light,  they  do  not  seem  hitherto  to  have 
been  studied  in  detaiL 

Were  Ae  only  object  of  audi  a  etndy  to  enable  ni  to  caleolate  widi  graiter  hfS&bj  tbe 
results  obtained  by  meane  of  certain  complicated  combinations,  the  subject  might  deservedly 
be  deemed  of  small  importance.  For  the  object  of  the  philosopher  is  not  to  complicate,  but 
to  simplify  and  analyze,  so  as  to  reduce  phenomena  to  laws,  which  in  their  turn  may  be  made 
tbe  stepping-stones  for  ascending  to  a  general  theory  which  shall  embrace  them  all ;  and  when 
waA  a  tbcorjp  baa  been  arrived  at,  and  tboroughly  verified,  tbo  teak  of  deducing  from  it  the 
mnlle  which  ought  to  be  obeenrcd  under  a  combination  of  dreumetmicee  vbieh  hae  noduni; 
to  recommend  it  for  consideration  but  its  compleaity,  may  well  be  abandoned  for  nev  and 
more  fertile  fields  of  research.  But  in  the  present  case  certain  difficulties  seem  to  have  arisen 
respecting  the  connexion  between  common  and  elliptically  polarized  light  which  it  needed 
only  a  more  detailed  study  of  the  laws  of  combination  of  polarized  light  to  overcome;  and 
accordingly  tbe  subject  may  be  deemed  not  wholly  devoid  of  importance. 

The  eariy  part  of  tbe  following  paper  ia  derotad  to  a  demonitimdon  of  varioue  propertieB 
of  elliptically  pclariied  light,  and  of  oppodtdy  polarised  atreama.  When  two  atreama  of 
light  are  called  oppositely  polarized,  it  is  meant  that,  so  far  as  relates  to  its  state  of  pdari- 
cation,  one  stream  is  what  the  other  becomes  when  it  is  turned  in  azimuth  through  go*,  and 
has  its  nature  reversed  as  regards  right-handed  and  left-handed.  Most,  if  not  all,  of  these 
pnipertieB  have  doubdem  already  occurred  to  perama  etudying  the  subject,  but  I  am  not  aware 
of  any  fonnal  demonatratiooa  of  them  wbidi  have  been  puUiihed}  and  indeed  eome  ardficee 
wcce  required  in  order  to  avoid  being  eoeunbeied  in  the  demonitntiona  widi  long  analjlicil 
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expressions.  The  combination  of  aercrai  independml  polarised  streams  is  nest  considered, 
and  with  wtpvtl  to  tMi  subject  a  pn^ioaitkm  ia  pioved  wliidi  may  be  regarded  aa  the  capita] 
tbeorun  of  tbe  paper.    It  is  as  follows. 

When  any  number  of  independent  polarized  streams,  of  given  refrangibility,  are  mixed 
together,  the  nature  of  the  mixture  is  cnmjOptolv  (U-termincd  by  the  values  of  four  constants, 
which  are  certain  functions  of  the  inteni^itiei^  of  ttie  streams,  and  of  the  azimuths  and  eccentri- 
cities of  the  ellipses  by  which  they  arc  respectively  diaiaeteriaedi  so  that  any  two  groups  of 
polarised  atr^ains  wbieh  Aunish  the  same  values  Ibr  each  of  theae  four  constants  are  optical^ 
equivalent. 

It  is  a  simple  consequence  of  this  theorem,  that  any  group  of  polarized  streams  is 
cijiiiv  nU  nt  to  a  stream  of  common  light  combined  with  a  stream  of  elliptirally  polarized  liq-ht 
fruui  u  iliflerent  source.  The  intensities  of  these  two  streams,  as  well  as  the  azimuth  and 
ecocotricity  of  the  ellipse  which  characteriias  the  latter,  are  determined  by  certain  fimnidas, 
which  will  be  found  in  their  place;. 

The  general  prindplas  cstablisbed  in  this  paper  bear  on  two  questions  of  pbysictl  in- 
terest. Strong  reasons  arc  adduced  in  favour  of  the  universality  of  the  la  •  ,  -lint  the  two 
polarized  pencils  which  a  doubly  icfractina;  medium  of  any  nature  is  capable  of  propapatintr 
independently  in  a  given  direction  are  polarized  oppositely.  In  strictness,  wc  ought  to  speak 
of  two  series  of  waves  rather  than  two  pencils;  for  it  is  the  fronts  of  the  waves,  not  the 
rays*  which  are  supposed  to  have  a  cosamon  direction.  The  other  pcant  alluded  to  idstss  to 
the  distinction  between  coummo,  and  cUipticalty  polarized  light.  It  is  shewn  that  the  dhanges 
which  are  continoaUy  taking  jdaoe  in  the  mode  of  vibration  may  be  of  any  natuiep  and  that 
there  \%  no  occa-sion,  in  the  case  of  common  light,  to  suppose  the  traosidon  from  a  series  of 
vibrations  of  one  kind  to  a  series  of  another  kind  to  be  abrupt. 

At  the  end  of  the  paper  the  general  formulte  arc  applied  to  the  case  of  some  actual 
cxperinwnts,  but  these  applications  are  not  of  sufficient  importance  to  deaerre  Mpamle  mention. 

1.  Consider  a  stream  of  light  polarized  in  the  most  general  way,  that  is,  elliptically  polarized, 
and  propagated  through  the  free  ether.  Let  the  medium  be  referred  to  the  rectangular 
axes  of  X,  y,  »,  the  axis  of  ar  being  measured  in  the  direction  of  propagation.  Let  a  and 
a  +  90^  be  the  asiinuths  of  the  principal  planes,  that  is,  the  planes  of  maximum  and  minimum 
polarisation,  ashnuths  bring  measuied  about  the  wcia  of  «  firom  9  towards  y.  Let  the 
rectsMgnlar  ecmpooents  of  the  displaoements  of  tlw  ether  be  lepreaented  by  lines  drawn  in 
the  planes  of  polarisation  of  the  plane-polaiiaed  streams  which  these  compoaents,  taken 
separately,  would  constitute.  I  mnlcc  thi«  assumption  to  avoid  entering  into  the  question 
whether  the  vibrations  of  plane-polarized  light  are  parallel  or  perpendicular  tu  the  plane  of 
polarization.  If  we  adopt  the  former  theory,  the  actual  lines  in  the  figures  which  we  are 
to  Mi^NMe  drawn  wiU  represent  in  magnitude  and  dwection  the  ethereal  disphcsments ;  if  we 
adopt  the  latter,  the  same  will  still  be  the  case  if  we  first  snppoM  all  our  figures  turned 
round  the  axis  of  z,  in  a  given  direction,  through  90<^. 

Let  the  co-ordinates  y  be  measured  in  the  principal  planes  whose  azimuths  arc  «. 
a  -f  90°;  let  ^  be  the  angle  whose  tangent  is  equal  to  the  ratio  of  the  axis  of  the  ellipM.- 
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described,  tKe  numerical  value  of  /3  being  supposetl  not  to  lie  bcvond  the  limits  0  and  'JO'^ 
let  V  be  the  velocity  of  propagation,  t  the  time,  X  the  length  ot  a  wave,  and  put  for 

ibortDsH, 

~ivl-z)^<P  (I). 

Then  about  the  time  f,  and  at  no  very  great  distance  from  a  given  point,  suppose  the  origin, 
we  may  represent  the  dipUceoients  beloaging  to  the  given  stream  of  elliptically  polarized 
light  by 

tf^-tfCos/SnnC^-f-c),  linjS  coi(0  •!>  f).      .    .    .  (S). 

If  the  light  be  convergent  or  divergent) «  ^11  depend  upon  ^  but  for  our  present  object 
any  variation  of  c  arising  from  this  cause  will  not  enter  into  account.  The  value  of  a,  which 
determines  the  direction  in  which  is  measured,  as  well  as  that  of  /3,  is  given  by  the  nature 
of  tile  polarization.  The  polarization  is  right-handed  or  left-handed  according  to  the  sign 
idfi.  At  to  «  «nd  «,  the  pheoonwon  of  optiei  oblige  us  to  niiipaw  tbnt  thvf  «re  oonttant, 
or  sentiUy  ooottmt,  for  «  gnat  ownber  of  cooMeutive  mdiilatiDna»  Init  tbat  they  ehange  in 
an  irregular  manner  a  great  naUiber  of  times  in  the  course  of  one  second.  The  known 
rapidity  of  the  luminous  vibrations  allows  abundant  scope  for  such  a  suppisition,  since  c  and 
e  may  he  constant  for  millions  of  consecutive  undulations,  and  yet  change  millions  of  times  in 
a  second.  This  series  of  changes,  rapid  with  respect  to  the  duration  of  impressions  on  the 
wliM,  but  alow  oompaved  widi  the  period  cbanges  in  Uw  motion  of  the  ctbereal  partickiy 
IB  exaetly  what  we  n^t  have  eqMcCod  befonfaand  from  a  ooasidenitioii  of  die  dreumitancea 
under  which  light  is  prodttCed»  lo  lor  at  least  nn  its  sources  arc  acceiiible  to  us;  and  thus 
in  this  point,  as  in  80  Bauj  others,  the  ihearj  of  undulations  oommeadt  itself  for  its 
simplicity. 

If  c  were  constant  <f  would  be  a  measure  of  the  intensity,  so  long  as  we  were  only  coro- 
paring  dJIIerent  strMUi  having  the  sanie  idrangibility.  But  nnee  a  b  UaUe  to  the  changea 
just  mentioned,  if  we  wish  to  expnes  ourselTse  exactly,  avoiding  oonventioaal  abhreviatiooa, 
wo  must  say  that  the  iiitenrity  is  measnred,  not  bj  but  by  die  mean  value  «f  «^  which  may 
oomveniently  be  rapresented  by  n  (i^ 

2.  Let  us  examiiie  now  whiMhcr  h  be  always  possible  to  resolve  the  given  disturbance 
into  two  which,  taken  separately,  would  correntpoiid  f  >  t«o  elliptically  polarixed  streams  of 
given  nature.  For  the  sake  of  clear  ideas^  it  may  be  supposed  that  the  azimuths  and  eccen- 
tricities of  the  ellipses  belonging  to  these  two  streams  are  given  and  invariable,  while  the 
aiimoth  and  eccentricity  of  the  eUtpse  belonging  to  the  first  stream  are  given  tar  that  stream, 
but  vary  firom  ono  to  another  of  a  set  of  strams  which  we  wish  to  consider  in  snooeesion. 

Let  dr,,  c,,  &c.  be  for  the  first,  and  a^,  c,,  &c.  be  for  the  second  stream  of  the  pair,  what 
t',  r,  &c.  were  for  the  original  strenm  ;  and  resolve  all  the  displacements  along  the  principal 
axes  of  the  latter  stream.  Then,  in  order  that  the  original  disturbance  may  be  equivalent  to 
the  pair,  we  must  have,  independently  of  ^, 

(VlCOsCai  -  a)  -y,8in(a,  -  a)  +«aCOS(ai  -  a)  -  y.lio  (ot  -  a)  ;l 
#,ahk(ai-a)'fyiCos(a,-  a)-l>«ii«hi(ai»-a)  -t-Jbcosj^i^-a)  •jr'.  J 

Coneeive  «i,  yi,  «%  and  y'  expnsaed  in  terms  of  ^  by  die  Ibmndm  (S)  and  the 
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ttOdltr  finrmulB  whereby  jTif  itc,  an  expressed,  ud  then  kc  the  sines  aod  oosioet  of 
^    Vi  ^    et«  and  <f>  +  t,he  derdoped.    In  order  that  equations  (8)  maj  be  aatirfed  iodc^ 

pendently  of  <p,  the  coefficients  of  sin  ^  and  coa^  must  separately  be  equal  to  lero,  ao  that 
each  of  these  eqviations  will  split  into  two.  We  shall  thus  have  four  equatiooa  to  detemilie 
the  four  unkoown  quantities  c, ,  Cj,  e^,  and        For  the  sake  of  shortneM^  let 

c  cos  «  B  c  sin  e  >  A, 

whether  the  letters  be  or  be  not  affected  with  suffixes ;  and  further  put 

then  our  Ibiir  eqiMtioaa  beeoma 

eoB/8iCOB«y,.f|4-fln^(dn7,.A,4>aoB/^eoa7b.^<l-Mi»/3iaMi7k'Ai>  coa/S.f.l 

«oaAcoa7,.ft,-Bin/3, 8in7,.^, +  co8/3,co8«jft|.As-Mn/3,sin7,.ft-  co»/3.A,[ 
eoaj^i ainYi'^i 'Ma/SiCosyi.A,  •I'OasjStamTk.A  - «B^«coa7k.il««-- 8in/3.A,| 
coa/3|ni'y|.A|<f  ■n/3iOQa7|.g't  4coa/3«mi7i.Ay    ain/3,co8  7,.|rs-  ain^.jr'j 

Multipljing  the  fitet  and  aecond  of  tbeae  equationa  by  I,  ,  and  addiiifi  then  mnlti- 
plying  the  diiid  and  fourth  by  -  i>  and  adding,  and  putting  generally 

g  +  vr-j4.43,  (5) 

we  have 

(cos /3,  cos  7,  -n/^ I  sin/3|  sin  7,)  C,  +  (cos /3, cos  7,  -  -  1  sin  /S*  sin  7,)  G,  =  cos/3.6>) 
(sin  j3,  cos  7,  -V  -  1  co8|3,  sin  7,)  G,  +  (sin  3^^057,  -V  -  1  ooa^iinT^  Gi-  ib^.(?;l 
which  two  cquntions  arc  equivalent  to  the  four  (-l-). 

Putting  for  shortness  p^,  p,,  q^t  q.  for  the  coefficients  in  the  left-hand  members  of  equations 
(6),  we  have 

gi  «!  (7) 

On  fubatHuth^  for      9^,  kc  their  values,  we  dnd 

Pi  9.  -  j>»9i  »  cos  (71  -  7»)  «n  O^j  -      +  v/-^     (7,  -  7,)  00s  -f 
Now  the  equations  (G)  cannot  Le  incompatible  or  ideotical  unlew  the  above  quantity  vauiah. 
But  this  can  only  take  place  wlicn 

sin  (/i,  -       e  0  and  sin  (71  -  7O  =  0» 

or  dae 

«»(j8,  +  ft)-0  and  eoa(7,-«y)i)«0, 

or  lastly 

sin  03»  -  /3,)  »  0  and  cos  +  fi,)  =  0. 
The  first  case  gives  /3,  «  /3|,  71  -  7,  »  oi  -  a,  -  0,  or  A  180",  so  that  the  two  streams 
hito  which  it  was  proposed  to  resolve  the  6nt  are  of  the  same  nature.  The  seoond  case  gives 
^■jKy*~j$i,  7i~7^Bafo^Bih  90^,  which  shews  that  the  two  stteants  are  identical  in 
their  natore,  only  the  first  and  second  principal  planes  of  the  first  of  these  streams  are 
accounted  respectively  the  second  and  first  of  the  second  stream.  The  third  case  gives 
fi,=^fi^  =  d,  45>,  so  that  the  two  streams  are  drculariy  polarized  and  of  the  same  kind,  which 
is  a  particular  instance  of  the  first  case. 
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Hence,  universally,  a  stream  of  elliptically  polarised  light  may  be  resolved  into  two  streams 
of  elliptically  pobrizod  light  io  whicfa  the  pcdarixatioot  are  of  anj  kind  that  we  pleaae,  but 
different  from  one  another. 

Substituting  for  g,,  &c  their  valum  in  (7),  and  replacing  'y,,  y,  by  oi  -  a,  Of-a,  Ibr 
wUdi  tbey  had  been  tenporaiily  written,  we  find 

{sin  (/3j,  - /3)  cos  (oj -  a)  -  v/->  loos (/3»  +  /3)  sin  (a,  -  o  )|    G, i 

3.  Among  these  various  modes  of  resolution  there  is  one  which  possesses  several  peculiar 
properties,  any  one  of  vrhich  might  serve  to  define  it.  Let  us  in  the  first  plnco  examine  under 
uihat  circumstance*  the  intensity  of  the  stream  made  up  of  the  two  components  is  indepepdent 
ef  M7  retandation  whieh  tbe  pbaae  of  vibratioQ  «f  one  eomponent  nu^  bave  andeigone  td*- 
tivelj  to  the  pbaae  of  vibratioa  nf  tbe  other  pveviottsly  to  die  xceonpodtkn. 

For  tUs  purpoee  there  is  evidently  no  oocaMon  to  ooiuider  tbe  ttuamer  In  whidi  Gi,  h^t  ei, 
<*»»  ^1  «»  made  up  of  a,  b,  e,  but  we  may  start  with  the  components.  Let  p,,  be 
the  rctanlations  of  phase  which  take  place  before  recoin(>osition,  and  reserve  tbe  disturbanoet 
along  the  axes  of     y.    We  shall  have  for  the  resolved  parts 

le  m  S  {a,  cos  a,  sin  {(p  +  e,  —  pi)  -  61  sin  oi  cos  (<p  +  e,  -  p,)} 
y  =  ^  |a,  sin  oisin  (0  +  ci  -  p,)  +  fe,cosa,cos      +  c,  -  ^;,)}, 

where  jS^  denotes  tbe  sum  of  tbe  expression  written  down  and  that  formed  from  it  by  replacing 
the  auHx  i  by  3.  To  form  the  cxpreirioo  for  Ae  inteniityi  or  rather  what  would  be  tbe  in- 
tenntj  if  the  quantities  e  and  «  were  absolutely  comtant,  not  merely,  constant  for  a  great 
number  of  successive  undulations,  we  must  develope  tbe  eqiressions  for  <r  and  y  so  as  to  contain 
the  sine  and  cosine  of  <p  ■¥  k,  and  take  the  sum  of  the  aquaros  of  the  coefficients,  k  is  here  a 
constant  quantity  which  may  be  chosen  at  pleasure,  and  which  it  will  be  convenient  to  take 
equal  to  ci  -  p^  If  /  be  tbe  intensity,  in  tbe  sense  above  explained,  or  as  it  may  be  called  the 
iMiporttry  UUtmiUjft  fio<l>  ptrttlig  i  for  sb  -  -  <k  •^pit 
/«  |atOosib'|-«b<MatCOsl-f't)|miohnu^}'+  {- 6,iina, +atcosakiini-lbdn^oosdp 
•I-  {«|iinai4«bafaiaiO0B4}- Abeoscij|ain3}*«f  {6|eosa| -MHsincbiinj +  ibcmtttCos^|' 

•  Oi*  +  i/ 'I- + V  +  *       -t*       <M  (4,  -  aO  cos  j  +  S  (Oiflh obM  "In  (ot '  (ti)  ^* 
On  putting  Jbir  ^  ft  their  valne*  e  cos  /3,  e  sin  j3,  thia  ezpreaaion  becomes 

2c,c,  {co8(a.  -  a,)  oo8(j8, -/3,)  cosS  +  sin  (aj  -  a,)sin(ft  +  /3i>sinij  . 
In  order  that  /  may  be  iodqpemlent  of  tbe  diffecence  of  pbaae     -  pi,  and  tbcrefiam  of  t, 
we  must  have  either 

cos  (ag  -  a,)  -  o,  sin  (A  +  /3i)  -  o,    .    .    .    .  (10), 

or  sin  (a.  -  a,)  -  0,  cos  (A.  -      -  0»    ....  (11). 

Tbe  equations  (10)  give  o,  -  oi  -  ^  90°,  /S, »  -  /3,,  so  that  the  ellipses  described  in  tbe 
ease  of  Ihe  two  streams  are  rfadhr,  their  migor  axes  perpendicular  to  eadi  other*  and  the  diNc 
tioo  of  tevolntion  in  the  «m  stream  contrary  to  that  in  the  other.   It  will  be  easily  seen  that 
You  IX.  Past  TIL  58 
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the  equations  (ll)  differ  from  (lO)  only  in  tliis,  that  wJuit  are  ref^^^rded  as  the  first  :in(l  second 
principal  places  of  the  second  stream  wlien  equations  (w)  are  satisfied,  are  accounted  reapec- 
tireljr  the  aeoond  and  fiiat  wben  (i  i)  are  a«tii6ed. 

Two  atreuns  lliua  ralated  may  ba  aaM  to  be  o/tpotMg  paiarjaad  Two  tticaMa  vt  pbne* 
pobrbed  light  in  which  the  plaoaa  of  polarization  are  at  right  angles  to  each  othtfi  and  two 
streams  of  circularly  polarized  light,  one  right-handed  and  the  other  left>bandedf  are  particalar 
cases  of  streams  oppositely  polarized. 

lo  the  reasouing  of  this  article,  nothing  depends  upon  the  precise  relation  between  the  two 
pdiiaad  atieanu  and  tiie  oi^nal  itxeam.  AD  that  it  la  naoeiauy  to  auppoae  ia^  IliBt  the  two 
polarixad  atieuiB  came  originally  from  tlie  aaine  polarised  aoiiM8»  ao  tliat  the  diangaa  in  cpoeh 
and  intensity,  that  is,  the  changes  in  the  quantities  e,  c,  are  the  same  for  the  two  stnama. 
Nothing  depends  upon  the  precise  nature  of  these  changes,  which  may  be  either  abrupt  or  con- 
tinuous, but  must  be  sutiicieiitly  infrequent  if  abrupt,  or  sufficiently  gradual  if  coutiouous,  to 
allow  of  our  regarding  c  aud  «  as  cuustaut  for  a  great  number  of  successive  undulations.  Our 
feaulta  will  apply  juat  aa  well  to  the  diaturbance  produced  bj  the  mioa  of  two  ndghboaring 
•tream*  eoming  onguMDj  from  the  aame  polnriied  aouieet  bat  boTlng  bad  their  polarisatidna 
modified,  as  to  that  produced  by  the  union,  after  rccom position,  of  the  components  of  a  ainj^ 
polarized  stream.  Since  the  resulting  intensity  is  independent  of  3,  it  follows  that  two  opptK 
sitely  polarized  streams  coniinw  ciritrinHlIv  from  the  same  polarized  source  are  incapable  of  inter- 
fering, but  two  streams  polarized  otiicrwise  than  oppositely  necessarily  interfere,  to  a  greater  or 
less  degree,  when  tiie  diihraiee  in  their  fetefdntioB  of  phaae  b  auflldendj  amalL  Of  couiae 
the  interfetenoB  here  apoken  of  meana  only  that  wbidi  ia  exbibited  widiout  nnalyntion. 

4u  Two  interfering  streams  may  be  said  to  interfere  perfectly  when  the  fluctuations  of  in- 
tensity are  the  greatest  that  the  difference  in  the  intensities  of  the  interfering  streams  admits  of, 
so  that  in  case  of  equality  the  miuioia  are  absolutely  equal  to  zero.  Beferring  to  (9),  we  see 
that  in  Older  that  thia  nwy  be  the  ease  the  nwadmuai  vaiiw  of  the  eoelBcient  of  8C|4  be 
equal  to  1.  Now  the  maximum  value  ofifeoaj  +  /3dn^ia  ^{A^  '^  £*)>  ^  AertfiiM  we 
must  have 

cos*  (o,  -  « J  one'  (/^  -      Hh  «in*  (o^  >  «^)  ain*  (/l^  +     •  1  •  001^  (oi  -  oi)    nn*  at), 
whence, 

cos*  (a«  -  a,)  sin*  (/3,  -  /3,)  +  sin*  (a,  -  a,)  cos'  (j3a  +  /3i)  =  0, 

which  lead  to  the  very  same  conditions  that  have  been  already  discussed  in  Art.  2.  Hence  two 
polarised  rtreama  coming  from  the  aame  polarised  eottrce  are  capaUe  of  interfering  perfectly  if 
the  pdatiaationa  are  die  aame,  not  at  all  if  the  pdarisationa  are  oppoaite,  mid  in  intermediate 
eaaea  of  eonne  in  intermediate  degrees. 

5.  Wiieu  a  stream  of  polarized  light  is  resolved  into  two  oppositely  polarized  streams, 
which  are  again  compounded  after  their  phases  have  been  differently  altered,  we  have  from  (9), 
taking  aooonnt  of  (10)  «r  (ll), 

/.e,>4«w*,  (W) 

so  thai  the  intenrity  «f  the  resaltant  ia  equal  to  die  sum  of  the  hitenrities  of  dm  compo> 
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Dents,  and  is  therefore  constant,  that  la,  indapeadhnt  of  pi^p^t  «Bd  is  aocordingljr  equal  to 
what  it  was  at  first,  whan  and  woe  cadi  eqnil  to  tera,  limit  ia»  equal  to  the  iotenaity  of  the 
oiigiaal  stream. 

It  may  be  readily  proved  from  the  formulae  (8)  that  it  is  only  in  the  case  in  which  the  polar- 
iaationa  of  the  two  oonpooeata  of  the  original  poluiMd  atrenn  are  oKpoattothat  the  Intenaitj  of 
the  oi^^al  auraaniy  wbetever  be  the  aoture  of  ita  pdarisation,  is  equal  to  die  aom  of  the  Inteii- 

sities  of  the  component  streams.  For,  changing  the  sign  of  v/—  1  in  these  formuhe,  multiplying 
t!)L'  resulting  cqiiatiuns,  member  fur  member,  bj  thc  eqiMtioDa  (8),  and  observing  that  if  be 
what  G  becomes,  GG'  =  ^  +  A"  =  c',  we  find 

{8in=  O'i,  -  /3)  COB*  (a,  -  a)  +  cos*  03,+  /3)  sin*  (a,  -  a)]  "'c,*  j 
»  {sin«  (j3  -  y3,)  cos»  (a,  -  a)  +  cos«  (/?  +       sin'  (a,  -  a)  |  "'Cb*  |    .     .    ,     .  (13) 
-  {i*in'()3,-/3,)co6*(«»-a.)  +  co8*(/3,  +  /3,)8in"(a,-a>)|-V.  ' 

In  order  that  m(r)  may  he  equal  to  Hl(Ci*)  +  tnft-/),  it  i%  necessary  that  c*  be  equal  to 
e'  +  Cj%  because,  whatever  fluctuations  C|  and  c,  may  unUergo  in  a  moderate  time,  such  aa  the 
taoth  pert  of  o  aeooiMl,  ^  and  €^  wo  always  proportSood  to  a  Knee  the  aimi  of  the  qimntitiea 
trihoBO  redprocala  are  the  ooeffldente  of  «i*  and  4*  most  be  equal  to  that  whoee  Tcoipnoeel  is  die 
coeiSdeiit  of  c*.  Sioee  tbia  baa  to  be  true  inde^peiidendy  of  ^  let  die  qnantitiea  aii]P(/%  •  /3), 
he,  be  iiplaeed  hf  sioee  end  codaes  of  moltipk  arcs,  and  let  onreqnation  be  put  under  die  fbim 

.^4-JlooeS^+  Cain  S^-O. 
Then  Jt  B,  C  mast  be  scpaialelj  equal  to  un,  or 

rfB«Oi-/8,)oo^(o,-«i>  +  «od»(ft+A)dn«(o.-o,)-I;  y 

GOBS/9sooBS(4ia-«)  +  ooe«^,coBS((i|.-a)«0;  >  .    .    .    .  (I«) 

sin8jS^4-sbs/3|  ' 

Bqdadng  unity  in  the  rigbt^'hand  member  of  the  first  of  these  equalioas  bjr 

ooi^  (a,  -  a,)  +  ab?' (oh  -  a,), 

we  find 

cos'  (/3,  -       cos*  (a,  -  a,)  +  sin^  {(3^  +  (},)  sin*  {a,  -       =  0  ; 

whence  =  -  /3i,  =  ai  +  90",  or  else  /S,  and  /3j  differ  by  90",  ami  =  «!>  except  in  the 
particular  case  in  which  /3i  »  :b45<',  when  /i,  •*  if  45**  satisfies  the  equation  independently  of  0,, 
Henee  the  streams  must  be  polariaed  oppositdj*  a  condition  whkb  may  always  bo  CKpiewed  by 

which  equadona  aatisfy  the  second  and  third  of  equations  (I4)  independcndy  of  a,  as  it  nii|^ 
have  been  iMcaeen  that  they  would,  sioee  it  has  been  already  shewn  that  the  eondidcn  (if)  is 
satisfied  in  the  case  of  oppositely  polarised  streanM,  It  now  appears  that  it  v  onfy  m  the  ease 
of  audi  stieama  that  this  ia  aatiafied. 

6.  The  properties  of  oppositely  polarized  pencils  which  have  been  proved,  render  it  in 
a  high  degree  probable  diat  it  is  a  general  lair  that  in  a  doubly  refkaetfaig  UMdium  die  two 
pokiiaed  pendls  ttanamitted  in  a  given  diieedon  an  opfwritdj  pohurlaed.   Were  diia  not 
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the  case,  the  two  pencils,  polarised  otherwise  thui  oppositely,  into  wbtdi  a  polsrised  pencQ 
it  ntdwd  on  entoiiig  into  tbe  nMdiuiii»  woiild  at  einei]g«iicc  compound  a  pencil  of  which  the 
inten«ity  wioidd  depend  upon  the  Mtaidationi  of  phase  of  one  pencfl  relatively  to  the  al]ieff» 

CO  that  such  a  tnedium,  when  examined  with  polarized  light,  ought  to  exhibit  rings  or 
colours  without  tlic  mnployment  of  an  analyKcr.  It  is  here  supposed  that  the  light  enters 
the  medium  at  the  iirst  surface,  and  leaves  it  at  the  second,  in  a  direction  normal  to  the 
surface,  or  very  nearly  so,  and  likewise  that  the  refracting  power  ctf  the  medium  for  the  two 
pendls  ii  not  Tcry  different,  co  that  the  effect  of  reflesioo  at  the  two  nufacn  may  be  diev^purded, 
the  only  lenaiUB  cflbet  bddg  to  Awiaith  the  intensity  of  each  of  the  two  pendb  in  the  lame 
ppopcrtioo,  without  affiwtiog  it*  state  of  polarization.  These  views  would  lead  us  to  scrutinize 
very  carefully  any  experimental  evidence  brought  forward  which  would  lead  to  the  cnncUisioD, 
that  the  two  polarixed  pencils  which  a  doubly  refracting  medium  was  capable  of  propagating 
in  a  given  direction  were  polarised  otherwise  than  oppositely. 

7.    In  ordinary  douUy  refracting  crystals,  whether  uniaxal  or  biasalt  and  in  doaUj 

refracting  liquids,  such  as  syrop  of  sugar,  it  is  generally  admitted  that  the  two  |Madb 
transmitted  in  a  given  direction  are  oppositely  polarized.  In  the  former  case  the  two  pencils 
are  polarized  in  rectangular  planes,  io  the  latter  they  are  circularly  polarized,  one  being 
right-handed  and  the  other  lefi-handed.  The  same  is  the  case  with  quarts  for  pencils 
transmitted  in  the  direction  of  tiie  azis$  but  in  following  out  the  teienrdies  in  whidi  he  so 
suoeeiaAilly  connected  tiie  phenomena,  identical  with  those  of  a  doubly  refracting  liquid, 
whicb  quartz  exhibits  in  the  direction  of  the  axis,  with  the  phenomena  which  it  exhibits  as 
a  uniaxal  crystal,  Mr  Airy  met  with  an  experimental  result  which  seemed  to  shew  that 
while  the  ellipses  which  characterize  the  two  streams  transmitted  in  a  given  direction,  oblique 
to  the  axis,  have  their  major  axes  situated,  one  in  a  principal  plane,  and  the  other  perpen- 
dicular to  the  principal  plane,  and  the  directions  of  revclutioa  are  oppodle,  the  eoocntridties 
of  the  ellipses,  though  nesriy,  are  not  (|aite  equsl*.  This  conclusion  depsndsd  upon  die 
result  of  certain  experiments  made  by  means  of  a  Fresnel's  rhomb.  The  nature  of  the  ex- 
periments seemed  to  eliminate  the  effect  of  an  error  in  the  rhomb,  that  is,  a  deviation  from 
90"  in  the  retardation  of  pliase  which  it  produced  in  a  pencil  polarized  in  the  plane  of  re- 
flexion idaUvely  to  a  pencil  polariied  in  a  plane  perpenAcular  to  the  former.  The  cfliMSt  of 
»  pottiUe  index  error  in  the  plane  of  reflexion  seemed  also  to  be  diminatedt  and  Che 
quantities  on  which  the  results  depended,  though  smaU,  seemed  to  he  beyond  mere  errors 
of  pointing.  Being  impressed  however  with  a  strong  conviction  that  the  result  depended  in 
some  way  on  the  mode  of  observation,  I  was  led  to  scrutinize  the  different  steps  of  the 
process,  and  it  occurred  to  me  that  the  apparent  inequality  of  eccentricities  was  probably 
due  to  defects  of  annealing  in  the  itiMabk  It  is  next  to  impossible  to  procure  a  piece  of 
glass  of  such  a  tiae  free  finm  delects  of  tlMt  nature,  for  which  mson  I  bdieve  that  even  a  good 
Fkeand*s  rhomb  is  not  to  be  trusted  for  minute  quantities,  except  in  the  ease  of  merdy 
diffinsntisl  observatiaus. 


*  Cambri^  Phitompliicai  T^ra»»mstioiu,  VoL  IV.  p.  90A. 
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The  same  views  lead  to  the  conclusion  that  the  twu  pencils  transmitted  through  magnetized 
glass  in  a  direction  oblique  to  the  lines  of  magnetic  force  are  oppodtel/  polariced.  Some  tbeo> 
Nticil  iiiTestigMioat  in  whkb  I  cogaged  wme  time  ago  led  me  to  the  nralt  thit  tlMW 
polariied  atnanis  «w  drenlMrly  polariced,  «s  w«Q  m  thoae  trnmsniittadalopg  tfwliiM  of  magnetic 
ibrc^  and  tlnrt  the  difference  between  the  wave-velocities  varies  as  the  cosine  of  the  inclination 
of  tbe  wave-normal  to  the  line  of  magnetic  force.  I  hope  «t  aome  future  time  to  bring  theae 
xeaearches  before  the  notice  of  this  Society. 

8.  After  tliMe  pceUninarf  ioyeatigntioDa  respecting  the  natme  of  vfipoAtt  polarintion, 
wbkb  indeed  contain,  it  is  pcobiblea  bot  little  tbat  tun  not  alnndyoocamd  to  pnaona  who  hnve 
atudied  the  subject,  it  is  time  to  come  to  tiie  more  immediate  object  of  this  paper,  which  relates 
to  the  cuiiibination  of  independent  streams.  But  first  it  will  be  COOTeuient  to  State  explicitly  a 
principle  which  is  generally  recognized. 

When  any  number  of  polarized  streams  from  different  sources  mix  together,  after  havii^ 
been  Taiionaly  modified  by  reflexion,  refraction,  tranamiaiion  thnnigh  doubly  idbctiog  media, 
tonrmalineii  Itc^  the  inteosi^  of  the  mixture  ia  equal  to  the  anm  of  the  inteMities  doe  to  tiw 
separate  streams. 

The  reason  of  this  law  may  be  easily  seen.  The  components  whereby  the  disturbance  due 
to  any  one  stream  is  originally  expressed  have  to  be  resolved,  their  components  resolved  again, 
and  so  on ;  and  of  these  partial  disturbances  tbe  phases  of  vibration  hmve  to  be  altered  by 
quantities  independent  of  the  time,  and  tlie  coeffidenta  in  aome  caies  diminiahad  in  ^¥Stt  mtios, 
md  in  some  cases  suppressed  altogether.  Each  stream  liaa  to  be  traated  in  a  aimOar  wsy. 
The  final  disturbance  being  resolved  in  any  two  rectangular  directions,  each  component  must 
be  put  under  the  form  ^'  cos  (p  +  V  sin  0,  and  the  sum  of  the  squares  of  U  and  V  roust  be 
taken  to  form  the  expres&ioa  for  the  temporary  intensity.  All  the  quantities  such  as  U  and  V 
will  evidently  be  Hoear  functions  of  c  cos  «,  c  sin  e,  c  cos  e  sin  e,  Stc^  wlieve  e,  ^ ...  and  «, 
«'...  refer  to  the  dtflbrnt  atreamat  ao  that  U  for  inatance  will  he  of  ihe  fotm 

Aeeott  +  Bcnna  +  jf^cosc'-i-  JBfdmt  +  ... 

where  A,  B,  jf,     ...  are  independent  of  tbe  time.   Tlie  temporary  intensity  will  involve 
but  the  actual  intendty  will  involve  111(9*),  or 

W2 (if e cos « Besin  «)■  +  SHtS  |(ilo cos «    j9o sin  «)  {Jttf  «os «  +  Jl'o'sra / )|. 

Now  the  products  such  as  cos  e  cosc',  cote  sin  t,  Sac.  will  have  a  mean  value  zero,  since  the 
diaiiges  in  <  and  those  in  m*  have  no  relation  to  eadi  other,  and  therefore  the  expreadon  for 
lH(Cr^  becMnea 

«S(^e  cos  «  4-  Ae  sin  c)<,  or  Sm  {Ae  cos  e  <f  Be  ab  «)*, 

that  is,  the  sum  of  tbe  quantities  by  which  it  would  be  expressed  were  the  different  streams 
toben  separately. 

Two  almma  whidi  eome  from  diflhreni  aoorcea,  er  vUdi,  tliou^  in  strietnew  thqp  oone 

from  the  same  source,  are  such  that  the  changes  of  epoch  and  intensity  in  the  one  have  no  rda^ 
(ion  to  tbe  dmngea  of  epodi  and  intensity  in  the  other,  may  be  called  ind^endent. 
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9.  Suppose  that  there  arc  any  aumber  of  inclcpentlent  polarized  streams  mixing  to<rother  ; 
let  the  mixture  be  resolved  ta  my  maaner  into  two  oppositely  polariied  atreams,  and  kt  u» 
CMimns  the  hUbnAjotmA, 

Let  vm  talw  one  itMMn  tint.  The  intMuitiM  of  iU  wppoiWBte  an  given  bj  dw  fcmiils 
(IS),  wUeh  beoone  MMUtirhat  anplar  in  A*  cm  «f  «ppMil*  pobniiatiiin^  ance  fit^  ~ A> 
and  c%  •  9(i^   «i.  Haaee 

^  •  {dn*0, 4./3)  dn»  (at  -  a)  4  co^     -  iS)  omPCo,  -  a)|<^« 

vhence  we  find 

«(«!)  '  i  1 1  ■asAmS^ ^coef aiooi9aflaBS/9,caBS34>iin««|dnSaeoes/3,CDiSj8}ll(c*).  (u) 

Tben  will  be  no  occasion  to  write  down  Ae  Ynlne  of  It  (4),  eiooe  0|  nuty  be  talMo  to  refer 
to  ettlicr  componenta 

Let  u<i  prtss  now  to  tbe  oooadeimtian  of  a  group  conriitiDg  of  any  Dumber  of  independent 

polarized  streams,  let 


28in2aco82^m  (c*)  -  2?,  J 


and  let  c^  now  refer  to  one  of  the  components  of  the  whole  group ;  then 

Sm  (c?)  »  J  +  B  an       +  Ccos  2a,  cos  2  /3,  +  Dsin  2ai  cos  2/3,.  (17) 

It  follows  that  if  there  are  two  groups  of  independent  polarized  streams  which  are  such  as 
to  give  the  Hune  valuee  to  eadi  of  (he  foar  quantities  J,  C,  D  defined  by  (16),  if  the 
gnmpe  be  Meolved  in  any  aunner  wbateoever,  which  ic  tlie  aanie  iar  iMth,  into  two  oppoaitdy 
pdaiiaed  itrcams,  tbe  ioteMitiei  of  the  oomponents  of  tbe  one  gnmp  will  be  reepectively  equal 

to  the  intensities  of  the  ccHnponenta  of  the  other  group.  Convetidy,  if  two  gnmpe  of  oppo- 
sitely po1.in7<^H  streams  are  such  that  when  they  rerolvcd  in  any  manner,  th>-  «Tme  for  both, 
into  two  oppositely  polarized  streams,  the  intensities  of  the  components  of  the  one  group  are 
respectively  equal  to  tbe  iatenntiee  of  the  components  of  tbe  other  group,  the  quantities  A,  By 
C,  D  must  be  the  sane  for  llie  two  groupe.  For,  if  we  take  accented  letter*  to  nfiBr  to  die 
■Mond  group,  the  second  member  of  equatioo  (17),  and  tbe  expvearion  thence  derived  by 
accenting  A,  By  C,  Z>,  must  be  equal  independently  of  %  and  wfaieh  lequirct  that  J*,  If, 
(ft  1/  he  respectively  cqtial  to  A,  B,  C,  D. 

DuuniioM.    Two  such  groups  will  be  said  to  be  equivalent. 

10.  Tbe  dwovetieal  definition  of  cquivalenee  which  bat  just  been  given  agrees  complete^ 
with  the  experimental  tests  of  equivalence.  One  of  the  most  ready  as  well  as  delicate  modes  of 

detecting  minute  traces  of  polarization,  and  at  the  same  time  determining  qualitatively  the 
nature  of  the  polarization,  consists  in  viewing  the  liglit  to  be  examined  through  a  plate  of 
calcareous  spar,  or  other  crystal,  cut  for  shewing  rings,  followed  by  a  Nicol's  prism.  The 
plone-polarixed  pendle  icspcctivdy  stopped  by  and  transmitted  tbroi^  tbe  NiooTe  prism 
conristed,  on  entering  tlie  crystal  of  pencOa  eBipticaHy  pokriaed  in  opposite  ways;  and  tlie 
nature  of  this  elliptic  poksiiatioa  changes  in  every  possible  manner  from  one  point  to  another 
of  (be  field  of  view.  If  tbsae  two  stieame  of  l^t  be  equivdent  aeeoiding  to  tbe  definitwm 
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giren  in  the  prpoeding  article,  they  will  present  exactly  the  same  wpfaumet  <m  bdog  viewefl 
Atoof^  a  ccystal  loUowed  by  a  Niool'a  prism  or  other  analyzer. 

IL  TkmoBStt.  Let  a  pohriKd  rtwn  be  uMBtwdinte  two appowtnlypolttiied  atriMtiBt 
let  ib»  phase  cf  Tibratfam  of  om  of  the  atRaiBi  be  ebened  hj  a  given  qumtitjr  nlttiTClf  to  that 
ct  the  other,  nd  let  the  streens  be  then  compoundL  d.  If  the  polarisation  of  the  original 
stream  be  now  changed  to  its  oppieitei  the  polarisatioa  of  the  final  atceam  trill  alao  be  changed 

to  its  opposite. 

The  straightforward  mode  of  d«nonstrating  this  thtxirem,  bj  making  use  of  the  general 
eiprewions,  would  lend  to  leborioai  analytical  processes,  wfaidi  nve  iriiolly  unneceeiMj.  For 
the  fimnulae  wMeh  detemdne  die  componevti  of  a  given  atrann  are  enpweied  bj  duple  equn> 

tions,  so  that  die  reeidte  aie  indque,  and  accordingly  whenever  we  can  foresee  what  the  result 
will  be,  it  la  sufficient  to  shew  that  the  formula;  themselvea,  or  the  geOUCtrical  Conditions  of 
which  the  formulsc  are  merely  the  exprrss!(5n<;,  nrc  sntisfied. 

For  shortness*  sake  call  the  original  stream  2l,  and  its  components  O,  E.  Let  ^  be  the 
given  quantity,  podtive  or  native,  by  which  the  phase  of  vibration  of  O  ie  MtwM  vdativelj 
to  that  of  .E.  Let  e»  •  denote  the  atreams  O,  B  after  dm  ehangee  of  phase,  and  Y  the  stream 
reeolting  from  their  reunion.  Conceive  now  all  the  vibrations  with  which  we  are  uuneerued  to 
be  turned  in  azimuth  through  90*.  This  will  not  affect  the  geometrical  relations  connecting  com- 
ponents and  resultants.  Let  X\  Cf ,  E',  o,  e',  Y'  be  the  streams  which  A',  O,  E,  o,  e,  Y  thus 
become.  The  streams  O',  if  are  evidently  polarized  in  the  same  manner  respectively  as  O, 
emept  diat r^gftMMsdad is dianged  into  If^Uonds^ and ejeeoernn;  andin  pasdngfinm  </  to 
sl^  the  phase  is  retarded  bj /H  Now  eoneelvetlie  dfrsetion  of  motion  of  a  given  pertidereviersed« 
the  motions  of  all  other  particles  being  derived  ftom  that  of  the  int  acoordiDg  to  the  general 
law  of  wave  propagation.  The  relations  between  components  and  resultants  will  evidently  not 
be  violated;  and  if  A'",  O",  E",  o",  e",  Y"  denote  the  streams  into  which  JC'y  Ofy  ^  o',  e\ 
Y'  are  thus  changed,  it  is  evidcut  that  the  polarizations  of  X",  0'\  E\  o",  d\  Y"  are  respec- 
dvely  opposite  to  those  of  X„  O,  o,  e,  Y,  Bnt  on  aoeount  of  the  reverdian  in  direedon  of 
motion  it  is  pfadn  that  diere  is  reversion  as  n^gmds  aooderation  and  retardation  of  plmae*  so 
that  in  poanng  from  the  pair  0'',  £^  to  the  pair  o",  ^  the  phase  of  0*  is  neeabmlMl  hj  p 
relatively  to  the  phase  of  H*. 

Hence  the  stream  X" ,  polarized  oppositely  to  .V,  is  resolved  into  two  E'\  O",  polarized 
in  the  same  manner  respectively  as  O,  whicii  are  recompounded  after  the  phase  of  the 
<me  polarised  in  die  aame  manner  as  O  has  lieett  retarded  by  p  relatively  to  the  phase  of  tlie 
other,  and  the  result  is  F'',  n  stream  pdaiised  in  n  mann«  opposite  to     which  proves  the 

12.  Thi*  theorem  may  be  applied  to  the  ca.w  of  light  tranRmittcd  tli rough  a  slice  of  a 
doubly  refracting  crystal,  and  shews  that  two  streams  going  in  oppositely  polarized  come  out 
oppositely  polarized.  Also,  since  nothing  in  the  demonstration  depends  upon  the  order  in 
wlddi  the  deoompodtions  and  reoompoeitions  take  place,  it  is  immeieriel  whether  X,  X" 
denote  %  fik  dl  oppodtdy  polnrised  incident  stremn^  which  ^ve  liee  to  die  emergent  streams 
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V,  Y'\  or  X,  X"  denote  a  pair  of  oppositely  polarized  emergent  streams,  which  came  from 
the  incideat  streams  F,  Y" .  A  particular  case  of  this  theorem  was  assumed  in  the  preceding 
article,  when  it  was  stated  that  the  pencils,  polarized  in  perpendicular  planes,  which  on  coating  out 
of  a  ctyaUl  of  ealeanottt  apur  «r»  ropeetively  stopped  by  ud  tnonoittod  through  a  Niool'a 
prian,  Weill  into  the  eryatal  oppontdj  palvized* 

The  theorem  will  evidently  be  true  of  a  train  consisting  of  any  number  of  crystalline  plates, 
each  possessing  the  property  of  resolving  the  incident  light  into  two  oppositely  polarized 
streams,  which  are  propagated  within  the  medium  with  diflerent  velocities.  For  two  oppositely 
pohirized  streams  incident  on  the  first  plate  give  rise  to  two  emergent  streams  which  fall  oppo- 
aitdy  poliriged  on  die  seeood  plal^  and  so  or.  Snoe  the, number  of  plates  nay  be  supposed 
to  increaie  and  their  thiekiMM  to  dceicase  indefinitely*  while  at  the  same  time  the  steps  by  whieb 
the  doubly  vsfcaetiog  nature  of  the  plates  alters  from  one  to  another  become  separately  ioaenaL 
ble,  the  theorem  will  be  true  if  the  whole  train,  or  part  of  it,  consist  of  a  substance  of 
which  the  doubly  refracting  nature  alters  continuously,  as  for  example  a  piece  of  strained 
or  unanncaled  glass.  If,  however,  the  train  contain  a  member  which  performs  «  partial 
analysis  of  the  light,  as  for  ezanple  a  plate  of  soioky  quarts,  or  a  plate  of  ^aas  incUned 
to  the  incident  l%ht  at  a  coostderaUe  angle,  it  will  no  longer  be  true  that  two  pencils  goiflf 
itt  oppoaitely  poliiized  will  come  out  oppositely  polarised. 

13.  TuBoaEM.  If  two  equivalent  groups  of  polarized  streams  be  resolved  in  any 
manner,  whieb  is  the  tenie  Ibr  both,  into  two  oppositely  polarised  groups,  and  these  he  re« 
conWned  after  the  phase  of  one  of  the  components  has  been  retarded  by  a  given  quantity 
rdatively  to  that  of  the  other,  the  two  groui)v.  of  resultant  streams  wilt  be  equitralent. 

Let  llie  groups  of  resultants  be  each  resolved  in  any  manner  into  two  oppositely  polarize<l 
streams,  and  call  these  O,  E.  By  Art.  11,  if  0',  be  the  strejims  which  furnish  O,  E  res)xc- 
tively,  O',  are  oppositely  polarized.  Now  by  Art.  a,  the  inten&itieii  of  0,  E  are  the  same 
respectively  as  those  of  JT* ;  but  these  are  the  same  ibr  the  one  group  as  for  the  other,  by 
the  definitioa  of  equivalence.  Therefore  the  intensities  ot  0,E  m  the  eane  lor  the  one  group 
as  for  the  other;  but  O,  £  are  any  two  oppositely-polarised  components  of  the  resultant  gnmps; 
therefore  these  groups  are  equivalent. 

Hence,  if  two  equivalent  groups  be  transmitted  through  a  crystalline  plate,  the  emergent 
groups  will  be  equivalent;  and  by  the  same  reasoning  as  in  Ait.  ii  the  theorem  may  be 
OKtended  lo  an  optical  train  oonaisting  of  any  number  of  erystalline  plates,  [Meees  of  unanncaled 
gtas^  fce. 

14b  Theorem.  If  two  equivalent  groups  he  resolved  in  any  manner,  the  same  for  both, 
into  two  polarized  stream*,  the  intensities  of  the  components  of  the  one  group  will  be  rcspeO* 
lively  equal  to  the  intensities  of  the  components  of  the  other  group. 

The  proof  of  this  theorem  is  very  easy.  It  is  suihcieul  to  treat  the  general  expressions  (15) 
esaetly  aain  Art.  9»  only  that  no  rdrthma  are  to  be  introduced  between  ,  j8«,  and  a, ,  Since  the 
eoeOcient  of  <^  in  (IS)  is  oomtanl^  if  we  eonsider  as  variable  such  quantities  only  as  may  change 
in  paaa^g  from  dia  one  group  to  the  other,  it  wiU  be  eanly  seen  that  the  intenai^  of  either 
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component  depends  on  the  same  four  constants  J,  B,  C»  D  as  befure  ;  atid  since  these  have  the 
HBt  'vduM  fx  fquiviknt  groups,  it  foUom  dwt  iq  the  no«t  general  vodc  of  mdltttioD  the 
ciMnpoDeDti  cf  aoj  two  sudi  gniui»  lunre  the  same  inteniitic*  mpeetiTclj. 

15.  Theorem.  If  two  equivalent  groups  he  each  resolved  in  the  satne  manner  into  two 
oppositely  polarized  streams,  anri  these  be  recombined  after  their  vibrations  have  been 
diminished  in  two  different  given  ratio*,  the  resultant  groups  will  be  equivalent. 

Let  eech  of  the  rnulteDt  groups  be  reiolTed  into  two  oppositely  polaiirad  BUCema  0»  £| 
end  Ut(/,£  denote  the  stNont  which  fiiraidied  0,  E  leepectively.  It  is  easily  seen  that  the 
streeHIS  O',  E  are  both  polarized,  though  not  in  general  oppo^itely■  Were  there  any  occaiioa 
to  determine  tlie  nature  of  the  polarizations,  it  might  ea»ily  b«  done  by  following  a  process  the 
reverse  of  that  by  which  the  modified  arc  deduced  from  the  original  groups.  Thus,  if  it  were 
required  to  determine  the  polarization  of  (Jfy  we  should  resolve  O  into  streams  oppositely 
polwfiwid  in  the  naoner  originally  given,  augment  liio  vibrations  fai  ntm  tile  invene  cf  those 
in  which  they  are  actually  diminished,  and  leoombiDe  the  streams  so  ohtained.  our  present 
purpose,  however,  it  is  sufficient  to  cibserTe  that  the  polariiations  of  (X,  depend  only  on  the 
mode  of  resolution,  and  not  on  the  nature  of  the  original  group,  and  that  therefore  llicy  are  the 
same  for  the  one  group  as  for  the  other.  The  intensity  of  O'  is  not  the  same  as  lliat  of  O,  as 
in  the  case  considered  in  Art.  13,  but  bears, to  it  a  ratio  depending  only  on  the  mode  of  resoIu> 
don,  and  therefore  the  Hme  for  each  of  the  two  original  groups.  The  same  is  true  of  the 
inteuMty  of  E  compared  with  that  of  E.  Now  by  Art.  U  the  intenntiee  61  Cf^  S  an  the 
same  for  the  two  oii^nal  groups,  and  the  intensities  of  O,  E  bear  to  those  of  0',  H  respectively, 
ratios,  the  same  for  the  two  groups:  therefore  the  intensities  of  O,  E  are  the  same  for  the 
two  linal  groups;  but  O,  E  are  any  two  oppositely  pokriaed  components  of  these  groups; 
therefore  these  groups  are  equivalent. 

16L  It  follows  from  tUs  thsorem  that  do  partial  anatysis  of  light,  such,  for  example,  as 
would  be  produced  by  reflenion  from  the  snrlSMie  of  |^aas  or  metal,  or  by  transroimion  through  a 
doubly  absorbing  medium,  can  from  equivalent  groups  produce  groups  which  are  not  equivalent 
to  each  other  ;  and  we  have  seen  alrendy  that  this  cannot  be  done  by  njeans  of  the  alteration 
of  phase  accompanying  double  retraction.  It  follows,  therefore,  that  equivalent  groups  are 
optically  undistinguisbable. 

In  proviog  this  property  of  equivalent  groups,  it  has  been  SHpposed  that  tlw  polaiiiationB 
of  the  two  streams  into  which  any  group  was  resolved  were  opposite,  such  beiog  the  case  in 
nature.  But  did  a  medium  exist  such  that  the  two  stream<;  of  light  \rhi(  h  it  transmitted  inde- 
pendently were  |K)lari7.ed  otherwise  than  oppoeitely,  it  would  still  not  enable  us  to  distinguish 
between  equivalent  groups. 

17>   The  experimental  definition  of  common  ]%ht  is,  light  whidi  is  ineapable  of  exhibiting 

rings  of  any  kind  when  examined  by  a  crystal  of  ledand  spar  and  an  an.ilyrer,  or  by  some 
efiuivalcnt  cximbinatioo.     Consequently,  a  group  of  independent  polarizetl  streaniR  will  to- 
gether be  equivalent  to  common  light  when,  cm  being  resolved  in  any  manner  into  two 
Vol.  I^  Pakt  III.  £8 
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oppositely  polarized  pencils,  the  intensities  of  the  two  are  the  same,  and  of  courae  eqoai 
to  half  that  of  tb«  original  group.  Accordingly,  ia  order  that  the  group  should  be  equivaleat 
to  ooanoon  light,  it  is  neceasaiy  and  auflleicnt  that  the  ooMtantt     C%  D  sbouU  taniali. 

IB.  T.rt  115!  nnw  9eh  und(>r  what  circumstanoes  two  indepaodeiit  streMBU  of  polarised 
light  can  together  be  equivalent  to  common  light. 

Let  a,  /3  refer  to  the  first,  and  a',  /S*  to  the  second  stream,  and  let  the  intensitiea  of  Ae 
two  Btreami  be  at  I  to  n ;  tbcn  ve  gei  from  the  foranila  (l6) 

nnSjS  +  fiains/S^-O; 
cos  taei»S/34«cog8a'co8S/3'  -O; 
sin  3a  COS  2/3  +  n  sin  ia  cmi^  =  0. 

Transposing,  «(quaring,  and  addinf^,  we  fitul  jj'  =  l,  and  therefore  n  =  1,  since  n  is  essen- 
tially positive.  Since  /3  and  /3'  arc  supposed  not  to  lie  beyond  the  limits  —  90-  and  +  yo',  »c 
get  from  the  first  equation  /3'  «  -  or  /i'  ■  A  90"  -  ^,  +  or  -  according  as  /3  is  positive  or 
negative^  Kow  it  is  {dain  that  any  one  solutioD  must  be  oxpmaed  analytically  in  two  way^  in 
which  the  values  of  0  or^oompleinentaiy,  and  the  Talues  of  a  diflhr  by  9(f,  since  dtiicr  prin- 
cipal axis  of  the  dltpsc  belonging  to  the  m  eoml  stream  may  be  that  whoso  nTiimntb  is  a. 
Accordingly,  we  may  reject  tlie  second  .solution  as  being  nothinn^  more  than  the  first  expressed 
in  a  difl'erent  way,  and  may  therefore  suppose  =•  —  The  second  and  third  equations  then 
give  cosSa'  ■=  —  cos  2a,  »in  2a'  =  -  sin  2u,  and  therefore  a  and  a  differ  by  yo".  The  equations 
aie  indeed  satisfied  by  fi  =  -  ^'  ~  ^  45",  hnt  t&ts  sohition  is  only  a  particular  ease  of  the 

It  follow*  thercf(^re  that  common  light  is  equivalent  to  any  two  independent  oppositely 

polarized  streams  of  half  the  intensity;  and  no  two  independent  polarized  .streams  can  together 
be  equivalent  to  common  light,  unless  they  be  polarized  oppositely,  and  have  their  inten- 
sities equal. 

19.  We  hare  seen  that  the  nature  of  the  mixture  of  a  ^ven  group  of  independent 
polarized  streams  is  determined  by  the  values  of  the  four  constants  J,  B,  C,  D.  Consider 
now  the  mixture  of  a  stream  of  common  light  liaving  an  intensity  J,  and  a  "strrrtm,  inde- 
pendent of  the  former,  consisting  of  elliptically  polarized  light  having  an  intensity  J',  and 
having  a  for  the  aiimuth  of  its  plane  of  maximum  polarization,  and  tan  ^  fat  the  ratio 
of  the  axes  of  the  ellipse  which  cbaraeterizes  it. 

By  the  preceding  article,  the  stream  of  common  light  is  oqidvaknt  to  two  independent 
streams,  plane -polarized  in  azimuths  0"  and  90P,  having  each  an  intensity  equal  to  jfJ^ 
Hence,  applying  the  formulae  (16)  and  (17)  to  the  mixture,  wc  have 

S  in  (0,)»  mJ^J'  +  J'wk%^  VOL  J'  COS  2  a  cos  2  /3'  cos  2  ai  cos  2  /?, 

+  J'  sin  '2a'  cos  2/3'  sin  '-Jaj  cos  :2/3, ; 
and  this  mixture  will  be  equivalent  to  the  original  group  of  polarized  streams,  provided 

}   (W) 

/'cosSacosSjSf- (7;      7'BinSacosS/3^-2>.  J 
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I. 


Tbeae  equations  give 

.  ^„  B  ,    D  \  0») 

sin      m  :  tan  3a  ■  —  • 

V(fl»  +     +      •  C 

These  forrmilfp  ran  nlwayn  be  Batisfictl,  ami  tlicrcforc  it  is  alwar*  possible  to  represent  the 
givpT  group  by  a  stream  of  common  light  combinetl  with  a  stream  of  ellipticany  polarized  H<»ht 
independent  of  the  former.  Moreover,  there  is  only  one  way  in  which  thu  gruup  can  be  so 
rqwewttted.  For,  though  the  tbini  of  equations  (19)  give*  two  valuetfor  ^  complementary  to 
eneh  other,  dwM  valuee,  «■  befoic  expleined,  lend  only  lo  two  w^e  of  cxpresring  the  Mutne 
result.  If  we  choose  that  value  of  /3  which  is  numerically  the  smaller,  then  among  the  djlbreilt 
values  of  a',  differing  by  ()o*>  which  aatiBfy  the  fourth  equation,  we  tnuet  choow  one  which 
gives  to  cos  2a  the  same  sign  as  C. 

90l  Let  us  now  apply  the  principles  «»d  formulK  whsdi  htpVe  juat  been  cetaUiahed  to  a 
few  examplea.  And  first  let  11s  take  one  of  the  fundamcntnl  expeiiinenta  by  whidi  MH.  Atago 
and  Fresnd  established  the  laws  of  interference  of  polarized  light,  or  rather  an  anakgoui 
experiment  roentiori-r^  hy  Sir  John  Hcrschel.    The  experiment  selected  is  the  following. 

Two  neighbouring  pencils  of  common  liglit  from  the  same  source  are  made  to  form  frinTCs 
of  interference.  A  tourmaline,  carefully  worked  to  a  uniform  thickness,  is  cut  in  two,  and 
iia  halves  inteipoeed  in  the  way  of  the  two  itreama  reqieetiTely.  It  is  found  that  when 
the  |ilanea  of  polarizatko  of  the  two  tottrmalinea  are  |)arallel  the  lUiiges  are  formed  perfectly ; 
but  as  one  of  the  tourmalines  is  tamed  lonttd  in  azimuth  the  fringes  become  faints,  and  at  laat^ 
when  the  planes  of  polarization  become  perpendicular  to  each  other,  the  fringes  disappear. 

Let  the  plnncs  of  polarisation  of  the  tourmalines  be  inclined  at  an  angle  a,  and  let  it  be 
required  to  investigate  an  expression  for  the  intensity  of  the  fring(».  Since  common  light  is 
eqidvalent  to  two  Independent  atreama,  of  equal  intensity,  polarited  in  opposite  ways,  let  the 
original  light  be  represented  \pf  two  Independent  streams,  having  eneh  an  inlenaity  equal  to 
unity,  polariied  in  planes  respectively  parallel  and  perpendicular  to  the  plane  of  polarizatioa 
of  the  first  totirmaline.  If'*,  r  be  the  copfReients  of  vibration  in  the  two  streams  respectively, 
ccosa,  e' sin  a  will  be  the  coefficients  of  the  resolved  parts  in  the  direction  of  the  vibrations 
transmitted  by  the  second  tourmaline.  Hence  we  shall  have,  mixing  together,  two  independent 
atreama,  in  one  of  which  the  temporary  intensity  flaetoates  between  die  Unnta  ifi^etaftif 
4>  (e  eoe«  sin  a)^  as  the  interval  of  retardation  diangea  in  passng  ftom  one  pomt  to  another  In 
the  field  of  view.  The  temporary  intensity  the  Other  stream  hdng  sin  a)*,  the  intendty 
at  difieient  points  will  fluctuate  between  the  limits 

m  (c*  A  SC*  CO»*a  +  c*  cos'a)  +  Ut  (c  sin  a)'. 

It  is  needless  to  tal-:e  firrount  of  the  absorption  which  takes  place  even  on  the  pencils  which 
the  tourmalines  do  transmit,  because  it  aflects  both  jxncils  equally.  Since  HI  (e*)  >=»  in  (c'*)  —  1, 
we  have  fur  the  limits  of  fluctuation  of  the  intensity  i^'i,  cos'  a.  VVhen  0  =  0  these  limits 
beeooDC  4  and  0,  and  die  inteiferenoe  is  perfect.  When  a  «  90^  the  Umits  coalesce,  becoming 
each  equal  to  t,  and  there  are  no  friogea.    Aa  a  inereaaea  lk«n  0  to  90^,  the  auperior 
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limit  continually  decreases,  and  the  inferior  increases,  and  con&equentljr  the  fringes  become 
fainter  and  fainter. 

21.  It  is  a  well-known  law  of  interfi-rencc  that  if  two  raj's  of  common  liglil  from  the  same 
source  be  polarized  in  rectangular  plaiu-ii,  and  afterwards  be  brought  to  the  same  plane  of  polari^ 
ntuotor  in  oUMr«ont>»  aoftlyzed  lo  u  to  kIiIdodIj  light  polariiedio  s  partieiilar  plane,  they 
will  not  interfere,  but  if  the  li^t  be  primitiTdy  polarised  in  tme  plane  they  will  interfere^ 
Tfaia  law  lenns  to  have  presented  a  diflicultj  to  aome,  baoauie^  it  would  be  argued,  the 
most  general  kind  of  vitirations  arc  elliptic,  so  that  we  must  suppose  the  vibrations  of  the 
ether  in  the  case  of  common  light  to  be  of  this  kind  ;  and  yet  tlie  phenomena  of  inter- 
ference are  exhibited  perfectly  well  if  the  light  be  at  first  eliiptically  polarized  instead  of 
plane-polariziML  For  mj  own  part,  I  never  could  aee  tfae  dificulty,  but  on  the  other  hand  it 
aeena  to  me  that  it  would  be  an  immeDBe  diftculty  were  the  law  anything  die  than  whatsit  ia. 
For,  if  we  eonaider  the  rectangular  componenta  of  the  Tihrationi  which  make  up  common  lighti 
these  components  being  measured  along  anj  two  rectangtdar  axes  perpendicular  to  the  ray,  we 
must  suppose  them  to  be  independent  of  each  other,  or  at  least  to  have  no  fixed  relation  to 
each  other  so  far  as  regards  the  changes  in  the  mode  uf  vibration,  which  we  must  suppose  to  be 
taking  place  eontinunUy,  tbomg^  dowly,  it  may  bet  in  compariaon  with  the  time  of  a  liuninoua 
vibration.  To  suppose  otherwise  would  he  eonirary  to  the  idea  of  ooonnon  light,  m  which  it  it 
implied  that  on  the  aver^  whatever  we  can  say  of  one  plane  paadng  through  the  ray,  we  can 
say  of  another :  wbaterer  we  can  aay  of  the  directioa  one  way  mund  we  can  aay  of  the  other 
way  round. 

At  the  end  of  his  excellent  Tract  on  the  Undulatory  Tlieory,  Mr  Airy  has  shewn  how  the 
ifanple  supposition  of  the  eziitence,  b  oamraion  lig^t,  of  ancceanTe  i«we  of  undulations,  in 
which  the  vibratione  of  one  Mfiee  lisre  no  rdation  to  thoae  of  another,  would  account  at  the 

aame  time  for  the  interference  of  common  light  and  the  non-interference  of  the  penci!:i,  polarized 
in  rectangular  planes,  into  which  common  light  may  be  conceived  to  be  decomposed.  Rut  lie 
has,  I  think,  introduced  a  pratuitous  difficulty  into  the  subject,  by  assertinj^  thnt  it  is  neces- 
sary to  suppose  the  transition  from  one  series  into  another  to  be  abrupt,  and  tiiat  a  gradual 
dhange  in  the  aatuie  of  the  vibration*  i»  inadniiwihki  Tbie  amertion,  which  aeema  to  have 
led  others  to  conceive  that  there  was  here  a  diAculty  with  which  the  undulatory  theory  had  to 
contend,  ^ems  to  have  resulted  from  an  investigation  from  which  it  appeared  that  common 
light  could  not  be  represented  by  an  indefinite  aeiics  of  elliptic  vibrations,  in  which  the  major 
axis  of  the  ellipse  was  supposed  to  revolve  uniformly,  rapidly,  with  regard  to  the  duration  of 
impressions  on  tlie  rrtina,  though  slowly  with  regard  to  the  time  of  a  luminous  vibration.  I 
have  daewhere  pointed  out  on  what  gminds  I  ooncdve  that  the  instance  of  the  revolving  ellipse 
is  not  a  ease  in  point,  namdy,  that  it  is  not  a  blr  lepreaentation  of  common  light,  beeaoae  it 
gives  a  preponderance  on  the  average  to  one  direction  of  revolotian  over  the  contrary,  which  is 
contrary  to  the  idea  of  common  %ht*.  Let  us  now  apply  the  general  formuiat  (iQ  and  (17) 
to  this  c&sc 

Let  c  cos  ^,  c  sin  j3  be  the  semi-axes  of  the  ellipse,  a  the  azimuth  of  the  first  axis  at  a  given 
*  Bq^sf  themeetiiigof  iheJBtiidiliiUiac{atHn«t8«aaMsinia4l.  TrmaetiMS  of  the  Section,  pi^  k 
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time.  So  far  as  relates  to  the  stream  for  which  the  azimuth  of  the  first  axis  b'es  between  a  and 
a  +  da,  we  have  m  (c")  -  (£w)°'cMa ;  and  in  the  application  of  the  formuis  (16)  the  sumnui- 
tSim,  to  wUdi  S  Tcfen,  will  of  courie  pus  into  an  integration.    We  have  ttwnlbre 

mw  Sit 
whenoe  we  get  Iron  tlie  fomuls  (19),  aupponng  /3  positive, 

sin  2j3;      J- c'O  -  6in2/8);  /3'-45«; 

vbile  tt  remaitis  indeterminate.  Hence  the  mixture  is  equivalent,  not  to  common  light  alonct 
Imt  to  «  stKini  of  oommoD  light  having  an  iotcniity  equal  to  c*  (1  -  sin  2j8),  combined  wiA  a 
atream  of  diculitlj  polarised  l^t,  Indepaidciit  of  tbe  fbroier,  heviog  an  intensity  equal  to 
^  sin  and  being  of  the  same  character  as  regards  right-handed  or  left-handed  as  the  original 
stream  would  be  were  the  dUpie  statUmarf.  Tbe  fesnU  <d  supposing  ^  negative  is  hare 
assumed  as  obvious. 


89.  Suppose  that  a  polarizing  prism  and  a  mica  plate,  which  produce  elliptic  polarization, 
•n  made  to  rerelTe  togetfaer  with  gveat  npkKt/.  The  stieam  of  l^t  thus  prndneed  will  be 
equivalent  to  the  Ibnner.    The  only  difl^nce  is  that  in  the  former  case  0  was  supposed 

constant,  whereas  in  the  case  of  actual  experiment  it  will  be  subject  to  the  fluctuations  men- 
tioned at  tlie  beginning  of  this  paper;  but  tbe  mean  values  represented  by  HI  will  not  be 
affected  when  thege  fluctuations  are  taken  into  account,  and  therefore  the  same  forxDulse  will 
contfaine  to  apply.  Kenoe,  if  the  polaritation  he  dreular  Ihe  rotation  will  aoakeno  diffeicnoet 
if  it  be  plane,  the  light  will  appear  oompletelj  depolarineds  in  intermediate  cases  the  result 
will  be  intermediate,  and  the  light  will  be  equivalent  to  a  mixture  of  oommon  light  and 
circularly  polarized  light.  The  reader  WKj  compare  Aese  ooodnsiona  of  theory  with  some 
experimenta  by  Professor  Dove*. 

S8k  As  a  last  example,  let  liglu  polarized  by  traosmissiott  through  a  Micol's  prism  be 
transmitted  through  a  seoond  NiooTs  prism,  whioh  is  made  to  revolve  uniformlj  and  r^iidly 
wfaUe  the  first  remaias  6xcd. 

Let  a  be  the  azimuth  of  the  plane  of  polarization  of  the  second  NicoFs  prism,  measured 
from  that  of  the  first,  c  the  coefficient  of  vibration  in  tbe  stream  transmitted  through  the 
first  prism.  The  stream  passing  through  the  second  prism  is  made  up  of  an  infinite  number 
of  independent  streams  sudi  as  that  whose  intensity  is  (Sir)*'  00^  ada  multiplied  by  the 
mean  iqdue  ol  c^.    Hence  we  have  from  the  fbnnulm  (iQ 

whence^  takh^  the  intanaltjr  ^  ^  or|^naI  strean  as  unity,  we  have 

^-i;  /-i;  ^-0;  u'-o; 
or  the  l%[ht  is  cqnivalent  to  a  nixtmu  of  conunoB  B^t  Inmng  an  Intensity  ^,  and  Ugfat 
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independent  of  the  former,  of  the  same  intensity,  pokriml  at  an  azimuth  sero.  This  result 
nia^  be  compared  with  one  of  Profesaor  Dove's  experiments. 

If  •  nilttiog  crystalline  piate^  cat  from  •  doubly  refracting  crystal  in  «  dineCioa  mat 
nearly  eaiiwiding  idtli  the  optie  uis  or  one  of  the  optic  axee,  and  not  lolBcieDtly  tUo  to 
czhifait  colours  in  polarized  Kgbt,  be  substituted  finr  the  rotating  Nicol's  prism,  since  Ae 
plate  is  too  thick  to  allow  of  the  exhibition  of  any  phenomena  depending  on  the  interference 
of  the  oppositely  po)arizc<l  pencils,  the  effect  will  be  just  the  same  as  io  the  case  of  the 
Nicol's  prism,  only  the  intensity  of  each  steam  will  be  doubled. 

In  applying  the  ibmiuks  of  this  paper  to  experimcnte  hi  which  one  part  of  an  optloat  tnun 
ii  made  to  iwolTe  capidlf  ,  it  ittttBt  be  undetMood  that  the  other  parte  of  the  train  are  at  ye«t» 
Off  at  leaet  do  not  revolve  with  a  velocity  nearly  equal  to  the  jhmer.  Othenriae,  particular 
phenomena  will  be  exhibited  depending  on  the  simultaneous  movements  of  two  or  more  parts 
of  the  train,  as  appeared  in  Professor  Dove's  experiments;  and  io  the  calculation  of  these 
phetiomena  it  will  not  be  allowable  to  substitute  for  the  stream  of  light  emerging  from  the 
polaxifer,  or  fint  revolving  piece  whatever  it  he^  the  atveanu  of  oonunon  and  dliptically 
petaiiaed        to  wbkb,  tat  general  p««poaee»  it  ia  eqniralent 

G.  G.  8T0KBS. 
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CRMd  FA.  7,  iflsai 

Fob  many  years  past  the  great  problem  of  clock-making  has  been  the  inventiuD  of  a  simple 
grmUg  MoafMmmf,  wbidi  vtll  give  a  constant  inpube  to  the  pendaluiii,  and  wtthoat  any 
firietkn  etpahle  of  aenaUy  afleeting  IIm  are  of  nbiatioii.  For  if  that  am  be  done^  it  u 
erideot  that  all  mechaDieel  causes  of  distnrbaDce  of  the  time  of  vibration  will  also  be  removed ; 

and  if  the  escapement  can  also  be  made  so  that  its  effect  on  the  pendulum  will  stil)  remain  the  • 
same,  notwithstanding  any  small  Tariation  of  arc  which  may  arise  from  changes  in  the  density 
of  the  air,  or  any  accidental  causes,  then  the  pendulum  (ao  far  as  it  depends  on  the  escape- 
ment) muit  lenain  iaodironous  ae  long  a*  it  is  kept  going  at  alL 

Although  Graham's  well-known  daad  aeapanettt,  togedier  irith  that  modtfieation  of  tt 
eaUed  the  pinwheel  escapemeni,  baa  now  held  its  place  againat  dl  rivals  for  more  than  a 
century,  as  the  best  for  astronomical  and  turret-clocks,  it  is  very  far  from  satisfying  the 
above  conditions.  Its  success  is  due  to  a  very  different  cause ;  vW..  to  the  fact  that  the  several 
errors,  which  arise  both  from  the  inconstancy  of  the  impulse  and  the  variations  of  its  large 
amomtt  of  friction^  have,  faj  a  fortunate  oofaiGidmoe*  a  tendency  to  countenot  and  compensate 
each  other,  and  aometimea  ezacdj  do  ao.  Mr  Any  shewed^  in  a  paper  on  die  Distatliaacea 
of  PcnduIuniR,  in  Vol.  III.  of  these  Transactions,  tbat  from  this  cause  the  difference  between 
the  time  of  a  free  pendulum,  and  of  the  same  pendulum  under  the  influence  of  this  escape- 
ment, is  less  than  the  dift'cronce  produced  by  any  other  esca|)enient.  It  docs  not  follow  indeed, 
as  he  tlience  inferred,  tiiat  liie  variation  of  this  difference  from  day  to  day  (which  is  the 
*rat»*  tit  the  dock)  must  be  lees  with  thb  escapement  than  any  other;  and  in  fiwt  (as  I 
shewed  in  my  paper  read  here  in  18M,  Vol  VIII.  p.  and  in  the  Rndfanentary  Treatise  on 
Clocks  afterwards  pablished,)  thb  vaiiatioa  may  be  made  to  vanish  altogether  in  what  is 
called  a  grnpthf  or  remnntoire  escapement,  by  a  construction  which  makes  tfie  difference  of 
time  from  that  of  a  fn  e  pindultim  a  mfMiimum,  But  I  also  shewed  that  this  compensation  of 
errors  in  the  dead  escapement  may  be  traced  still  farther,  into  the  expression  for  the  variation 
of  the  dillerence  from  a  free  pendulum ;  and  that  the  good  going  of  these  clocks  depends  in  a 
great  meeauie  upon  two  different  errors  which  arise  from  the  changss  of  fiietum  in  dilRnent 
parts  of  the  clock,  als<i  tending  to  counteract  each  other*. 

But  it  must  he  remembered  that  all  these  sclf-actinj?  corrections  are  at  the  best  only 
approximations  to  accuracy ;  especially  as  the  different  errors  have  no  constant  or  definite 


*  I  take  Ais  apportKinUr  of  urinfT  that  Hum  im  witnl  I  deoominator  of  the  final  expmiim  tm  WtOfA,  at  At 
typofmpUal  ami  la  tnj  fora»a  pa|>«r.  Tha  moit  aatiiiil  i  _  daily  nte  of  a  giaviiy  eicap«iMnl> 
m  k     «niMiai»  l>  tha  Im  paga  iM  im,  af  ^  la  lha  i 
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relation  to  each  other,  but  depend  on  the  accidental  state  of  the  frictiou  in  different  parib  of 
the  dock,  and  upoQ  the  comtmeUon  of  woh  individual  eacapement.  And  it  is  by  do  means 
CD  unimportant  dKunutancfl,  that  aueh  noeuiaej  as  can  be  obtained  in  a  clock  of  tbia  bind 
depends  very  much  upon  the  amount  of  skill  and  cate  vlndi  have  been  cmplojed  in  its  eon- 
fltrtictiuii.  In  the  best  clocks  the  pallets  are  jewelled,  the  pivots  turned  as  small  as  poiaible, 
tliL-  wheels  and  pinions  made  with  very  high  numbers  of  teeth,  and  various  othor  refinements 
are  introduced,  because  the  clockmakers  have  long  agu  found  out  that  nothing  like  accuracy 
of  performance  can  be  obtained,  except  by  reducing  all  tbe  friction  to  the  lowest  possible 
amovnt.  Tbe  consequence  is  tbat  sueb  docks  ace  very  wpendve,  costing  from  £ao  to  £90, 
aocoidiag  lo  tbe  dq;ree  of  Anisb,  tbougb  tbey  contun  very  lilde  maebinery,  and  tbat  of  an 
extremely  simple  kind.  For  though  it  may  be  theoretically  true  that  the  friction  on  the  dead 
part  of  the  pallets  (called  for  shortness  the  'dead  friction')  docs  not  directly  affect  the  time  of 
vibration,  yet  if  you  try  the  experiment  of  artificially  thickening  the  oil  there  by  putting  a 
little  resin  to  it  (you  may  clean  it  off  again  witb  spirits  of  turpentine),  you  will  find  that  the 
flietion  does  in  practice  alKMt  tbe  tine  of  ▼ibratian  my  sensibly  by  altering  tbe  arc^  on  several 
functions  cf  wbidi  the  time  depends. 

One  of  those  functions  is  the  arctdar  error  (as  &r  as  it  is  uncorrected  by  tbe  pendulum- 
spring,  and  how  far  that  is  is  very  uncertain),  and  this  tends  to  make  the  clock  gain  if  the 
arc  is  diminished.  But,  on  the  other  hand,  there  appears  in  the  expression  for  the  daily  rate 
another  term  involving  da,  or  the  vaifacfam  of  the  art^  and  of  the  opposite  sign  to  the  circular 
error.  And  1  have  Ibund,  both  firom  prerions  experienocp  and  firom  some  experiments  expressly 
made  for  tbe  purpose  of  testing  tbe  vnlue  of  an  invention  which  pirofessed  to  make  a  penduluai 
with  a  dead  escapement  always  isochronous,  that  sometimes  one  of  these  terms  may  prepon- 
derate, and  sometimes  tbe  other.  There  is,  besides,  another  term  in  the  expression,  depending 
on  the  variatioo  of  force  of  the  impulse,  independently  of  the  variation  of  the  arc.  And  it 
appears  AaA  when  a  deereafe  of  are  aiiaes  chiefly  from  an  inoreasc  of  frietioo  on  tbe  pallets, 
tbe  clock  will  genenUy  lose  in  sfnte  of  tbe  circular  erruff  $  but  wbene  it  arises  chiefly  from  an 
increase  of  friction  in  tbe  train  the  clock  will  gain.  But  at  any  rate  the  amount  of  the 
increase  or  decrease  of  time  which  may  be  expected  to  accompany  any  given  increase  or 
decrease  of  arc,  arisinrr  in  the  natural  state  of  things,  is  quite  uncertain.  And  therefore  (if 
not  for  other  reasons)  all  such  things  a»  cydoiUal  checks,  springs  for  accelerating  the  pendu- 
lum as  tbe  are  increases,  mid  any  otiier  *  isocbronous'  contrivances,  are  practically  useless,  and 
in  many  cases  are  even  more  likely  to  aggravate  tbe  actual  error  of  tlie  dodt  than  to  correct  it, 
howevM  wdl  tbey  may  appear  to  answer  in  arbitrary  experiments  for  produdng  some  enocmoos 
developement  of  one  of  the  errors  without  taking  any  notice  of  another,  which  in  ttie  natural 
state  of  thinfTs  mav  be  much  larger  in  an  opposite  direetion. 

The  only  exception  to  this  remark  is  tbat,  in  turret-clocks,  in  which  the  variations  of 
friction  are  much  greater  tlian  in  teguktom^  it  seems  to  be  fbnad  l^enefldal  to  give  a  very 
ai^t  recoil  to  tbe  dead  part  of  the  pallets.  But  I  suspect  that  the  advantage  is  not  so  much 
in  the  accelerative  efl'ect  tliereby  produced,  as  in  the  tendency  of  such  a  recoil  to  check  the 
variations  of  the  urc,  in*  tlie  increased  friction  which  it  opposes  to  any  increased  swing  of  the 
pendulum.    The  most  valuable  addition  however  to  a  tunet-dock  for  tbe  purpose  of  eqnaU 
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jfiog  die  fiirce  of  the  tnin  h  a  remontoire  in  the  tnun  just  hdaw  tbc  scape-wbeel,  vbicti  Si 
tlMD  driven  by  a         qiriag  or  a  mMll  weight  wound  up  at  ebort  intenrds  hj  the  tnia 

and  tbc  great  clock-weight.  The  spring  remontoire  described  in  the  supplement  to  mj  fanner 
paper  has  been  ever  since  used  by  Mr  Dent  in  all  bis  largest  clocks.  There  are  two  of  his 
clocks  in  the  same  town  similar  in  all  respects,  except  that  one  has  this  remontoire  ami  the 
other  has  not ;  and  the  clockmaker  there  wlio  takes  care  of  thetu  both,  and  who  has  access  to 
a  dipleidoBoape  for  oomcting  tbem*  reporte  tibal  he  ifaidi  it  imposMble  to  keep  the  one  without 
die  icmonloize  to  eo  good  a  rate  aa  the  other.  Nevertbdeia  a  train  remontoire,  however 
eftctnal  in  doing  what  it  profeMet  to  do,  cannot  remove  the  friction  on  the  pallet*  or  keep  it 
constant;  and  it  is  subject  to  continual  variation  according  to  the  freshness  of  the  oil  and  the 
temperature.  In  fact  all  that  a  train  remontoire  does  for  a  lartre  clock  is  to  put  it  on  a  level 
with  an  astronomical  clock,  of  which  the  train  is  so  highly  finished  that  the  force  on  the  scape- 
wheel  hai  no  eeneible  Tariation;  except  dwt  the  long  and  heavj  pendulum  of  the  large  dock 
then  givee  it  an  advantage  over  the  email  ooe^  and  cooeequenllj  turret^doeka  with  cast>jiw 
wheels  can  be  made,  by  meane  of  thie  remontoire,  to  go  better  than  the  best  aitranomieal  dock^ 
provided  the  pallets  are  kept  properly  clean  and  well  oiled. 

The  result  of  all  this  evidently  is  that  it  is  hopeless  to  expect  any  farther  material  im> 
provement  in  clock-cscapernents  in  any  direction,  except  that  of  materially  reducing,  if  not 
completely  removing,  the  friction  which  affects  the  pendulum.  And  I  shall  now  proceed  to 
give  an  aoooant  of  the  lateet  attempt*  that  have  been  made  in  ibat  direction — lo  fur  at  kaat 
as  they  qipear  to  me  to  be  worth  notice ;  for  mch  attempts  are  hnng  made  every  day,  many 
of  them  in  ignorance  of  what  is  really  wanted,  rod  none  of  them  with  die  slightest  dumoe  of 
coming  into  general  use. 

Until  lately  I  thought  that  Mr  Bluxaiu's  escapement,  which  is  mentioned  in  my  former 
paper  and  fuUy  described  in  the  Rudimentary  Treatise  on  Clocks,  was  capable  of  satisfying 
all  the  requisite  conditions  of  a  gravity  escapement  But  when  it  became  neeessary  for 
me  to  consider  whether  it  oi^t  to  be  introduced  into  the  great  Westminster  cloek,  whidi 
Mr  Dent  is  making  under  the  direction  of  the  Astronomer  Royal  and  myself,  I  found 
that  it  roiild  not  be  constructed  so  as  to  satisfy  the  proper  mathematical  conditions  without 
exposing  it  to  such  mechanical  objections  as  would  prevent  its  acting  at  all.  In  the  only 
iqiedmen  of  it  which  (as  far  as  I  know)  has  ever  been  made,  the  scape-wbed  lifts  the 
gravity  arms,  or  peiUeti,  dmngh  a  very  smdl  angles  and  dierefiore  lifb  them  dovly,  and 
without  giving  them  audi  a  velodty  aa  to  carry  them  out  so  liir  that  the  toodk  of  dw 
soape>wbeel  can  slip  by  instead  of  bring  cau^t  and  stopped :  which  is  called 
ping.  But  if  the  lift  is  increased  to  anythinjs^  near  the  amount  which  renders  the  escape* 
mcnt  independent  of  any  moderate  change  of  arc,  it  will  be  quite  as  liable  to  trip  as 
any  other  gravity  escapement,  and  probably  more,  on  account  of  the  arms  being  lifted 
with  searedy  any  IHetton.  And  dierefore,  dthough  I  bdieve  diat,  even  aa  it  was  made 
by  Mr  Bloxam,  it  would  go  better  than  any  dead  escapement,  beeanae  there  is  nothing 
to  cause  any  variation  of  die  arc,  still  it  cannot  be  regarded  as  a  perfect  gravity  escape- 
ment ;  and  it  was  also  represented  to  me  hy  those  who  are  better  judges  of  that  point 
than  I  am,  that  it  would  be  too  delicate  and  expensive  to  construct  to  be  at  all  suit- 
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able  for  general  use.    And  so  I  found  that  « 
dcable  gravity  escapement,  capable  of  satisfying  a 
There  were,  as  might  be  expected,  several 
of  1851,  but  none  of  them  by  any  means 
perfect,  or  at  all  likely  to  come  into  use. 
But  there  was  also  a  new  form  of  dead  es> 
capenicnt,  which  had  just  before  been  patented 
by  Mr  C.  Macdowall,  a  clockmaker,  and  which 
certainly  possessed  considerable  advantages  in 
some  respects  over  Graham's,  or  any  escape- 
ment of  that  class.    It  was  called  the  tingle- 
pin  escapement,  because  the  scape-wheel  is 
ouly  a  small  disc  with  a  single  (ruby)  pin  in 
it,  parallel  and  very  near  to  the  arbor  (or 
axis)  of  the  disc.    The  disc  turns  half  round 
at  every  beat  of  the  pendulum,  and  the  pin 
gives  the  impulse  on  the  vertical  faces  of  the 
pallets ;  and  the  dead  friction  takes  place  on 
the  horizontal  faces,  as  in  the  other  dead 
escapements.     This  drawing  will  sufficiently 
explain  its  action.    The  principal  advantage 
of  it  is  that  the  greatest  part  of  the  impulse 
is  nearly  direct,  and  is  therefore  given  with 
hardly  any  friction ;  and  the  conse<juence  is, 
that  the  pressure  on  the  dead  part  of  the 
pallets  is  also  much  less  than  usual,  bo  that 
scarcely  any  oil  is  required.    A  further  proof 
of  the  small  friction  in  this  escapement  is, 
that  I  know  a  watch  of  this  kind  has  been 
going  very  well  for  above  a  year,  and  was 
ex(K)sed  on  some  cold  nights  last  winter  which 
would  have  stopped  a  watch  with  a  common 
lever  escapement.     It  is  however  an  objec- 
tion to  it,  that  two  additional  wheels  are 
rcquirc<l  in  the  train,  and  the  last  pivot  has 
to  turn  with  such  a  velocity,  that  the  force 
on  the  scape-disc  would  be  liable  to  vary  a 
good  deal  from  variations  in  the  state  of  the  oil. 

But  it  afterwards  occurred  to  me  that 
this  last  objection  might  be  removed,  and 
also  the  direct  or  middle  portion  of  the  im- 
pulse retained,  omitting  altogether  the  oblique 


e  were  really  as  far  as  ever  from  a  prac- 
1  the  requisite  conditions, 
new  gravity  escapements  in  the  Exhibition 
C.  Macdowall's  Single-pin  Escapement. 
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part,  or  that  which  is  given  in  about  the  first  60°  and  the  last  6o^  of  the  180"  through 
which  the  scape-disc  moves  at  every  beat.  This  is  done  by  using  a  scape-wheel  with  three 
pins  or  teeth  instead  of  one;  and  the  wheel  and  pallets  then  assume  this  form,  which 


Threo-lcggcd  dead  Eocapomont:  full-eise  for  a  Turret-clock;  (tho  pallet  arbor  to  be  12  inches  abore  the 

■oape-wheel.) 


pretty  obviously  suggests  the  name  of  the  three-legged  dead  eteapement.  The  impulse  is 
given  on  the  vertical  faces  of  the  pallets,  as  the  tooth  in  action  passes  through  its  high< 
est  or  lowest  arc  of  GoP,  with  scarcely  any  friction.  And  the  consequence  of  this  great 
saving  of  friction  in  the  impulse  is  a  diminution  of  the  pressure  and  friction  on  the  dead 
pallets  far  beyond  what  I  had  expected,  although  I  had  already  learnt  from  Macdowall^s 
escapement  that  there  was  more  force  wasted  in  friction  in  the  common  dead  escapement 
than  anybody  appears  to  have  been  aware  of  before.  The  pendulum  of  the  Westminster 
clock,  in  order  to  get  its  length  adjusted,  had  been  previously  set  going  with  a  common 
church-clock  movement  and  pinwheel  escapement,  and  then  it  required  a  weight  of  80  lbs. 
to  make  it  swing  the  usual  arc;  but  when  this  three-legged  escapement  was  put  to  it, 
they  were  obliged  to  take  off  all  the  weight  except  15  lbs.  So  that  at  least  four-fifths  of 
the  proper  duty  of  the  scape-wheel  is  wasted  in  first  producing  and  then  overcoming  the 
friction  of  the  common  dead  escapement.  I  say  'at  least'  four-fifths,  because  even 
in  this  new  escapement  there  is  some  dead  friction,  and  moreover,  I  found  that  it  bad 
been  made  with  an  unnecessary  amount  of  clearance,  so  that  nearly  a  quarter  of  the  impulse 
was  lost  in  the  drop  of  the  teeth  on  to  the  pallets.     The  dead  friction  however  is  so  small, 
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that  the  application  of  oil  made  very  little  difference  in  the  arc;  and  small  o-s  it  is,  it 
m^ht  be  made  still  1cm  hy  using  a  doable  scape-wheel  (as  suggested  in  mj  Rudimen- 
tary Tmtiae»  fin*  the  comman  dead  eaMpement),  widi  long  teeth  Jbr  the  loddog  and 
short  ones  for  the  Impulse;  hi  iaet«  one  baa  amce  been  made  in  tUs  way  m  Park  bj  a  person 
to  whom  a  drawing  of  the  escapement  was  given. 

It  is  worth  remarking  too,  that  I  found  thu  dock  alwajs  gained  with  an  increase  of 
arc,  even  thougli  it  was  produced  by  increasing  the  docic-weight :  thus  affording  another 
proof  of  the  nsdesaneaa  of  any  aneb  acceleraUng  oontrivaoces  as  I  before  menUoned. 
And  as  a  small  reccil  had  been  given  (o  the  dead  pallets^  it  would  perhaps  be  possible 
so  to  adjust  the  amount  of  this  recoil,  that  the  pendulum  should  neither  gain  nor  lose 
tor  any  probable  amount  of  variation  of  the  are.  And  at  any  rate>  as  the  force  of  the 
scape-wheel  may  be  kept  almost  constant  by  a  remontoire  in  the  train,  and  any  variation 
of  the  dead  friction  may  be  made  quite  insensible  by  the  'duplex'  arrangement  just  now 
referred  to»  there  can  he  Bttk  doubt  that  tbb  eacapemenk  might  be  made  more  constant 
in  Ita  action  than  any  other  in  wbidi  the  pendulum  reoeives  its  impulse  fiom  a  scape-wlied. 
It  requires  however  more  delicacy  in  construction  than  the  siogle>pin  eseapement,  on 
aeooUOt  of  the  small  depth  of  the  intersection  of  the  circles  described  by  the  points  of 
the  flcape-wheel  teeth  and  the  comers  of  the  vertical  pallets  j  and  it  probity  could  not 
be  applictl  to  a  watch  at  all. 

The  crutch,  or  arm  which  carries  the  pallets,  must  be  about  £5  times  as  long  as  the 
legs  of  the  scape-wheel»  in  order  to  let  the  escape  take  place  at  I*  (there  will  always 
be  a  little  kst  in  the  drop);  and  therefore  the  legs  cannot  wdl  be  more  than  ^inch  famg 
in  an  ntronomical  clock.  In  a  turret-clock  they  may  be  two  or  three  times  this  rize. 
The  scape-wheel  which  drove  the  pendulum  of  the  Westminster  clock  (weighing  above 
(i  cwt.  and  14^  ft.  long),  was  only  half  an  inch  in  radius,  and  ^  of  an  ounce  in  weight; 
and  though  the  (temporary)  pallet*  were  only  of  iron  caseJiardened,  the  teeth  had  not 
made  a  mark  upon  them  afker  it  had  been  going  for  four  months,  when  it -was  taken 
off  to  bn  lephoed  by  another  escapement  whidi  I  have  yet  to  describe. 

For  after  it  had  been  going  for  some  ttnte,  I  was  consulted  about  a  clock  for  the  Cathe- 
dral at  Frcdcricton,  wlicre  the  cold  is  sometimes  as  great  as  -40";  and  some  apprehen- 
&iuu  was  expressed  as  to  the  possibility  of  making  any  ordinary  cscapemeiil  to  go  at  that 
temperature;  I  think  not  without  reason,  as  even  chronometers  will  stop  at  a  less  degree 
of  cold  thw)  that,  and  a  watch  with  a  lever  escapement  (whicfa  is  the  common  dead 
escapement  without  the  dead  frictioo)  will  stop  at  a  temperature  &r  above  it.  I  have  no 
doubt  the  three-legged  escapement  would  keep  a  clock  going  through  any  cold  which  does 
not  actually  freeze  the  oil  in  the  pivot-holes.  But  as  even  oil  which  will  not  freeze  is  ren- 
dered much  less  fluid  by  extreme  cold,  the  force  of  the  escapement  would  probably  vary 
ao  much  as  to  make  the  pendulum  swing  a  good  deal  ibrthcr  in  summer  than  In  winter, 
and  thereby  aitet  the  rate.  1  there&re  resumed  the  attempt,  whidi  I  had  king  abandoned, 
to  invent  a  gravity  or  remontoire  escnpement,  capable  of  satisfying  all  the  requisite  me> 
chanical  and  mathematical  conditions,  and  sufficiently  easy  to  make.  And  I  found  that 
It  could  be  done  by  turning  this  three-legged  impulse  escapement  into  a  gravity  escapes 
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raent,  in  the  manner  which  T  will  explain  presently.  But  fint  let  Ul  oouider  what  ifie 
the  conditions  which  such  an  escapement  ought  to  satisfy*. 

The  first  of  them  is  that  it  must  be  safe  from  tripping,  or  I'roui  any  risk  of  the 
pdktB  -hj  wbibh  the  Mape-whed  teeth  are  etopped,  being  thrown  eo  ISir  in  Ufting  that 
tiic  tooth  niieet  the  stop  altogether;  wherrfigr  at  leaet  two  beats  of  the  pendnluin  am 
nuMed,  and  perhaps  more,  aod  then  the  seape^wheel  aeqnires  such  a  velocity  that  several 
of  the  teeth  may  be  bent  by  stril:inr^  no-^inst  the  stops,  and  then  of  course  it  begins  to 
trip  worse  than  ever.  A  groat  many  contrivances  have  been  resorted  to  for  preventing 
this  primary  difficulty  of  gravity  escapements.  Gumming,  the  first  inventor  of  them, 
wed  two  pain  of  anus,  one  pdr  being  only  Ibr  kcldog  and  not  UAed  faj  <he  scqpe-whed 
at  aD,  but  only  by  the  pendoluai  in  unloddng  it.  And  this  was  to  a  certain  extent 
eflbctnali  and  I  have  heard  of  one  of  those  escapements  going  (while  it  did  go)  better  than 
a  very  expensive  dead  escapement  clock,  by  which  it  was  superseded  after  it  had  taken 
to  tripping,  from  the  points  of  tlie  teeth  having  gradually  got  bent  by  their  continual 
impact  against  the  stops  without  anything  to  moderate  the  velocity.  Hardy's  escapement 
was  just  the  same^  except  Aat  lie  put  all  ihe  ibur  arms  upon  springs,  I  suppose  for 
the  sake  of  amidiBg  the  fcietioo  of  eo  wan/  pivots.  But  he  tiierehy  iotiodaoed  a  worse 
evil ;  for  the  springs  bring  stiffier  in  cold  than  hot  weather,  aod  acting  on  the  pendulum 
at  the  extremity  of  its  arc,  where  it  is  most  afTccted  by  any  variation  of  force,  made 
the  clock  gain  in  winter;  and  accordingly  Hirrly-s  escapement  has  gone  the  way  of  all 
other  gravity  escapements,  and  was  even  taken  out  ot  the  transit  clock  at  Greenwich,  and 
r^aoed  by  a  dead  one.  Captain  Kater  proposed  to  get  rid  of  tripping  by  making  the 
impulse  anns  drop  on  to  an  andior,  like  the  pallets  of  a  deed  escapement  with  the  im- 
pulse faces  cut  off,  and  so  unlock  the  scape-whee!  by  their  wc^^t  alternately  acting  on 
the  different  sides  of  the  anchor.  Mr  Gowland,  who  had  n  patent  esenpemcnt  in  the 
Exhibition  on  the  same  principle  as  regards  the  unlocking,  provided  against  tripping  by 
putting  paddles  to  the  pallets,  going  down  into  a  pot  of  oil  which  resisted  their  motion; 
not  a  very  clegsnt  contrivance  certainly,  though  apparently  cflbctual.  There  was  dsn  n 
Prendk  escapement  by  M.  Cannery  in  the  Exhibition,  very  like  Gowland^  exeept  that 
it  diqienesd  wfdl  the  pot  of  oil,  |^  giving  n  large  motion  of  the  scape-whed  for  *  snail 
motion  of  the  arms,  as  Mr  Tiloxam's  escapement  did.  But  for  various  rca«)ns  not  worth 
enlarging  upon  now,  none  of  these  things  have  ever  come  into  use,  or  ever  will ;  and  I 
know  of  no  other  gravity  escapements  which  are  not  open  to  still  more  serious  objections. 

Bttt*  secondly,  it  is  necessary  that  the  eecapement  should  not  only  be  sscure  against 
tripping,  but  against  what  may  be  celled  ^pronMafa  tripping,  I  have  sren  eacapenents 
in  which  the  depth  of  the  locking  was  sufHcient  to  keep  them  from  actual  tripping  with 
any  probable  amount  of  force  on  the  scape-whee!,  but  ncvcrthelesa  the  arc  of  the  pen- 
dulum very  sensibly  increased  wlieii  the  clock-weight  was  increased.  The  reason  is  that 
the  ecape-wbeel  has  then  force  enough  to  send  the  arms  a  bttle  too  far,  though  not  far 
enough,  to  carry  the  stop  quite  out  of  the-  way  of  the  tooA,  and  -then  the  premuie  of 
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the  tooth  on  tlie  stop  keeps  the  atm  there  until  the  pendulum  comes  and  carries  it  off; 
and  consequently  the  difference  between  the  angle  at  which  the  arm  begins  to  ascend, 
and  tliat  to  wtdch  it  deaoenda  with  the  pendulum  (wUdi  dilTcrcBoe  ia  die  anf^  of  impulse), 
baeomea  hrger  dmn  it  ought  ta  he,  ami  the  awing  of  the  pendulum  ia  iDcmaad.  TUa 
defiect  of  moat  graritj  Mcapcmaota  aecme  to  buve  ewupcd  the  notice  of  dockmaken  alto- 
gether. 

Thirdly,  the  escapement  should  have  no  friction  sufficient  to  require  oil  on  any  of 
the  parts  affecting  tbe  pendulum.  I  do  not  mean  dmt  it  ia  naoeasary  that  no  <»1  should 
be  uied,  but  that  the  ftict&m  abould  he  ao  amall  that  no  differaiee  can  be  obaenred  in 
the  arc  of  the  pendulum  whether  oil  is  applied  or  not.    So  Ar  M  any  gmvity  CMape- 

ment  fails  in  this  respect,  it  descends  to  the  condition  of  a  common  impulse  escapement. 
And  on  the  other  hand,  any  contrivance  for  diminishing  the  friction  below  the  point  at 
which  the  pendulum  is  iodiffermit  to  the  absence  or  pres^ice  of  oil,  is  a  merdy  super- 
Anotts  nfinement,  and  it  generally  made  nt  the  czpeMe  of  more  impocttnt  objects,  aa 
waa  the  cue  in  aeveral  «f  dm  eacapementa  I  mantionad  juat  now. 

Tbe  fourth  condition  which  a  gravity  escapement  ought  to  satisfy,  or  at  laoat  not  to 
deviate  far  from,  is  the  maihematical  condition  investigated  in  my  former  paper,  which  may 
be  shortly  statfd  thus,  with  resj)ect  to  what  I  there  shewed  to  be  tbe  best  form  of  gravity 
escapement,  viz.  that  in  which  the  pendulum  takes  up  one  arm  just  as  it  leaves  tbe  other :— • 
If  7  is  the  arc  of  tbe  pendulum  ftom  seto  when  thia  change  of  arms  takes  place,  and  a  the 

extreme  arc,  then  7  ought  to  ^       =  .71  a  nearly;  for  that  is  the  proportion  which  makes 

the  difference  of  tbe  time  from  that  of  a  free  pendulum  a  maximum,  and  tbctefiane  mniEM  tbe 

variation  of  that  difference  evanescent  for  any  small  variation  of  a.  And  now  that  wc  know 
bow  small  a  moving  force  is  really  required  to  keep  up  the  vibraticm  of  tbe  pendulum  when  it 
is  delivered  from  the  incumbnnce  of  fifietion,  it  will  be  Ibund  by  calculation  that  tbe  error  will 

still  be  iasigni6cant  if  7  deviates  from  tbe  above  proporti<Mi  so  far  as  to  »  -  instead  of  » 

For  if  is  tbe  dock-weight  (or  rather  so  much  of  it  an  arrives  at  the  pmdulum  clear  of 
friction)  and  h  its  daily  fall*  and  M  and  t  the  weight  and  length  of  tlie  pendulum,  then 
the  daUy  rate 

Wh      V  da 
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In  the  WestnuD&ter  clock  iVh  i&  certainly  not  above  lOlbs.  x  6fL,  and  Ml  is  680lbs.  x  isft 
Consequently,  taking  ^  this  last  czpressiott,  and  assuming  a  Tmriation  of  aw 

of  5',  tiie  daily  rate  due  to  the  escapement  would  not  be  more  than  ^  sec. ;  and  tliat  is  much 
lam  than  the  dailjr  rate  due  to  the  circular  error  corresponding  to  such  a  variation  of  nrc, 
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iriikh  ia  about  -  aieeoDd.   Even  if    *  -*  tbe  dail/  rate  will  be  onlj  -  aec.;  belov  that 
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angle  it  iiicfea««<  fapidly.    (It  nay  be  obMrred  dnt  diia  enw  ia  of  the  same  rigo  aa  the 

circular  error,  and  therefore  cannot  be  employed  to  correct  it.) 

It  appears  therefore  that,  within  moderate  limits,  there  is  no  need  to  be  particularly 
careful  about  tlie  projx>rtioii8  of  a  and  y.    And  this  u  very  convenient,  because  it  happens 

that,  in  small  clocks  especially,  the  escapement  is  easier  to  make  safely  with  y  less  than 

beeanae  when  it  ia  ao  large,  the  arms  can  bafdly  be  made  light  endngh  for  a  pendulum  of  the 
uaual  w«i^t}  without  making  them  so  thin  that  they  are  liable  to  bend  (» little  impulse  doea 
a  pendulum  require  when  it  is  delivered  from  friction)  ;  and  moreover  the  smaller  the  Uft 
and  the  heavier  the  arms,  the  mnre  they  tend  to  prntcrt  themselves  against  tripping. 

Lastly,  it  is  essential  to  the  success  of  any  gravity  e«capement  that  it  should  be  easy  to 
nakn  and  ehcap.  If  it  doea  not  nnder  the  pendulum  ao  independent  of  die  train  that  iIm 
*  movement*  of  a  common  houa^eloek  will  do  fiir  an  aationomical  dock,  it  may  aa  wdl  do 
nothing;  and  if  the  escapement  itxelf  is  so  complicated  or  delicate^  and  therefore  expensive,  aa 
to  bring  up  the  total  cost  of  the  clock  to  much  the  same  as  the  present  price  of  a  first-rate 
clock,  it  will  have  very  little  chance  of  coming  into  use,  however  good  it  may  be. 

All  these  conditions  are  satisfied  by  the  escapement  of  which  a  drawing  is  given  on  the  nes^t 
page.  The  gravity  aims  are  lifted  by  the  three  pins  set  in  the  time  cf  the  sgi^wIimL 
In  thm  drawing  the  upper  pin  is  about  to  lift  the  rijg^t  arm  aa  soon  as  die  pendulum,  now 
going  to  the  left,  has  lifted  the  left  arm,  and  so  carried  the  stop  away  ftom  the  long  tooth 
whii  h  h  stopped  or  locked  by  it.  The  pin  which  is  lifting  always  moves  from  the  vertical  line 
through  the  center  of  the  scape^wheel  to  60"  beyond  it;  not  as  in  the  three>legged  dead  escape- 
ment from  —30^  to -I- SO";  and  consequently  there  is  no  occasion  here  for  such  delicate  work  as 
in  tlmt  escapement.  By  the  tinw  the  pin  has  got  to  60^  from  die  vertical,  the  tooth  belonging 
to  it  wiQ  have  reached  the  stop  on  the  right  am,  and  so  the  scape-wheel  will  lie  stopped  until 
the  pendulum  returns  to  that  side  and  releases  it ;  and  then  the  pin  at  the  bottom  will  lift  the 
left  arm.  Each  arm,  you  observe,  (as  in  all  gravity  escapementa)  descends  with  the  penduhira 
to  a  lower  position  than  that  at  which  the  pendulum  begins  to  lift  it,  and  thus  tlie  impulse 
is  given.  Tho  iMishism  of  the  soapo-whad  ia  merdy  to  vqpiUee  the  arm  at  the  proper  height 
for  the  pendulum  to  take  it  up  and  unlock  die  whed ;  and  this  raising  of  tho  arms  by  the 
wheel  must  he  done  so  slowly,  that  thmw  may  be  no  risk  of  the  arms  being  sent  out  too 
far  and  allowing  the  tooth  to  slip  past,  or  •  trip,'  instead  of  being  caught  by  the  stop. 

1.  This  first  condition  is  s;itisfied  in  this  rscip^rnpnt  by  the  .simple  addition  of  a  fan-fly 
set  with  a  friction-spring  on  the  acape-wbed  arbor,  just  lik.e  the  striking-fly  of  a  common  clock. 
Probably  sudt  *  fly  could  not  be  ussd  with  advantage  unlem  wiien  the  seape-wheeL  has  very 
few  teeth,  and  oonsequendy  moves  thsough  a  large  an^  at  eadi  beat  The  oonatracthm  of 
the  scape-whed  also  requires  the  pallets  or  gravity  arms  to  he  much  longer  than  they  are  in 
any  other  escapement,  and  consequently  the  depth  of  the  locking,  which  must  occupy  some- 
thing less  than  the  angle  a  -  7,  is  greater  than  usual,  and  this  also  is  an  additional  security 
against  tripping. 
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2.  The  approximate  tripping  is  prevented  by  ihe  length  of  the  locking-teeth  of  the 
acape-wheel ;  for  aa  their  points  are  made  three  times  aa  far  from  the  center  as  the  pins  which 
lift  tlw  tun»t  Ihrir  prawun  on  the  tlops  l«-  to  mall  that  dw  firietion  due  to  it  ii  not  «immi|^ 
to  wiA  the  we^ht  of  the  amet  and  ao*  if  they  do  hj  aoddcnt  get  thnnm  a  Bttb  too  h%b 
bj  the  ■capo'wheel,  they  immediately  ftU  dovn  agaia  and  icrt  agdnrt  the  |ija  wUch  hat  lifted 
them  until  the  pendulum  arrives. 

3.  These  long  teeth  (as  in  Mr  Bloxam^s  escapement)  also  render  the  momentary  friction 
at  unlocking  quite  insenMble,  and  they  will  act  perfectly  wdl  withoul  any  oil,  though  theie 
is  no  harm  in  putting  a  little  oil  on  the  etope,  if  it  be  only  to  keep  then  ftom  raiting. 
And  these  b  no  other  frietioin  in  tlie.eacapenient  capable  of  aflecting  the  pendulum ;  fiir  dat 
of  the  pivots  on  which  the  arms  move,  and  the  small  amount  of  sliding  of  the  fork-pins  on  the 
beat  screws  in  the  pendulum-rod,  are  too  small  for  nnv  possible  variation  of  such  friction  to  l>e 
of  any  consequence.  These  two  frictions  only  correspond  to  those  of  the  pallet-arbor  and  tlie 
fork  in  a  common  dead  escapement }  for  there  is  always  some  sliding  of  the  fork  on  the  rod, 
heeause  no  point  of  the  pendulum  morce  in  a  cird^  but  in  something  like  a  eydoid*  on  nooount 
of  its  suspensioo  by  a  spring;  and  moreover  we  saw  that  tbe  praenre  of  the  fork  on  the 
pendulum  in  a  common  escapement  must  be  aft  least  fiTe  dnce  as  great  aa  in  an  escapement 
wliich  has  scarcely  any  friction. 

4'.  The  difliculty  of  satisfying  the  proper  mathematical  condition  in  most  other  gravity 
escapements  Is  the  risk  of  tripping,  and  tbe  want  of  sufficient  length  of  arms  to  make  tbe 
Indcing  infe  within  tbe  an|^  a  ->  7»  if  7  is  made  of  tiie  proper  rise.  From  what  has  been 
said  bsforst  It  is  evident  that  no  sueh  diiBcnlty  eiists  here  in  satisQrtng  the  mathematical 

condition  of  7  -  | ;  and  perhaps  7  =  ^  is  a  more  convenient  site,  and  still  more  secure. 

5.  The  best  proof  of  the  facility  with  which  this  escapement  can  be  made,  and  its  con- 
sequent cheapness,  is  Ae  fiut  that  two  of  dum,  one  for  a  tnrret4lock  and  the  other  for  a 
n^ktor,  were  nmde  immediatdy  tram  my  drawhiga,  without  any  mistaks^  by  Mr  Dnt^ 
ordinary  workmen,  in  fact,  eUefly  by  a  boy ;  and  they  say  It  is  the  easiest  eseapsmsnt  to  make 
that  there  is.  It  is  too  soon  yet  to  be  able  to  give  an.  exact  estimate  of  the  price  for  whidi  tbsse 
clocks  can  be  made ;  but  as  we  have  now  got  an  escapement  independent  of  the  friction  of  the 
train,  and  there  is  nothing  either  of  difficulty  or  delicacy  in  making  it,  I  see  no  reason  to 
doubt  that  astronomical  docks  may  be  made  with  iMs  escapement  finr  £iO,  to  go  better  than 
those  whieb  have  hitherto  cost  £to.  It  is  true  that  a  great  deal  of  die  work  fiv  which  these 
laige  sums  are  paid,  is  not  worth  a  farthing  to  any  body,  contributing  nothing  to  tbe  aeeurate 
performance  of  the  cluck,  and  being  probably  never  seen  by  any  body  except  the  men  who  do 
it,  and  who  put  the  clock  together,  though  the  only  pretence  for  doing  it  is  that  the  clock* 
makerti  think  it  looks  well.  But  so  long  aa  a  great  part  of  tbe  work  muat  be  highly  finished, 
and  tbe  dodt-4rade  la  carried  on  aa  it  is  in  Etiglaud,  you  will  be  obliged  to  pay  for  the 
finlsbing  in  the  same  way  of  the  rest  of  the  work,  thouglh  it  would  do  just  as  well  if  it  waa 
not  •llnisbed*  at  all;  in  fact  it  is  by  no  means'  uncommon  to  see  that  graater  attention  has 
been  bestowed  on  the  parts  which  required  none,  than  on  those  which  could  not  be  done  too 
carefully.  A  gravity  escapement  which  requires  no  great  delicacy  in  construction  wiU  remove 
Vol.  IX.  Past  III.  gff 
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all  necessity  and  all  excuse  for  spending  money  in  polishing,  and  in  other  retinements,  some 
necessary  and  others  !>upertiuous,  which  are  now  introduced  in  all  the  best  astroDomical 
dockt.  And»  as  regards  turrct-dxick*,  it  wiU  reinoTe  vlimt  little  exeaie  tlieM  ever  mn  for  the 
pngudiee  against  tbe  uac  of  CMl^inw  «heel»  amoag  the  doekmakem — et  Icest  thote  of  then 
who  have  had  no  expemnec  of  it,  and  tcAiae  to  UrteD  to  tbe  esperienoe  «f  thoae  who 
haTe. 

It  will  moreover  supersede  the  tierfs-sity  for  a  train  remontoirc,  except  where  it  is  desired 
to  have  a  visible  jump  of  the  minute-huud  at  every  half  minute,  as  in  the  clock  at  the  Great 
Northern  Railway  Station  in  liondoo,  and  teveral  otherii  and  among  th«n  the  great  Weit- 
ninster  dock,  aeoording  to  Mr  Airy*t  original  requiiition*.  Bat  if  the  fint  hlow  of  the  hour 
is  made  tu  take  place  the  moment  the  going  part  lets  off  the  itriking^  as  it  easily  can  be,  thii 
will  in  almost  all  cases  be  a  sufficiently  exact  and  convenient  mode  of  fixing  the  precise  time, 
and  therefore  a  train  rcmontoire  will  probably  be  very  seldom  used  with  this  escapement. 
Another  saving  in  large  clocks  may  be  effected  in  the  pendulum,  as  a  long  and  heavy  com- 
pensated pendulum  adds  a  good  deal  to  the  expense  of  a  clock*  and  a  short  one  will  do  as 
wdl  when  the  escapement  gtvce  a  constant  impulse  without  firictioa.  The  reason  why  « large 
pendulum  is  advantageous  to  a  clock  with  a  common  eeeapement  is,  that  it  mitigates  the  errors 
due  to  the  escapement;  but  it  does  not  remove  them.  There  are  several  turret-clocks  now 
makintr  on  this  j)lan  with  }\  wond  pendulums  indies),  instead  of  the  longer  ones  which 
they  would  have  had  if  the  escapement  had  been  of  the  usual  kind. 

There  is  another  incidental  advantage  in  an  cieiqienieirt  of  thie  kind,  which  I  may  as  wdl 
notice  Iwre ;  viz.  that  it  allows  you  to  put  the  dodc  forward  or  badcward  any  even  number 
of  beats  of  the  pendulum  without  touching  the  pendulum^  and  without  any  risk  of  injuring 
the  scape-wheel.  For  if  you  lift  one  of  the  artiT;,  so  as  to  make  the  wheel  trip  one  tooth,  you 
put  it  forward  two  beats;  and  if  you  stop  the  scape-wlieei,  of  course  you  put  the  clock  back: 
whereas  with  a  common  escapement  you  cannot  put  tbe  clock  forward  at  all  except  by  tbe 
band^justing  work,  which  you  cannot  judge  of  to  aeconds;  and  it  requiree  eome  care  to  stop 
the  Bcape-wbcd  without  letting  the  pdlets  catch  the  point  of  one  of  the  teeth.  The  stilt 
smaller  adjustments  are  to  be  made  in  the  Westminster  dodc  in  what  I  believe  to  be  a  new  way. 
Tile  place  where  any  additional  weight  produces  tlie  greatest  acceleration  of  a  pendulum,  ii 
half-way  between  the  centers  of  suspension  and  oscillatitui ;  at  this  point  therefore  a  collar  i« 
fixed,  and  on  it  lives  a  weight  of  the  form  called  a  '  shifter,'  about  t^<^  weight  of  tbe 
pendulum  itadf  $  and  there  is  another  weight  like  it,  to  be  \oepi  in  the  clock-room.  Taking 
off  the  permanent  one  for  about  10  mlnutee  wiU  retard  the  dock  1  second,  and  putting  on 
the  other  will  accdcrste  it.  This  method  produce  lem  disturbance  of  the  pendulum  than 
any  other  I  know  of,  though  of  course  it  rcqin'rcs  some  care  in  putting  on  the  weight  (it  i? 
very  easy  to  take  it  off)  ;  hut  every  other  method  lliat  I  have  seen  requires  much  more  care 
in  its  application,  as  well  as  more  trouble  in  construction. 

The  permanent  regulation  of  the  pendulum  is  done  hi  the  mme  way,  by  small  weights 
laid  upon  the  cdlar  hdf-way  down  the  pendulum.  One  ounce  just  accderates  this  pendulum 
of  6cwt.  a  second  a  day.  This  is  far  the  best  way  of  doing  the  pendulum  regulation,  as  it 
avoids  all  screwing  up  and  down  of  the  hob  and  other  disturbance  of  the  pendulum,  and 
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requires  much  smaller  weights  than  v.  Iilii  they  arc  laid  on  the  top  of  the  bob.  MonoTer  io 
ioag  church-clock  pendulums  the  bob  is  often  unapproachable,  except  by  a  ladder. 

There  was  on  astronomical  clock  from  Dcuiuark  in  the  Exhibition,  which  struck  a  bell 
at  every  ninutet  in  ofctsr  that  an  obterver  might  look  tbraiigh  hii  tekacope  tdtbout  inter- 
tuptian»  takiog  the  tinie  from  tlw  dock  eotirriy  by  «wr.  I  never  could  get  bold  of  iny  peraoa 
toahew  the  inside  of  it,  and  therefore  I  do  not  koow  whether  there  was  any  provision  to 
prevent  the  friction  of  raising  the  striking  work  from  affecting  the  pendidum;  and  without 
such  a  provision  it  is  impossible  to  make  a  striking-clock  keep  vrrv  f^nnd  time.  But  with  a 
gravity  escapement  tolerably  independent  of  the  force  of  the  train,  it  may  be  done  very 
CHMly  i  and  I  ihoiild  suppose  that  the  itTikfaig  at  oveiy  ndnute  woaU  be  a  cottvenieot  addition 
to  an  obeervatory  dodc 

It  may  save  some  trouble  if  I  gire  a  ftw  piactiGal  directiaDs  aa  to  tbe  belt  mode  of 
•ftanging  the  works  of  a  clock  with  this  escapement. 

The  scape-wheel  should  be  near  the  bottom,  on  account  of  the  length  of  the  arms,  so  that 
the  seconds'  dial  and  tbe  hour  dial  will  be  reversed  from  their  usual  places  in  astronomical 
d«idts.  TIm  ieqpe>irli«d  etanda  beUnd  the  bade  pkte  «itb  ite  back  {jivot  in  a  cock ;  and 
the  fomt  pvot  bad  better  be  in  a  code  aleo  for  oooveoienee  of  taking  it  oat.  Tlie  fly  on  tbe 
scape-wheel  arbor  is  between  the  plates :  a  fly  about  an  indl  wid^  and  each  arm  in.  long, 
will  be  large  enough.  And  in  order  to  leave  rcwm  for  the  fly,  the  arbor  of  the  wheel  next  to 
the  scape-wheel  is  made  short,  and  one  end  set  in  a  cock  within  the  front  pl.ntc  of  the  clock, 
(with  the  screw-head  outside),  and  the  other  (which  carries  the  seconds'  hand)  goes  through  the 
oock  which  carriee  tbe  front  pivot  of  tbe  eeape-wbeel  arbor.  The  lower  part  of  both  the 
plates  bad  better  be  cut  away  in  tbe  niiddle>  in  eometbing  like  a  Benudrde^  up  to  the  eoekt 
of  the  scape-wheel,  so  as  to  let  the  eeeapement  be  seen  from  the  ftont   To  make  the  angle  y 

(at  whicli  the  pendulum  clianges  the  arms)  =>  1*  the  distance  of  the  centers  of  the  scape-wheel 
pins  from  tbe  center  of  the  wheel  must  be  ^tb  of  the  length  of  the  arms  down  to  the  stops; 

or  ^tb  to  nake  7  ■  40'  or  ^. 

The  pendulum  must  be  made  to  swing  S*  by  adjusting  the  wd^t  of  tbe  arms,  on  which 
horixootal  projecting  pieces  may  be  left  at  first,  as  shewn  in  the  drawing  of  the  escapement 

to  be  cut  or  fded  down  afterwards  until  the  arc  is  reduced  to  2". 

The  adjustment  for  beat  is  made,  as  shewn  in  the  drawing  of  the  escapement,  by  merely 
bending  out  the  lower  ends  of  the  arms  below  the  stops  (making  them  long  enough  for  the 
purpose)  so  as  to  embraoe  tbe  pendulum.  They  will  not  however  tooeh  it,  and  the  oontnet  is 
made  by  inserting  in  tbe  pendulum«rod  on  opponte  ddes  two  steel  screws  with  broad  heads, 
a  little  convex,  and  with  the  edges  rough  so  as  to  turn  by  hand.  The  screw  on  one  side  must 
P  be  a  little  above  that  on  the  other,  that  the  screw-holes  may  be  clear  of  each  other;  and  the 

arms  should  touch  the  (icrews  just  nf  or  n  little  above  the  middle  of  the  head.  In  turret- 
clocks,  where  there  is  more  room  to  get  al  the  adjusting  work,  it  may  be  done  by  screwing 
long  nccentrie  pim  into  dm  bottom  td  the  arms  (whldi  should  oonw  down  just  beyond  the 
range  of  the  fly)  with  nuts :  then  as  you  turn  the  pins  the  eoeoitridty  does  the  adjustment  for 
bent.   In  all  cases  there  should  be  somewhere  on  tiw  doek-framc  a  couple  of  flxed  banking' 
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yina  oa  whicli  each  arm  sbuuld  rest  just  when  it  iq&U  ako  against  the  pin  of  the  acape-wheel 
wMeh  ii  going  to  lift  it 

lit  turrtt<dock*  tlw  flj  is  oatald*  dw  bide  firuMi  then  llie  a<M|ie>whcd  witk  its  pins  poinU 
iiig  Itadcwwd*  (or  tovmidi  the  penduloiD) ;  then  the  tiaw  vith  their  stops  pointing  the  other 

way  ;  and  then  a  largje  cock  to  carry  the  back  pivot  of  the  scapc-wliecl  arbor  and  clear  the  flj, 
leaving  the  arms  rind  ftirk-pins  lo  come  through  below  the  cock.  The  fly  should  lie  about 
4  or  4^  inches  long  aud  an  inch  broad,  according  to  the  size  of  liie  pendulum,  i.  e.  according 
to  the  v«ight  of  th«  umi.  The  slops  had  better  be  oude  of  aoft  sled,  •cicwcd  on  wbete  H 
i«  teen  thej  ought  to  cone,  end  then  either  they  or  the  peUete  (as  the  case  nay  be)  filed 
aaray  till  you  have  got  the  proper  depth  and  incUnalka  Sac  locking  safely.  The  depth  cf 
luckin!;  inny  be  about  -j^^  inch  for  arms  9  incbc?  hma,  nnd  for  others  in  the  same  proportion  ; 
and  the  inclination  had  better  be  such  as  to  give  what  they  call  a  little  '  recoil  the  wn dig  wav,' 
»o  a»  slightly  to  resist  the  unlocking,  and  so  make  the  locking  more  safe :  the  resistance  is  far 
too  llttk  to  affeet  die  pendtdmn,  in  ooneequence  of  the  aaMll  prcmire  duo  to  the  kngtb  of  Ae 
teeiii.  When  the  etope  are  a^ii«ied»  ibey  muat  bo  taken  off  and  hardened*  and  their  tua§ 
polished.  The  scape-whed  ihoidd  be  of  steel  about  in.  thick  for  a  turret-clock,  and  about 
half  tliat  thickness  for  a  regulator.  Such  a  scape-wheel,  for  n  turret-clock,  will  weigh  only  a 
quarter  of  an  ounce.  The  lifting-pins  may  be  of  brass  wire  rivetted  in.  The  lifting-faces 
of  the  pellets  should  be  hard  and  polished  ;  and  the  whole  of  the  arms  bad  better  be  of  steel, 
in  order  that  tbqr  might  be  as  light  aa  poiatbla  with  the  requiaite  elifheM»  as  the  action  b 
stealer  if  eome  coniiderafala  portion  of  the  w^it  to  be  lifted  is  in  the  hoiriaontal  anna. 

B.  B.  OEKISON. 
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ADVEBTiSEMENT. 


The  Subject  of  the  Frize  was  announced  in  the  following  tenns : — 


The  UiUT«nify  hanng  aoooptad  a  WvaA  iwrnd  kj  Mfoml  M «mb«n  «f  8t  Jidm't  Collaga» 
for  dw  fOipoM  of  founding  a  Prize  to  be  called  the  AsuMB  Fmzb,  for  the  beet 
—  ■ — '  •  ■■■■  iiiliw  hrnnnh  af 


EBRATA. 


Bmi.  COskscTios. 
a,  Une  14,  g. 
...    7»  •••   C,  B  jf 

Al  llie  end  of  Article  (/fi)  It  jhotilil  have  been  mentioDed  that  the  inequalilx  of  epoch  oT 
e  U  Muacd  by  th«  eUlpUcal  part  of  the  noraMl  (otet,  ud  m./  b«  Sav«Mj(Mied  in  dM  Hun« 
Witt  Alt. (ttj. 


expoaition,  apart  fimn  the  iTmboilie  MMomiaig^  of  tin  mode  ia  lAiA  A»  IbfNt  ppndim  tiie  mnlti  amved 
it.  It  is  deared  that  tho  Eway  11M7  be  prafaoed  by  a  statmeat  ot  <lw  CWliM  ef  Hm  invMli)plnMt  Mid  ol 
the  fiiMipel  liBeds  nndat  ivbkfa  tlw  Mdyeet  H 


H.  W.  COOKSON,  FMf-CAMMttr. 
J.  F.  W.  HEBSCHGL. 
J.  CUALLIS. 
M.  OrSMBH. 
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1.  If  the  mean  motions  n  and  n  of  two  planets  be  nearly  in  the  ratio  of  two 
small  integera  k'  and  k,  then  kn^k'n  is  small  compared  with  «  and  n,  and  therefore 
those  terms  of  tbe  disturbing  function  which  involve  (kn  —  k'n')  t  in  their  arguments  will 
be  much  incnated  bj  iategratioD;  «ad  naoe  k-^lf  »  umll,  the  principal  tennt  of  thai 
ibnn  «re  of  •  loir  order.  The  varietioDe  of  the  deinent«»  thcuefbre,  dqpendhig  on  •ueh 
terms,  arc  of  catuIderaUe  mgiiitiideb  aod  ooeapy  »  loi^  period-  of  tune  in  going  through 
all  their  cbangee. 

Nov  Iho  mean  motkm  of  Umana  ia  nearlj  equal  to  twioe  that  ef  Neptune.  Hence 
there  ia  *  kag  incqiiality  in  the  deaaenta  of  tlieae  flanetai  Ae  principal  part  of  iHndi  dependa 
upon  terms  of  the  first  order  in  die  eccentricitiea  inrolving  (n  -  in')  i  in  thdr  argu- 
ments. There  are  also  terms  of  the  third  order  in  eccentricities  and  inclinations  depend- 
ing on  the  same  angle,  and  terms  of  the  second  and  third  orden  involving  S  (n  -  2n')  t 
and  3  (»  ->  Sn')i  reqiectiTdy,  all  of  wUch  are  raffidentiy  important  to  be  retained.  The 
ol^eet  of  the  MUnring  eeaay  is  to  ealcniate  the  variationa  of  the  ebaoenta  depending  oo 
these  terms;  tiien,  to  caloulate  the  principal  tcma  depending  on  tiw  aqnaie  of  Ibe  dis> 
turbing  force;  and,  finally,  to  give  some  explanation  of  €b»  node  in  wMch  the  die. 
turUiig  foicea  act  in  producing  the  long  inequalitjr. 
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TARUTI098  OP  THB  ILE1IB8T8  DEPENDING  ON  THE  FIBST  POWER  OP  THE 

DUmiBBIHO  PDBCB. 


fi.  Let  «»  be  Ott  «o-oirdinatn  of  Uranui^  j^,  y',  i/,  thtm  of  NcptviW)  «,y  bong 
the  plane  of  tb«  ediptic»  m  and  m*  tbelr  nuaaea,  and  let 

m  (XT  +  t/y  -f      )  m 

alao  let  ra  radius  vector  of  Uranus, 

6  —  longitude  measured  from  mean  equinox  upon  the  ecliptic  as  far  as  the 
node,  and  thence  on  the  plane  of  the  orbiti  a,  e,  w  ami  c  the  semi-major  iixis,  eccentricity, 
longitude  of  perihelion,  and  epoch,  n  the  mean  motion  in  one  mean  soiar  day,  t  and  Si 
the  inclination  of  tba  ocUl  to  the  ecliptic,  and  the  kmgitiide  of  tbe  aaoendiog  node :  and 
let  nmilar  letten  aeoented  rrfer  to  Neptune.  Then 

wr  {cos  St  cos (0 -St)  - sin £1  s>Q  (0 -St)eoet{, 
y>p|ain  fl,  coa(9>St)  ooaa  ""(f  -SI)****}. 
»^tm»(fi Si)  nnit 

and  dnuUr  eqaariana  hold  tat  Neptune. 

Sttfaetitttting  tbeae  ralnea  of  Ice  in       we  have 

«^  *  .         ^     *    V'l^-aiyieoe + /J  +r'** 
where  /  *  —  S  am  (9  —  St )  sin  (ff- Si  )  sin*  |  i 
-9nn(ff-Si') sin (6 -Si ')Bin*^ »' 

+  sin  (0~     )  sin  (ff  -  ,^1 ')  sin  t  sin  t' 

+  i  cos  (  it  -     ')  sin  ((?  -  il  )  sin  (0'  -  a  ')  sin-  ^  »  sin*  t', 

and  the  equations  for  tlie  variations  of  the  elements  of  Uranua  disturbed  by  Neptune, 
aiei  putting  m  ■  +  "^i 

da        ina*  dR 


de  _  wo  y/i  -  fr/T? 

di  fie  (d'sf 


dw  ngy/i-e*  dR  Zna  sin*  4  i  dR 
d<""      /M       '*"MrintV'i-«»  di  ' 
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*        ^-  ft  +          —  +  i  (^t-e'-i) 


3.  In  or'der  to  diminiah  the  number  of  terma  depending  on  the  ioclioations,  we  shall, 
in  cakulating  a,  e,  v,  VbA  «•!  4-  «>  take  the  plane  of  the  orbit  of  m  at  instant  of  epoch 
as  pkoe  of  ref«rcDoe,  ami  then  A«  fint  Ibar  eqvMtioiis  beoome^  puttiiig  m  « 1»  and  omi^ 
ting  ternti  libber  than  the  third  ordar, 

da  dR 


4$     7in  \/l  -  e-  dli      ,  dR 

dw       na  y/l  dR 
_«  _         ^  , 

and,  putting  f^y*  and  a'-H', 

/-  -  8  »in  (6'  -  n')  rin  (0  -  tt)  sin'  |  7' 
-  {eoB (9 H-a*  -  sn*)  -  coa (0  -  0[  ihi'i7'» 

In  calculating  the  inclination  and  longitude  of  node,  we  ahan  take  the  plane  of  the  orbit 
of  rn'  Rt  epoch  for  plane  of  refercnco ;  thercfoiciy  patting  y  and  11  for  the  inclination  and 
longitude  of  the  ascending  node  on  this  plane, 

*y  fio  dR  _     fdit  dR\ 

dt     ^\  _e>sin'y<^n  ^ '  \d^  dw) 

dli  na  dR 


dt  \/ }  -       sill  -y  dy 

and  /  -  {co«  (6  +  6  -  211)  -  cos  (0  -  ain'^^Y- 

4i.  In  changing  ,  the  plane  of  referenee  turn  the  eeliptie  to  the  ovfait  of  iri  it  beoomeB 
wceMary  to  apply  a  small  oorrcetion  to  the  Taluea  of  e'  and  w  nfened  to  the  ecliptic,  but 
not  to  those  of  e  and  77.  I.,et  PQR  (6g.  l)  be  the  qpherieal  triangle  formed  by  the  planes  of 
tbe  orbits  and  the  ecliptic,  PR  being  in  the  plane  oF  the  orbit  of  m,  QR  in  that  of  m,  and 
PQ  tbe  ecliptic.    Now  0,  e»  and  V,  are  suppoiied  to  be  measured  from  T  upon  the  ecliptic  to 

As 


IT 
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P,  and  thence  upon  the  orbit  of  n»  If*  tlierefore,  we  take  PN  >  Pt  ,  and  take  N  as  the 
cri^^^in  from  which  the  angles  are  measure an  !  XPR  for  llie  plane  of  reference,  the  angles 
t?,  £,  and  TB^  will  be  the  same  as  before.  But  ff,  e  ,  -  ^t  hf-n  referred  to  the  ecliptir,  wfrc 
measured  from  f  to  and  theoce  upon  the  orbit  of  ta  ;  and  when  thej  an  referred  to  tlie 
plane  NPR^  tbey  an  measured  from  N  ta  R,  and  thenoe  upon  the  plane  of  the  otUt  of  ei' t 
oonaeqnently,  the  valuea  of  these  angles  are  leas  mm  than  Aey  were  bebK  bj  die  qjusntitjr 
PQ  +  QU'Pff.    Also  n' PS- PO. 

Now  upon  i^n  dumging  the  plane  «f  tcfeieoee  from  the  orUt  of  m  to  that  of  m',  no 

further  alteration  needs  to  be  made  in  the  angles.  For  we  may  take  RN'm  AiV  and  take  jV 
as  the  origin  of  angles,  and  recollecting  that  the  node  opposite  to  R  is  the  ascending  node  of  m 
ujwn  the  orbit  of  m'  the  angles  9,  e,  v  will  be  altered  by  3()0\  and  the  angles  ff,  e\  vr  are  not 
altered  at  all.  Also  7  ->  7',  and  II  differs  from  11'  bj  l8a>,  and  therefore  SlI  differs  from  Sll'  bjr 
MSo^ ;  OMUeqnently  the  sane  vahie  nnj  he  used  lor  [I  w  Ibr  If*  It  I9pe««»  therefore,  diat 
when  V  and  IT  have  reoelved  the  above  eoneetkn,  no  fiurthsr  alteration  is  required,  whidieTcr 
orint  is  taken  for  plane  of  reference. 

Tj.    The  values  of    v  and  .SI  at  Greenwich  nwan  noon,  Jan.  1, 1801,  given  in  Baily^a 

Aitron.  Tahiu  onA  FormulcBf  are 

e  m  177»48'  gs"-0 
V  -  167  SI  16  *1 

a  -  7S  «9  » 

The  apparent  annnal  inereaee  of  v  4i^*<0, 

that  of  SI  " 

The  mean  sidereal  period  -  30686*8208296  mean  solar  days.    Hence  the  value  of  n  is 

The  nnmber  of  days  between  mcsn  noon,  Jan.  1,  I801,  and  mean  noon,  Jan.  1, 18i7,  is 
46  K  M»  -I-  II.    Tbeiefore  the  mean  motion  of  Uranns  during  diet  interval  is  Ifffi if  Stf'SS, 

and  using  the  valui  of  precession  given  by  Bessel  50"'2294,  the  precession  in  46  years 
s  38'30"'55.  Therefore  adding  these  quantities  to  the  abovo  value  of  a,  we  have  for  the 
epoch  of  Greenwich  mean  dooo,  Jan.  1, 

Again,  the  increase  of  v  in  46  years  »  40'  I5"'0, 

and  that  of  Q,  la  the  same  period  -  10'  5i"*36. 

Therefore  adding  these  quantities  to  the  value*  of  w  and  >^  ftnner  epoch,  lUpectively, 
we  have  at  the  new  epoch 

•ar  =  168<»  ii'3i"  i, 
ft  -  73  10  26  '66. 

The  values  of  the  incUoatioa  and  eccoitricitjr  at  the  fbnner  epoch  are  (Baily^s  A$tr» 
Tables  and  Form.) 
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e  =  0.04667938, 
which  values  we  shall  employ  for  the  latter  epoch.* 

The  value  of  the  miM  aeooidiDg  to  Mr  Adwoi,  {MoiUMjf  N0tioe$  R,A,S^\oL  IX. 
p.  i» 

1 


The  Tilue  of  the  ^  major  axii  dediified  by  the  taamOm  -  365-2563612  ^  iTB' 
where  E  -  nanof  the  e«rth  ■    '    ,  (Encke^  JMroiiuiiiicktNaeMehiem,  No.  U»),  b 

The  elemenu  of  Uranas,  thovfore,  whieh  will  be  need,  are, 
Epoch  Greenwich  mean  nooa  January  1,  1847. 

«-  «  168  11  Sl*l, 

a-i9-i8s67ga9, 

see  next  Aiticilej 


7-7'  \ 

n-  nj' 


6.  The  elements  of  Neptune  for  the  same  cjpoch  given  by  Mr  Seat*  C.  Walker,  «f  Ae 
United  Statei  of  America,  {Mmthi^  JSTcHim  ^BJLS,  Vol  VIU.  p.  Mi),  are 

e'«a88^«t'4ir'<t0| 

47  12  6-50, 
Jt'»  130    t  20-81, 
Periodic  time  ■  iGl-filsl  tropical  years, 

~  60125"48S8  mean  solar  days. 

From  this  value  of  the  periodic  time,  wc  shall  find 

n*-  2l"'35492011. 

The  mam,  dedaoed  by  PtoliMMr  Fdro^  from  Bond's  and  LasBePs  obaerrations  on  the 
satdfite  eomfaiiMd,  is 

18780 


*  The  secular  . of  e  during  the  46  yc«rs  belwcrn  r  «  which  !■  iluc  to  the  actiao  of  NaphUM  duril^  At  MOIt 
I8«l  add  1847t  M  well  m  tiut  pait  of  Ui«  wcMlar  varioUoo  of  1  podM^  it  taken  accouat  aftilaiwatdt  is  An.  (t7), 
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B,  Mr  Se.™  C.  WJk„. 


Solviiig  die  triing^e  PQA  (lig.  !)>  ve  dull  find 

-  25  SO  30-34* 
Pwfi-8S  S3  4814. 

Hence  the  quantity  to  be  subtracted  from  /  and  -sr'  or  PQ  +  QH  -  PR  ^  atf''S5,  and  (iie 
quantity  to  be  added  to  S\,  '  in  order  to  give  IT,  or  PR  -  PQ,  «  25«  S9'  53"  <)9. 

The  values  of  the  elements  of  Neptune,  tlien,  which  will  be  employed)  VK^ 
Epoch  GrracDwicb  mean  noon,  January  1,  1847. 
e'  -  3g8«  32'  7"-85, 
W'-   47  11  a0'15, 
^.(»'0O871946, 

7'-l«80'24"-64i 
n'- 155^84' M^tO^ 

i-. 

18780 

7.  Expan^i^  the  TRloe  of  Jl  given  in  (Ait  S)«  acoofding  to  mcending  power*  of  /,  we 
have 

^T^^'  {r^  +  r'»-2rr'co«((J-(r)|l' 

TliL'  developcment  of  the  first  two  terms  was  %'erified  by  comparison  with  the  expansion 
given  by  Pontecoulant  {Thtitrie  Anaiyt.  du  ayst.  du  Monde,  Liv,  VI).  The  devek>pemeat  of 
the  last  two  ternit  it,  putting 

|a*  +  a'' -2ao'co8(0-0^)}-l_  ^ -        +  ...  +  i?^ co«  A (0  -  e*), 
and    ^  «  n<  -t-  «*  f  =     +  e', 

J8  «  -  BiB« JVcoel*    -  f )  -    +  5* .  an*)} 

+  ^  «l'l>,«n*Kco.{(i:  -  1)    -  Ol 
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+  "L  aa'  [(8*  -  1)  1?,  +  a  ^  j  e  cos  { "  f)  "  ^  "  (f  *  f  "  ^IT)! 

+  !^  a«'  {(«*  + 1)  5,  +  •  ^1 «  rinPiy'eotfJKf  -  f)  -  /8  +  Cf  +  f  -  «n')  J 

-  ^'  aa'  |(«*  -  1)     ♦  •        e  sin'^V  ootj  (*  -  t)     -  f)  -  /3J 

-  aa'  |(«*  +  «) A,  ♦a^l  .drfK «•{<*  +  0  «  -  f)  "  i^} 

+  ^  aa' -  «) ^    ^1  CO.U*  -  1)  (f  -  O  - 

+  ^  oa'  |(2&  +  I) 2?.  - .'^j «n»iy  «o.|(ft  4  I)  (e-  O  - 

in  which  positive  and  negative  values  of  ^  are  to  be  taken,  iDcludiog  zero. 

8.  We  diall  find  in  the  devdopement  of  R  the  following  terms  of  the  first  order  in 
cceentikitiM  vMdi  kenAn  (ii  -  anO  I,  potting  X  «  ne  +  «  -  8  (n'l 

iRi  =  tn'MiC  cos  (\  +  w) 
4-  m'Mte  cos  (A.  +  •ar'), 


where  «Jfi 


a  being  «  — ,t  (Uid  6^^^^  the  coefBcicot  of  co.s  k  {Q  -  0)  in  the  expansion  oi 

{l  -2aco«(0-e')  +  a*}-i. 
Terms  of  llie  tltird  ondcr  iavolTing  X>  an 

Jl  -    (jr,^   Jir««e'*  -I-  lft«  un*i7')  cm  (X  +  er) 

+  «>'jr,  ^coe(X-l-8«  -W) 
+  Mrjr»«e*  one  (X  •I'Sv'  -  v) 
+  m'Jfu  •  «iii*(7'oM  0^  SIT  -  tr) 
•f  MTiTu/  d»*|7'co6(X  -f  «n'  -  vO, 


L/igiiized  by  Google 
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vberc 


.  ^  Jl26»<i)  -  8«  -  4a -  7«- -^r— . 

where  V** »  the  coeffideai  of  cos^t  (0  -  0')  in  tbe  expansion  of 

{l-«acos(0-0')  +  a'}-». 

There  eie  ■!»  termi  rf  the  eeeoiid  order  iBvolvuig  «X.   For  these  term*, 

il.  .  ff'^y  eoe  («X  •^  tv) 

+  ii^^,«/eo*(SX       +  »0 


where 
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The  terms  of  the  third  order  involving  SX  are 
Jtt  «  m'KiC^  cos  (3A  +  Sv) 
+  m'K,e'^  con  {S\  +  Sw') 
^  m'jr,^/co»{$K  4  Sir  -I-  «0 
+  m'K^ui*  m  (ax  +  V  4  S  v') 

■I- »' j;^  d]i*^y  CM  (8x  4  sir  4-  v^'). 


where 

a  f      y.v  rf6/l>  cr6,<4>  <PA/i>i 

a  (  liA/l^  d*64<4>  eP6.<i>l 

.^....•{.,<.„,^]. 

9.  The  relation  existing  between  the  above  coefficients  and  the  corresponding  coeiTicitnts 
for  Neptune  is,  for  thoM  temt  which  ante  fhwi  the  ■ymmetrial  parte  of  JS  aad  R\  very 
dmjie.  It  m'M  be  the  ooefficieiit  of  an j  torn  in  the  qrmmetdcal  part  of  R,  aod  mit  the 
oorreeponding  coefficient  in  then  M «  Jf  .  And  there  also  exists  a  very  siraple  relation 
hctw(>cn  the  corresponding  coefficients  in  the  unsymmctrical  jjarts  of  R  and  which  maj  be 
proved  in  the  following  manner.    Considerioig  only  the  uo»yminetrical  part, 

aiBcc  -s  •  ,    -  &c.>  the  difleretttial  coeAcieiits  — • ,  be.  bdng  talcco  ai  if  the  ele^ 

mente  were  corn  tan  t. 
Similarly, 

^         m     f  .d'x      ,d'y  d'z\ 

Nov  anjr  term  in  this  part  of  A  involving  (An  ^ibn')!  in  its  argument  can  ariae  only  from 

terma  in  m,  y,  and  jv  involving  InU  combined  with  terms  in  ^ ,  ^ ,  and  ~  reapeetively, 

or     W  wT 

involving  Ui^t  in  their  ai^gomenta ;  and  atmilarly,  with  reepect  to  the  term*  of  that  form 
in  Jf. 

Lrt»  then,  pooa  (iitf  -h  9)  be  a  term  in  m  having  in  its  coeflkient  eome  particoUir  power  of 

[B] 
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the  ecoeotricity  or  some  particular  i.-oinbinatioQ  of  eccentricity  and  iuclination.    And  let 
p'on  (AVI    7')  be  a  particular  tcna  m        ihta  ^p*litHt'*eoM{k'n't  +  q')  will  be  the  cur- 
.  <iV 

re^KHKUDg  tern  in  —  , 

A  the  ooeffideat  of  thdr  product  in        •  -  Vip'^\ 

and  the  coefident  of  the  pradoct  i**    ^  ~  ~ 

k'*n.'* 

the  ratio  of  these  coefficients  «      --  , 

« 

and  the  sane  ratio  holde  for  the  aimilar  covUnation  in  y  ---  and  y  ,~. ,  and  also  for  any 

or  or 

coinbiaation  in  and  ar'-r^* 

Henee  the  coefficient  of  the  product  ^  ik$U        ^        -t' «')  i"  ^  the 


eorreeponding  coelBeient  in  JT  da  mdo 

a/  l<f>in  ...  , 

 J  -s-r  which  equab 

aoeurateij:  and  Ale  ia  the  Alio  of  the  coelBdcnta  of  the  temie  involving  (kn^l^n')t  to 
which  the  combination      (kut  +  9)       {k'n't  +  o*)  givea  riie. 

cos  COS  X'  o 

Uenoe,  if  ffi'^iT  and  mM'  be  the  corresponding  coefficients  in  the  ungyminetricai  parts  of  Ji 
and  Jf, 

jr  k*_ 

M  "  *V ' 

k  I 

or  In  the  oue  of  the  long  incqaaUt  j,  in  wliidi  ^  ~  ~  * 

AT  _1_ 

(Since  thii  ratio  ie  nearly  >  1,  it  foUowa  that  the  usual  approximate  rdation  between  the 
prindpat  part*  of  the  long  inequality  in  mean  longitude^  ^  "  ^*  "'"'^  Mcuratdy, 

ifik 

 r-   hukis  ti  lie  wliLii  suiiie  of  the  tcnns  arise  from  ihc  unsvmmetrital  part  of  R,  but  the 

ratio  is  not  sufficiently  exact  to  be  of  much  use  except  in  small  terms  depending  on  the  square 
of  the  disturbing  force.) 

10.  Making  use  of  the  relations  given  in  the  last  article,  the  coefficients  for  Neptune  may 
be  calculated  from  those  of  Uranus  by  the  following  formulae, 


1^1  ^  {       '  \ 

dMi^"!^    aJf;-^*  ^if.'-^\ 
a  a  « 
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,  ,  aM,  3  f  1  \ 
,    ,     aJf»       /       1  \ 


O  JK|  "  —     a  iHw  « •  Jmti  *"  » 

a  a  a 

O  Jf|j|  •  — — . 
a 

Also,  generally,    t^2f  ■        •nd        *  — ^. 

a  41 

11.  The  valuM  cf  the  fimdamentd  qtuntilieB  i^<i\  tie-  cikulated  in  die  frip 
lowing  muin«r.   Fint        and  fr/i^  wcve  detendnid  bj  the  fomulce, 

VI>-lF(a).    6,(*>-  — {F(a)-i;(a)}. 
X  air 

(aee  Pontikoulant,  Thiorie  Anah/t.  Liv.  V  I.  chap,  ii.),  and  the  others  by  the  farmuk 

***       £*  + 1      a      *  + 1  *  * 

The  quantitiM  a*^^  ,  o^^^*  were  found  from  the  formuUe, 

d6/*)  ^  o'6.«)-aft.<*>  _  dlJV 

da  1  —  a*       '         da         da  ' 

and  the  higher  differential  coefficients  of  6o^  b^i  were  found  from  theae  hy  diffiafentinting  then. 

The  others  were  calculatetl  by  the  formula 

-  .  -(*-!)  +(*  +  !)  ^«t*»  -  «M.«>. 

and  the  htg her  diffimntial  coefltdenta  by  auccesrivelj  dilRmvtlatiDg  iMi  Ibrarala. 
The  valuea  of  fr^'i),  &c.  were  calculated  by  the  formula 


and  a^^i  Sec.  by  the  formulate 

iM!>.^^.         /  d^>^^^^ 

d«      "da       (l+oyV    da  da    y  **»  '* 


■  S 
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and  a*   .\  »        by  tbc  fonniilM^ 


(I  -aV 

all  which  are  deduced  by  diiTerentiating  the  formula;  for  and 

TiM  valaN  of  o^W,  a  ^    ,  a'         ef—rr-  ^  «  "tt-  ^^w*  *uo  TernSca  by  mtuw 

da          Oa           dfor  din* 

of  the  leric* 

3.5.7.  9.H   w,     1   W  .     I.S  IS. 14   ,     ,  » 

4.6.8. 10. t          14*^*8. ♦  I*. 16"  *  »• 

Mid  ito  diffofcotial  ooeffidcDta. 


12.    The  values  of  the  fundameutal  quantities  are 


a  -  0'6S86«776l  «  fin  {ssf^-69\o60i3} 


loga 

S't7QM865, 

ii<0- 

0-378189.18, 

(hM86lS5S, 

O>114097a9. 

0*06619017, 

<KW8S8697. 

5'l6iM«681, 

8*100778^ 

l'971«74b 

1*96S£731. 

"  d«-  " 

0'7.3084947, 

"  da~" 

I'lMSTOM), 

d6/l> 
"  d7" 

•a.  " 

0-78740M0, 

0*5S6S1179, 

0*3711 1SS5, 

«  at- 

1  0-25732242. 
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det*  ■ 

>  1736SSS57j 

VS4746SM, 

nr 

l*M(M956l, 

tt*— ^  «  1-52389289. 
4fcr 

r-r  -6'75S5555» 

d.«  • 

7-fiMfifit9b 

a*-^  -8-a7a7l9l, 

tt>k  (I) 

a*-~-  -.8  S5S575. 
wr 

a*  -rV-  •  S5'44S8, 
ckr 

a^-rV  ■  36-2803, 

Ott* 

37*M41« 

o*  -A-  =  39-8328, 
Oa* 

O  a 

ifa* 

43-3230, 

a*  ^'    -46  J6S6. 

a  J*    -  18-59952015, 
act 

18-78435767, 

a——  -  17-43417869, 
oa 

15-13495487, 

a-^«  12-513242, 

"Ik " 

9D77fiiS. 

••-3^  -  97-34«8, 
dor 

96-0670, 

89-9867, 

o*-^— -  «  82-9630, 

73*8548. 

xir 
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13.    Hence  we  shall  find  for  the  coefficbuts  oitf,,  Sec,  in  (Art.  S,) 


log  fiM,  =  T-897r)^il, 
logajl/,  -  T-22J9740, 
log  aM^  =  0-8763454  -, 
log  aMj  -  O>1S6«084 
I08ajr,-T'«77«9fl9> 

log  oA'',  =  0-0<>41950  -, 
log  aNt  -  0'5i506s6, 

log  aK,  -  0-3202750, 
log  oJT,  -  0-9595044 
logaif^  •=  O  SSfiOSlfi, 


log  aMi  m  r4<jl6l  1  •".  - 
log  a  J/4  -  T-6894009  -, 
loga3/,  =  1-9145597  -, 
logoJ/,  ■*0-8iS9S71, 

1ogairn-l'<M97  -. ' 

log  aXt  ■=  O-37S70-H  -, 
log  oN^  »  i-7567708  -. 

log  oA',  «=  0-8005295 
logaAT^  1-1I98I85, 

IngffA',,  =  0  /;f>()78C8 


A  negative  liga  written  after  the  l()g  of  a  quaotitj  dgnifiea  that  the  quantity  it  negative. 


14. 


.dJf, 
da 


/.  log  o»  -  -  -  0-S456178,    log  a*  -j-^  «  0-0793S16  - 
dA/l>         ,cPi,(i)        .(f6/i>  d'6,<*)\ 


70a 


a  /       rfft/«^  .<rV»'  ,(fbj'*>  d'bMh 

-  4 1'  *  -sr)         **?-)} ' 

a  /  ^(1)  ^d't/i) 


da 

dM, 
da 


da     9  \      da  da* 


cr6,<i>  ,d36,(l> 


(in 


dB  16 


,dlfM  ^ 


a  /        db,n)       ,d'bM>  ,<PV1> 


-(l0a-^+«6«*-^  +  lIa^- 


dtf 
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Therefore, 

log  «*  -^j  -  101408  log  a*        -  l-mM, 

off  oa 

log  a*       a  1-20599,  kga*^!^  -  0-65024  ~, 


da        8  \        da  da*  da'  J 

dN,       f,^db»(i)    ,.(f6*<*>  ,_,rfV*>\ 


TherefoK, 


dN,  dN, 
log  tfi  -y^  m  076«9815  -,         log  a*  --—  -  0  86071 76 

log  o»  -— ^  -  1'128661S,  log  a*  —  -  0-56S21 18 

■*  -  s  ("'*-*r  *  ^ -sir  *   -ST  ♦  •* -3?-) ' 
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Thenffltc!* 


l'«M»660- 

^  da 


1*4584086 


15.    Tbt  foUowiog  tqgwithiDB  will  be  icqmrcd. 


logsinv-T'Si0978i, 

log  rin  Sv  «  T'6DS7m 
log  iId  tv'  - 1*9987878. 

log  sin  (v  +  w)  =  T'7627158  - 
log  sin  211'  =  T\H76si48  - 
log  sin  (sw  —  nr')  —  rQ75in5fi 
log  sin  {aw  -•!»•)  =  T  [)S2422ri 
log  sin  (an'  -■»■)-  T  77!J!)*;!)7, 
kg  Bin  (sn'  -  w)  -  T-9975748 
log  nn  Sv  «  r7€si46^ 

log«ill«w'-T*7934S27, 
logdn  (Sv    w')  -  I'60S0l6l, 
kgnn(sw'  -f  V)  -  r996M84 
log  Bin  («n'  1*9404088, 
Iqgsill  («n'  +  w)m  S*4fiS6880 


kgcoa«^«I-99077n  -» 
logeoaw'-T'88«ll98, 
logooB»«--T'9(>9014ft, 
logem»w'-?-88as664-, 

log  cos  (ir  +  v')  -f '9118186 
logco8  2n'»T'818174«, 

log  cos  QZw  -  •»■')  -T*5 168508, 
log  cos         -v)  "  T-4453671, 
log  cos  (an'  -  ar)  =  T-9020<>04 
log  cos  («n'  -  -ar')  =  T  o228363  - , 
logOoeSv  =  1-9110959 
logOOBSV'  •  T-8939967  -, 
logCO«  (8V  +  9^*)  -  1-9681480. 

U)goot(sv'  -I- «)  -  T'iiiss49 
kgi9M(f n'  +      « 1-6901009 

iogco8(sir +v')m  i-m^iet. 


log  «  -  8-6691250,  log  e  -  a'94048.n6. 

kgc*  -  i-8388800>  kg  «e'  - 1*6096146^  kg  *  -  5-a8ogm» 

log^«i-007S750^  kg^/-5*«787Sg6.  log  «•«  •  5-550lO«, 

kg  4^  •  7*8814688,  kg  dn  7  «  8-41969S5,  kg  av^^y  -  4<«878065 

kg  e  sin*^7  «  iD06981<,  log^  rirf^y  -  8-l78«96l, 
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log  J^^,,  -  S-7236186  log  ^^^p  -  8  3828882  ~, 

Jog  (« "i)  -»•««»».  - 

Id  We  ahatt  now  {nooeed  tocdeulate  the  vaiktione  of  the  cknieDta  dqtendiog  on  tcme 
of  the  fint  order.   By  (Art  s), 

jB,  =  m'(P  coiX  -  i*'8in  X), 
where    P  m  Af ,  e  cos  V  +  3f,c'co8  w', 

7^=  same  function  with  sines  for  ooe; 
and    i?,'  =  m      cos  X  -  <^'sin  X), 
where    <i  «=•  JLf,'e  cos  ir  +  il/,  e  cos 

Q'  •=  same  with  rioes  for  ooi. 

When  the  cquatiom  of  (Art.  S)  are  integrated,  wie  have  for  the  vMnatkme  of  the  element* 
of  Uraniia,  putting    «  »  — 

l3m'n*aP     im'tta*   dP       m'nae     dP      m'na«;^    dP\  , 
^      ^     "  "  rfi  -      sin  1"^        *  taTri^T^  ^ 

+  (same  with      instead  of  P)  cosX, 
mna    dP      m'na^    dP     m'naeP^\  . 

 :  77      ,     +        -  .  — .  :  TT  i  A 

a»aml     de      2a)  sin  l      de      Scd  «n  1  / 

-  (same  with  P  for  P)  cosAj 

+  (aeme  with  i*"  for  i>)  eoeX, 
inm  ainX   eoeX, 

a>  to 

»     9m'na^P  ,  ^  im'iufP 
Mm  dnX-  r—  coeX, 

to  a 

mWtanj^7  dP;     mW  tan 

-  (tune  with  P  §at  F)  eoeX» 

and  the  verietiom  of  the  elements  of  Neptune  are 

/    Gmn'^a'Q,     imn'a'^  dQ      mn'ae    dQ  mn'a'e*  dQ\ 

•  (»'+  O  -  1"  +  ;,-gin  1"  rfo^  "  2a;  sin  l"  de'  BiTsin  l"  d«7  ^ 

•f  (same  witii  Q'  fur  cosX, 

-  (aune  with  Q  ibv 
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(mna 


mna    dQ,     mn'a'e*  d 


1"  rf*V 


-t-  (same  with  Qf  for  Q)  cos  X, 


da'-. 


 BD  X  if  cm  X, 


*^     V    -MI"     ^  •dni"      A^j  ""^ 

^  (aMM  with  Q  for  ^)  coaX, 


-  17>  By  means  of  quantities  given  in  (Arts.  IS  and  IS),  we  shaU  find 
and  tbcrefore,  bjr  (Art*  15)» 


— ~p  -  -  2«90"-6S62, 
«r  Bin  1 


Sm'n'a  ^ 
T-  ,r  -  +  485  -3096. 
or  sin  1 


Agdn»        •  ^ - S  — ^)  «'  coa»'» 


— r-^--2ll9"'6020, 
«r  ami 


+  305  •»459. 


«^ainl' 


18.    By  (ArU  14  and  lA), 


<iP  - 
log     -  -  .  fOMgSK 

an 


^mnd'  dP 
tu&ini"  da 

and 


kff  o'  —  -  S'lS0(M4t, 

oa 

?m'nn*  dP 


—  -  -  ]4"*S755, 


CO  sin  l"  da 

„  dQ        1       dV      ^       I        \  \  ,  , 

a*  :r'  =  :7-  +  «i*)  +  4  "  +  —  e'ooan', 

da         a        da  \       6a  J 

a7--;'"'*r*'^**('*i?)'^"" 


do 


dQ' 

log  a*  S-76758M 
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19. 


at 

m'nae  dP 


„  .  :r-  -  +  y  wfi. 
8w«nr  il« 

=  +  0  '3611, 


2a)  sin  l"  Jt'' 
mn'oV*  dQ 


dP'  _ 
3r  -T-  -  -  1  •9960, 


am  mi"  d» 

m'na^    df  ^ 
 : — ^  -r---<r'00ll, 

Do)  sin  1  IM 


de' 


ae 


sin  1  00 


mn'o'e'*  dQ' 


So)  sin  1"  rf*f' 


.*.  S(nt  +  e)"  -  2785"-  tpg  sin  \  +  423" -029  cos  X, 
5  (n't  +  e')  -  +  1997"'874  sin  X  -  S03"-407  cosX- 


90.    By  the  last  Article^ 

log  a  —  -  ivssmst  ^, 

de 


ntna  dP 


m'nae"  dP 


-  +  0"-4456, 


9»dnl"  de 

dO 

log  a  ^  -  l'5$SSt96*  ^, 

nm'a    dQ  „ 


"  wahn"  dd 


mn'a'e'*  dQ 


Swflnl"  dd 


tho  hy  Art.  17i 


m'naeP 
%w&n  l" 
WaVQ 


+  0  •0031, 


Henoe, 


dP  _ 
kg  n  -—  -  ItOeMIM, 

de 

-5---«S"'51M, 


»gbr  ds 


-  -  0'  -0931, 


Swum"  de 
logo'      « 1*«6B4946-, 

fwn'a'    dQ'  „ 

nm  ae^  dO 

m'naeP' 


ittt  niu  1" 


=  +   85"-4t)5  sin  X  -t-  4O9"-088  cos  A, 
ehsr     -  408  '621  sin  X  +  85" -425  cot  X, 
jflT  -  .  89"'4i4  siD  X  -f  82"'690  cos  X* 
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81.    Since  loga  m  fSMgOOS,  Ami  kgf>-  I'OSSessi  and  log^  -  S'«909M     we  tuyc, 

  +  OWSTiMBS,   -  OH)00560t76» 

m  m 

tatA  +  ^'  012286680.  -  -  0"  001&5<«78  ; 

and  since  loga'-=  l  -tTTfiiTPi  logn-  1-3335+64,  and  log  —  -  i*06lM6»l-,  we  have 

Therefore, 

tn  «  •{•O^-OOl  850278  sinX  +  O"'  012286030  cos  X, 

-  -  0  -000560275  sin  \  -  0  '00372045^  cos  X, 
5n'=  -  0"-O012yy9y5  sin  X  -  Q"'mrm(}3U}  rt>s  X, 
^a's  -f  0  •001S076SO  sin  X  +  0  -OOSSGgSlti  cos  X. 

SS.    Sioee  k^tan^y -3>n«94»  w«  famve 

^W.  tan  i7  dF  _  ^■'^.^"i'y       -  -  o'-om. 

« gbl        is  w  sin  1  <fa 

m'na  tan  J  y  ^  w'na  tan  ^  ^ 


«u  sm  1  ti'  sin  ' 

ten'a'  tan  i  -^z'  „  SmnV  tan  ^  «y'  ^  -< 

J^riT,-     ^  -  «,rinl-  - '  ''''' 

.\  iy'+  o'^'OgS  tin  X  +  0^'*S14  eMX, 

"n  =  0, 

§y'^  -  o"  o65  linX-  0"*S68  CM  A» 

3n'-  0. 

S3.   The  part  of  JB  of  the  iMtd  order  inTolviiig  X  li»  (Art.  8) 
Jt*m'(PicoiX-P;«ioX), 
wbcvc  a(Afgs*  +  -W«e8*  +  M^e  sin»  4  7')  cos  w, 

+  a  (.V,,/'  +  JIIie'e'+  M^e  aafjf*/)  cob  w'. 
+  aM^e'e  cos  (2iy  -  v'), 
+  aMi^e^  cos  (S-w'  -  -zsr), 
+  a3/aesin*^  7'  cos  (iifl'  -  tst), 
+  oif„e'  sin^  ^  7'  cos  (all'  -  v), 
and  aP/-  aane  with  dauim  com 
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Abo  A'-«i(Q,«(»X  >  Qi'  tsn\)t 

where  -'Q,--^'  +  («  -  + A'+ M'aii'iY) «•»'»  ^ 

a'Qi'a  game  with  siaes  for  coaines. 

The  eqimtknt  for  Unmos  will  be 

,     fSmn*aPi     2n»W  dP,       mW    rfPA  .  ^ 

*<'^  *    -  1^1"  "         -d^  "iiTK"  -.to  J 

<«•  (Moe  irith  Fi  for  P|)eMX, 

.       «'na    rfP.  .  .       m'na    dP(  ^ 
^-  7—7,-r^Wk\-k-  r— r,  -7±oa»\t 

.  m'na    dPi  .  ^      m'fw  dP^ 

w  sin  1    oe  w  SID  1  ae 

»         Stnn*aP(  .  ^  Sm'n*aPi 

.     am'na*p:  .  ^     imna*Pi  ^ 
w  m 

,         m'n       a    ^i-^-y  ,       »       "  cmlL. 
ind  ihoae  for  Neptune  are, 

■f  (same  with       for  Qt) 

in'.  ^  nnX  cwX, 

•I  «» 

m  w 

mii      d    dQ,  d  dQ' 

Mft'       ^    dQi  mn'       n  HQ,' 

mmi  may  4y  «einl  1107  ay 
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S4.   logaP,  -  5  29907,      iog  aP^m  5  s7S28  -; 


-  4-  1*'5SS», 

3»i  n  nP^ 

•  •     J  •  If 
ai  Mn  1 

w*  sin  l" 

-  5*49927, 

«'56877 

.  4-  1"-1S46, 

-•dm"  ■ 

-  i"  soi6. 

loe  O* 

do 

5-52892  - ; 

Sm'nn*  dP^ 

oj  siQ  1 '  da 

^  sin  1"  da 

tt«-7^  «  nme  with  dnct  for  cobum; 

(/P  dp/  - 

.\  log  ac       -  6-5e81  log  «e       -  <'7M7  -  ; 

n/nm    dPt        „  m'nne    dP'  „ 


oa        a  \     aa  I 

"(•■*' i)^*^'*  ***** •«'H7) 

o'*      «  MUM  widi  naa  for  codiieft. 

«V^-aaame  nith  nacB  fbr  eodnei, 

dP 

^         Soif^''  cot  V  +  («aJr«8'>+  aM^e^  oM^'  un*  4  7)  cm 

+  03f,e»e'  cos  (2w  2o  Af,o««*  «M        -  «") 

+  aM,,e'  aii^  4  7  CM  (all  -  » 

,\  log  oV      -  &878«  log  -  a-CWW 


^jiVe'  dQi         „  mna'e   dQx  „ 
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25. 


S(nt  +e)m  +  I  "-67*  sin  X  -  i".785  cos  X, 
S  (n't  +  e  )  -  -  l"-2lg  an  \  +  l"-268  co»  A. 

-£ajV,0*/riii(»w-y) 

+  alfi,*  fto*^  y  dn  (Sir. 

—  ■  —  tbe  same  with  cosines  for  sioes. 

dP  dp' 
•''  ^«  "       °  «-«86s6»  log  o       -  5-«lS«, 

ewsinl   dv  ^  emtiul  dw 

and  by  iut  Art. 

+  aJf„«*8in*^7'8in  (SlT  -  w*). 
Hence  log  a' ^  »  5-31765,  log  a' ^  -  S-82M8 

and  hy  last  Artide, 

«sinl  "  de'  ^"^^  i^'nl"   dT  ^ 

Therefore, 

^ -  -  0'''Sgo nnX  -  O^TSS  «os\, 
«Ar  •  -  (T'Mp  mX  -  0^<6i5  oobX, 
it'm^  ^^Sns  sin  X  +  o"'586  oofl  X, 
-  -  fl^-SOg  «in  X  -  l"-S56  cos  X. 


Google 
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26.    By  means  of  the  values  of  log  a,  log  a*,  log  n,  log  n .  log       ,  and  log       ,  gl»M» 

in  (Art.  81),  we  shaU  find 

jto  «  -  fl^'0«l007676  lin  X  -  C^'000006«TO  COB  X, 

lum  4.O«000l»SMnnX'|-(MN»00I959aMX» 

hi  -  +</''ai00(»55»  nnX  -I-  iT-OOOOCMTSOcmX, 

^  .  -  (HMM)005140  dnX  -  (KKNXMMMl  gmX. 

a^«-iBin«  with  ooain»  for  dnm. 

+  ioJfM«co8C2n -w) +4aAf|,e'co8(2n  -  w), 
^  ««Mnnirfth  ibMs  for  cMin«» 

in' 

a     ^i.T.,67Q64»  loff—  ^=23363036 

•  1  ^  -—  — , 

iuTy  dn'"a  mn^  dn'  wnV  dn'    a  6iu7  dn 

itn7'  dy'    a  an*y  ^* 

» sMne  with  jbeB  for  coiiiwa. 


aiD  y  dy 

urn'       a'    dQi  „  ^  £^  -  _  8'  -2420, 

...  iy+tf'-WMlX  +  ^J^'eWCWX, 

5n  =  +  77"-890  »in  X  +  ll"-477  cos  X, 

l^y'  =  +  0"-350  sin  X  +  o"'451  cos  X, 
5n'  «  +  fi5"703  sin  X  +  8  -242  cos  X. 
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Stt.    The  terms  of  the  Moond  oideff  involving  s\,  an  by  (Art.  8), 
Bt  -  m'  (i>,  CM  <X  -  P/fin  !8\), 
where  i>a  -  JVi^eoeSir  +  iV;/*cosa«' 

■I.  JV^e^coe  («•  +  «0  -f-  -IV*  iln'iyeaesn', 

P,'  —  same  with  sines  for  eoeiua* 
jR,'  differs  from  E,  only  in  having  m  for  m'. 

Then  the  equatioOB  for  the  variations  of  the  elements  of  Uranus,  are 

\,iita*'8ial      (usuil     da      4a»  sin  l     de  i 
•{•(same  with       for  P,)oob«X, 

-  (lanic  with  P,  fix-  P,')  om 

,       /      ju'na     dP,      mnae'    rfPj\  . 

eMr  =  -  - — .  ,??  -J-  +  : — ~:r]  *^ 
V   2(w  Bin  1     ae      *a>  sin  1     ae  / 

+  (sBme  with  P,'  fijr  P^ooeSX, 

,        SmVoPj  ,    ^  3m'n*aP, 

^.  isb2X'|.  :coB«\, 

W  4» 

ia^  =■  iio2X  ^ooeSX} 

m  •* 

{    ****  "  m'n  tan  ^7 aP,'     m'noe  tan  ^7  rfP,'\  ^^^^ 

4.  (same  with  P.  for  P.')  cos  sx, 


^          m'n               o  dP'  . 

all "  : — 7,     /    —  r  .fi- 


Soi  sin  ! "  y^i  _  e-  ain'^Y 
m'n  ff  <fP, 


SaisiDl"  y/i  _e»  8io»^7  rfll 
and  those  for  Neptune  are 

+  (BMne  with  P.'  liar  POcoiSX, 

/  Wa'  (IP/  ]m»V«^  4lP,'  MnWPA  . 
\  Sotunl    de     4ii»iinl    4f      mmnl  J 

-  (same  with  P.  fiw  P/)  ooeSX. 

,     /     mna    dP.     mnae*  dP,\  .  , 
V  fiwnnl   w     4»ainr  at/ 

4-  (wme  with  P/  for  PJ  eoaSX, 

^.^awnVP,  rina\--55!ti£!coaSX. 
o  w 


[J>3 
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 =■  flb  SX  +   CO*  £X, 

m  m 

fim'tan^7'        d    dP^     9mn*  tan  \y'oP^ 


mn'aV  tan  A  V  rfPA  .  ^ 
 r-        -  , :-  »in«X 

2*>  sm  1  de  I 

-  (same  with      for  P,')  coe  2Xt 


mn'a 


to  tin  I"       -  e  '  liD^y  ''ii' 


mn  ft 


«(M  sin  l"  V -  e*  "in^iV 


dil 


log  aP,  m  i-54I24S7 

SNm  VP,      ^/  ^  ^ 


m'na^  dP 
ti»  sin  l'  da 


2-2149551 


log  aP/  -  4-0623939, 

Sm'n'aP,'  „ 

■  .  ♦      -  +  *  -^isg, 

W  nn  1 

8mn'*ap; 

.>/  -  +  s"-ai98, 
«r  Bin  1 

log  a'  —  -  S-258721 1, 
da 


«» sin  l"  da 


o »       »  «  _  (a*       +  «PJ, 
aa  a 


mnV»  dP; 


a«       =  2aJV,  «*  cos  Sir  +  oiV,  ee'  cos  (w  +  »') 


ae 


-«Miie  with  «iiia  for  corinest 


.*.  log  </e  ^  -  -  -t 

ae 


dP.'  - 

TO  noe     dP»'  „  . 

.-  — »  ■  -  0  'ifiM 
4wnnr  ds 


rfP  1 

oV  -jT  -  -  {2aiVt«'*  cos 8'sr'  +  aN^' cos (v  -t-  w')\t 
nV  a 

-r-r  ■■  Htme  with  rin«s  for  cosines. 


de 


mn'a'e  dP, 
4w  sin  I  ae 


mnae  (IP 


4w  sin  1  (/<; 
.-.  ^  (n<  +  e)  -  -  125"-0l6  sin  2X  +  3"-Cl7  cos  2X, 
5  {n't  +  «  )  ■  +  89"*358  sin  2X  -  2"  599  cos  2\, 


+o''*iofl9; 


u  Ly  Google 
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30.    By  kst  Artide^ 
lega- 

m'tM  dP, 

m'nae*  dP, 
4»«nir  da 


31. 


•      dP»    —  ^  _ 


dp;  _ 


m'na  dP, 


»  -3r  *  -  «^  -wii, 


-—-3 — s  -  +  o"-o4aa 


Swfial  Of 
4wim  1  tuf 


#  '  '  n 


,r  -  +  o'  -0115, 


mnaeP« 

 ;  T,  -  -0  -OOl*. 

dP' 

log  a' -~  -  TWT^  -  4 

Bin  a     dPg  „ 

md^t'*  dp; 
mdddPi 

 ;--jr-  -  -  ^flOM,-. 

«  KQ  l"  * 


/.  ^  -  4  6^'<9*9  ain^    M^'Ml  cot  SX, 
«  -  28^'*Mt  lin  SA.  -  84*1)11  CM  «L 

^  >  4  0"  000037520  sin  2X  +  0"-tK)l  l.S(XJSC  cos  2X, 
&  ■  -  O  -000011501  Bin       -  0  -(tOOS  iSlf)?  cos  2X« 

cos  2X, 

0  •MIMIMS7  sin  2X  -h  0  -000768867  cos  2X. 


33. 


dP- 

a  ^  -  -  2aA^«  sin*  ^  7  da  «n, 

dp: 

**dff"    ««JW;dn»j^«y  «««n; 


log  a^-i-17a«7»-. 


a 


dn 

mn' 


«  dp; 


S  v/l  -  «•«  mn  l"  sin"- 1 7  dlT 

a    dP,  a  dP; 


«v/i  -      rin  1"  sin'  4  7 


a 


do 7  d7    4nn*^7  <fn  *  ein  7  dy  ■~4Mn»i7  dn* 

«i'«tauA7       a    dP,  _ 


uiyiu^cu  Uy  Google 
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and,  omitting  the  multiplier         ^  whicb  « i  retj  ncariy* 


m'n  tan  n  dP  '  „ 
 =r — s-L —   «  — 

\/l  -      sin  l"  »»"  7 


mn 


a  dP; 


wi'n  tan  -J  yaP^ 
wein  1' 


 +  0"-0S48, 


2(i»  Bin  I  de 

WtaniyaP^^^^ 

«u  sin  1 

nde  tan  i  -y'  dP»         -  ^ 

^  ■„  -l^  "  +€r'-o«7, 
240  am  1  oe 


•  iin  r     nn  <y  a>y 

m'n  taQ  A  'vaP,'  „ 

—Jti  

%tt)  Sin  1  de 

 ^  1  o  -  iT-OOIl, 

(u  sin  1 

mn  a    tan  A  -y'  dP^ 
*   8tt)  SID  1 


}II  -  -  49" -760  sin  2X  +  .';6"l)S4  CO*  SX> 
jy-i  +  l"  0te  sin  aX  +  0"'fK«  cos  2X, 
in'*  -  S5"-£23  sin  cos  ftk. 

33.    For  terms  of  the  third  urder  involving  3X» 
•  m  (jP,co»  3X  -  Pi  sin  3X), 
where  P,  -       coe  S«-  a»S*'  +  JTgtfV  one  («w  +  w'), 

+  f     CM  (sw^-i-  ir)    r.^  (in*  ^  7'  cot  (!tn'+  «) 

J*/Miatnc  with  sines  for  cosines. 

itt  differ*  Arom  J2|g  only  in  having  m  for  m'. 

The  equBtkmi  for  Uranui  are 

,         ^     ,'  m'n*aP.      im'na*   dP,.       m'nae    dPA   .  ^ 
Vol*  8in  1      Sdu  sin  1    da     Qm  sin  I    de  / 
+  (same  with  P,'  for  Pj)  cos  3X, 
.  m'na    dP^'  .  m'na  dP. 

«  :  r,  — ,—  Sin  3X  +  r  -  „  ^  COlSX* 

3(11  Sin  1     (/«  3(v  sin  1  a« 

,  m'na    dP,  .    ,       m'n»  dP,' 

eSmm^  ,    ,      _  no  ax  -  ,  jr  «»»J^t 


.        3n»VaP;  . 

an  s  -  — '  sm  SX  + 


 00S3X, 
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^«  ^nn«X  -cxmSKf 

m'na          dP^  .  m'na  dPj 

wad  thoM  for  Neptune  are, 

•  r  /            /    imn'*a'P,     2mna*  dP,     mn'a'e'  dP,\  .  _ 

+  (same  with  P,'  for  P,)  cos3\, 
, ,        mnV    dP,  .  mnW  dP, 

9w  flin  1    de  St»  nn  I  dt 

,         mn'a'     dPj  .  ww'a'  dP,' 

3w  sin  l"  A'  S»  Sill       ds*  * 

*r-   aiD  ax  ?cog  ax» 


^.       imn'a'^Pm   .  ^  *mn'(i''P, 

 =•  iiDaX  +  «mSKt 


(It 


.  ,        «mV       dP,  .  amy  <fP,' 

mn'o'  dP,'  .  mn'a  dP, 

1S» «a* i 7  UD r  da  Utm aii^^ yon?'  cfll' 

34.  log  cP,  -  i'.'J  tsosriT  -,       log  aP,'-  5  aafisssg ; 


,  <i^i        .  ,      .  dP,'  _ 

log  a»         =  3-36994  -,  log  a*         m  4-5a7gS  ; 

«m'na«    dP,  2r»W  dP,'  „ 

•  •  « — ^   w       +  OT'SSfiZ,  „ — ^„  -7^  -  -  Ol^-ISl*. 
5(M  sill  \     da  Smtum  da 

dP,        ,  ,  , 

<ie        "  SaKfi^  cos  3ar  +  iJnA'jt^V;  cos  (2w  +  ?!r') 

+  oE^fie'  cot  (Sg-'-f  w)  +  aJTiC  sin*  ^  y  cos  (£11'+  »), 

dPj' 

^  oonness 
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kyae—'- 4-98050., 

carp*-- 


ktt  He   /  .  4-30S00; 


^  "  «t  +  2ajr«fl^oM ♦  «r/ till' ly «o»(snW)f ' 


aV-^  -  nme  with  diief  fat  codnn. 


mriae  dP, 


mnae  dPm 


A         ■!•«)• -8^'t48  Bin  SX -I- 0"'4S6ccM«k« 
i(nV   c')    4         aio  fi^  *         eat  S\. 


35.    Bjf  the  lost  Article, 


36. 


,dP,- 
log  a      ,  -  2-4754806 

mn'a     dP»  - 


,  dP,'  - 

log  O  -2-48364^-, 
SwBinl"  de'  ^ 


5e  «  +  0''-759  sin  8X  +  S"'219  co8  3\, 
-  a^-SlSniifll  +  (ir*759  cosSX, 
- 1"-«51  da  S\  -t-  S**m6  cm  3A, 

=  +  o"  oyoooGsyo  sin  sX  +  o"-oooii  34&y  co*  SX, 
^  *  -  0  000002086  sin  3X  -  0  '00OOS4365  cos  SX, 
fc'-  -  0^«000050«fi  ih  $\  •  O"'O0OO8S791  OM  SX> 
9a^«'fO«OOOOOIIi69diiSX-l-0  tlO0O?i!9iSMM8X. 


37.       a~-  -««Jr.«ttii*i7dii(sn4-v)-aar/dii47«In(an-f-vOi 


same  with  -  couoes  for  sines. 
dP» 

loga-j^'  =  5-SOII99-, 


^  -  +  0^*216  sin  SX  +  0"-195  cos  3X« 
tarn  ~  •f-'kis  sin  SX  +  8"'S31  G0«  3X, 

"  ifSdO  dn  SX  -I-  5^'SSScM  SV. 


Google 
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38.  We  may  now  colkct  together  tbe  TarisCioii*  of  the  ekmeoti,  lo  fiw  at  thejr  depend 
upon  the  6nt  power  of  the  duturbing  foreeb  Putting  V  «  nuHi  long,  of  Unumt,  f  •  meen 
long,  of  Neptune,  and  therefore  writing  Jjjf  -  Sir  for  X,  the  variationa  of  the  dementi  of 
Unnut  win  be 

j  (nf  +  •)  -     2783"-825  sin    (8*  -  Ijf  )  +  42l"-2+4  CO«   (Si'  -  ) 

+  125"-0l6  sin  2  (2'i' -  ^  )  +  3"-6l7  cos  2(2'!' -  ^  ) 
+      8''-148  sin  3  (2*  -  ^tf  }  +    0"'436  cos  3  (Si*  -  ). 

Sfi*>10Sim  (ti'-V)  +  40»'''850  coa  (Si'-V) 

(f-9&9  sin  2  (24'  -  fS  )  +   S2"-5*l  cos  2  (2^'  -  fjji  ) 

^     o"-759  sin  3  (Sir  -  f  )  4>   ^''-sid  oos  S(«'ir    V  ). 

e9v  -     40gf*m  fin  (Si"-  V)  +  M^'SIO  coa  (Si' -9) 
M^-4g8  lin s  (ti"  -  V)  +    <!"*9M  eMS(*1r  •  y) 
<!•    3"<S19  un  S  (Si"  -  y )  +    (r7C9  eoa  S  («1r  -  9). 

dn  .  -  oT'OoiiMSfio  lin  (si'  -  9)  <f 'Oisssoifi  coa  (si'  -  y) 
-  O^HI00087<S  «in«(ri'  -  V)  +  €^'0OllM09  eoaS(Si'  <•  y) 

3a  <-  +  0  00055793  sin  (24'  -  ^)  -  0  00371851  cos  (24'  -  ^) 
•f  0  'OOOOIm'S  ain  S(s4'  -  y )  >  0  HXMSIdttO  coa  S  (8^  -  9) 
■f  0  *OO000909  tin  S(9i' -  4p)  -  0  •000084M  eosS(«f  -  f ). 

-  -   o"-5S2  sill    (i'ir  -  i^)  +    l"- lid  con    (24' ~  if ) 

-  1' -503  sin 2(24' -  ^)  +  i  '  aja      ^(lit  -  ^j^) 

-  0*'«l(f  rin  S(«'l'  -  9)  +     'ig*  cos  «  (24'  - 

in  -  -  77"-«!»o  sin  (.i^l'  -  Hf  )  +  Il"-477  cos  (24'  -  ) 
+  49"  7tiO  sin  2  (24^  -  +  SG"  -95+  cos  2  (24'  -  ^) 
+  f'  -ns  8ins(24' -      +  8^'t«leoa»(n'- IS  ); 

and  tbe  variations  of  the  elements  of  Ntptunc,  arc 


S  («'*  +  ,')- - 

199fi"-C62  sin   (ai'  - 

•n- 

:iOi"-l$9  cos  (24'  - 

89"-358  sin  2  (94'  - 

W)  - 

2" -599  cos  2  (24'  - 

5"-S03  siu  3('^4'  - 

0"-313  cob  3(2^1'  - 

ia'»  + 

Sf)''-99f)  sin  (2'k  - 

y )  + 

83" -276  cos   (24'  - 

+ 

2  t"-<»si  sin  2  {i^  — 

'^)  + 

23"-490  cos  9  (24'  - 

«) 

+ 

a" -151  siu  3(24'  - 

W)  + 

■2"-wG  cusa(ii4'  - 

«)• 

Sf'-OSi  sin   (24'  - 

«? )  - 

f>o""762  cos   (24'  — 

+ 

t>3"-5<n  sin  2  {'i^V  - 

2i"';)Sl  cos  2  (24'  - 

+ 

2"-40()  sin  3(24' - 

2  "-4ol  COS3(S«4'  - 
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At'- +{ri»tS9446«ill  (Sir- V)-0'''0090M87CM  (Si"- V) 

+ (/'•ooomrt  mniivir "  V)  - (fnooKtui  cm s(st'  -  9 ) 
+  o^«oooaoso8  MB  8(f  -  V)  -  tr-oooossTp  CM  8  (rf"  -  V). 

jb' -  -  0  IIOIMSS*  dn  (Si'-9)-l-0  •00M6513cot  (Si' -  V) 

-  0  •000M54S  no  S(S^  -  V)    0  HMTHMV  0O»S(Si'  -  V) 

-  0  HXM004fi7  niiS(£ir  -  V) -I- 0  •00007^1  CMS  (Si' -  V). 

oT'-SStMII  (S^-f  )+  O^-OSSCM  (s«-V) 
^  l''>06SaiiiS(Sl'- f  )  +  4f-90Sco>S(Si'- V) 

-  4f*l«AnDS(Si'>  V)4>  <r*ia9cMS(Si'- V). 

3ir  -  -  M"7<»ni  (Si'  -  9)  +  S"'SM  CM  (84'  -  V) 
•!>  Sfi^-ttS  flnS(ri'  -  V)  +  40''e59  COfS(S^  -  f ) 
-I-  «**S99abS(Si'-- V)+  «^*UjcMS(Si'- V). 

The  period  of  the  principal  part  of  the  long  incqualitv  •=  x  peritxtic  time  of 

■      '2n  -  n 

TTranus,  or  about  Wi~  years ;  and  the  pcno<1i  of  tlic  srnalkr  terms  depending  on  SX  and  an 
respectively  one  half  and  one  third  of  the  pt^nod  of  the  principal  terma. 


SECTION  II. 

VAEUTIONS  OF  THE  ELEMENTS  DEi^ENDUsG  ON  lliK  ayUABE  OF  THE 


30.  Im  order  to  obtaia  the  temt  depending  od  the  wqjamn  of  the  diMurbiog  foarce  we  mutt 
substitute  the  6rst  approximate  values  of  the  elements,  a  +  ia,  e  -t-  $e,  &c.  instead  of  their  con- 
Htjuit  vilix  .s  rt,  e,  &c.  in  the  differential  equations  for  the  yemtiooa,  and  theo  integnUe  afresh 
rejecting  the  terms  of  one  dimension  in  the  masses. 

First,  let  us  consider  the  effect  on  the  principal  part  of  the  long  inequality  in  mean  Ion* 
gittide. 

Let  1^-  thii  pert  of  the  inequality,  then 
Then  substituting  n  +  Sn,  a  +  ^a,  tec 

a* 

rdR 
Jt  Of 


OF  UBAMUB  AND  VEFTUNE.  ZXXlll 

dR      ,  .tlR  r  dR\ 


Now  o  -p-  «  •     -  da  +      -  dc  +  -  -  d  {nt  +  e)  +  fcc 
At     «Mlff        oede  de* 


if,  therefore,  wc  put 


OS        w  at 

dW  .  ,         J  ,  dR 

dS  +      0  («'  +  «)  + 

thea  ,  the  bradcets  «iitcen  nouod  iM^  ngnifjiDg  tb«t  is,  V,  ^»  jtf,  fee.  an 

oe  ae 

to  be  oantideied  ooottMt  in  differentiating  cR.  Hence 

40.  The  only  parts  of  R  which  it  will  be  necessary  to  retain  are  thoae  of  the  first  order 
involving  X,  and  those  of  tho  second  and  third  orders  involving  '2\  and  SX  respectively,  which 
wc  have  reprt-sented  by  ii,,  R^,  and  R^;  and  we  shall  retain  only  those  jwrtions  of  the 
vamtions  of  the  elements  depending  on  these  terms  <tf  and  which  we  shall  represent  by  o,a, 
S^a,  S,tt,  ke. ;  so  that  we  may  pat  SmJR:  +  R,  +  R,  and  in  >  +  it»  +^^*  and  dniihurly, 
for  the  other  elements.  It  will  be  convenient  to  put  +  ^l^+it  where  ^ia  that  part 
which  is  twice  integrated,  and  therefore  divided  by  »%  and  it  repreaenta  the  other  terms  which 
are  only  once  integrated. 

If  wc  ron^ider  those  terms  of  SR  only,  which  involve  and  the  variations  of  the  ele- 
ments depending  on  Ri,  except  ^,  and 

•  „  ,      dli^  ,      dR^  ,       dRi  . 

da  de         d»  *  dv 

dR,  dR,     .dR,  dR,  , 

and  if  the  valuea  of       ftc  be  snbatituted,  and  if  we  then  diffncotiate  comideiiny  V> 
Gonstantf  we  diall  fii 

Similarly,  if  we  put 


^d  (^R) 

^  constant,  we  shall  find  -  -o. 

de 


dRi  ft  ,    dRf  .  ,    dR^  .    ,    dRt  ^  , 


Dy  Google 


TBE  TBEOKt  OF  IBB  UHIO  INEQUALIIT 


we  sliall  find  «  O;  and  llie  same  is  true  if  for  K,  and  o,  we  substitute  if,  and  c,  and  so 

Of 

on.  If  therefore  we  reject  all  the  «bo«e  termi,  and  also  all  term*  of  the  third  order  except 
iiidt  «a  will  be  divided  by  w\ 

'^^wjj^'^i  'w /^'^'x'^^A  5^'• 
to  which  we  may  add  the  JbllDwing  termi  of  the  thiid  and  finiYth  oiden,  wUch  will  be  divided 
by     and  KspectiTely> 


'  They«no(^/t  which  it  due  to  the  TMi*tiaa  of  the  indi- 
and  aade  t»  camear  ^VM  br  dM  w] 


^(ir+'y')+^(3n+an'), 

'  tha  piineiiNkl  icnitt  of  Jl  eoMriaiag  aagp 
1  (ln'-ftV)l(  and  aneb  unnt  cvly  eon- 
ddcNd  In  lUa  MCttoo.  But  Oa  wpwwiwi  la  nat  lx«a  «f  «n 
larms.   ReferrinK  u>  dM  valneaf  iflTCii  in  Alt  wtnaf 

put  it  in  the  form 

/.{oaaia+r-SSl  >-aat(»-r)lri)i^|i, 
+ (aaa(»4«'  -*  Sl')-caa(«  -  r)}  ttaii  i  r» 

omitting  the  i«in  af  the  tnoA  aider.  Now  ibe  prindpa)  teniis 
In  R,  inToWing  dM  IncUltuloiw,  of  the  fem  (*n-Jfc'n')(  can 
ari«e  only  from  the  icmi  in  f  of  the  form  eo»  ( 6  +  0'  +  Q)  com- 
blne^  with  the  Urni»  of  the  factor  J  fl„  +  «,  cot  (9  -  9  )  +  *c.. 
(  sec  Art.  7  ):  fw  tl:r  urdLT  of  thcic  will  be  i  ~  V  ;  but  the 
order  of  the  lemi>  of  that  form  arising  from  the  olher  parti  of  / 
moit  be  at  leaii  k-V^t,  Cwianing  aw  altcnllan,  dmafim, 
to  the  former, 

/ -cat («  +•'-8 SI) »ln' i •  +  co« { 6  +  6  - 2 it' )      i •'. 

Naw  let  the  planet  be  referred  to  tu  own  plane  at  the  epoch ; 
thm  at  any  tinw  t,  i  U  taiirel;  due  lo  pertnrbatioa  in  the  in- 
terni.  Let  Hp  (Sf-  9)  be  tha  plaiw of  ntoencet  rp  the  poii- 
tioo  of  the  orbit  at  ihc  time  I ;  iheu  i=  ip;  ^=  U'+  Rp  ; 
i-=y  +  4y  =  iy5  ii"n  +  /f9  =  n+«n':  ir  =  y  +  «yi  Rr 
a-en.  IlBMftbaalawfeddMtiKlpianat 


although  it  it  doe  entirely  to  perturbation.   Sabttllutiag  ( 
qniUitltie*  in  the  above  equation,  we  have 

iimitSM  (•■»■  r-sn)  tin'  k  7-  ^n', 
4.«na(e+r.ni')  lia  }  y'.  ly', 
-J  {eaa(l44''m')flaa  Sp*^  I       sn)  tin  Rp\  tin  i  tin  y*, 

froir.  vhich  we  man  elimiaale  <aa  Hp,  aia      and  lia  i 

B;  the  triangle  Rpr, 

eoa  Jtp  -  «M  Xr  caa  «p+«tai  J|psin<1»  ca»n 

wfacMa  albnbiaitinK  rp, 

dnr  „     tin  rRp 

CO»Rp  =  ^co*rRp<XM  Rr+—r-f  Wtr- 

tin  I  »m ' 

.•.  •iBtcaaJ»|»--»to(y  +  *y)co»y  +  ein7«»ly  +  *y>» 

alto  tin  >  tin  ffp  =  tin  r .  tin  l»r  —atoy  M  ; 
/.  tubttitatiag  thete  in  tl, 

a/^sahKe+f-nr)  afai*}y.  «n . 

+coi(e +e'-2n')  tin )  y.  iy, 

+  J  cot  ( e  +  e  -  sn • )  »in  y  .     +  1  tin  (9  +  e'-UT)  aiBi*y.UI, 

=  -J  6in  i  S  +  9'-2n')  tin«iy  (iU+MT), 

♦      + 8'-  sn' J  tin  i  yH^r  +  'yT- 
B«t  lUt  ia  ihc  agqmiaian  wUab  waald  baobuined  turn  tha 
value  of  /  given  la  Ait.  (»>,  Janrfttliw  ••a(«-«'Jl  If  V 
were  luppoaed  to  itcetve  ibe  bieNnaMe  V 


8/ . 

.-.  iR  ■■ 


dl 


,Uty*cy')^§.(m^.m'^t 


The  exprvstion  it  alio  true  for  ihe  conilaat  tens 


aTKarAa 


Google 
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41.   W«  diaU  Ural  cakukte  the  tarmB  wUdi  will  be  divided  b]r  m^. 

/Zi  -  m'(PoM  X  -  PAtk  X) ,    (Art.  Ifi.) 
4«  -  -  m%x  -  2^i')  (P  sin  X  +  P'cosX) 

Y>  gin 

dnce  ^  ->  r     iie«iiy»  eee  (Ait.  9>) 

-  +  ~a*) (P  ainX  4-1^  omX) (PooeX  - sinX), 


■  "  (1  +  ^  a')  U^-  Jf'O  «in  2X  +  Si'i"  CO*  2X}  ; 

therefore     the  Tdues  of  log  aP  and  log  aP  in  Art.  (16),  this  part  of 

^  -  +  12"  l69  sinSX  -  S"'750  co8  2A, 

«nd  the comqpondiog  part  of  ^«  '        ^  iMwly, 

.-.  ^1^'-  -  8  "-877  sioSX  +  i"'736  cosSX. 

4ft.    Next  let 

when  Jl, «    (P.ooa  A  -  P/  ain  aX)>  Art.  (<S). 
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Then  as  in  the  last  article, 

,    r fd{lR)     9m*n*a*        4i»      UVP^  -  P P^)  nn  SK  +  (P^P,  +  PP.)  cos SX  I 
'^"JJt    A    "4^dnl"^'*ii.'*"i-7(PP,  +  /'P,')ililX  +  7(i''P,-PP.')co8x/' 

.'.         +  8"'979HinSX  -  0  "-421  cos  3X 
-  l6"-n5  sin  A  -  1  '  sss  cos  A, 

Sir 

and  since         -      a*^^  nearly^ 

Jj^-  -   l"-662  gin  5X  +  0"-S07  cosSX 
+  ll"'7&6  sin  X  +  l"*«7*coiX. 


43.    Again  Ut 

where       -  m'  (Pa  cos  3X  -  P»'  sin  SX),    Art.  (38), 


then,  ai>  before, 

sn^ajj^^l  -  -  +  ^«*)  )  +  l^^V-  /^P.)  cos  aX| 

"  i^-ooe  rin SX  - f/'iigo  co»8X 
-t'lT-sfie  aia4X  -  iT'OS?  oot4X, 

.*.  iSQm  +  O^-TM  lin  SX  •¥  f/''9K  OCM  SX 
-<l^>194lb  A-l-<flMS  «»4X. 
Theae  are  all  tbe  tenna  dividad  bj  «»*  wlricli  an  vordi  calculating. 


44.    Now  let 


-  + 


SsiPaiiil 


i      /dP  dPj     dl*  dP,''  . 
J      \de    de       de    de  J  I 

|n*r  AT-*  *)«»*^J 
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tdP  dp.,  dP'  dP.\  ,  \ 
\d€    de       de    de  )  ( 

{     (dQ  dP.d(tdP,\   .  \ 

'iAiw\  w  1^  *  dT  dir) '^''v 


r  /dp,  dp,  dP/  dp,\  .  > 
■^wsim'  i   fdp^dp;  dp^  dp^\ 

(  /dp,  dp,dp,'  dp,\  .  \ 

(nsr  *r-d?  -^J""^) 

■  -  M^DOS  ifaiX  +  O'^'MS  cmX, 

i^-  -  ^         ncarlj ; 
.♦.  if  -  +  3l"-298  anX  -  o  "  «08  co»X. 

iff.    Nat  let 

,      d/?,  ,  ,       dR,        dR^ .  , 

dc  f/isr  de  dv 


then  8n* 


(     fdP  dP,    dF  dPA  .  > 

2«'w  )  Id^-dr^  d« 

«*Bin  l"     ^     /rfP  dP,'    dP'  dP,\  ( 

r  u  d.  -  d; 
/dP  rf^^rfjp'  dp\  ^.^^^ 

Vdtf'   dc'      de'    de'  } 


imtnn*n'aa' 


-^•iai"  j    (dPdP:   dfdP.x  h'^y 
^Kdi'-dST'im}'^^] 


.%  ^  -  (-         -  <r7S7)  tin  iX, 
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-  -g"-fi7S  nn£\  -t-  Of'-07i  cm  2X. 

/.  S(^m  4-  i"'95o  ttn  ax  •>  (/'•OSS  eM«L* 

46.  The  teeond  term  in  the  ezprenioii  for  ^  in  Art.  (59)*  i*  of  the  order  -5  at  lemt ; 

we  may  therefore  put  iJ  -  /?i  -  m'  (P  cos  X  -  P'  sin  X)  ; 

.•.^•(jr^)--4(^)V*o 

+  i  I (P*  -        CO.  2X  -  2PP  sin  2X| ; 

therefore  ncglecling  the  secular  part, 

5|;^.+__«a^ J  nearly; 
,\  Sf^m  ~  (T'ltt  ein  s\   o^'OM  om  SX. 

47.  ^iZ  will  also  contain  terms  involving  X»  which  arise  from  terms  in  B  involving  X  +  //, 
eomUned  with  term*  in  the  TMUtioina  of  the  dementa  involving  U,  and  «ie«  «er«^ ;  hot  theie 
terns  are  not  of  modi  importanee^  We  ahnll  only  eelciilate  the  fidlowing,  whidi  eiiiea  tarn 
the  douhk  oouhinatioD  of  the  argumenta 

s(n«  +  f)-S(f>V«f  e*)*   end  (itf  4- 1 }  -      4- e  ). 

Let    ^  -  2  (n«  +  e)  -  S  {n't  +  e)  +  w, 
^'  =  2  (n/  +  c)  -  S  (n't  +  9)  +  w'. 
and  B  ■  m'Die  cos  ^  +  m'D^'  cos 

where    oDt  - 1  a  "^^^^'j  , 

ahn  let  i^^MflifCcoi^    where  ^  -     -I- e  -  (»V  «% 


*  If  tImiglllrfMI  «f  tf  h*  «MtM  a  inpfuitbeT,  we  (haU 

Jim  dttMRBl  of  the  thW  order  J^^i,^)! 

liBifar  MnH  dtopMidiqgMt  and  Raniidiit  «aljr  iht 
frinaipil  pait  af  titt  ibnut,  «•  dtdl  ban 


rejecting  the  teoond  tenn  which  is  Ich  than  }".  The  tcmu 
dcpeadiagoB^ii't^iWiM  Um  iImb  r,  mmI  aujr  tbcnte*  be 
icjaeud. 
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and  aC7- -^(6,(i>-a), 
■ad   SI  e  mCT'oot 

rhcre    a'cT  -  -  i  ^V*^  - 1 )  , 


Then  Ibe  mora  inporUmt  part*  of  the  djatuibinoe  of  mean  kmgitiide  depending  on  JB, 
and  «k 

X  f  A*  «in  ^  4-  2>,e  «in  ^% 

■ 

the  terns  involvbg  ^  ■i'     end  ^'  +  ^. 

Ja»*  sin  1     \n  -  «  /  cu  ain  I     \n  -  n  /  ) 


l6mWaC  9mmWC\ 


X  a  {D^e  sin  (\  +  tr)  +  Djc'sin  (X  +  w')}- 


Agelo.  let  »^-^|;+^^, 


where  ^  «id  ^  depend  on  it  and  Jf, 

6/71 ' 

and  •'.  i  -  ^^S^y        sin  0  +  2?,c  sio  ^'), 


than  aa  bafoK,  Sn'aJJ^ 

X  a {A«  rin <\  ^  V)  -f  A«  no  (X  +  v')}. 
Now  n  «  £»'  nearly,    .%  ■  ■**    »  S  ■  — "~»I7  ■"•"^y* 


and  } »  1  «  — ;  nearly ; 
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ihcvefbre,  camhining  the  tuo  expreiiioiw  ju«t  foondt 

(3r»«V«C    27«iiiV«'(C  -  iC)l 

^^■"t«'MDi*  *  S^STi"^  1 

-  -  d'  VO  sin  (\  +  ^)  +  o^-aii «»»  (X  +  »') 

-  -f  <^'-«98     X  -  O'^OO*  cmX. 
The  eorretjioodiiig  terms  of  }S[t  are 

3n  a'  /  /  — -  -,  —  «  >-      {.s»''a  /  /      ,     >  , 

S('m-  of'iX^e  iin       9)    tf'-Ol*  sin  (X  + 
which  naj  be  neglected. 

Theee  ere  all  the  terms  of     and  j^',  which  appear  to  he  worth  retaining. 

4B.  Tlio  effect  of  the  square  of  the  disturbing  forw  upon  n  may  be  calculated  fruin 
the  value  of  o^.    Let  Csin  A\  +  Cco**X  be  any  term  uf  o^,  then 

j^n  -      -     sin  r'(C  coe  *X  -  Cain  £X), 

the  coefficients  C  C  fadng  euppoted  to  he  expressed  in  seconds. 

Hence   tn^  -  (r>000008O  an  X  4  O^-OOOSSM  coa  X 

-  (THMXNttlQ  sin  ax  -  0"-0000722  COS  2X 
-  0"-OOOOS91  coedX« 

.  +  o"  0OOO058  sin  X  -  0"-000170<J  cos  X 
+  o"-oooosss  sin  2X  +  (-)"-oori()r.'2G  cos  sx 

+  O"  0000212  (MSiSX. 

49.    By  (Art.  40), 

therefore,  reprinting  the  variation  due  tn  the  square  of  the  ditturhing  force  by  ^e,  we  have 

da        St  de  de\ 

neglecting  terms  sflmve  the  first  order  except  sneh  as  win  he  divided  by  u*. 

The  portion  of        to  be  retained  is 

.^R'^^dR  dR^  dR,,    ,     d/?,  dft 
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Smmn'n'a'^a 
W  8in  1  m 


»   '»  i  a  .  \       1^-3  —  I  8in  8\ 

Sm'nra*         *"*  »\J      \    da  da) 

"^S^taal"  (dp     ^dP\  I 

/+        -      +  P  cosSX) 

.-.      -  -  o"-969  sin  2X  +  0  "-S?*  co*  8\, 
oniuiog  the  secular  perturbadon. 

Th«  Ibmo)*  for  NcpCnne  ii 

.-.  St"  +  0"*93S  cinSX  -  o  '*268  COS2X. 
Again,  with  the  lUBe  value  of  ZR^ 

— 5i-0+S''>•(^**'^*)"' 
(*('■* +^*)'«"'\ 

which  as  well  as  the  correspondiog  part  of  ^c'  may  be  negliKited. 
Next  let 

then 

*    •     Ida  M  .1      Km  i^da'^  d0'  d^daj 

m  aacnlar  pertuibatian  of  the  epodi. 
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With  th*  «Miic  Taloe  of  ill 

another,  leeiilar  perturbathin  of  the  epoch. 
SO.    Nov  lei 

de  dw  de  dv 

1 1"      ]      idP  ,PP  '    dp  d'P,\  { 
[^[ded^-li  Ma) 

imtnun'a^a  \      \de'  de'da     de  de'da) 
**■  ' iin  l""  \  ^  /dQ  d'Pl     dQ'  d'P,  \   ^  } 
I      \de'  de'da      de   He  da)  J 

f      td'P   dP^  ^  d  p  dF^  \  ^.^  J 
m'^h-(^       J     \deda   de      deda   de  }  y 

*  ^iini"'  )    /d»p  dp;   d»/^  dP,\  ?• 

(  *  Wrf«  W  '  ddda  dd  J  ^*^} 

deda         do  do 
d«i»,    _  .     ^rf*/*/    -  ^ 

«»  f 5  -  co.S»'+  o^^* e  €0. (tr  +  »-) ; 

cfeda        da  oo 

d«p,  -  ,  .d'p;   

•■•  log  tt»  -tt:;^  -  1 70082  - ,  log  a*  —77-  -  1  '68990 

d«P  d=P'  _ 

deda  "  ****^  ^''^ d^a  '  ^"^^ 


OF  imAHini  ASD  mnmniB. 


i'e  -  (+  i'-306  +  0 "  43«  +  0  "  aTK  +  O"-*!!)  do  X, 
+  (-  0"'0S3  -  0"  022)  COfiX, 

the  ooeflkient  of  the  coeine  mtj  be  negkcted. 
The  eomsponding  formuk  for  NqXuoe  ii 

Jt  aa 


2mm'nn'aa'* 


c/nni' 


tw«n'V» 
*»*  sin  l" 


r    /dP  cpp,    dp'  <rp;\  .  \ 

 )      \de  deda'      de   deda]  ^( 

-•■ml"    1     ,dP  ^p;     dp  d^p,^  ( 

(      IdQ  (PP,     dQ'  d»P,'\  .  \ 

^  inrn^a^      )     U'  de'da'          d^}  "°  ^ 

(      V^/*-'  ^/e'da'  ~  IP  dTda'j 

(     (d-(i  dPt           dP:\  ,  ] 

^                 )     Kdeda'  de  *  d^'de  )  \ 

••rim"   ]^id>qdPi    ^  dPA  i 

/  (fQ  '^^^  .  ^Q'  .  J 
Kdc'da'  dc'    de  da  de  )■  \ 

•  s*?--;r  ■••i«8-»-«M7.. 

^  cpp,'     I  / ,  dpp;  dp,\ 

nq^eeting  the  eadBcient  of  eotX  wfakh  it  veiy  sdmIL 


zllT  THE  TBBORT  OF  TBB  LONO  DdiQiDAUTY 

The  Talue  ot  -~  f^\^^^^  +  +  ^**^}  ***P*°*"*  I***  ^  '« 

veiy  amall,  and  maj  therefore  be  neglected 

51.   Let     be  tbc  oonstant  term  of  B  wUch  is  indepaidnt  of  the  eoeentrieHics  end  fai- 
dF  iF 

dioatioDt ;  and  let      -  -^-'^.a  +  -r-r 

(fa  oa 

'  rd{cR)        WnV  <i*F„,^  .  ,  ^ 

oa  <w*  sin  1     da*  ^  ' 

w"^  sin  1     dada  fw 

m' 

d'F,        m'   ^flTftjCi)  , 

-  -  J  «  -^r  -  -  "» aC,  suppose, 

■     V  -da    *  -  -  d^J  '""^ 

theu   log  aCi  =  T*76899,  log  oC,  =  0-02293. 

Hence        -  -  o"'43i  sin  X  +  o"-o6s  cos  X. 

The  fonnula  Sac  Neptune  is, 

./|    oa  (u'  Bin  I  tluda 


tti"  sin  1 


,  .    „     {FanX  +  P  C08  X), 


*  .^nl^  (Q  rfn  X  +  AT  cmX), 

w  8in  I 


.-.  ^e'=  +  0"-781  sinX  -  0"-114  cosX. 

S3.  The  above  temt  are  of  verjr  liltle  bnportaiiGe :  but  thoe  are  terma  of  the  sane  kind 
mndag  hom  the  action  of  the  constant  part  of  the  disturbing  force  of  Saturn  and  Jupiter  upon 

Uranus  and  Neptune  which  arc  much  more  considerable.  Let  F  bi-  tlir  cnnstant  part  of  the 
disturbing  function  for  Saturn  and  Uraauft»  ihi  the  mass  of  Saturn,  0|  the  ^  major  axis  of  its 

orbit  a  «  —  1 
a 
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thfln  oFi-.^V*    and  iRm^la, 

j|    aa  oj*  sill  1    (/ri-  ' 

Aconrding  to  Pontecoulant  (Liv.  VI.  p.  375), 

-  -      AD  X  -f  rf'-aiT  «o»  X. 

Similarly,  if  bo  the  coastaiit  tcrui  of  the  disturbing  function  for  Jupiter  aad  Uranu«, 
!%«  mass  of  Jupiter,  then  at\m  —  ^ 


-  -  auppoae. 


da 

.  .  -  »   (i*««X  +  J»'€OiX>, 

•/l     on  «i  SIQ  1  ' 

y«  «  -  a^-tsg  Bin  X  +  l^-Si*  008  X. 
For  the  action  of  Saturn  on  Neptune,  the  formula  ia 

-  ^'^i  -  -       sin  1 ^^"^^  *  ^'CO.X). 

when  +  + 

and   log«' =  i%5oi79,  log  fi^' -  o-smg,  , 
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Hence   loga'C  «  0*37140^    deo  kg  •  1*ISSS9^ 

"  "  a»*  sin  1 

/.       =  +  I  '898  sinX -0"*87*co«A. 
For  the  aetion  of  Jupiter  on  Neptune,  we  have 

„  .      1^  .  -  «  *  X + »  X). 

J^    da  &1U  1  ' 

and   1aga"»ff8859,  kgt^^-O'SOMa, 

lega"  g7  -  2'4&m^  logo"*  -  2-52iaS,  log-^^  «  |-65<i34. 

Hence   log  d'ZI^  •  0'3M)g8, 
J**' .  +  i^-evi  lin  X  -  cT-a  i«  one  X. 

.'id.  Tilt-  ofFt  rt  nf  the  square  of  the  disturbing  force  on  tlie  ecceotndtj  and  longitude  fiC 
perihelion,  will  be  given  by  the  equations 

(see  Pontocoulant,  Liv.  VI.  p.  218),  omitting  terms  of  the  first  and  higher  ordertt,  except  those 
terms  of  the  first  order  which  will  be  divided  by  o?.    First  let 

then  —  [   \      m+  _(i+_^a«y(p_  ff^XfU 

e  J,   dw  9^    ^     W      \    de  ief 

dF     _  dP\ 


I     ( w.dF      ^dF\  . 

/  dp 


therefore,  omitting  the  eeeular  perturhatian» 

j'e  -  -  l'''S67  lin  fiX  -  sf'ns  oos  8X. 

am*n*a*  .     4m  ,^  { „dP    „dP^\  ^ 


* 
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Similarly, 


Smm  n  n  on         4m      \     \    de         ae  /  t 

/.  j*/  •  +  if-eBa  tan  tX  -  if-m  eolSV, 
0W  -  +  (T'Stt  ain  SX  +  tT-eta  cot  «\. 


M.    Now  IfiC 

then      ;  mOj 
ttw 

€  Jt  e  aw       40iftii*sinl  Veie''      de*y  J 

/.  ^«  .  >  i"-68S  sill  SX  -         cos  SX. 

The  fbrmula  &r      and  auj  be  dbldoed  from  the  eboTi^  by  mrittng  Mit'aVQdf 

for  ntnatPP\  hoice 

-    ar''(»8  sin  2X  +<r'l«8  eoeSX. 

d^w' m  -  0^*116     SX  +  4'''lt7  CM  SX. 

55.    Next  let        hsve  the  sauie  valuu  as  in  (Art.  50),  then 
e  Jt\  dw       *  dm     e  dvj 

i»Va*  (/d'P^dF    dfP;  dP\  .  ^     (d  P,dP    dP;  dP\  \ 
mmWaa'  |/d»/»,  dQ\  .  ,     /d»P.  dQ    d»P,'  dQ'\  I 

{to  at-ss'         to  ^ "^^j 

WW    r/dP,  dP*    dJV  dP\  .        /dP,  dP    dP,'  dP\  I 

'*nV    f/dP  dP;    «»'  dP,\   .  /JP  (/P,     t/P'  dP/\  1 

lU  ^  *  A  *  J  ""'^  -  U  d«"  -  d.  ^^^'i' 


+  -  , 
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a-^miaNtOMfrnt   .v  log  m  (nseiiS 

cPP' 

a  -j-f-  -  2aiVj  SID  2w,    .-.  log  -  l-96794> 
fpp 

a         -  aAT, coi (v-l-  w'),  log  -  OrMS  -» 

a        -  OAT,  dn  (»  +  »  ),       log  -  0-9S7T9 

benee  (+ (f '509  <!•  0^*S14  +  €^-O(M)  nnX 

•I-  (<*'4n  -K  l''*(kU  +4J*'7»)  eMX 

-  0^*S9S  sb  ax  -  €^'680  OM^ 
«  +  0^*787  Mn  X  +  4**180  cobX 

-  o''498  rin  3X  -  0^-660  cos  SX, 

•y**  *  no  rf—  —  +  —  I 

ftj'sm  I     \\  de    de'       de     dc  f  Xdc    de-        de    de*  /  j 

,  ^dQ'  f/ P;\  /dQ  fTP;  _  dQ'  d'-P,^  ^\ 

'      de    dede )  \de'  dede'      de'  dede  j  ) 

rnar    i/dPdP,     dP'  dP^\  ^    ^      idP  dP^      dP'dPn\  A 
.%  «y  V  -  (•  «*'4M  -  l^-OSS)  no  X  4-  l^'MO  sill  SX 

+  (o"-509  +  or'-«i4)  oo»x  -  (/'•we  coiax 

m  .  tC-4M  MD  X    «r'-79S  eotX 

•f  i^'SSO  rinSX  -  o^'586  ooB  SX. 

The  furmuls  for  and  e'^v^  may  be  obtained  firom  di«  above,  by  writing  m  n'a'e'QQ 
for  mnaePP'  and  oie«  •end. 

/d*^  dQ'    <f  P,'  dQ^ 


•i^ainr  )     1^  dQ    d7»,'  rfQ'  , 
■*■  \d^  ~d?  ^  dp*  df'j' 

f     fd  P^  dP'  _  d'Pt  dP\   .  \ 
mm'nnaa  \     \dede   de     dede'  de)  I 
«^iinl"  j     /d*P»dP    iPP^  dP\  i 

C  /dP.  d<i  dp;  dQ^  .  \ 

'*"4eV«Ol")     (dp,  dQ     dPs'  dQ'\  f 
(-^U  ^^W-  cfc'j*"^M 
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(  fdQ  dp;  ^dg  dp.\.^^^ 

\ile'   de       de    de  ) 

cos  2w',        log  =  T"7S774i 
 wa*^,    .*.  lott - o*87no -> 

a 

.-.       =  (  -  0"-784  -  l"'8a,s)  sin  \ 

+  (+  o"-726  +  1-744  +  l'''l6g)  cosX 
+  l"-159  ain  «\    (T-OSO  cm  SX 
•  -  S^-fiJ?  ainX  4  fT-eaii  eosX 
•f  T'l^O nn 3X  4-  0*080 cm SX ; 

r   fd*P»dQ   dTP:  d<X\  \ 


or  sin 


inl"  j     /r/T,  rfQ'     rf  p;  dQ\  { 

(  /<pp^  dp  d  p;  dP\  .  ^  \ 


<*«Mni'    1     (tPP^  iff    ^p;  dP\  { 

C   /rf<2  dP,  dtf  dp;\  .  \ 

m'n"a-*    )      \de'  1^  ~  d7  17}  ""^^f 
^  sew'  sin  1"  \     (dQ  dP;     dQ'  dP^\  (' 

e'ev'-^  (- 0  -7^6  -  l"-744)  sinX  -  o"  l6o  sin  SX, 
4-  (-  (l^*784  - 1"-883)  cosX  +  S"  S]9  cos  SX, 

-  -  s%70  lin  X  -  S"'6G7  cmX* 

-  >0^*i«(»diiSX4-t''><I9cM«X. 

5G.    Let  F  =  the  constant  part  of  the  disturbing  function  of  the  second  order  in  the 

eccentricities ; 

A  F -  WC, («^ 4- e'O  4-  ni(W CM (V  -  «0> 

when  «C.=  --(«  — +  4a=  ^^.-J  . 

Ti«  »F.^*.t^4,,  +  ^v+^a.w', 

[6] 
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-  -f^  1 OM  (v  -  v)  j^da  X  -  ^  CM  xl , 
«»*sial    «  \de  de  J 

-— =-r-r#r  C^m'  iun  viUiX  -  «*•"  «>»X|. 

-  of  DI7  sin  X  -I-  0"'OB1  cos  X, 

wbieh  any  lie  iqectod.  We  ninj  also  lejeet  the  ooRtapoDduig  tents  cf  «fv,  tfi^it*  cU 
of  wbidi  are  rery  small. 

For  the  eflhet  cf  Saturn  on  tTmnmb  the  JioRnttla  b 

**-  —  ,-. — „  cnefw-  Iff.)  <  — 8inX  -  —  oosXV, 

and  a  siDiilar  fornniln  will  give  the  efl'ect  due  to  the  action  of  Jupiter:  but  these  tenoa  nwy 
be  neglected ;  for  all  the  coeffideuts  are  lew  than  half  a  second. 


67*  The  terms  csleolated  hi  the  preoeding  arUdee  eeenn  to  be  til  of  thoee  due  to  the 
square  of  the  disturbiiig  fiwce^  which  axe  of  sufleient  magnitude  to  be  ntalaed.   Bat  there 

are  otlur  larger  terms  of  two  dimensions  in  the  masaes,  depending  upon  the  constant  corrections 
which  must  be  applied  to  the  values  of  the  elements  used  in  making  the  first  approxinrntion. 
Let  Ae,  AnPt  A**',  A-ar'  he  the  corrections  which  luu^t  l)e  applied  to  the  values  of  c,  sr,  e  -  sr . 
used  in  the  tirst  section,  so  liiat  e  +  Ac,  SiC.  are  accuraicly  equal  to  the  constants  introduced 

in  integrating  the  equations  for      &c :  then,  if  €,  v>  b6>       aocuiately  the  elements  of  the 

inatantaneona  dlipie  at  the  epoch  <   0^  Ac  would  be  given  bj  ^e  equation 

A«--2(&)i.a, 

-  {le)  being  the  sum  of  all  the  perturbations  of  the  eccentricity  produced  by  the  action  of  all 
the  planets;  and  similarly  for  Att,  Sec.    We  shall  calculate  the  Talueaof  these owteotiona  only 

in  so  far  as  they  depend  upon  the  long  inequality. 

Since  e  and  w  (as  deduced  from  observation)  are  given  for  the  epoch  of  1801,  we  must  put 
t  ■  —  (46  X  a6s  Hh  11)  days  in  the  expressions  for  2e  and  hr%  in  calculating  the  values  of  Ae 
and  Av.   If,  then,  X"'  the  value  of  X  for  Jan.  1, 1801,  -  U*  u!"  Sfl^', 

Ae  •     vT'm  sin  X*  -  4IOit'9Sa  ooe  X" 

-  tf'-989sinSX''-  flar*Mlcos2X" 

-  (fTVaintx"'-  t^-SldoosJX" 

-  -  lOOf  *9(S7. 

eAv--l-40Sl*i)40shi  X*-  Bi^-fllOcoa  X" 

•I-  m''*49«  sintX*-  6^*988  ooe  SX" 

s"-2i9  ^  ax"  -  fTlSd COB  ax* 

-  +  407"*«11. 

And  if  X'    the  vatue  of  X  at  time  <«  0^ 
-78»88"sr'4. 
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Ae  -  +  89"'999  an  X  -  83"-876  «»  X' 
«4>10S*'S9>* 

-  *  aa^HKM  da  X'  4-  90^-7tt  em  X' 
4-  «^*50i  liii  sx'  -f  ai'-gti  «mcx' 
4-   if -406  tinaX'  -h  11^*481  cm  SX' 

To  the  abov*        of  d«  in*y  bere  W  added  ths  Tarialion  of  a  due  to  leeular  pirturbAtimi 

during  the  46  yean  between  1801  and  184l7t  which  was  iinf  taken  account  of  in  Art.  (5),  and 
which  =  —  i"'5i.  Again  the  vahie  of  the  annual  increase  of  w  including  the  secular  perturba- 
tion produced  by  Neptune,  and  employing  Bessel's  value  of  precession,  ■  5S".ll5,  which  differs 
from  the  value  used  in  Art.  (5)  by  o"-6l6  ;  and  thiii  difference  amounts  in  46  years  to 
-I-  SS^tS.    The  ▼allies,  tJufallMre^  of  tiia  correeliatia  will  be,  finally, 

Henoe  tor  the  comoted  valua  ef  die  diemenls,  we  have 

log  e  -  S  -6644MS,  kg  Sl)6«51SS, 

log  sin  V  m  i-iUBSiS^  log  00»  V  -  1*9941035 

log  sm     «  I'8S50684>,  log  cos  v' «  T-809740S. 

Upi»n  recalculating  those  terms  of  S  (n/ +  e)  and  5(n'f  +  t'),  whicli  depend  upon  the 
first  powers  of  the  eccentricities,  with  these  corrrrtof^  yiIik":  of  the  element*,  we  shall  find  that 
the  following  terms  must  be  added  to  those  givLU  ia      t.  {:}&.) 

S  ini  +  «)m  +  t  '*159  sin  \  -  lSi"-76i  cosX, 
^  (n't  +  if '198  ab  X  4  Blf'SOS  coeX, 

and  the  corresponding  corrections  of  ie,  eivt      e'^',  are 

^••-19^^iinX4  a^nMeoaX. 
aSy--  7**7* fliaX- 16^*71  eaaX» 
i^^^  ^"70  mX-  4'*l<eoaX, 
a'j^v'-  4  8**41  riaX  4  T'Sl  ooaX. 
Affin^         Zin  -  -  o"  oo2l4W      at  1801, 
4  0^'-O0SS68l6       at  1847. 
HaDOe    «  4  ^«  •  -  0"*888408& 

  ,      ,        ,,,,      3m'  (n  4  A»)* 

Theiffim  upon  teealeulattiig  the  pnndpal  terms,  ming  the  multiplier        f^yt  aT?' 

Sfn'n* 

instead  of  i — p       shall  find  that  the  following  terms  must  be  added, 
•r  ainl 

^  (n<  4  f)  •  4  4S"-74  sin  X  -  4>"'SS  cos  X, 

and  similarly, 

3^  im*t  4  a*)  -  -  ai^MM  fill  X  4  S^iM  aos  X, 

Of 
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•nd  the  enrmpoiiding  comcttoDs  of  Se,  e^v,  will  be 

the  oomctiaai  ntis'i  Jim^  aie  lew  tb»ii  i". 

Abo   As  -  +  O'OOOeitfMy  -  0^10709. 

Hence  -  V^"-"  1       tin  X  +  AaJ'  coeXK 

w*  sin  I  *' 

/.    (ni  4- «)  -  -  i"*i6  anX ;  tbe  coneipoodfiig  tenn  of  9  (n't  +  «)  is  ]ea»  dum  l*. 

58.  TboK  tennf  of  the  ▼■ziatione  of  the  demente  which  depeiid  upon  2\  and  3\  may 
he  ooireeted  with  suffieieDt  eocuney  by  nmiui  of  the  fdrflowiog  Ibrmulie: 

•00152  Ae  -  0*02128  e  A'Jy  I 


1+0- 

(-0 


,/  coeSX 

•0i32^  Ac -0-02175  e  As- j 

j  -  0*0O286  Ae  -  0  00033  e       \  . 

I-  (HXIS86       oweM e'Aw'J  ^ 
o-ooods  &0  -  w»f»a6«  Air  1 


ooaSX. 


'^"'^  *>-U(H>i5fi6A.'-aDi67aoW/""*^ 


J-  0  00326  Ae  +  0-0! r,p/:  Aw  1 
1+  0-01673  A/  +  0  01  jGG  « '  A-iS-'J 

f.o- 
l+o- 


oobSX 


00165  Ae  +  0  00039  e  Aw  1  . 
00172  A«'-  0-00175  e'Aw'/ 


{-  0  00039  Ae  +  <ywi65  e  Aw  1 
+  0-00175  A*'+  0WI7«  •'Aw'/ 
which  are  obtuned  bj  diffneiitiatiiig  the  formulae 

\     2(1)*  (t)      da  J 

/8m'n*aP^'     mna>  dF.\ 

+  \   +  ^         T-  «»«X, 

\     2w*  w      da  J 

«(ii«4-e)-      —  eniaX  +  i-^ooi<X. 

and  the  nniilar  expFeeajooB  for  n't  +  e  with  respect  to  e,  w,  e,  and  w'. 

When  Ae  vdues  of  A«»  eA^,  &c.,  given  in  thelait  AiL  wc  substituted,  we  have 
^(ni+t)m  ^ifiW  dnSX  -  iST'Sli  coesX, 
-(T^OSrcinaX^  r>4i5«o«SX. 
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^'(»'/  +  e')  -  -  o'  -oaa  sin  2X  +  9" -586  cos  2A, 

The  corresponding  corrections  uf  ce,  cdsr,  &c.,  are 

efe  =  -  3"  15  sin  2\  -f  0'  .()5  cos  2X, 
i=  -  1  '  00  sin  2\  -  3"  08  cos  SX, 
-        dn  SX  •        cos  2\, 
fl^j'v'*  +  sT'SS  dn  fix  -    '91  cos  SX. 

The  corrections  for  An^  An'  will  be 

g  (nt  +  e)  =  +  2"  017  sin  SX* 
it  (n't  +  e  )  »  >  r>  44  sin  «X. 

The  vhole  of  the  cometioiie  of  in,  hi,  for  Ae,  Air>  A« ,  Av',  An,  An',  Aa,  Aa', 
«m  be 

f«  «  -  d^H)00fi9i7  ain  X  -CT'OOOISOS  coe  X 

-  0"-0001207  sinSX  -  O^'OOOOOSScoeSX 

Xn'm.  +  0^'ni00436(»  ain  X-f  '0000889  ooe  X 
+  fffiOVmi  iinSX  +  0^-0000061  ooeSX 
■f  O^'OOOOjjSaiDJX. 

59.  Instead  of  tiie  values  of  e  and  e'  given  in  Articles  (5)  and  ((i),  we  must  use  c-f  Ac  and 
•''f  Ac' m  cdculating  the  veliiee  of  9  eiid  'i'  in  the  formulae  of  Art.  (38),  wbera 

Ac  »    S788^'*8S  ain  X"-  4ei"'S4  cos  X" 
+  1S5 'OS  iin  SX"-  8-€SemSX" 
-t-     8*15siaSX''-    0 '44  COB  SX" 'I' (46  »  865 -i- II)  An 
m  4.  S7d9^''88  -  8^  •OA  •  •!>  S708^  '88  -  +  49'  8*  '88, 

and  Ai'-  - 199^.66  dn  X'  •!•  80S"*14  coa  X' 

-  89  '86  dnSX'  -I-    S  '60  oosSX' 

-  5  '80  ain8X'  -f-    0  '81  000 8X' 

-  -  igss^'Oi  m^ssttT  -81. 

And  inatead  of  nt,  n'i,  Ae  corrected  Yaluea  (»  +       t,  (*»'■!-  An')i  mnaC  be  used. 

60.  It  remains  now  to  correct  the  cocHicicnt-^  of  the  principal  pari  of  the  long  inequality 
for  the  secular  variations  of  the  eccentricities  ;uid  longitudes  of  the  perihelia. 

Let  E  and  JI  be  the  secular  variations  of  c  and  ■JS"  in  ona  d&y,  resulting  from  the  action  of 
Jupiter,  Saturn,  and  Neptune,  and  let  E',  H'  be  those  of  e!  and  w'  due  to  the  action  of 
Jupiter,  datura,  and  Dranua.    Then,  mbatftuting  e  +       v  -f  J!R,  9*  £'#,  ^-'-f  ffi  for 
w,  «*,      in  terma  of  the  fint  order  in  eooentricitiea,  and  integrating,  neglecting  aquaret 
and  prodacta  of  JBJT,  we  have!, 


Digrtizeo  Ly  *^oogle 


Hv  TBB  XHBO»T  Of  fHB  LOMO  ]]IBQil7Atl9rT 

+  -7— Trxt-  COS  (X  +  tit) 

(w  +  H) 

4>iiiiular  temu  with  M^w'UBt  for  M^EU, 

Taldqg  tlie  vilttet  of  E  and  If  depenfing  upon  the  aclioii  of  Jupiter,  Satun,  and 
N^fauWp  napvolivdyf 

SSStSi;  •  -  0"-006082  -  ()r*Oi6D49  ^  CTlXIMSl, 

-  -  0"-05456-2, 

365-S5^-  +  l"-234  +  l"  l88  +  0"-464  -  +  g"-8»6, 

and  the  valim  <d£^,H'  depending  oo  the  aetaooi  of  Jupiter,  Saturn,  and  UcanuB, 

-  +  0"011.'?, 

ses-SS/f  -  +  0"  0050  -  0"-1766  +  0  '-9504  =  +  0"-7788, 
then  the  cantectkiM  of  the  principal  terms  for  the  secular  variations  will  be 

^  (n<  +  «)  -  (-  55"'58  +  o"'Oio  t)  sin  X, 
+  (-  12"-S2  -  0"-0\3  t)  cosX, 
if  (n't  +  «')-(+  4o"-70  -  o"  oo7  t)  sin  X, 
+  (+  8"-96  +  0"  03«  /)  cos  X, 
<  being  here  the  number  of  Julian  years  from  Jan.  1,  1847> 

The  ootreetioiM  of  it  and  ehr  will  be,  neglecting  the  terms  invx^iing 

i**  -  +  ©"-fia  sin  X  +  3"-75  cos  X, 
e^W  m  .  tT'SS  dnX  •f  2  "19  GOft  A, 

and  those  of  in,     ,  will  be 

^'n  -  -  o"  00002C2  sin  X  +  0"*000118i  cos  X, 
Sfn'm  +  o"-0000190  sin  X  -  (T'OOOOSfiS  cos  X. 

61.   If  we  neglect  all  thoae  terma  in  the  preoeding  Artidea,  the  coedUienta  of  whidi  are 

less  than  l",  we  shall  have  for  the  inequalities  due  to  the  square  of  the  disturbing  force,  in- 
eluding  the  terms  depending  on  the  constant  correctioiu  of  e,  V,  e',  V,  im',  fut\  as  well  aa  the 

correction  for  the  secular  variations  of  e,  -sr.  e',  isr'*, 

^  (n<  -(■  c)  s  (-1-  70"'S3  -  o"-oio  /)  sin  (.2^  -  »j?  )  -  ( 1 49"-25  +  o"-043 1)  cos  (Si'  -  ^jf ) 
-10"-5I  ida2(2^  -  lY'-06  co8  2(«'l'  - 
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It  (n't  +  €)  «  (-  *9"'ol  -f  O"  007  0  an  (aSk  -  ^  )  +  (107  "-87  +  0"-0S2  0  COS  (2i'  >  ^  ) 


+  8"-S7«n2(2i' 

■I-  t**66  tin  sCsi' 

Hem 

+  17""45  (dn  (2* 

8"-08  cos  (2^ 

+  e'-lO  tin  2  (2'!' 

7"-57co«2(2S' 

+  ll"-62Bin  (2* 

14"- 52  cos  (2^ 

-  10''-72  sin  2  (2* 

_IH  )  _ 

7"-71  cos  2  (2* 

—   l"*S2  sin 

+  e""S7  MO  (iif 

-«) 

2"-52c08  2(2ir 

-W) 

-  l"  l6sin3(2^ 

-  5"lH  sin  (2I' 

-«)- 

l"-36co9  (21' 

-  S"'86Mn2(2i' 

4"- 12  cos  2  (ai' 

+ 

«"'S2C0«3(2'i' 

i*!!  -  +  0" '0006259  sin  -     )  +  0"'0O02519  cos  - 

+  0"  0{XH  5e'^  sin  2(2^  -  IJ?  )  -  0"-OOOOS08  cos  2  (21'  -  ^  ) 
+  0"'0(XX)180  sin  3(24'  -       -  O" '0000291  cos  8  (21'  - 

fu  m  -  0"-000+60S  Rin  (21'  -  -  0"*0001fi85  cos  (at  -  'i?  ) 
-O" -0001113  sinaCi^i'  -  ^)  +  O" -0000587  COiS(2l'  -  >g) 
-  O"  0000132  sin  8(21'  -  *8)  +  o'  0000212  C08S(2l'  -  ¥). 

The  valuer  of  e,  e  mnltiplylog  ^v*  ^v'  in  the  above  «ipffenkD%  are  the  uocomcted 

values  given  in  Arts.  (S)  and  (6). 


SECTION  III, 

6BMBBAL  BXPLAHATIOW  OF  THB  MODE  IN  WHIOH  IBB  DUTDBBlira  FCHUm 

FBODUOE  THB  LONG  INE<)iUAIJTT. 


C2.  In  attenipting  to  explain  the  mode  in  which  the  long  inequality  is  produced,  we 
shall  fir«t  hrieflv  describe  the  nature  fif  the  disturbins^  forces  when  both  orhits  are  suppo^pH 
to  be  circular  and  the  periodic  lime  of  the  exterior  planet  double,  or  nearly  double,  of  that  oi 

the  inteikr.  Thm  Npposing  eadi  orbit  in  tmn  to  beeone  cOiplioal  tvbOe  the  odw  reniaiiui 
dtcidir,  m  dhill  ihew  hcnr  the  altflnlioB  in  dn  planalft  ]ilaee»  and  in  the  direction  of  it*  path 
due  to  the  dl^ptie  motion,  ^vei  viae  to  aaiBll  additional  diatnrUng  Ibreca  vlilch  do  not  go 
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through  all  tlieir  changes  in  one  synodic  revolution,  and  the  character  and  magnitude  of  which 
depend  upon  the  position  of  the  line  of  OMijuoctiont  rdativdy  to  the  major  axis.  The 
tangential  part  of  these  edditiooal  forces  jwoduces  tlie  long  ineqnelitj  in  the  metn  notioM; 
but  the  eccentricities  end  perihelia  aie  affNsted  in  a  difacent  manner;  thdr  long  Jneqnalitiee 
will  be  Men  to  doj^onJ  upon  the  cireular  part  of  die  distnrUng  fiwoee  (ie.  that  part  irhidi 
is  the  same  as  if  tin-  orbits  were  circular). 

Let  then  P  and  P  be  the  planets  supposed  to  revolve  in  circular  orbits  about  S  (fig.  8) ; 
and  let  the  periodic  time  of  P'  be  twice  that  ot  P;  A  the  ptMat  of  conjunction,  and  Bff 
perpendicular  to  AA,  The  diiturhJng  forces  acting  on  P  are  the  attraction  oi  aa  P  a 
the  diiection  and  the  attraction  iif  P'  tm  S  acting  in  a  direction  paialUi  to  P^S>  When 
both  these  forces  are  resolved  along  the  tangent  and  nonual,  the  tangential  force  Tanilhet 
when  the  angular  separation  of  the  planets  r.S'P' =  0"  or  ISC,  and  aUo  when  S  and  P  are 
equally  di'?tant  from  i.e.  when  AS'/*' =  cob'i  a  =  7i«4j  about;  and  is  alternately  retar- 
dative  and  acccloralivc.  Now  this  force  may  be  conceived  to  be  made  up  of  several  forces, 
one  depending  upon  ihe  mn  PSPt  another  upon  theflnSFi^F',  &c.  A  force  dcpendnig  on 
AkSPS^  Tanishei  when  PSP'^lf't  90^,  180*,  S70^  sSt^t  and  it  at  a  tnuxinum  at  points 
half  waj  between  these,  and  is  alternately  retardative  and  aeceleratiTe.  While  therefore  P 
moves  from  A  through  B  to  A'^  it  is  retarded  by  this  part  of  the  tangential  force  (for  the 
angle  PSP"  is  always  half  of  the  angle  described  by  P  from  conjunction);  and  while  it 
moves  through  AB' A,  it  is  accelerated  to  the  same  amount.  The  tangential  force  which 
depends  upon  miPSP  is  retardative  during  one  revolution  of  P^  and  aocekratiTe  in  the 
next.  The  force  depending  on  iPSP'  h  the  more  important  of  the  two^  rince  ita  law  of 
Tariation  more  nearlj  rMcmbtea  that  of  the  whole  tangential  force.  In  the  same  way  the 
noraial  force  mny  be  considered  to  he  made  up  of  a  constant  part,  and  of  a  part  depending 
upon  cos  PSP',  another  depending  upon  cosSPSP',  kc.  The  part  depending  upon  co9  °PSF^ 
acts  outwards,  while  P  moves  from  B'  through  A  to  B,  and  inwards  during  the  other  half  of 
a  revolution,  and  is  at  a  maximum  at  J  and  The  force  depending  upon  cos  PSP  acts 
outwards  during  half  a  rerolution  of  P  before  oonjonetion,  and  half  a  revolution  after, 
arriving  at  a  maximam  at  oaojunctlon ;  and  its  direction  is  lerermd  in  the  nefxt  revolution 
of  P. 

63.  Confining  our  attention  at  first  to  ti)c  forces  depending  upon  the  argtiincnt  iPSP 
let  us  examine  what  alteration  will  be  made  in  them  when  we  suppose  the  orbit  of  P  to 
become  dliptical,  while  that  of  P  remains  circuhr.   They  will  be  altered, 

1*.    By  reason  of  P  being  sometimes  before^  sometimes  behind  its  mean  place. 

2".    By  the  fluctuation  of  distance  from  S. 

.T'.  The  tangent  to  the  elliptic  orbit  is  not  (generally)  in  tlic  same  direction  as  the  tangent 
to  tlie  cirnilar  orbit ;  and,  although  this  doo<j  not  alter  the  value  uf  the  whole  disturbing 
force,  11  alters  the  values  of  tlie  tangeutiid  and  uoriual  components. 

Since  the  monentMry  change  of  major  axis  is  proportiond  to  the  tangential  force  mnlti> 
plied  by  the  linear  velocity  of  the  disturbed  planet,  a  fluctuation  in  that  velocity  will  produee 
changes  in  the  major  axis  other  than  those  which  exist  in  a  circular  oihi't,  and  nay  therefore 
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give  rise  to  a  portion  of  the  long  inequality.  We  shall  now  examine  separately  the  effects  of 
these  four  causes  of  disturbance;  for  since  the  circular  disturbing  forces  can  only  produce 
rapidly  periodical  variations  of  the  migor  axis,  it  is  in  those  circumstances,  in  which  elliptic 
motiMi  diiwi  from  dreolar,  llwt  tiie  origin  of  the  long  inequality  of  the  ine«i  motum* 
mint  be  lougbt. 

C4.  Let  A  A'  (fig.  3)  be  the  Hoe  of  coniunc-tions,  the  planets  coming  to  conjunction  at 
A  once  in  evrrv  revolution  of  P" ;  aa  the  major  axis  of  fs  orbit>  a  the  peribelion;  and  let 
the  planets  start  from  conjunction  at  A. 

From  J  through  JB  to  ^  the  curcuUr  tangentiel  fcvee  depending  on  iPSf  u  retardative, 
and  at  •  mRximum  when  Plant  B,  P  moring  from  peribelion  to  aphdioa  it  in  advanee  of 
ite  mean  place;  therefore,  when  1;(  t  a  n  A  and  B,  it  is  nearer  to  that  podtioB,  in  wMdi  the 
tangential  force  is  at  a  maxuniw,  than  it  would  have  been  if  its  motion  hud  been  uniform ;  and 
it  is  therefore  acted  upon  by  a  greater  retarding  force.  This  is  equivalent  to  being  acted  upon 
both  by  the  circular  lutigeiiiial  force,  and  an  additional  retarding  force  (which  is  indicated  in 
the  figure  by  a  negative  sign).  From  Btntf  PtB  itSl  in  advance  cf  its  mean  place  t  but  die 
dicular  tangential  fiwee  b  now  deeraulng,  and  P  ie  further  Hmnk  the  pomtion  in  which  that 
force  is  at  a  maximum ;  therefore  it  is  acted  on  by  a  smaller  retarding  force  than  it  would 
have  been  if  its  motion  had  been  uniform :  this  is  equivalent  to  being  acted  on  by  an 
additional  accelerating  force  (indicated  by  a  +  signV  Between  a  and  A"  the  circiilnr  tangential 
force  is  still  retarding,  but  JP  is  behind  its  mean  place,  and  therefore  the  additiuuai  force  is 
now  retarding.  Of  conrae  there  ie  no  additional  ibrce  ariaing  fbom  thie  eanae  at  ainee 
there  die  mean  and  true  plaoee  of  P  eoindde. 

From  A  through  7T  to  A  the  circular  tangential  force  is  accelerating  and  at  a  maximum 
at  J/.  Therefore  while  P  moves  from  A'  to  ff,  being  behind  its  mean  place,  it  is  further 
from  the  position  in  which  the  tangential  force  is  at  a  maximum,  and  therefore  it  is  acted 
upon  by  on  additional  retarding  force.  From  B  to  a  the  true  place  of  P  is  nearer  to  the 
poaitfon  of  naxlniuin  foree^  and  thereftno  the  addidond  farce  ie  aeoelerating:  while  from  a 
to  J  the  true  plaee  is  befim  the  mean,  and  the  additional  fbree  ie  ictacdiqg,  and  vaoiahes 
at  0.   The  additional  foioa  alw  vaniahea  when  B  or     h  half  waj  hetween  the  mean  and 

true  yilnces  of  P. 

From  this  c.q.is",  therefore,  in  this  position  of  the  line  of  cnri| unction  wc  have  a  pre- 
ponderance of  retarding  force;  and  the  amount  of  this  excess  dependa  upon  the  angle 
*Si,  and  ie  aero  when  Ajt  onnddee  with  mT,  and  at  a  maximum  when  JJ^  ooniddee 
with  Wt  in  which  poridon  the  whole  of  the  additional  fbree  ie  n^ative.  Now  dnoe  the 
periodic  time  of  P'  is  somewhat  km  than  twice  that  of  P,  each  conjunedon  takee  place  at 
a  point  a  little  in  advance  of  the  preceding,  so  that  the  point  yi  performs  a  complete  revo- 
lution in  about  40*7  years.  While  therefore  A  revolves  from  a  ti)rou£»h  h  to  a  the  addi. 
tional  force  is  retarding ;  and  it  is  accelerating  throughout  the  second  half  of  the  revolution 
of  A,  Comeqnendy  during  the  former  half  of  a  complete  revolution  of  the  point  of 
conjunethm  the  major  ade  is  continually  decNtdng  and  die  mean  aiigidar  velocity  !»- 
emwing,  and  eiee  veni  during  the  latter  half. 

[H] 
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Suppose  now  a  coojuuctioii  to  uke  place  when  I*  is  at  perihelion.  Since  A  has  just 
completed  a  revolution  the  mean  angular  vdodtj  is  reduced  to  its  minimum  value;  there- 
fon  P  vill  be  contiaiMlly  la  every  revolutioii  dropping  beMad  its  undbtiirbed  dUptie 
|ileee<  But,  ae  ^  ii  abe  very  abwly  tevolnQg  tnn  •  to  fi*  the  effect  of  diatMrbinf 
force  is  to  restore  the  mean  angular  velocity  to  its  undisturbed  value;  and  this  value  i» 
attained  wlnMt  A  has  arrived  at  b.  As  J  passes  from  ft  to  n  thv  mean  angular  velocity 
is  iucri^iiing  bcyoad  its  uodisturbed  value,  and  therefore  the  planet  is  regaining  the  Ion. 
gitude  it  had  loat:  and  whea  J  arrivee  at  a'  the  diiturbaiwe  in  longitude  is  reduced  to 
seKk  Therefore  thioughoot  the  former  half  of  the  revolution  of  A  from  the  peribdioa 
the  planet  P  ie  behmd  ita  undiitnrhed  piaoe»  and  limilarly  it  ii  before  that  plaoe  throiigh-. 
ottt  the  latter  hal£ 

68.   The  iaetoatioQ  of  dittanoe  of  P  from  S  produce*  an  analogoae  alCeratioo  in  the 

tangential  force.  That  part  of  the  force  which  depends  upon  the  argtiment  zPSP  is 
smaller  when  SF  is  smaller,  and  vice  versa.  While  P  is  moving  from  b'  to  A  (fig.  4) 
the  circular  tangential  force  is  accelerating,  and  SP  is  less  than  its  mean  value.  P  is 
therefore  acted  on  by  a  lem  accelerating  force  than  it  would  be  if  its  orbit  were  drcukr 
(radint «  mean  distance) :  therefore  die  additional  tangential  force  ie  retarding.  While 
I*  moves  from  J  to  6  dm  dccular  tangential  fbroe  b  leterdio^  and  SF  less  dmn  its 
mean  value:  therefore  the  additional  force  is  accelerating.  Similarly  it  is  retarding  from 
h  Xx>  j(  and  accelerating  from  J!  to  5'.  Therefore  there  is  from  this  caiisc  nUo  a  pre- 
ponderating force,  which  is  retarding  while  A  revolves  through  aba  and  accelerating  while 
it  revolves  through  coming  to  a  nwximum  when  J  is  at  b  and  h'  and  vaoisbiDg 

when  it  is  at  a  and  tl.  It  hi  therefore  always  of  the  same  ngn  as  the  force  investigated 
in  the  last  artide^  and  nmeiirs  with  it  in  pvodacfaig  the  same  pertuihatkm. 

66.  We  have  hitherto  considered  only  that  alteration  of  tfie  tangential  force  which 
is  doe  to  the  deviatioo  in  the  position  of  P,  But  the  tangential  force  in  the  cOipee  wfll 
also  diifor  from  that  in  the  dtete  on  noooont  of  the  difference  of  the  direction  in  which 

the  disturbing  forees  must  be  resolved.  The  forces  which  are  normal  and  tangential  iii 
the  circle  (and  which  we  liavc  hitherto  treated  as  if  they  were  normal  ami  tangential  iii 
the  elliptic  orbit  too)  are  radial  and  transversal  in  the  ellipse.  These  forces  must  there- 
fore be  both  resolved  along  the  tangent  in  order  to  obtain  the  correct  value  of  the  tan- 
gential foroe.  We  might  have  supposed  the  disturbing  forces  to  be  always  resolved 
along  the  normal  and  tangent,  but  in  that  ease  we  conld  not  have  determroed  the  effect 
due  to  the  deviation  of  P  from  its  mean  plaoe  separatdy  from  the  cffea  produced  by  the 
change  in  the  direction  of  the  tangent. 

First,  the  radial  force  will  contribute  a  portion  of  the  tangential  force.  That  part  of 
it  wUdi  dqienda  npon  the  argument  2PSP  nets  outward  while  P  moves  through  S^AB 
and  inwards  during  the  other  half  of  die  revolution.  When  P  is  anywhere  in  die  are 
uAB  (fig.  5)  the  radius  vector  makes  an  acute  an^  with  the  tangent  which  is  turned 
towards  the  perihelion  a.  The  radial  force,  therefore,  when  resolved  along  the  tangent 
produce*  an  aooeleratiog  tangential  force  which  does  not  exist  in  the  circular  ori»t.  When 
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P  is  between  B  and  a  the  radial  force  acts  I'nwarf?*  and  the  angle  between  the  radius 
vector  and  the  tangent  is  still  acute,  therefore  the  additiDnal  force  is  retarding.  Similarly 
througii  the  arc  aAM  the  angle  between  the  radius  vector  and  the  tangent  being  always 
acute  tovndi  perihelioD,  and  the  radial  ferae  actbg  inwardi,  the  additbnal  feroe  ie  ao- 
ederating;  while  thRNi{^  WA^  the  tadtol  ferae  aete  outwaida  and  thewfera  the  additiaipal 
force  is  retarding.  Here,  then,  we  hare  an  exceia  eif  podtive  ferae  which  tcndi  to  produce 
a  disturbance  of  a  directly  opposite  character  to  that  pEenondy  oamined  and  whidb  goe* 
through  ita  change*  io  the  same  time. 

67.  Again,  the  drauhur  tangential  ferae  (or  trantranel  fcfoe)  nuit  he  rciolved  along  the 
tangent  to  the  dliptie  orhit,  and  the  difbrance  which  tluB  neolntion  praduoee  maj,  ae  hefeve, 

I>e  represented  by  supposing  a  small  feiee  to  act  in  addition  to  the  circular  tangential  force. 
Let  equal  the  angle  between  the  normal  and  the  radius  vector,  and  let  T  equal  the 
circular  tangential  force  depending  upon  'iPSF^.  Then  the  additional  force  is  (cos  ^^—l)T. 
Now  T  is  negative  through  the  arc  Aa  A' ■,  therefore  the  additiond  force  ia  positive;  and 
T^tB  poMtive  thvoagh  the  an  J'&i,  thcn&ra  the  additioDal  ferae  is  dien  negative:  and 
it  vanidies  at  tJLd  J.  Tlie  additional  ferae  in  die  ara  «i  ie  equd  and  o|qpodte  to  that 
in  the  arc  Ad.,  and  the  force  in  the  are  ABd  is  equal  and  cppodte  to  that  in  the  arc 
A'ffa\  this  force  therefore  completely  compensates  itsdf  in  OOC  MVolution  of  F,  and 
therefore  produces  no  part  of  tlie  long  inequality. 

68.  The  momentary  change  of  major  axia  h  gntltat,  eoterit  pmritmg  wbm  die  linear 
vdodtj  of  the  diatuihed  planet  is  grealer,  Between  A  and  h  (6g.  8)  the  Tdodty  ia  above 

the  mean  value,  and  therefore  the  effect  of  the  retarding  force  is  greater  than  it  would 
have  been  if  the  velocity  had  been  uniform.  Through  the  arc  ba'A'  the  velocity  is  be- 
low the  mean,  and  the  retarding  force  produces  a  less  effect.  Through  A'b'  the  velocity 
is  still  below  the  mean  value;  therefore  the  accderating  force  produces  a  lets  effect:  while 
through  b'uA  it  produces  a  greater  effect  becauae  the  vekdQr  i«  •bove  the  mean  value. 
Upon  the  whole,  therafer^  the  retaidtng  forae  pradueas  a  ices  eftct  and  the  accderating 
ferce  produces  a  greater  effect  than  in  the  circular  orbit.  There  is  therefore  from  this 
cauae  a  long  inequality  of  oppodte  eharaeter  to  that  inveetigated  in  articles  (64)  and  (fiS).* 


"  The  terras  etpWincd  in  An».  64—68,  m»y  be  traced  in 
Ihe  folloving  niRnncr.    lyet  <}•,  tp'  he  tlic  longituilfs  of  PP  ia 

iluit  circitlsr  ofbiu,  a  the  twUui  of  P  *  orbit,  snd  T  iu  velo- 
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Now  let  the  orbit  of  />  be  taffotti  to  b««onM  (lUpiksl,  while 
thit  of  P'  temBioM  dteali^  and  Mir  bs  (bs  laof.  aaA  lad. 

»€Ct0rofP.  Then. 

4(R)    dR  MdR  dr    /dR  rdH    dR  rfr\  d» 


But  e  =  <^  +       and  r  ^  n  +  »nd 


rl. 


r  +  i»  V,  wliert 


J^-2«nnj9,  lam~ateMfi.  if'  =  naetot^  omitdag  t«m$ 


4R     <PR        d  /dR\ 


49 

r—  mml 
d* 


-l-l^iia'/). 


I B  tia  a(  tame  /  -  r  kId  ; 

dR  dr  dR 


Digitized  by  Google 


I 
I 


Ix 


THE  THEOBT  OP  TBS  UmQ  INBQUAUTT 


69.  The  p«rturl>ation8  of  eccentricity  and  perihelion  produced  bj  these  small  addi- 
tional ungcntiol  forces  are  very  nearly  compeoiated  in  each  revulutioD  of  P.  For  these 
forecs  are  id  aU  cmm  fymnetrieBlly  dtuated  Id  the  opposite  halvei  of  F**  orbit  to  that 
tlie  elPect  oo  the  eooeotrieitj  about  peribeUon  ii  dettroycd  hy  the  equal  and  opporite  elect 

produced  by  a  force  of  the  atme  sign  about  aphelion ;  and  the  effect  on  the  longitude 
of  perilielion  while  P  is  approaching  S  is  destroycf^  hy  the  tffeot  while  P  is  receding 
from  .S".  And  similarly  the  effects  of  the  corresponding  nuroial  forces  may  be  shewn  to 
destroy  each  other.  But  it  is  otherwise  with  the  circular  parts  of  the  disturbing  forces. 
Thaae  IbfM*  an  of  oppoiite  signs  in  the  oppodte  halvei  of  the  orfnt,  and  thcnibpe 
tbetr  e0eets  are  added  together,  iaeiead  of  destraying  each  other. 

The  tangential  force  depending  on  iPSP'  is  negative  through  the  arc  AhA'.  From  a 
point  near  h  (since  e  is  small)  to  A'  this  force  is  acting  about  aphelion  and  therefore  increases 
the  eccentricity,  bnt  in  the  arc  Ah  dimini«hf-«;  it  A^?ain,  the  tangential  force  is  poftitive 
through  A  b'Ai  and  therefore  io  the  arc  A  b  diminisiies  the  eccentricity,  and  in  the  arc  b  A 
increaaei  it.  A1k»  the  point*  of  maximum  force,  and  the  points  at  which  it  acta  moat  ad- 
vantageoodj,  all  tie  in  the  area  hA\  b*Jf  m  which  ihe  eooentridtj  Is  increaaed.  Henoe  in 
tidi  podtion  of  tlie  point  of  conjunctioos,  the  eccentricity  ia  on  the  average  increaaed  in 
every  revolution  of  P ;  and  it  is  evident  that  it  continues  to  increase  while  A  revolves  through 
nha',  and  continually  decreases  during  the  next  half  of  the  revolution  of  A.  When  therefore 
A  is  at  a,  the  eccentricity  is  at  its  miniuiuiu  value ;  it  is  restored  to  its  mean  value  when  A 


iBdisilIi^iitbll, 


af  wUdi  dw  •ill  ttm  is  dM  lama  M  dw  npNHlgD  III  As  dr- 

CUfaVSrtiU,  (ltd  th«  remainiDg  four  ire  the  term*  fnnii  wlikh 
tte  Img  iaequalltjr  of  U»e  mean  motion  uUc»,  tofutmiudt- 
p«ndt  oio  the  aillptlc^r  «f  ^aUl  ctaM. 
N«w  Ut 

Mm-mfAttdttfSP'm-WA,  cas(l#-S#') ) 

'■•  ^  ^  -+ei-'i.i<,«s(i*-a*')  0  omfi, 

-  -  im'nAjf  nfn  (2(fi  -S^'-  tl9,, 
m-im  nA^  na{X  +  tff),  &c  ; 
this  b  dM  Mm  sxfibtedl  ia  Alt.  (M.) 

=  ^ni  n,/ . -m "in(X  +  w),  At, 
vbich  i(  the  itrm  explained  in  Art.  {(ih). 


tht  I 


Mm  AisMdM  iactsatiso  of 


(68).  Sinct 


r#  «ui  /J  =  -  m  R 


•  fia 

Aiskthcienn  due  to  the  ponioo  of  the  radisl  Com  molred 
,fla|lataidlaAtt,(«>. 


in  An. 

1  nearly  the  >lterstian  of  thr  rircnisr  tin. 
force  dof  tn  ihc  aiieration  try  the  directioa  of  ibc  isogeni  dot* 

no:  >;ivt.'  nse  Lo  any  lenii  of  thclsof  lOSfliall^sf^'S  feStSf^Oi 

M  explMted  in  Art.  (67)- 

CoUecdng  the  t«mu  logeibcf .  wslwv^ 

m~mfnM,e*ij>[\+w),  bf  Aft.(«); 

which  mgttt*  with  the  fonnttla  of  AiL  (M)  whto  fifud  Is  Iw4 

only  to  the  elliptidty  of  P't  orbit. 

It  appear'i  fxnm  the  above,  th«t  the  cffcct«  of  the  cautSS  1* 
•nil 't'  |.\rt.       prcponderstc  over  ih«»r  of  the  other  two. 

.^uppOM-  (lu  in  Art.  >>4;i  that  ut  the  tiOW  f  dlS  f^lnnttf 
are  ia  cMijutKtton  at  a,  thta  i  »  «'  e  i; ; 

.••  X  +  «  =  -  (in'l  -nt)  =  -  mSA 
at  ths  liaM  at  taj  cotOunciion ;  and 
da 

y  =  -  9m'n<j'M,e  »in (2i»'<  -  nl), 
Now  whUa  mSA  variea  dtacontinaoiulj  ftom  0»  to  180», 
fia  Unrint  ttimiliit 

^  ii  negative,  u  it  ought  to  be,  according  to  An.  (64 ) :  to  that 
tfaeasplaaaUMiafMaswiiii  tbs  am^yiit  in  thasigBor  ihaia. 
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b  at  6,  reaches  its  ^laximum  when  A  h  at  a',  and  then  dflcnaie^  wadllng  lU  UIMII  value 
when  J  is  at  b',  and  its  minitnuTn  when  A  is  at  a. 

The  same  force  causes  the  perihelion  to  recede  in  the  arcs  Aba  ,  A  h  a,  and  to  advance  in 
the  arcs  aA^  dA.  fhc  perihelion  therefore  is  in  its  mean  place  when  A  coincides  with  it; 
lutt  •eoomplitlMd  its  greatest  receet  irbcd  A  hn  arriTcd  at  ft;  bai  ratumed  to  its  nwMi  place 
wbcD  J  u  at attaim  ita  greatcit  advanoe  wh«a  A  is  at  ft' ;  and  agaia  returaa  to  ita  wean 
place  at  the  end  of  the  tevolutian  of  A. 

The  normal  force  produces  perturbations  of  the  eccentricity  and  prrihrlion  of  the  sane 
sign  as  tbo&e  produced  by  the  tangential  force,  and  which  respectively  reach  their  maxima  and 
minima  simultaneously  with  theiu*. 

70.  Changes  in  the  eccentricity  and  hingitude  of  peribelion  necessitate  a  change  in  the 
mean  longitude,  which  the  planet  is  supposed  to  have  at  the  epoch ;  but  this  element  is 
not  affected  in  any  other  way.  The  true  longitude  of  the  planet  at  anv  time  t  depends 
upuu  the  uieau  iuugitude  at  epoch,  the  mean  motion  during  the  ituervul  from  the  epoch 
up  to  the  time  U  md  the  ecoenlridty  and  longitude  of  perihelion  of  the  inttantaneoua 
dlipae  at  that  tiae.  Soppoee  the  interval  hetween  the  epoch  and  the  time  ^  to  he  divided 
into  a  great  number  of  very  small  portions,  and  suppose  the  planet  to  move  during  each 
of  these  portions  of  time  in  thr  instantaneous  ellipse  which  belongs  to  the  beginning  of 
that  portion.  By  indefinitely  diminishing  the  length  of  these  divisions  of  time,  and  increasing 
their  number,  we  may  make  this  hypothetical  motion  of  the  planet  approximate  as  nearly  as 
we  please  to  the  real  motion.  Now  the  mean  motion  during  tlie  time  <  which  has  dqised 
anee  the  qioeh,  maj  he  estimated  in  cither  of  two  ways.  We  may  dtlier  put  it  equal 
to  the  mean  angular  velodty  in  the  imtootaneous  ellipse  at  the  time  t,  multiplied  by  that 
time  (n<) :  or  we  may  multiply  the  mean  angular  velocity  of  the  instantaneous  ellipse  at 
the  beginning  of  each  small  portion  of  time,  by  the  length  of  that  portion,  and  take  the 
sum  of  all  these  products  from  the  epodi  op  to  tlic  instant  in  question  {fndt).  We  shall 
suppose  it  to  be  estimated  in  the  latter  way.  This  sum,  then,  at  tlie  time  ^  depends  opon 
the  values  of  the  inean  angular  velooitj  during  all  the  intervsl  from  the  epoch  «p  |»  the  time  tt 
but  not  Upon  its  value  at  that  instant.  Consider  now  the  subdivision  of  time  immediately  preced. 
ing  the  completion  of  the  time  t.  The  mean  longitude  at  epoch  is  so  adjusted,  that,  with 
the  eccentricity  and  perihelion  belonging  to  the  beginning  of  this  portion  of  time,  and  with 
the  mean  motion  calculated  for  each  instant  in  the  alwve  manner,  the  planet  may  have  its 
true  longitude  at  every  instant,  during  this  snudl  interval  of  time,  and  thereibre  hoth  at  the 
bcgnmiog  and  end  of  it    At  the  time  t,  tlie  planet  proceeds  to  move  in  a  different  dlipse ; 


•  s;-3irii+y  ft?  ft-*"-*  ft— 

therefore  taking  Hu  diadv  pMt  of  the  dIsMiUaf  fimss  self. 


Pi  -flt'JTiS  liB  (X  +  «r).  &C. ; 

.•.  -7-  =  T—  =  - m  naM,  »ln  ( X  +  W), 

(It         f  II 

which  a;;rec!i  with  tbe  tannula  of  Art.  (16).  Th«  pnocipal 
part  of  ih«  perturbstion  of  ihe  ecrcntrlcily  thaeforc  depfnds 
■pMikeciicaUvdiiNiUDgteees)  radtbctaiMisinissfilM 
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and  the  mean  longitude  «t  epoch  must  be  again  adjusted,  so  that  with  the  new  eccentricity 
and  jitrilielion  the  ])lanet  may  still  have  its  true  loiigitiide  at  the  same  instant  of  time  t.  But 
the  mean  motion  calculated  for  that  instant  is  tlie  same  as  it  was  for  the  same  instant  in  the 
previous  ellipiie.  Therefore,  the  variation  of  the  epoch  depends  upon  the  alteration  of  the 
«ee«tttrictty  and  penhdion,  but  not  upon  that  of  the  mfan  angular  velocity.  If,  however,  the 
mean  nottoo  weve  cftimated  in  the  former  ef  the  tvo  ways  described  above^  the  neaa 
loogitude  at  epoch  would  be  diflerent,  and  its  variation  would  depend  upon  that  of  the  mean 
angular  vdocity,  as  well  as  upon  that  of  the  eccentricity  and  peribdion. 

71.  Suppose  a  normal  force  to  act  outwards  on  P  during  a  whole  revolution.  While 
P  moves  from  perihelion  to  aphelion  the  eccentricity  is  increased,  and  is  diminished  in  the 
other  half  of  the  orbit.  While  P  is  about  perihelion  the  aprides  recede,  and  while  ahont 
aphdioo  they  advanoe.  Therefore  while  P  n  moting  from  perihelion  to  mean  distance 
the  equation  of  the  centre  corresponding  to  a  given  mean  longitude  is  increased*  both  by 
the  increase  of  the  occentricitj  and  because  the  point  at  which  the  equation  is  at  a  niaximnm 
is  brought  nearer  to  the  planet  by  the  recess  of  perilielion.  If  therefore  the  mean  longt- 
tude  were  unaltered  the  planet  would  be  in  advance  of  its  true  place.  Therefore  the  mean 
loogitttde  at  epoch  must  he  diminished  in  order  that  the  planet  nay  come  to  its  tnio  place 
at  the  ri^  time.  And  similarly  the  equatioa  of  the  centre  is  increased,  and  thmfere  the 
epoch  must  he  diminished,  while  P  moves  from  the  extremity  /  of  the  latus  rectum  through 
the  upper  focus  //  (fifj.  7)  to  aphelion.  While  P  niovt'-;  from  aphelion  to  the  other  extremity 
t  of  the  latus  rectum,  the  e<|uattua  of  tlie  centre  is  iliuiioished  by  the  diuiinulton  of  the 
eccentricity,  and  because  the  point  at  which  it  is  at  a  maximum  is  kept  further  from  the 
planet  by  the  advance  of  penhdion :  and  since  the  equation  is  now  negative  the  planet  would 
be  in  advance  of  its  true  plaoe  if  the  epoch  were  not  diminished.  Similarly,  the  epoch 
mast  be  diminished  while  P  moves  from  mean  distance  to  perihelion.  Between  points  on 
either  sitle  at  which  the  equation  of  the  centre  is  at  a  maximum,  and  I  or  t  the  diminution 
of  epoch  due  to  the  alteration  of  eccentricity  is  partially  neutralized  by  the  effect  due  to 
alteration  of  perihelion.  A  normal  force  acting  outwards  therefore  in  any  part  of  the  orbit 
requires  the  epoch  to  be  diminished  on  account  of  its  action  on  the  eocentridty  and  peri> 
hdion;  and  simflarly  a  normal  farce  acting  inwards  requires  it  to  be  increased. 

72.  Now  by  the  same  reasoning  an  in  (Art.  6t),  it  may  be  shewn  that  there  is  a  small 
additional  normal  force  acting  inwards  in  the  arcs  JBa\  A'Sa^  and  outwards  in  the  arcs 
aAt  a  J'.  And  by  the  same  reasoning  as  in  (Art.  6&),  it  follows  that  there  is  a  normal  force 
acting  inwards  in  the  arcs  SfM,  BJth't  and  outwards  in  the  nrcs  hB^  ifSf,  In  both  eaaes 
therefore  the  inward  force  exceeds  the  outward  force  by  a  quanti^  depending  on  the  anf^e 
aSA.  In  consequence  of  the  action  of  this  force  the  epoch  will  be  at  a  maximum  when 
A  is  at  6,  and  at  a  minimum  at  h\  and  is  restored  to  its  mean  vnlu^  when  ^  is  at 
a  or  a. 

Again,  the  circular  tangential  force  must  be  resolved  along  the  normal  to  the  ellipse, 
and  will  contribute  «  small  iiomal  fvree,  whidi  does  not  exist  in  the  oireular  orbiL  This 
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force  acts  outwards  throuj^h  the  arcs  ABa  and  A'P'a,  and  inwards  in  tho  arcs  Aa,  Aa', 
wad  therefore  produces  a  long  inequality  of  epoch  of  an  opposite  sign  to  tlii;  former. 

-  78.  Tbe  taagntial  forees  praduee  but  little  effcet  on  tb*  epoch,  Suppoie  an  «ooele- 
ratitig  tangvoiial  force  to  Mt  during  the  whole  of  a  revolution.    Then  the  eceeotrieity 

is  increased  thmugbout  the  arc  tal  (fig.  7),  and  diminished  in  la't.  The  perihelion  advances 
in  the  arc  a/a',  and  recedes  in  tlie  arc  nY a.  Therefore  in  the  arc  ab  the  equation  of  the 
centre  in  increased  hy  increa^  of  eccentricity,  but  diminished  by  advance  of  perihelion,  tu 
that  the  el^ta  of  theee  changes  on  the  epoch  tend  to  neutralize  each  other.  And  the  eame 
tendencj  towaida  oompensatioo  inajr  be  abevn  to  exist  in  tbe  otlier  parti  of  the  orUt.  The 
analytical  expreenon  however  ahew»  that  the  compenaation  ia  not  exact  on  aceount  of  tiM 
orbit  having  an  eccentricity  independent  of  perturbation  ;  and  that  the  circular  tangential 
force  produces  a  part  of  the  long  inequality  of  epoch.  Tiie  circular  nmraial  force  alao 
produces  a  portion  of  the  long  inequality  for  tbe  same  reason*. 

74.  If  we  neglect  power*  of  tbe  eccentrid^  alwve  the  first,  tbe  disturbing  Ibrces 
depending  on  the  arguments  PSF^  aPSF^,  ke,  cannot  give  rise  to  any  portion  of  tbe  long 

inequality  when  the  orbit  of  P  alone  is  considered  to  be  elliptical.  For  the  forces  which 
pnidiice  the  long  inequality  of  the  mean  motion  investigated  in  Arts.  6* — 68,  arise  from 
the  fact  that  a  portion  of  the  circular  disturbing  forces  goes  through  its  changes  in  nearly 
the  same  time  as  tbe  fluctuations  in  the  motion  of  the  planet  due  to  the  ellipticity  of  its 
orbit ;  that  is,  nearly  in  ^  periodic  time  of  tbe  planet.  And  it  is  beeauae  the  period  of 
the  force  is  not  exactly  equal  to  tbe  periodic  tine  of  dw  plaoct,  that  tbe  inequality  is  at 
length  corapcn<uited :  for  by  this  means  the  force  and  the  irregularity  in  the  motion  of  the 
planet  are  in  the  lapse  of  time  presented  to  each  other  in  opposite  phnsen,  so  that  the 
additional  force  becomes  of  an  opposite  character.  And  this  compensation  will  l>e  effected 
more  rapidly  for  those  fiiree*  which  depend  upon  the  angles  PSP^  sPSP,  &c.,  the  periods 
of  which  differ  very  greatly  Aom  that  of  P.  Thus,  the  period  of  the  Ibroe  depending  oit 
PSP  is  nearly  equal  to  twice  that  of  P ;  so  that  this  force  is  of  opposite  signs  in  succea* 
sive  revolutiooa  of  P;  and  therefore  the  additional  force  in  one  revolution  is  of  opposite 


*  1M  H,  ir  (fig.  7),  b*  twa  enMcuiifc  potltiom  of  tbe 
upper  focua  uoctar  dM  aeikn  of  s  aantd  Amm  dhccicd  aat> 
wanU;  ilicn 

r ■  BB'ilnPNSm  HB" wtgMSmt^  Ac. 
r  ■  -aw  cot  Ptis  m  .jfJI*  tmfi, 
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HI/'  is  pioportionBl  to  the  dlitnrbing  fore*;  Imm 
•Uiptialand  dimkr  focm  prodiua  \aag  irnqnillMM  oTfoek. 

Ut  MB'  tU-  7).  U  caatMnUtw  parfii«w  «r  tha  vfpm 
flwm  under  the  ncilnn  of  •  rcturdiag  tM^MMid  fbiMt  t^ta 

so^tftv  ■  -  jnr  sla  ^ ; 
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HJJ  "  u  piuporcioaal  to  force  x  velocity  {  bene*  tho  cucuIm 
a  fait  «r  Um  kef  iaifaill^. 
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hign  to  that  io  the  next.  The  force  dependiug  on  SPSF  goes  through  its,  changes  three 
times  in  two  revolutions  of  P,  or  once  and  a  half  in  one  reTolutioa;  therefore  in  two 
MiceeMive  revolutioiM,  Ac  pknet  la,  at  erery  point  of  its  orbit,  pKaented  to  equal  and 
ofipoaite  ralnaa  of  dib  so  that  the  additiooal  foron  are  equal  and  opposite.  Similar 

reasoning  will  apply  to  the  forces  depending  on  all  higher  multiples  of  PSP,  and  will  shew 
that  all  disturbvince*  must  be  compensated  in  one  synodical  revolution  of  P  and  P  at  the  moat; 
though  it  is  not  to  be  inferred  that  they  require  so  much  as  one  synodical  revolution. 

75.  Mflxiy  let  in  flupiMMe  the  orbit  of    to  be  cOiptieal,  wblle  that  of  P  remains  dreolcr ; 

and  consider  the  alteration  which  this  will  make  in  those  circular  fbfces  tbc  period  of  which 
is  nearly  equal  to  the  period  of  P;  that  is,  the  forces  depending  on  the  argument  PSP . 
This  part  of  the  circular  tangential  force  is  retarding  during  one  revolution  of  P,  and 
accelerating  in  the  next. 

Let  (fig.  5)  be  the  line  of  apaes  of  the  orbit  of  ;  a  the  peribdioii ;  and  let  the 
pUuneto  start  ftom  conjuncUon  at  A, 

Then  the  circular  tangential  force  is  retarding  on  P,  while  mores  through  ABJ^,  «nd 
accelerating  while  P  moves  through  AH  Ay  and  arrivcn  at  a  maximum  when  the  mean  place 
of  P  is  at  H  and  B' .  While  P  moves  from  ^  to  ^  it  is  before  its  mean  place  ;  there- 
fore PSP  is  less  than  it  would  otherwise  have  b^n,  and  therefore  the  retarding  force  is 
lesst  OTt  in  other  words*  there  is  en  edditionel  accelerating  fiMve  on  P,  While  K  describes 
B9I  it  is  stiU  before  its  mean  place,  and  therefore  PSt^  is  km  Iban  it  would  have  been ;  but 
the  retarding  force  is  past  its  maximum,  so  that  a  dimiuotion  of  PSP  increases  the  force: 
therefore  there  is  an  additional  retarding  force.  Through  the  arc  a  A  the  aufjle  PSP  is 
increased,  and  therefore  the  retarding  force  diminished ;  or  the  additional  force  )s  now  posi- 
tire.  Similarlyt  it  is  positive  in  the  arc  AS^  negative  in  Ba^  and  positive  in  aA.  Hence 
there  is  a  preponderance  of  force  (wbicb  is  poeitiTe  in  the  assumed  positioo  of  jf)  depending  on 
tiie  poation  of  the  line  tX.  conjunction  with  respect  to  tlie  apaes  the  orbit  of  wliieh 
producce  a  long  inequality  in  the  mean  motion  and  epoch  of  P. 


76.  Another  inequality  of  the  same  rign  arises  fipom  the  flactuatioo  in  the  distanee  of  P 
fimn  8,  While  P'  describe*  the  are  ^iA  (fig.^  the  tangential  accderRting  fiwee  dqiendfaig 
on  PSP  is  increased  by  the  diminution  of  iSP';  and  in  the  arc  hBA  the  force,  wbicb  is 

then  retarding,  is  diminished  by  the  increase  of  SP .  Therefore  in  each  case  there  is  an 
additional  accelerating  force.  Similarly,  in  the  arcs  Aby  Ab\  there  is  an  additional  retarding 
force;  so  that  there  is  a  preponderance  of  force  of  the  same  sign  as  that  inrestigated  in  the  last 
Article*. 


4*A 


the  orbit  «r  ^  Is  almie  nippowd  to  be  elliptical 
_  /         a  \  co« 


ids) (s*  *  5) -"<-«•••'-'. 

For  the  podiioo  of  the  line  of  conjunctioo  •uumed  in  the 
figures  X-f  «'  U  ncgMive  t  Iticrcfiire  bo4b  the  abev*  umw  Indi. 
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The  forces  depcndinf^  nn  tht-  ,ir<^imi!'nt  PSP^  cannot  produce  any  long  inequality  of  the 
eccentricity  and  perihelion,  l>ecause  the  ctfect  produced  in  one  revolution  of  P  is  destroyed  in 
tbe  oext.  And  in  the  same  way  the  foroM  depending  upon  SPSP',  &c.  cannot  require  hmk 
tluui  one  lyiiodicel  Kroitttion  of  P  and     for  compenntion. 

77-  We  have  now  conndered  all  the  long  inequalities  of  P  depending  upon  the  fint 
powers  of  the  eccentricities.  Those  which  are  due  to  the  ellipticity  of  P"s  orbit  are  of 
opposite  sign  to  the  principal  of  those  depending  upon  the  ellipticity  of  the  orbit  of  P, 
(see  Arts.  64,  65),  but  the  latter  may  be  expected  to  preponderate  (as  they  do)  both  became 
tbe  eccentridtj  of  P^s  orbit  is  bj  Ibr  tbe  greater  of  tbe  two,  and  beeaiiw  the  drcuhr  Ibroe 
dcpeBdb:if  on  §P8F  ie  greater  than  Aat  depending  oo  PSP^t  (Art  6s).  We  maj  now 
therefore  proceed  to  the  caae  of  the  exterior  planet  disturbed  hj  tlie  interior. 

78.  Since  the  whole  of  the  above  reasoning  may  be  applied  mutnfis  mutandis  to  the 
explanation  of  the  perturbations  of  P'  by  P,  it  will  not  be  necessary  to  go  into  tl)e  same 
degree  of  detaO  in  comidcri^g  this  caift  We  murt  fint  deicrilie  tlie  diitarUag  fiirees  on 
tlie  snppontioa  diat  tlie  orbite  are  dreular. 

Let  PP  (fig.  i<)  be  the  planets,  and  suppose,  for  einplicity,  that  renuuns  iixed 
while  P  revolves  with  an  angular  velocity  ef|ual  to  the  difference  between  the  angular 
velocities  of  P  and  P.  Then  the  disturbing  forns  acting  on  P"  arc  the  attraction  of  P  in 
the  direction  P'P  and  the  attraction  of  P  on  iS^  acting  in  direction  parallel  to  PS.  When 
tiieae  forceo  are  reeolTed  along  the  tangent,  tbe  tangential  font  is  aero  when  the  angular 
lepacation  of  the  planets  it  €^  and  alio  wlien  P  and  S  are  cqnaify  distant  Aom  Pi  i.  e. 

at  an  angle  cos"'—,  or  about  38**^^  (at  the  points  C  and  C,) ;  and  again  vanishes  when 

PSI^-='lfi(^.  It  i?  accelerating  from  A  to  (',  then  retarding  from  C  to  A',  acr.lrrating 
from  A  to  C',,  and  again  retarding  from  Ci  to  conjunction;  and  is  at  a  uiaximum  at 
paints  betwoen  diiaa.  Tlie  normal  fiiree  acta  inwards  about  A,  and  outwards  about  jt^ 
vanMiiog  only  at  two  points  17,  A*  which  are  nearer  to      than  to  A, 

As  before,  each  of  these  forces  may  be  replaced  by  an  infinite  ttttmber  of  forces  depending 
on  the  arguments  PSP',  ^PSP',  hPSP',  &c.  The  whole  tangential  and  normal  forces 
however  do  not  resemble  those  parts  depending  only  on  2  PSP  in  th^r  laws  of  variation 
to  nearly  as  in  the  former  case. 

79.  We  AM  first  condder  the  alteration  produced  in  die  tangentisl  foroe  depending 

00  9PSP  by  the  v  ui  iti  n  of  P  from  its  mean  place,  supposing  the  orbit  of  P'  to  be 
circular.  Now  this  force  is  positive  when  the  corresponding  force  acting  on  P  is  negative,  and 
viee  i/ersd.  Therefore  by  precisely  the  same  reasoning  as  in  Art.  64  it  follows  that  there  is  an 
additional  positive  force  acting  on  P  while  P  describes  the  arcs  aAB,  a'A'B\  and  an  additional 
negaliTe  fD««e  whik  it  deaeribes  tbe  ares  JTtf,  Btf,  And  nsetlj  as  in  Art.  99  the  fiuetnation 
in  dw  distsnea  of  P  ham  S  prodnees  an  additioDsl  force  aeting  on  P  which  is  of  opposite 
s^  to  tiie  oorresponding  Ibfoe  aeting  en     and  is  therefore  poritive  whik  P  describes  the  arcs 

[I] 
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J,  ha'J\  and  negative  while  it  describes  tiie  arc*  Ah,  A'h'.  The  Kftuldng  iDCqiudiUw 
of  /'  are  therefore  of  opposite  M2;ii  to  tlie  corresponding  inequalities  of  P. 

Other  terma  are  produced  hy  tlie  alteration  uf  the  tangential  force  depending  on  PSF^ 
due  to  the  demtkm  of  ftom  circular  motion.  Nov  this  force  is  of  the  Min«  sign  at  llie 
correeponding  force  Acting  on  end  tiierefore  the  edditiomd  force  nriaing  firom  the  f  nri«ition 
iti  1on>;itU(I<'  ot  P  will  be  of  the  same  figo  u  the  corresponding  force  acting  on  P,  and 
therefore  the  disturbance  will  be  of  the  snme  «ipn.  But  it  is  otherwise  with  the  alteration 
of  this  force  due  to  the  fluctuation  in  the  radius  vector  of  P*.  "^rhe  tanjTcniial  force  depending 
on  PiiP  consists  of  two  parts,  one  part  arising  from  the  attraction  of  P  on  S,  and  the  other 
from  the  ettrnetion  id  P  w  f^.  Now  it  ic  thii  Utter  pert  only  which  is  iltered  bj  the 
fluctuation  of  the  radius  vector  of  F ;  and  this  part  is  aecderating  while  P  moTcs  tiiniagh 
ABA\  and  retarding  while  it  moves  through  A'B^A,  and  is  iocrctMsd  by  a  diminution  of 
SP.  The  rcsiiltinir  inequality  is  therefore  of  OfipMito  sign  to  the  oorrespanding  term  for  P 
invpsfi<Tsted  in  Art.  7^. 

Again  the  radial  force  acts  inwards  while  P  de&cribes  I/AB,  and  outwards  in  the  other 
half  of  the  orbit.  Tiierefore  resolvii^  this  along  the  tangent  the  additional  force  is  retarding 
through  the  arcs  aAB^  dAS^  and  accelerating  through  Eta^  Bd.  Therefore  there  is  a 
preponderance  of  negative  force  diminishing  the  axis  and  increasing  the  mean  motion. 

Lastly,  the  velocity  is  above  the  mean  in  the  arc  \>  S A  where  the  tangential  force  is 
accelerating,  and  below  the  mean  in  the  arc  hBA'  where  it  is  retarding,  therefore  the  c-ifect 
of  accelerating  force  preponderates  increasing  the  major  axis  and  diminishing  the  mean  motion. 
These  are  all  the  perturbationa  of  the  mean  motion  of     of  the  first  order. 

The  el^t  of  the  normal  force  upon  the  epoch  may  he  inveatigated  as  in  Art.  7S. 

80.  By  the  same  reasoning  a?  th;il  in  Art.  60  it  may  he  shewn  tliat  the  tangetuial  force 
(h'pending  on  PSP  increases  the  eteeiitricity  (in  the  position  of  A  assumed  in  the  figures) 
and  causes  the  perihelion  to  recede.  And  the  normal  force  depending  on  PSP  produces  a 
perturbation  of  these  elements  of  an  opposite  character, 

81.  Since  the  disturbing  forces  alter  the  mean  longitudes  of  the  planets,  the  positica  of 
the  line  of  conjunction  will  be  difl'erent  from  what  it  would  have  been  if  there  had  been  no 
disturbing  force.  But  tlu  disturbing  forces  themselves  have  been  shewn  to  depend  upon  the 
position  of  the  line  of  conjunction  with  respect  to  the  apses.  These  forces  therefore  will  be 
altered  by  their  own  action ;  and  this  alteration  gives  rise  to  another  long  inequality  which 
we  shall  now  exasaine. 

Let  the  pl.mets  start  from  conjunction  at  the  perihelion  of  P's  orbit.  Then  (taking 
account  only  of  the  disturbance  arising  from  the  ellipticity  of  the  orbit  of  P)  Ps  angular 
velocity  is  U.ist  and  P'n  greatest ;  P  immediately  begins  to  lose  in  longitude  and  P  to  gain  ; 
the  progressive  niutiuu  of  the  line  of  conjunctions  cherefore  is  accelerated,  aud  the  disturbing 
force  (which  ii>  greatest  when  ^  is  at  6)  is  increased ;  i.  a.  there  is  an  additional  force  tending 
to  increase  the  mean  motion  ni  P  and  diminish  that  of  P,  When  J  is  near  b  this  new  fbree 
vaniilies.    When  it  has  pessod  b  the  place  of  conjunction  ia  still  in  advance  of  its  uadistttrlwd 
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place,  and  therefore  the  force  pruducing  the  long  inec|iialities  is  less  tliaii  it  would  have  been; 
or  there  is  an  additional  force  tending  to  diniiDish  the  mean  motion  of  P  and  increase  that 
uf  i^.  This  force  vaiiisltest  at  a  since  the  mean  lougitudes,  aud  therefore  the  point  of 
coniunetioat  are  raftored  lo  tbdr  undntttrbcd  «tal&  CtNiMqueiiClj,  the  neir  ftme  gOM 
through  all  it>  chjaget  while  J  perfiiraii  half  a  revolutioD,  and  thHcfoie  in  half  the  fwriodic 
time  of  ihe  prindpal  disturfaiog  fbne. 

H2.  It  is  clear  that  the  long  inequality  in  the  longitude  of  the  perihelion  will  produce 
a  similar  force  (uf  much  greater  importance,  because  the  change  of  place  of  perihelion  is  luuch 
greater  d)«n  the  change  in  die  plaee  of  eonjanction) ;  for  thia  perturbation  of  perihdiwi  alten 
the  niative  pontion  of  the  peiiheUon  and  line  of  oonjunetion  in  the  nme  nMumer  aa  the 
perturbatiau  of  mean  longitudes  does.  But  the  resulting  disturbance  it  nearly  neutMliaed 
by  another  arising  from  the  variation  of  the  eccentricif  v.  For  when  ^  is  at  a  the  eccentricity 
is  least  (Art.  (i<t),  and  is  less  than  its  mean  value  J  revolves  from  a  to  b,  at  which 

point  it  is  restored  to  its  mean  value.  On  this  account  therefore  the  disturbing  force  is 
dinuniihed  while  it  faai  been  incnmed  bj  the  liniultancoui  nceH  of  perihelion* 

83.    Since  the  perturbations  of  e  and  ^  depend  upon  the  position  of  A  with  reapeet 

tu  the  perihelion,  ttie  shifting  of  A  will  produce  inequalities  in  thvw  elements  depending  on 
the  square  of  the  disturbing'  force  similar  to  those  produced  in  the  mean  motions. 

A  iiiwilar  explanation  uiuv  be  given  of  those  terms  of  the  square  of  the  disturbing  force 
which  depend  upon  the  dlipticity  of  the  orbit  of  P';  and  the  csplaaatkni  of  the  pertHtbntione 
ct  Phy  F'  may  be  applied  u»  thoae  <d     hy  P. 


Fig.  2.  Fig.  S, 
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£Re«l  Feb.  27, 1654.3 

Thb  genenl  faitttici  of  the  eowtty  of  Saifolk  point  it  oat  m  «  dlitriet  when  tome  portion, 
•t  l«Mt,  of  the  Drift  plMMiiMwa  may  be  «clvaDt«g«ott«t]r  stadML  It  is  bounded  on  the  Wcat 
end  Nartb-west  by  chalk  uplands,  on  the  South  and  East  hy  the  sea,  and  tJie  aiea  thus 

eodosed  is  occupied  by  a  mass  of  drift-cluy  wliich  several  main  valleys  with  tbejr  ramifieatioM 
cut  into  undulations  of  some  depth  and  abruptness. 

The  county  is  singularly  divided  from  Norfolk  by  a  marked  depression  through  which  the 
Waveney  flows  eastwards  Mid  die  Ottse  westwards;  the  eoutisB  of  all  the  atreams,  with  the 
exception  of  the  Larki  which  joins  the  Onse  and  UnaUy  disdiarges  itself  at  Lymit  run  towaids 
the  South-east  coast  and  are  approximately  normal  to  it:  of  these  the  most  eoonderaUe  is 
the  Orwell  or  Gipping,  and  it  is  worthy  of  remark  that  its  valley  is  parallel  to,  and  almost 
continuous  with,  all  the  important  part  of  the  valley  of  the  Lark  on  the  other  side  of  the 
county :  both  seem  to  be  perpendicular  to  the  general  strike  of  the  chalk  in  this  locality* 
The  hm  nileB  of  high  ground  which  intervenes  between  tiiem  consists  of  dudk  very  partiaDy 
covered  with  drift  of  any  kind,  and  scaredy  anywhere  with  any  amount  of  driflt^hy.  It  is 
imposribk  not  to  be  strudc,  at  a  first  glaneej  widi  these  transvene  sections  of  the  chalk-range. 

On  pursuing  the  streams  towards  the  coast,  the  central  mass  of  clay  is  found  almost 
entirely  to  cease  upon  reaching  a  line  (hereafter  to  be  more  particularly  defined),  whose  maxi- 
mum distance  from  the  sea  may  be  roughly  stated  at  twelve  miles :  London  clay  here  cotnes  to 
the  nirface,  covered  in  many  places  (and  almost  ttniversally  upon  nearing  the  ooastJinc)  by 
crag  and  other  marine  and  ftcshwater  deposits,  and  still  more  superfidally  hy  a  layer  of  unfoo* 
siliferous  sand,  which  may  probably  be  associated  with  the  drift. 

The  name  drift  is  generally  made  to  include  a  great  variety  of  materials,  such  as  sand, 
gravel,  rough  clny,  of  every  degree  of  coarsene^^R  bnt  nil  sharing  the  common  characteristic 
of  an  almost  entire  absence  of  stratification  or  apparent  law  in  their  arrangement.  The  clay 
is  very  far  fiom  being  homogeneous,  but  is  generally  of  a  cobnir  varying  from  illue  to  grey  ; 
sonetinMs  however  it  is  brown,  and  at  others  the  excesdve  prevalenee  in  it  of  cfielk  nodules 
gives  it  a  yellowish  white  hue:  perhaps  these  variations  of  colour  point  to  real  distinctions  in 
the  conditions  of  deposit;  and  it  may  be  mentioned  as  an  approximate  law  that  the  deeper  blues 
seem  to  be  found  at  the  greater  distances  from  the  chalk,  and  that  the  sterile  yellows  form  some 
of  the  high  grounds.  It  is  very  full  of  all  kinds  of  rock,  from  lias  to  chalk  inclusive,  and  is 
especially  rieb  b  QMcinMna  of  septaria  belonging  to  the  Oxford  and  Ximmeridge  clays  and  the 
You  UL.  Pait  TV,  56 
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Gault:  Ac«e  cKflerent  fragmenU,  or  boulders  as  it  is  usual  to  call  them,  have  every  TuiaticHD  io 
nignitude,  fimn  five  or  six  feet  in  diasoeter  downmirds;  tbej  «e  always  much  worn  in  appear* 

ance,  but  can  paver  be  confonnded  with  pebbles,  as  they  are  rarely  very  smooth,  and  invariably 
fxhihit  at  least  one  rti-^tinct  face,  meeting  the  other  surface  at  small  though  blunted  angles. 
Beletnnites,  ammonite^,  grvpHua,  single  pieces  of  saurian  remains,  and  the  more  substantial 
fo&sils,  occur  separately  in  greut  abundance ;  and  I  have  found  a  fragile  star-shaped  seienite 
alooe  ID  tbe  mass  of  day;  bnt  witb  tfaese  ekceptioiM  focsils  are  only  Id  be  looked  for  in  the 
bottlders  t  these  however  are  so  plenUful,  that  the  ordinary  drains  in  any  field  of  the  day 
district,  or  even  any  small  stoae*heapi,  would  go  far  to  fiitnish  a  Cabinet  witb  q^imens  Irom 
tbe  secondary  formation. 

The  drift -gravel  is  coarse,  very  unequal  in  size,  very  heterogeneous,  and  generally  angular; 
the  graater  pottioil  is  fiint  from  the  dlalk«  and  tbe  whole  perhaps  may  be  wed  described  by 
saying  that  the  first  sight  of  it  suggests  tbe  idea  of  its  being  the  molt  of  wasbing  away  the 
above  described  drift-clay  from  its  insoluble  contents.  Single  fossils  more  frequently  occur 
!n  it  than  in  the  drift-clay,  but  are  always  much  broken  and  worn.  Tertiary  remains  are 
BO  frequently  found  in  gravels  of  this  character  apparently  in  sUu  (a  case  which  I  believe 
never  happens  in  the  clay),  as  to  point  to  a  probable  want  of  synchroiiism  in  tbe  two 
deposits. 

The  sands  are  unfossiliferous. 

Till-  habit  of  viewing  this  mass  as  a  wholu  bus  in  a  great  degree  vitiated  the  observations 
of  local  fossil  collectors,  whicli  if  made  witb  careful  attention  to  tbe  relative  positions  of  the 
beds  of  gravel,  clays,  Sec,  would  liave  afforded  invaluable  help  towards  the  attuiumeul  of  an 
accurate  Itnowledge  of  the  formation ;  as  it  is»  they  necessarily  daini  attention  only  to  tcsult 
in  throwing  additiiniBl  eoibarrosBment  upon  an  inquiry  whieh  is  already  lufldendy  beset  with 
difficulties  of  its  own : — not  the  least  of  these  is  the  paucity  of  sections  to  be  obtained ;  the 
Eastern  Union  Railway  when  being  made  might  have  been  turned  to  j^ikk)  account  in  this  war, 
but  no  accurate  notes  of  its  cuttings  have  been  preserved,  and  they  are  now  far  too  weather- 
worn or  eovcNd  with  vegetation  to  admit  of  being  examined.  Wdls  are  not  often  sunli,  briclc- 
pits  are  very  rardy  found  in  any  but  tbe  thin  diluvid  clays,  and  the  gravel,  sand,  and  clay' 
lump  pits  are  too  i^hallow  to  be  separ^dy  of  much  value;  the  only  promidng  cases  therefore 
are  either  those  furnished  by  the  occurrence  of  several  of  ibi  se  pits  scattered  upon  the  flank 
of  one  of  the  larger  valleys,  or  by  the  sea-coast.  Accordingly  the  observations  mentioned  in 
the  iirst  fwrt  of  this  paper  will  be  arranged  io  an  order  following  the  upward  course  of  tbe 
Gipping. 

The  name  Gipping  is  given  to  the  prolongation  of  the  Orwell  estuary ;  it  extends  from 
Ipswich  in  a  N.^V^  direction  to  beyond  Stowmarket,  a  distance  of  at  least  12  miles,  and 
throughout  its  length  is  continuallv  tluowing  out  side  valleys,  which  are  again  subdivided 
into  smaller  branches:  its  transverse  section  exhibits  flat  boggy  meadows,  often  half  a  mile 
in  width,  terminated  by  rising  ground  which  attains  considerable  bdght  as  it  recedes. 

At  Ipswidi  tbe  sides  approach  more  neariy  to  each  other,  and  at  the  bach  of  the  town  rise 
some  steep  saod-hills,  forming  the  grounds  of  Christ-Churcb  park  and  Brook's  Hall:  Stoke  hills, 
also  sand,  ate  opposite  to  theie^  and  are  traversed  by  a  tunnel  <tf  the  Eastern  Union  Rdiway. 
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Adjoining  the  Norwich  road  on  the  right  fig.  ^|^, 

as  it  leavet  Ipswich,  and  just  «t  tb*  ibot  of 
iIm  nod-hilli^  it  a  large  briclcpit:  U  ia 
workfld  In  London-clay,  which  it  ban  about 

twenty  or  thirty  feet  in  thickness,  resting 
upon  Mr  Pre^twirli's  bed  of  black  pebbles.    The  partial  sectioo  of  the  main  valley  is  therefore 
that  given  by  fig.  (1). 


A  lew  Tarda  fiutber  on,  tbe  turnpfke-nMid  panca  Ac  opaning  of  a  abort  boUov  running 
up  lo  tb»  right,  abmg  Cbc  akka  «f  vUeb  water  oones  out  very  plentifully,  evidootly  at  tbe  bne 

of  junction  of  the  sand  and  Londoo-clay;  some  works  in  proj^ress  for  the  purpose  of  collect- 
ing thia  water  afford  a  good  eoctioot  repreaented  by  fig.  (2).    Tbe  upper  sand  is  very  compact, 
Machr 

Kg.  (8). 


Saul 


//  /  ■  / 1 1  /  ■'  /  ,-■ 


Pebble  bed 


and  of  m  pure  red  eoloar  at  the  top»  but  very  while  bdow,  unftnaBifcrou^  and  containing  a 
ftw  anguhr  flinta.  The  never-failing  pebb!c-bed  is  here  below  the  London-clay,  and  below  that 
again  is  a  thick  mass  of  sand.    The  surface  of  the  high  ground  towards  the  north  is  drift-clay. 

Asc^tding  the  valley  by  following  the  Bramford  road,  we  find  a  brickkiln  some  way  up 
the  UH  lo  OUT  right,  and  approached  by  a  narrow  lane ;  this  ia  in  tbe  Loodoo  clay,  and  bas 
bean  deacribed  by  Mr  Preatwidi,  who  refen  to  it,  •§  dtuated  on  the  weat  of  Wbitloa  atreet. 


0  Trace  ot  Oriit 


At  the  lower  part  of  the  kne  avo  two  dtalk-fits,  and  half  way  up  a  sand-pit  capped  by 
the  pebble-bed,  which  al.so  appears  at  the  bottflitt  of  tbo  elay<>pit:  fig.  (3)  givee  partial 

sections  of  the  main  valley  at  this  point. 

From  this  point,  (and  indeed  lower,  for  tbe  road  followed  has  cut  off  a  very  prominent 
Uuir  to  the  Ieft)/tfie  aide  of  tbe  main  Talley  whidi  we  are  tracing,  as  abo  both  aidca  of  ita 
Cod^nbam  tributary,  exUbita  a  very  marked  Une  of  8a&di«Blb  mting  t^on  a  lower  ahelf  of 
clsalk  i  fi^.  (4)  diewa  their  general  contour. 
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At  the  Iwttom  of  one  of  tbeae  Uiift  Fig.  (4). 

{a«y  at  A,  gg.  (4)},  just  libovs  Brunfivd 
papcr-niill,  is  •  amdl  ehallt^iiit,  wbew  a  thin 
stiatum  of  London  clay  seems  to  reit  iiD« 

mediattly  upon  thp  chalk,  itself  being  over- 
laid by  Baud  und  Hue  laminated  clays  ^  but 
this  section  is  too  small  and  obscure  to  be 
vortli  much.  Wbst  is  die  eomtilatioii  of 
the  risiiig  ground  to  the  beck  I  have  foand  no  opportunity  of  ascertaining. 

From  Claydon  to  the  opening  of  the  Coddenham  valley  the  sand-cliffs  aro  conci  aU-d  by 
the  plantations  and  gardens  of  Shrubland ;  a  pit  h  worked  in  thein  for  economical  purposes, 
and  is  said  to  exhibit  a  section  of  at  least  forty  or  fifty  feet  of  pure  red  and  white  sand  resting 
on  the  chalk.  At  this  pdnt  the  tongue  between  the  Gipptng  and  its  Coddenham  branch  is 
ytfy  nnnoir,  and  is  finrmed  entiidjr  of  this  sand  with  its  dnlk  ibundation. 

Throughout  the  whole  length  of  the  Coddenham  valley  until  it  dies  away  jntt  beyond 
Hemingston  Hall,  the  sand-cliffs  form  a  very  decided  feature,  especially  on  the  north  side ; 
they  generally  shew  themselves  in  the  shape  of  rabbit-warrens  or  plantations:  the  hollow 
running  up  from  Coddenham  limekilns  to  Coddenham  Bow  is  a  Tery  good  and  picturesque 
example  of  their  fera.  Thero  is  hut  little  opportunity  fbr  exaudniog  their  struetn?e,  and  I 
have  only  seen  the  small  seetiMi  aflbrded  by  a  pit  acaetly  oppoate  Hemingilon  Hall:  fig.  (5) 
lepresents  it :  Fig.  (S). 

(l)    Irregular  gravel  containing  portions  of  gryphea,  laminc  of   i  

Inocerainus(?)  and  other  traces  of  worn  drift,  ^//////V/ ////// 

(«)    Inegular  kyers  of  sand  (full  of  smalt  abalk-stenes)  and  , 
sBDslI  pebbles. 

Pure  white  saud,  die  bottom  ef  which  is  not  seen.  ■ 


The  surrounding  country  rises  very  slowly  and  almost  impcrceptihlv  from  the  ti>p  of  these 
clifFs,  but  at  a  very  short  distance  from  their  edge  the  soil  passes  into  most  untnistakeable 
drift-clay.    In  the  annexed  transverse  section  of  the  valley  the  figures  refer  to  the  superficial 

Ig.  (ti). 

Fuie  white  sand.  ^.."rr^    / / 

DriflUday.  cank 

In  a  lateral  depression  at  Hsmingltott  (marked  Dunstans  on  the  Ordnance  map)  is  a 
brickfield  workt>d  in  a  layer  of  pure  grey  clay,  stratified  and  full  of  small  ciialk  pebbles,  about 
five  feel  thick:  this  bason  is  lower  than  the  sand-cliffs,  but  not  so  low  as  the  bottom  uf  the 
valley :  the  workmen  represent  its  floor  to  be  a  coarse  chalky  clay  (probably  chalk-rubble), 
and  apeak  of  some  **  jcint-hones"  being  somednes  Ibmid  there  in  groups. 

At  Bridge  Place,  where  tile  Ipswich  and  Norwich  tonipi]ce>road  crosses  the  mouth  of  the 
Coddenham  valley,  on  the  left  ascending  Greeting  hill,  is  a  large  deep  chalk-pit,  in  the  side  of 
which  towards  the  valley  i«  an  irregular  opening  of  oonsideralile  sise^  stopped  up  by  a  mass 
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of  rough  pebUjr  gravel  and  reddiah  aand :  tbia  opening  haa  all  the  appearance  of  betog  the 
timiTam  Motkn  cf  ■  flavem,  and  tiM  nntaclib  filling  it  avt  lad  ftOow  tb»  mm 

oidar  of  mw^/munt,  as  thoae  of  the  adjoining  aaiidUhilla,  aldioiigli  the  Isni  is  daddedlj  lower 
tliaii  the  foot  of  them ;  dieM  cliffy  however  are  very  undeAoed  at  thk  apotj  and  do  not  become 

w*>n  marked  again  until  we  reach  Bosmere,  whrrr  th'^y  once  more  start  into  great  prominence, 
and  continue  bo  as  far  as  the  Caeting  and  Needhaiu  road.  In  this  length  there  are  several 
small  sand  and  gravcl-pits  worked,  while  at  their  base  are  as  many  chalk-pits :  the  evidence  of 
all  these  gives  the  secttoD  fig.  (7)  as  the  partiil  tnamirae  metioa  of  the  Gippiog  valley  at  this 
paint. 

(1)   DiifUIay.  Fig.  (7).* 

(a)  Irres»ular  pebbly  flint-gravel 
with  worn  boulders,  shells 
oxidised*  leatienlar  nodole^ 
tie. 

(S)  Pure  white  sand  capped  with  red. 
These  sand-hills,  tt-rminate  in  a  bluff  looking  towards  Crcctinp;  Chapel,  at  the  base  of 
which  iuiitead  of  chalk,  as  is  the  ca&e  with  the  front  towards  Nccdiiam,  pure  drift-clay 
occurs:  it  is  well  exhibited  in  a  pond  placed  in  the  angle  which  the  Greeting  and 
Needham  Roed  makee  at  thii  apot;  a  plantation  of  iir-tnes  oorert  the  alMrapt  riee  on  the 
otiier  aide  of  the  Toed,  but  a  pit  woiited  in  it  givea  a  veiy  good  aaetion  of  the  compact 
aand. 

The  declination  of  surface  represented  at  1  on  the  left  of  fig.  (7)  is  caused  by  a  small 
lateral  valley,  which  passes  round  the  just  mentioned  blufi^,  aod  reduces  the  breadth  of 
tiie  land-rtdge  to  a  few  hundred  jaida  only :  it  ia  remavkaUe  thA  both  ianki  of  tina 
ImUow  are  ftrned  ai  para  drift-day;  but  tiiat  on  tiie  left  hand  wUeh  leads  up  to  Gbeeliog 
GImpal  eshibita  towards  the  top  patches  of  sand  and  gravel. 

In  returning  from  this  point  to  trace  the  right  bank  of  the  Gipping  between  Ipswich 
aod  Needham,  i  ought  to  say  that  my  materials  are  not  so  complete  as  in  the  case  of  the 
oppoeiie  aide  of  the  valley,  but  as  iSur  aa  they  go  they  present  phenomena  in  exact  accordance 
with  those  whidi  we  bare  jvst  been  reviewing. 

The  village  of  Stoke  is  on  the  side  of  the  river  Gipping  opposite  to  Ipewldl*  and  is  placed 
just  at  its  junction  with  the  tidal  estuary  of  the  Orwell;  the  parsonage-house  fronts  the 
Orwell,  and  is  situated  exactly  like  Hcmingston  Hall,  at  the  foot  of  a  sand-clifT,  which  runs 
under  the  windmill  and  extends  itself  above  the  tunnel-mouth  on  the  side  looking  towards 
Sproughton,  here  fimning  die  Stoke  sand^hilts  alreadj  alluded  to  (p.  The  slidf  pro> 
jeeting  at  the  base  of  tbeae  biDa  is  probably  London  day»  tot  thera  is  a  brickkiln  in  the 
village ;  however  I  have  not  been  able  to  examine  this,  nor  have  I  ascertained  tlie  nature  of 

the  section  mtide  bv  the  tunnel. 

The  piattorm  reaching  through  Ooldrood  and  Birkfldd  to  the  valley  of  Bourn  Brook  is  of 


*  b  dill  flgae  As  ^pneait  It  iiiffSMi  la  to  IssMm  dam  As  sdlir. 
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the  same  red  and  white  sand  as  the  Stoke  hilb:  the  flank  of  this  valley  is  very  abrupt  and 
cut  into  deep  hollows,  the  upper  part  shews  the  sand  very  evidently,  but  at  a  certain  small  di»- 
tanoe  donn  (wj  <0  or  40  fiwi)  m  icgular  line  of  sprtogs  and  ponds  tMUiifese  IImoimIvm,  |)r»> 
bably  indioititig  the  jnncttoii  with  the  London  clay,  or  still  OMire  Itkdjwith  the  iedcrag»  which 
exhibits  itself  in  a  pit  close  by,  in  an  untisually  hard  and  concrete  state. 

Of  the  intcrvQl  betwt-tn  Stoke  and  Blakcniiain  I  know  but  little;  btit  in  thi-  noighbotirhood 
of  the  latter  place  the  liiie  of  cliff's  or  abrupt  elevation  is  marked  in  many  places ;  and  I  believe 
that  aniecBMlIy  the  ground  between  tUt  line  and  the  bottom  of  the  Tallvf  it  ebalfc,  the  line 
itidf  ie  genefalljr  wnd  or  gniTel,  whiUt  at  a  ehoft  diitanoe  down  the  drift^ilay  eete  in.  The 
Ollkon  vallej,  which  it  celdbmtcd  for  ite  chaUc^pitc  would  prdbaUjr  afford  illuatFaliona  of  the 
same  arrangement. 

Between  Darmsden  Chapel  and  Baylbam  Church  a  dry  lateral  hollow  runs  up,  the  sketch 
of  which  is  given  by  fig.  (8) ;  it*  sidee«  Fig.  (8). 

wfaidi  an  meet  diff-Ufce,  are  eorered  with 
wood,  and  ofTer  no  flection,  but  they  seem  to 
be  sandy.  Tht-y  rtpprircntlv  correspond  ex- 
actly in  the  level  of  their  base  with  the  line 
at  Shrubland  on  the  opposite  side  of  the  Gippiug. 

At  the  rigbtJktnd  flhoulder,  A»  entering  thia  liotlow  it  an  old  chalk-pit  giving  a  eectioii  of 
about  half  the  hei|^  of  the  diif*  at  the  top  of  which  it  a  matt  of  laige  pebbln  and  laad. 
Just  above  the  top  of  (  A)  i  i  rh  still  risinc^  ground  is  an  old  marl-pit»  which  seemt  to  he 
a  brownish  blue  driA-clay,  and  certainly  a  little  further  back  the  soil  is  the  hraviest  drift-day. 

Between  Darmsden  and  Needbam  is  a  gravd'pit,  whose  situation,  when  viewed  from  the 
opposite  Creeling  tand-hiila,  it  lecn  to  be  im  a  etitain  iltdefined  line  of  abruptness,  which  it  a 
eontinnatiott  of  the  preceding,  and  eztendt  up  both  lidet  of  tile  Barldng  valley,  wbeie  it  again 
changes  into  weUrBarked  cliffs,  covered  with  woodt,  Jutt  below  this  line  is  Mount's  chalh* 
pit,  and  others  occur  in  similar  situations  towards  Barking.  Tliis  gravel  has  the  same 
characteristics  as  the  No.  {%)  of  Hg.  (7),  and  is  quite  undistinguishable  from  it :  whether  it 
f«iti  npoo  aand  or  not  cannot  be  seen  ;  but  just  below  occurs,  in  a  cutting  of  the  E.  U.  R.  the 
Gallowt  Hill  pit,  nij^jiog  the  information  of  fif.  (a):  the  two  tteiiont  (pven  by  it  are  at 
right  aag kfl  to  each  other,  and  that  whidk  it  thaded  lookt  towaidt  die  valkj : 

Fig.  (9). 
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(I)   AM  above  i»  «  dnrk  rough  gtavtA^  intenpened  with  loamy  day  and  land, 

aiopar  io  all  mpaett  to  that  of  the  Dannadeii  pit  above. 

(S)   Bdow ......  the  layen  are  whiter  aod  dietinetly  itratified. 

(C*)  A  layer  of  fine  whitish  loam  or  brick-earth,  with  a  bed  of  naall  dbelky  gmd 
contidning  brokea  bdcmniteBt  wont  oetrea,  echini)  tac 

Below  (2')  is  a  perfectly  white  pure  snnri  to  the  bottom  of  the  aection ;  the  gieateet 
depth  exposed  is  between  60  and  70  feet. 

The  etrata  are  anich  bent,  and  many  altpa  can  be  eeeo. 

We  have  now  sketched  both  sides  of  the  Gipping  valley  from  Ipswich  to  Neetlham  ;  this 
portion  ha»  a  character  of  its  own  cfifTcrent  from  the  remainder,  arising  from  the  fact  that  the 
chalk  does  not  again  make  its  appearance,  nor  do  the  abrupt  sand-cliffs  extend  any  further  ; 
there  is  however  no  kind  of  discontinuity  in  the  form  of  the  valley  itself. 

Reeuming  the  upward  coune  of  the  left  bank  we  eoioe  to  the  opening  of  a  laige  vall^ 
running  up  to  Stonham.  Following  this  we  find  on  the  right  side,  immediately  under  Greeting 
Chapel,  a  san(l-|)it,  wliich  is  not  now  worked  ;  when  fresh  rut  it  exhibited  a  section  of  about 
80  feet  high,  shewing  alternate  horizontal  strata  of  sand  aiul  fine  clay,  exactly  like  the  (2)  and 
(3')  of  fig.  (9).  I'be  flank  of  the  valley  against  which  this  moss  appear*  to  be  placed  is,  from 
the  evidence  of  draiat  and  ditches,  a  pure  drifbday  evteodtng  down  to  at  least  the  lavd  of  die 
baae  of  thia  pit,  when  it  ie  covered  over  or  eepeiated  from  the  flat  boggy  meadow*  by  a  eort  of 
gravelly  or  shingly  bank  :  a  little  farther  on  (at  Woolncy  Hall),  still  on  the  right  aacending 
side,  this  low  gravelly  portion  contain!i  a  mass  of  soft  white  brick-clay. 

Across  the  stream,  and  just  at  the  level  of  the  preceding  pit,  is  a  large  sand-pit  immediately 
below  HiU-fiinn.  The  eection  eaMbited  by  it  i&  perhaps  20  feet  high :  nearly  all  this,  begin- 
ning at  the  top,  is  occupied  by  alternate  layere  of  fine  brick-elay  and  white  dudky  eaad  ;  the 
latter  contains  broken  heU  nuiites,  oetTM,  small  black  spots  like  powdered  carbon  or  extremely 
decayed  wood,  and  is  full  of  fra^^ments  of  white  shells  lying  flat  :  it  has  exactly  the  ap- 
pearance of  ordinary  beach-sand;  and  I  have  even  found  tolcrohly  preserved  specimens  of 
recent  murex,  and  one  or  two  pieces  of  bivalves  so  coloured  as  to  resemble  the  red  crag  fossils. 
At  the  base  the  sand  leema  to  be  purer  and  more  eontinuoua.  There  are  aleo  eonatderable 
slips  In  the  strata. 

On  this  side,  throughout  the  whole  extent  of  the  valley,  traces  of  sand  and  gravel  are  wdl 
known  by  farmers  and  surveyors  to  occur  along  the  level  of  this  pit  and  below  it,  but  above 
(and  the  gniund  rises  considerably)  the  stiiF  tenacious  drift-clay  always  sets  io. 

Bccrossing  the  stream  again  we  find  on  DeerboltV  fwrm  eeveral  pits  ailuatad  at  diierent 
levds  up  to  the  before-mentioned  superior  Hmit;  they  are  respectivdy  worked  for  gravd* 
•andt  end  brick-earth :  the  highest  exposes  alternate  layers  of  fine  brick-clay  and  sand  capped 
by  an  unstratified  mass  of  earthy  rubble ;  the  workmen  represent  the  base  of  this  to  be  a  stiff 
chalky  clay,  like  the  subsoil  of  the  land  above  (pun-  drift-clay) ;  the  lower  pits  give  thin  layers 
of  sand  and  btick-earth  upon  a  dour  of  angular  flints,  so  that  flg.  (10)  would  seeiu  to  be  the 
section  at  this  point. 
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Fif.  (10). 

(I)  Alternate  layers 
of  brick-earth 
and  lud. 

(S)  Attguhr  Uinta. 

(A)  Boggy  mmIowi. 

(B)  Drift-dnjr. 

In  (S)  a  gnmp  af  bonea  of  bobm  Iai|^  nwnraial  wen  kidy  fomkl;  thaj  were  a{iipa^ 

lently  in  situ,  hut  were  very  fragmentafy  moA  eonodeJ. 

At  Stonham  Brewery  the  valley  divides,  one  branch  passing  up  to  Aspal  Stonham  and 
Mickfielil,  the  other  runoing  to  the  left  under  Little  Stonham  church :  both  these  rapidly 
become  ^laliow  and  kae  the  |»ieeenoe  of  the  peaty  meadowa.  The  wells  of  the  Brewery  are 
eunk  Ihnough  the  flat  dhn^al  depoait,  and  raaeb  a  graedly  bed  with  a  p«petaal  epring  of  hard 
water  at  a  depth  of  between  lO  and  i5  feet. 

A  short  distance  up  tlie  left  branch  on  its  right  flank  the  well  of  E.  Stonham  Rectory 
passes  through  ff<-t  to  a  bed  of  gravel,  where  there  is  agnin  n  rrvcr-failiDg  spring  of  hard 
water.  The  dnll-cky  liere  comes  down  to  the  bottom  of  the  vuiiey,  but  along  both  its  sides 
aie  traoee  of  a  gravelly  bank,  and  about  a  mOe  Ihrther  up  is  a  pit  exhibiting  lO  or  IS  fieet  of  a 
aandy  dark  red  graTel,  with  imbraken  pcbbka  leeting  apan  at  laaat  tiia  aame  depth  of  a  naily 
sand  impervious  to  water :  due  maaa  ia  bounded  hteially  bj  drfftday :  tig.  (II)  ie  the  aection 
of  the  valley  at  this  place. 

Fig.  (11). 

(1)  Dark  red  sandy  gravd. 

(2)  Marly  sand. 
(S)  Drift-day. 


Tbe  vemaiDing  portion  of  the  Gipping  valley  from  Needham  upwards  has  not  yet  supplied 
me  with  much  evidence  of  a  definite  kind.  On  the  left-hand  side  of  the  road  from  Ncedbaot 
to  Stowmaik^  just  as  it  leaves  the  former  town,  is  a  pit  whose  section  is  given  by  (fig.  12). 


(1)   Thin  layer  of  chalky  gravel  with  Imikan 
belemnites,  8ic. 

(«)  White  bridt'daj,  perfaapa  SO  feet  thick 


Od  the  other  side  of  the  road  adjoining  Hawk  Mill  is  another  pit  of  the  same  kind,  in 
wfakh  aonie  depth  of  mad  orctUee  tbe  brickFcartb. 
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The  boggy  meadows  in  this  part  have  generally  a  narrower  breadth  than  before,  and  are 
bindend  by  nioiiDdi  which  display  a  gravelly  sandy  soil,  oomBonly  flailed  Ii|^t  land,  but  Ttrj 
clten  die  drift-day  Is  <b«wii  by  dndoa  and  ditches  in  wa»  down  to  the  bottom  on  both  aides ; 

the  beforo-mcn  Honed  gnvel,  &c.  only  lie  against  it. 

Just  before  the  railway  enters  Stowmarlcet  it  cuts  through  a  spur  which  comes  down  from 
the  Stuwupland  platform,  giving  a  good  section  Go  or  70  feet  high  of  pure  Uue  clay-drift, 
resting  upon  a  compact  mass  of  sand  ;  the  sand  is  of  a  ferruginous  red  odour  at  the  top  but 
white  bdow,  and  I  fomd  in  it  one  or  two  snudl  pieoes  of  sheila  resembling  worn  bite  of 
getreBi  The  line  of  junction  of  the  clay  and  sand,  as  far  as  it  cnn  be  traced,  is  very  irregular; 
and  at  both  extremities  of  the  cutting  the  sand  apparently  gets  confused  with  a  mass  of 
singularly  rough  gravel  full  of  l>oul(icrs  of  all  sizes,  which  is  also  overlaid  by  the  blue  clay : 
the  opposite  side  of  the  cutting  is  of  small  altitude,  and  is  composed  entirely  of  this  irregular 
rubble. 

On  the  same  side  tiw  gioond  «t  Ae  bade  of  Thomcy  Hall,  whidi  rises  rigidly*  is  fhoed 
with  sandi  diough  both  the  node  ascending  it  cut  deep  enough  to  eipose  the  concealed  drift- 
day. 

The  town  oi  Sstowmarket  covers  the  opposite  side  at  thia  point,  and  almost  reaches  up 
to  the  lewel  where  the  snbsoQ  Is  unmistakesible  drift-day:  n  hridtynrd  however  interrenes, 
oeeupying  en  eaeendbg  hdlow,  but  only  shews  two  layers  dhAfaietfy  stratified  of  a  grgyidi 

brick-day  differing  from  ench  oAer  In  tint;  this  is  evidently  reconstructed  drift    The  work- 

UMO  spoke  of  some  kind  of  ororanic  retnains  beinfr  f  nind  horo,  hut  had  none  to  shew  roe. 

A  few  years  ago  an  artesian  well  was  sunk  at  :i  Itr^^  wery  in  the  middle  of  the  town,  and 
the  fdkiwing  fig.  (U)  has  been  given  me  as  its  section  : 


Giavftl 


Fig.  (IS). 


Wet  kuny  Inlck-cisgr  • 

Common  ^irick-olay  •  • 

Llgkt-bluc  clay 
Dark  da  .... 
Dark-blue  day  with  lumps 
of  chalk 

Bad 


Chalk 


7tet 

4 

U 

18 


71 


Green  sand  (?) 


Tetal 


9 

330  feet 


Vol.  DC  Paet  IV. 
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The  fore^ing  are  the  most  promineiu  details  of  the  mfornuttioD  which  I  have  bu^u  able 
to  gather  tat  mytelf  iritli  rtgui  ta  the  geological  pheoomMM  «t  tlw  Gipping  valley :  the; 
weiR  capable  of  bang  Tcrjr  aondtely  summed  up : 

The  upper  part  of  the  valley  and  its  branches  is  channelled  in  the  drift-clay,  from  Need- 
ham  to  about  Bramford  in  llie  clialk,  and  the  remaining  portion,  including  tlie  Orwell  itself, 
iu  the  London  clay.  It  is  fringed  at  a  high  level  on  both  sides,  at  least  between  Ipswich  and 
Needham,  with  a  line  of  8and.clifls.  At  Stoke,  the  eaMerly  end,  this  sand  overflows,  as  it 
were,  the  edge  cf  the  Talkj»  end  fivms  the  lands  of  the  higher  groands  between  the 
Stour  and  Orwell  estuaries:  indeed  it  is  not  impralMUe  that  the  sandy  heaths,  which  cover 
the  whole  coast-district  of  the  county  from  Saxmundam  to  Harwich,  and  thence  extend  into 
Ewx,  ninv  be  contimiations  of  the  same.  If  the  prolongation  of  the  same  cliffs  in  the 
opposite  or  N.  W.  direction  is  less  distinctly  marked  beyond  the  limits  of  the  chalk,  it  is  &lill 
extended  far  enough  to  cover  the  drift-day  at  CreeUng  (p.  435),  and  thus  to  suggest  very 
ftrongly  its  identity  with  the  patches  akog  the  Stonhani  Tallcy :  it  is  in  one  (p.  4t7  HiUJSurni) 
of  these  latter  only  Aat  I  have  found  any  fiiBsils  fo  site ;  they  are  very  ill  preeerredt  but 
Prof  Af'Coy  has  pronounced  some  of  them  to  be  recent. 

The  question  now  offers  itself,  what  is  the  proper  relative  position  of  this  sand  ?  is  it  the 
sand  upon  which  (as  will  be  afterwards  mentioned  die  diifti-day  always  seems  to  rest,  ocpoied 
by  the  depth 'of  the  Talley  sections,  or  is  it  nendy  the  edge  of  a  mass  which  once  filled  the 
whole  breadth  of  the  valley  and  Ii a    i  ice  been  swept  away  by  denudation  ? 

The  first  livpothcsis  is  that  which  most  naturally  siij^n^sts  itself,  and  I  confess  that  I 
cannot  with  any  satisfaction  dismiss  it ;  but  on  the  other  hand  the  results  of  my  observa- 
tions do  not  at  all  encourage  me  to  hold  it.  The  circumstances,  which  appear  to  me  incon- 
sistent with  it,  are:  1st,  that  the  day  is  nowhere  seen  to  rest  upon  Ma  sand;  had  it  ever 
been  above  it,  the  probabilities  are  that  it  would  have  been  left  by  the  denuding  cause,  at 
some  spots  at  least,  throughout  the  many  miles  of  sand-ridge  in  the  shape  of  a  sharply- 
defined  cap  ;  but  the  fact  is,  that  it  appears  nowhere  in  an  immediately  superior  position, 
and  where  it  does  manifest  itself  close  in  the  rear  of  the  saud,  its  thickness  is  not  percep- 
tibly less  than  at  remoter  distancea:  Sndly,  that  at  Greeting  (p.  is?)  if  the  sand  is  not  exhilnied 
actudly  resting  upon  the  day,  it  is  above  it  and  in  oontaet  with  it  in  several  directions : 
.^rdly,  that  the  gravels  and  coarse  sands  bear  every  qipearance  of  being  due  to  the  destructi<m 
of  the  clay  itself:  4thly,  that  lliesc  gravels  and  coarse  sands  with  some  immediatelv  underlying 
laminiB  of  fine  day  invariably  cap  the  sands  in  question,  while  nothing  of  the  kind  occurs 
bctwmi  the  drift-day,  and  ifs  underlying  saod. 

It  may  be  added  that  in  the  Stonham  valley  the  sands  are  undoubtedly  resdng  in  more 
than  one  place  upon  the  drift-clay,  and  they  resemble  in  regularity  of  stratilieation  and  every 
other  characteristic  those  just  alluded  to:  this  circumstance  stron^y  suggests  thdr  beiqg 
continuous  with  the  ridge,  and  therefore  supports  the  second  view. 

The  section  of  the  Stowroarket  well  (p.  43^)  no  doubt  complicates  the  case,  as  its  sand 
with  recent  shells  greatly  resembling  the  sand  of  the  Stotthatn  vall^  (p.  «97)r  lies  between  a 
so-called  drilt-day  and  the  chalk ;  but  nmy  not  tUs  day  **  with  lumps  of  chalk"  be  reoon. 
atructed  drift?  that  which  is  worked  in  the  brick^yard  at  the  head  of  the  town  most 
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imdMibtadlj  U  io^  ud  jet  cxliibita  «  oomldermlile  mount  of  dialk  nodulei.    The-  chalk  of 

this  well  must  rise  very  nearly  to  the  level  of  the  river,  but  at  no  place  marer  than  NeecU 
bam  does  it  actually  exhibit  it.self  at  the  surface;  indeed  the  sand  and  ^ntvel  whicb  forms 
the  foundation  of  the  valley,  has  not,  1  believe,  been  fathuined. 

I  have  UtUe  donht  but  that  th«  Uae  of  tb«  valley  corresponds  with  a  fissure  in  the  chalk ; 
if  so  the  diaturfaanoe  prodttdng  the  fraeture  must  have  taken  place  subaequeotlj  to  the  depo- 
sition  of  the  drift-dajt  otherwise  there  would  be  DO  reason  for  thf  coincidence :  it  is  weighty 
evidence  in  favour  of  a  still  later  deposition  of  the  sand,  that  it  cannot  be  said  to  have  suffered 
such  general  disturbance  ;  its  strata  are  very  easily  distinguished,  and  although  full  of  such 
partial  slips  and  displacements,  as  would  occur  in  cliffs  subject  to  wear  at  the  base,  are  upon 
the  whob  perlMtly  horisontaL 

If  the  pfeeeding  ohaerratuns  have  heen  coirecdj  made  they  would  Mem  haat  to  acoord 
iritb  the  supposition  that  the  Gipping  vaUey  was  formed  subsequently  to  the  deposition  of  the 
drift -clay,  and  for  the  greater  part  of  its  course  cut  completely  through  the  clay :  that  it 
afterwards  formed  the  estuary  of  a  very  sandy-bottomed  sea;  that  as  the  rising  of  the  land 
or  other  cauee*  made  the  water  ahaUower  the  depodte  aMnmed  the  charaeler  of  fine  daj, 
then  eoooeeded  a  imall  dialkj  girnvel  with  broken  helenmiteB*  oetrea,  tee,  (etpedallj  indicative 
of  a  tnui()uil  beach),  and  finally  came  a  large  mass  of  drift,  boulders  and  flints — the  whole 
apparently  the  prod  it  p  of  drift  denudation.  As  the  land  still  rose  this  deposit  was  itself  cut 
into,  the  greater  portion  carried  away,  and  only  its  edges  leA.  The  floor  of  the  valley  thus 
a  second  time  excavated  is  very  generally  covered  over  with  a  sandy  graveUy  rubble  in  which 
hones  are  aonetimea  found  (p.  488»  (S)  fig.  10);  Imt  the  lai^  portion  even  of  thia  is 
concealed  bj  alluvial  deposit  and  peat  of  the  meadows. 

Whether  or  not  the  real  order  of  events  at  all  resemble  this,  tlie  continuous  line  of  cliffs  on 
botli  sides  of  the  valley,  some  of  them  carvcil  in  the  chalk  itself  (fig.  8),  points  almost  irre- 
sistibly to  a  period  when  the  sea  level  must  have  rcuiained  with  some  permanence  at  a  height 
much  above  the  present  high>watar  nark. 

It  is  prohahk  that  die  dialk  which  cones  so  near  to  the  sarftce  as  to  he  ciposed  hj  the 
channelling  of  the  Gipping  valley  was  the  ridge  bounding  the  London  clay  on  the  North : 
the  drift-clay  clearly  overUes  it  here,  and  therefore  cannot  have  been  stopped  in  its  S.  E. 
course  by  the  same  ridge,  although  it  is  not  now  seen  to  any  great  extent  between  this  point 
and  the  eoast:  none  of  the  dilF  seodona  (enlainljr  not  tho«  BnrriOh  Walloo  on  the  Nate, 
and  AMborough)  except  Lowestoft  appear  to  diew  any  undisturbed  drif^day  at  alL 

I  have  not  examined  any  of  the  other  valleys  of  the  county  in  so  much  detail  as  I  have 
that  of  the  Gipping,  but  the  following  very  patent  facts  connected  with  them  are  of  much 
importance  in  any  attempt  to  arrange  the  various  phenomena  of  the  Sud'oik.  Drift.  The  sections 
given  are  most  of  them  fiom  Mr  Clarke's  memoir  printed  in  the  TrafuaeHoru  tif  I'd*  Gee- 
iilSAwl  SmiOt  (tad  8«iie8»  TcL  V.)s  a  most  valuable  papor,  but  unlbrtunatdy  not  suflU 
dently  definite  in  isgard  to  the  locsfities  quoted*    The  nomendatuie  is  taken  fiom  die 

Ordnance  maps. 

The  Ojpon  Stream  rises  about  (ireat  Bricett  in  deep  drift-clay,  cuts  at  Offton  into 
the  chalk,  which  is  there  largely  quarried,  and  continues  in  it  until  it  joins  the  Gipping  at 

07— « 
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BnuDfonL  At  WilluihMD  Hall  above  OffUm  the  chalk  it  only  covered  by  two  feet  of  day* 
itadf  hOag  m  feet  above  the  vaUey»  while  at  Little  naheDham  there  is  1«7  feet  of  day,  the 

dialk  w)ii<  ]  f  nils  the  floor  of  the  valley  ezhifaitliig  mucli  diitorbanoe;  daeirbera  ia  Willidiaai 

there  is  \5~  fcot  of  clay  above  chalk. 

Thf  Elntselt  atid  F low  ton  brooks  rise  towards  Nau^'hifnt  in  deep  clav.  Af  Fl'frtan 
Hall  on  the  flank  of  the  valley  a  well  give^  94  feet  diiuvioi  cla^  resting  on  the  chalk: 
•t  iR»#tetaMi  15  feet  driftway  and,  at  •  higher  level,  Si  of  mised  day  and  aand: 
<^pdaA  oa  h^{h  gcound  15  feet  of  drift-day,  abore  45  of  Band,  and  et  a  lower  levd  90 
feel  of  sand  and  gravel :  at  Belstead  (adjoining)  15  feet  of  stiff  loam  on  SS  feet  of  crag. 

The  Brett  rises  beyond  Thorpe  in  thick  drift-clay;  a  branch  of  it  originates  in  the  mmc 
oeiglibourbood,  and  runs  round  by  Cockfield,  Lavenham,  Brent  Eleigh,  and  joins  the  main 
stream  at  Chdsworth,  while  anoAiir  ooidcs  froA  Wtdum  Uixough  Bitdeaton. 

At  Bnu^lM  there  is  ill  feet  of  drift-day  upon  at  least  40  feet  red  aand,  at  Cvd^Utd 
136  feet  of  pyritoua  blue  drift-clay.  At  Lavenham  parsonage  on  the  higher  ground  45  feet 
of  drift-clay.  At  BUdeatone  60  feet  of  drift-clay.  At  Monk's  Eleigh  feet  of  drift  clay 
on  the  dank  of  the  valley  with  chalk  rising  seven  feet  above  tlie  level  of  the  stream  where 
it  is  quarried.  Closv  to  Chelsworth  is  a  chalk-pit  on  the  Ordnance  map  some  way  up  the 
iank  of  the  Talley,  and  again  on  the  side  opposite  lo  (^rford  Viakn  Hovm  also  high  op. 
At  Whatfield  on  tlie  neighbouring  high  ground  there  is  40  feet  of  drift  clay  upon  chalk, 
and  thcu  6"(>  fett  to  the  permanent  water-level.  At  Kersey  is  a  clialk-pit  on  the  flank  of  the 
valley,  but  on  the  liij^her  groiiiid  there  is  75  feet  of  drift-day  on  snnd.  At  Ifudlei^'h  the 
London  clay  lies  on  the  chalk  to  a  deptti  of  at  least  100  feet,  and  from  (his  point  to  the 
Stour  the  brickkilns  on  the  Ordnance  map  point  out  the  continuance  of  the  London  clay. 
At  ^is%  die  London-day  fermation  is  oit  through  and  the  didk  is  mpoeed  at  the  level 
of  the  river ;  from  here  to  Harwich  the  chalk  seems  to  dope  about  fix.  feet  per  mile. 

A  branch  of  the  Stonr  rises  at  Drydeii  just  two  miles  S.  of  Chevingtoriy  passes  Hatrkedon, 
close  to  JJartest,  through  JBoxstead,  and  joins  the  Stour  just  above  Sudbury.  At  Harte«t 
we  find  800  feet  of  blue  drift-day,  and  doae  to  Sudbury  the  cfadk  is  hdd  bare,  forming  the 
flanks  of  the  Stour  valleys  below  this  again  the  brickkilns  bespeak  the  region  of  London  day. 

The  streams  just  traced  dl  lie  on  the  West  of  the  Gipfung,  and  it  may  be  worth  whQe 
here  to  make  n  risuiiit  of  their  evidence.  Between  Clare  and  Bury  tho  drift-clay  seems 
to  average  \(M  feet,  but  N.  of  an  imaginary  line  drawn  through  Lidgate,  Ousden,  Ickworth, 
Rougham,  Stowlangtoft,  &c.,  the  chalk  comc3  very  close  to  the  surface.  S.  &  S,  £.  tins 
line  at  Bradfidd,  Norton,  Elmswdl,  Drinkstone.  Wetherden,  Haughley,  linboiougb,  tec, 
the  drift-day  ranges  from  100  to  BO  feet*  alwajft  resting  upon  sand. 

Just  on  the  line  between  Clare  and  Clavdon  the  chalk  is  continuously  laid  bare  by  the 
river-conrses,  and  tlie  drift-clay  gradually  thins  off  on  passing  this  line  towards  the  S.:  in  the 
same  direction  the  LondoD-clay  formation,  often  capped  by  crag  and  sand,  increases  to  a 
oonsiderable  thiekness. 

On  the  other  side  of  tiie  Gipping  we  have  the  Dehen,  rning  nearly  in  the  center  cf 
SufTuIk  at  Aspal,  and  passing  through  Debenhan,  Cretingham»  Widdun  Market,  to 
Woodbridge. 
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At  Aspal  two  wells,  whose  position  relative  to  the  stream  I  do  not  know,  give  90  and 
45  feet  respectively  of  drift-clay  resting  upon  «  red  sand.  At  IMtuham  and  WhuUm  are 
Mdtldlns  a  tbort  my  up  the  lluks  io  reeoiistructed  atratified  drifk-day  lying  upon  a  tMai* 
of  driTt-clay.  At  Framsden  and  Cretiogfaam,  an  equal  fad^t  up  art  md-pits,  wldd» 
probably  rest  upon  drift  cky,  as  this  h  seen  below  them.  (There  seems  a  possibility  of  the 
■aad,  though  distiactly  stratified,  being  in  some  places  within  the  drift-clay.)  The  lower 
levd  of  Ac  'vaQty  tnm  Ma  poiM  dowuMrda  ia  entinily  land  and  gravel,  aa  an  inapaelioB 
of  the  Oidnanoe  map  will  diew:  the  higher  Unds  however  are  drift-clay  t  and  much  doubt 
may  be  entertained  whether  this  sand  is  merely  a  manifestahon  of  that  which  all  the  above- 
quoted  sections  prove  to  exist  below  the  drift-clay,  .or  whether  it  ia  the  result  of  a  much 
later  estuary  action  within  the  valley  itself. 

In  the  valleys  of  the  Ore  and  Aide  it  shews  itself  in  the  same  way,  and  at  Benhall 
pottery  t  have  seen  it  come  out  moet  unndatalceaUy  £irom  under  the  drifUlay  itad£  The 
drift-clay  is  very  thin  and  dmoat  disappeatv,  cx«<|it  on  1^  ground,  evaryiAaiia  to  the  S.  E. 
of  a  line  passing  from  Ipswich  thronfjh  Wmdhr'rdge,  Sajmundham,  to  Dunwich  :  so  thin 
is  it  alonr;  this  line  that  farmers  are  in  tlie  habit  of  draininj;  thoir  high  l.mds  by  "tapping," 
i.  e.  by  making  a  perforation  through  the  clay  at  sume  convenient  spot,  which  serves  as  a 
oonduct  pipe  to  carry  aw»y  any  amount  of  water. 

It  ie  remartialde  tliat  tfna  enppoaod  Bse  ia  very  nearly  tlie  N.  W.  boundary  of  the  crag- 
deposit;  some  foRsiliferous  f.lavs,  as  those  of  CAi7/e«/or({  and  the  neighbourhood  of  Tunstalt 
and  Iken  (investigated  by  Mr  Prcstwich),  overlay  portions  of  the  crap;  but  the  whole  district 
is  generally  covered  with  a  sand  wliicb  is  most  probably  a  part  of  that  just  alluded  to  as 
underlying  the  drift>day«  left  bdiind  in  the  denudation  of  the  latter,  and  going  far  by  its 
own  reeonatrnetion  to  produce  the  eand-depodta  In  the  present  riveT'valleya. 

We  are  not  without  evidence  of  considerable  distnrhanccs  postorior  to  the  crag.  A  section 
of  the  rnast  frnm  Harirlch  to  the  mouth  of  the  Debet*  given  by  Mr  Clarke  exhibits  dislo* 
catiunti  of  the  strata  of  the  crag  and  London  clay. 

The  strata  of  the  chalk  are  not  in  all  cases  readily  made  out.  but  in  many  phwea  tb^ 
are  distinct  enough  to  siiew  that  the  ptesent  Talleys  are  due  to  elevation  and  fi-oetore. 
At  O^^lon  where  the  valley  rana  N.  W,  tv  B,  E.  a  dulk-pit  on  the  N.  E.  side  shews 
the  strata  rising  to  the  S.W.  M  Blakenham,  lower  down  the  <<ame  stream,  thoy  rise  to  the  ST 
At  SheUy  on  the  west  side  of  the  valley  they  rise  to  the  N.  E.  At  Bramford  the  bc<l8  of 
the  London  day  on  the  chalk  dip  to  the  S.  £.,  probably  indicating  a  dip  of  the  chalk  in  the 
same  direction ;  these  pits  are  on  the  east  side  of  the  valky. 

It  may  not  be  out  of  place  at  this  point  to  remark,  that  a  nnewhat  hasty  glance  at  the 
coast  sections  of  NorFolk  (from  Wells  to  Happisburgh)  has  led  me  to  believe  that  the  drifi- 
clay  there  exhibited  differs  greatly  in  character  from  that  of  Suffolk  :  it  is  generally  a  pretty 
nearly  homogeneous  clay  with  small  chalk  "  nibs"  plentifully  sprinkled  through  it,  and  has 
a  certain  rough  spedee  of  stratiBcation  about  it;  the  multitadei  of  aeoondaiy  boulders,  or 
rack  fragmenta,  whidi  characttfcise  the  Suffolk  day,  are  dmoat  entitdy  wantbg  In  it.  Thia 
Norfolk  day  ia  alao  thickly  covered  by  very  irregular  mosses  of  sand  and  gravel,  of  which 
I  have  aeen  no  dietioet  evidence  in  Suffolk  excepting  on  the  north  ride  of  Irfiweitoft; 
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its  absence  may  be  aieribed  to  denudatioOi  and  probably  it  would  be  iiutruetive  to  trace  its 
edge  ckealy. 

I  iaiagiBe  that  there  is  moreover  another  tend  and  gnnd  euperior  to  this.  There 

certainly  exists  an  extensive  platform  of  these  materials,  resting  against  the  chalk  towards 
Holkham,  Wigluon,  Wells,  &c.,  passing  inland  by  Hult,  &C.,  and  terminating  in  singularly 
abrupt  escarpmeuts  towards  the  coast,  as  at  Cley,  Weybouroe,  Sberringham,  Ike.  These 
eecaipaMDts  ettongly  reaeaiUe  die  Hoid^lilfi  of  die  Gippbi^g  nilley  to  fonn,  and  like  tfaem 
geoenlly  fett  upon  a  chalk  ebdf:  tw  doubt  a  great  difewee  in  the  powers  of  resisting 
denudation  between  two  contiguous  strata  produces  tViis  ippcarance:  they  also  resemble  the 
Gipping  saiul-hill-s  in  the  regularity  of  their  Ktrnti6cation,  and  in  the  fnrt  of  their  being 
capped  by  a  large  coarse  gravel.  As  a  feature  in  the  landscape  tbey  contnbute  very  much 
to  the  biantj  of  die  Ghmdford  ytSkj,  at  vcU  aa  of  the  neighboarbood  of  Sbeniqghem  and 

ClUUlMTa 

BECAPITULATION. 

A  N.  E.  and  &  W.  line  of  chalk  bounds  die  diilWb^  on  one  aide  of  die  oouaty.  On 

die  S.  E.  of  this  the  clay  almost  immediately  manifests  an  average  thickness  of  about  100  feet. 

The  clay  gradually  tliins  off  on  approaching  a  line,  which  passes  through  the  heads  of  the 
egtuarip«  rmd  ftpproximately  forms  a  boundary  to  both  the  London  rlny  nid  the  Crag. 

The  &aad  underlying  the  drift-clay  passes  out  over  the  LondoD  clay  and  Crag. 

The  phenomena  of  Noifolkt  dumgb  tfa^  do  not  leadfly  ian|p  tbemadw  aide  by  aide 
wilh  thoBB  of  Sttfiblk,  ^ery  pidbeUy  aooord  iridi  a  aouthady  denndetioD. 

Valleys  of  denudation  expose  a  ridge  of  chalk  along  a  certain  well-defined  line,  passing 
it  approximately  at  right  «nglea»  and  exhibit  eridenoe  of  iuviiig  been  due  to  devatoiy 
transverse  fracture. 

Evidenoe  of  diaturbanee  at  a  date  poetctior  to  the  crag  is  afllvded  li^  dm  ooaafraecttDUk 
Tlie  jueUmentkined  ildge  of  dialk  bounds  the  London  day  towards  the  north,  but  does 

not  stop  the  drift-clay,  as  patches  of  the  latter  appear  south  of  it. 

A  distinct  line  of  cnnd-cliffs  of  uncertain  geological  date  exi^  along  the  Gipping  TaUey, 
marking  a  period  when  tbe  sea  remained  permanently  at  that  lereL 
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Encuo  has  given  two  definitions  of  a  surface,  which  tnajr  be  taken  as  examples  of  the 
tuo  ■wAadi  of  kmitigating  their  propertiei. 
That  in  tbe  first  book  of  tbe  Elements  is— 

"  A  supetfides  is  that  which  has  only  length  and  breadth." 

The  9tiporf!cic<i  differs  from  a  line  in  having  breadth  as  well  as  length,  and  tlie  COPCSptioP 
of  a  third  dimension  is  excluded  without  hf>inir  fvplirhlv  introduced. 

In  tbe  eleventh  book,  where  the  dchniiion  ot  a  solid  is  first  foriuiiily  given,  the  definition 
«f  the  iupetficjes  is  nude  to  depend  on  UnC  of  the  aolU — 

«  Tfatf  wlikih  bounds  a  solid  ii  a  aupeffides." 

Here  the  conception  of  three  dimensions  in  space  is  enplo/ed  in  fbming  •  definition 
more  perfect  than  that  belonging  to  plane  Geometry. 

In  our  analytical  treatises  on  geometry  a  surface  is  defined  by  a  function  of  three 
independent  vnifables  eqnnted  to  Mm  The  surfnee  is  tbenfiira  the  boundniy  between  the 
portion  of  space  in  which  tbe  Tslue  of  tlie  fisnetion  is  pasitive,  end  tiiat  in  wbid  it  b  ncKntire; 
so  diet  we  nay  now  define  a  surface  to  be  the  boundary  of  any  asdgned  portion  of  space. 

Surfaces  are  thus  considered  rather  with  rdineoGe  to  tbe  Sigfuw  which  they  limit  then  as 
having  any  properties  belonging  to  themselves. 

But  die  eoneqition  of  a  soiftee  which  we  most  raadKly  form  is  that  of  n  portion  of  mattery 
extendsd  hi  length  and  breadtli,  but  of  which  the  dtidtness  may  be  neglected*   By  cxdndbg 

the  thielcness  altogether,  we  arrive  at  Euclid^s  first  definition,  which  we  may  State  tiwj 

A  surface  is  a  lamina  of  which  tiie  thickness  is  diminished  so  as  to  become  evanescent." 

We  are  thus  enabled  to  consider  a  surface  by  itself,  without  reference  to  the  portion  of 
space  of  which  it  is  a  boundary,  liy  drawing  figures  on  the  8ur£u%,  and  invei>tigatiiig  their 
properties,  we  n^ht  oonetritet  a  system  of  theoienia,  which  would  be  true  independently  of 
tbe  position  of  tlie  surface  in  spu^  and  which  might  lenuun  the  same  even  when  the  ban  of 
the  solid  of  which  it  is  tlie  boundary  is  changed. 

When  the  properties  of  a  surface  with  respect  to  sprire  nrr  rhnncred,  while  the  relations 
of  lines  and  figures  in  the  surface  itself  are  unaltered,  the  surface  may  be  said  to  preserve  its 
identity!  so  diat  we  may  consider  it)  after  the  dumge  has  tainn  phwe^  as  tbe  same  auifaoe* 

ViThen  a  tbb  material  kmina  is  mnde  to  assume  a  iiew  fbmn  it  is  said  to  be  bttU.  In 
eertain  cases  this  process  of  bending  is  called  dmtdopmmt,  and  when  one  enifime  ie  bent  so  a* 
to  coincide  with  another  it  is  said  to  be  «ppH«l  to  it. 
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By  eonndcfliiig  the  landiu  at  deprived  rigidily,  dudd^,  and  odicr  Bedunial  pro- 
perties, and  negjiectfaig  the  tbieknen,  wc  anb«  at  a  mrthaiwilical  definttkua  of  tUt  Idnd  of 

tiantformatioD. 

"The  operatioo  of  bending  is  a  cootinuous  change  of  the  form  of  a  tmboe,  without 
eztendon  or  eootnetioii  of  any  paM  of  H." 

The  foUowiog  iiiT«BtigBtkiM  were  uodertaltcB  with  the  hope  of  obMiBiDg  inoi*  ddbile 

coiicLptiooa  af  the  nature  of  such  traDsformadooa  by  the  aid  of  those  geometriGfll  methods 

which  appear  moat  suitable  to  each  pariioular  case.  The  order  of  arrangement  is  that  in 
which  tile  iiilTercnt  parts  of  the  subject  presented  themselves  at  first  for  examination,  and  the 
methods  employed  form  parta  of  the  origiual  plan,  but  much  assistance  in  other  matters  hat* 
been  derived  ftom  the  works  of  Gavw*,  LioutiluP,  Baxmaiaf,  Tvaumsf,  8m.  icferenoee  to 
whidi  will  be  gtvcn  in  the  coiine  of  the  invefttigation. 

I. 

On  the  Bending  of  Sttrfaeea  generatei  tjf  tkB  motion  of,  a  ttrwight  Une  in  apace. 

If  a  straight  line  can  be  drawn  in  any  surface,  we  may  suppose  that  part  of  the  surface 
which  is  on  one  side  of  the  straight  line  to  be  fixed,  while  the  other  part  is  turned  about  the 
straight  line  as  an  axis. 

In  this  way  the  surfhoe  may  be  bent  about  any  number  of  generating  lines  aa  aica 
auooeenTely,  till  the  form  of  every  part  of  the  surface  is  altered. 

The  mathematical  oooditions  of  this  kind  of  liending  may  be  obtained  in  the  foUowing 
manner. 

Let  the  c<]^uation  of  the  generating  Une  be  expressed  so  that  the  mnstants  involved  in  it 
are  fonetione  of  one  indqiendent  variable  ti,  by  the  rariatian  of  which  we  pan  ftom  eoe 
position  of  the  line  to  anoAer. 

If  in  the  equation  of  the  generating  line  Aot  W'thi  then  in  the  equation  of  the  line  Bb  we 
may  put  n-jt„  and  from  the  equations  of  these  line*  we  may  find  by  the  common  methods 
the  equation  of  the  shortest  line  PQ  between  Aa  and  Bbt  and  its  length,  which  we  may 
can  We  may  alao  Snd  the  angle  hetween  tbe  direotiona  of  Jo  and  ^  and  kt  this 
ani^be^. 

In  the  same  way  from  the  equation  of  Cc,  in 
which  uofij,  we  may  deduce  the  equation  of  RS, 
the  shortest  line  between  Bb  and  Cc,  its  length 
and  the  angle  idt  between  the  directions  of  Bb 
and  Co.  We  may  alao  find  the  vatue  of  QS,  the 
^stance  between  the  points  at  which  PQ  and  RS 
cut  Bh.  Let  QR  =  cV,  and  let  the  ang^  between 
tbe  directions  of       and  MShei^ 


'  Dwfitiniionet  peneraki  etna  nif€tJM»»  tmrva$,  J*M>        *  LiourlUe't</MirM«<,  zii. 
Milled  to  die  Roral  Societr  of  OoOlaglH.  ftk  OCHlMt,  1117.         *  Ibid.  xill. 
CommtHlmtwnm  BtmUmu,  T«b.  vi.  *  Md. 
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Noir  mppoM  the  part  of  the  iiuftee  between  the  Unee  jIs  Mid  Difr  to  be  Hxed,  wbEe  the 
port  between  Hft  and  Ce  le  tamed  iDund  Jli^  at  en  aiii.  The  line  ES  will  then  revolve 

round  the  point  R,  remaining  perpendieuhr  to  Bb,  and  Ce  will  etiU  be  at  the  same  distance 
from  Bb,  and  will  make  the  sane  nn^lo  with  it.    Hence  of  the  four  quantities  ^^5,  , 
and  6<l>,  hip  alone  will  be  cbanged      the  process  of  bending.        however,  may  be  Taried  in  a 
perfectly  arbitrary  manner,  and  may  even  be  made  to  vanish. 

For,  PQ  and  R8  being  botfi  perpen^eular  to  ^  RS  vmj  be  turned  nbcmt  Jft  till  it  it 
parallel  to  PQ,  in  which  caae      iieoooies  =  0. 

Bj  repeating  tin's  process,  we  may  make  all  the  "  shortest  lines"  |MUrelhd  tO  OQO  aOOther, 
and  then  all  the  generating  lines  will  be  parallel  to  the  same  plane. 

We  have  hitherto  considered  generating  lines  situated  at  finite  distances  from  one  another ; 
but  whet  we  have  proved  will  be  equally  true  when  their  ere  indefinitely  dinudahed. 

Then  is  the  limit 

e^-n,  dM 

^  M 

4%-«i dm* 

All'  lfaeee  quantitiee  being  funetiona  of  n,  |^  0,  v^,  and  ^  nve  fanetione  of  «  and  of  eaeh  other 
end  if  ^e  Jtenu  of  tfaeee  iunetione  be  known,  the  podtiona  of  aU  the  gentvatiBg  line*  >d*7  be 
tuccessively  determined,  and  the  equation  to  the  eorfhoe  may  be  found  by  integrating  the 

equations  containing  the  values  of  ^,  9,  <t,  and  0. 

When  the  surface  is  bent  in  any  manner  about  the  generating  lines,  ^,  d,  and  «-  remain 
unalletedi  but  ^  ie  ehanged  at  every  point 

The  Jbrm  oriT  ^  aa  n  fonetfon  of  n  will  depend  on  the  natuse  of  die  bending;  but  ainee  tUe 
ie  perfectly  arbitrary,  <p  nmy  be  any  arbitrary  function  of  «.  In  thit  wny  we  may  find  the 
fbrm  of  any  surface  produced  by  bendinrr  the  pvcn  «urface  along  its  generating  lines. 

By  making  0  1=  0,  we  make  all  the  generating  lines  parallel  to  the  same  plane.  Let  this 
plane  be  that  of  ay,  and  let  the  firat  generating  line  coincide  with  the  axia  of  «,  then  will 
be  the  height  of  any  other  generttfatg  line  above  the  plane  of  ery>  and  9  the  nngb  which  ite 
projection  on  that  plane  makes  with  the  axis  of  a.  The  ultimate  intersections  of  the  pio- 
jections  of  the  generating  linee  on  the  plane  of  ay  will  £onn  n  eurve^  whoee  length,  aensured 
from  the  axis  of  x,  will  be  a. 

Since  iu  this  case  the  quantities  ^,  Qy  aod  a  are  represented  by  distinct  geometrical 
quantiliee,  we  may  simplify  the  eonaidmtioii  of  all  anilhees  generated  by  straight  Unee  by 
redudng  tiien  by  liending  to  the  caae  in  which  thoM  linee  we  peralU  to  s  given  plune, 

I.  the  dam  of  Mirfhee.  in  wUch  th.  goentbg  IS^  ulti»ldy  intersect,  ^  -  0,  and 
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1^  oomtMt.  If  thtM  rndkM  be  tieiit  •»  A«t  ^  -  0^  the  whole  of  the  genentuig  Hoe*  wiO  lie 
in  one  planc^  end  their  ultimeCe  inteMeetiane  win  fiann  a  plaoe  eiirre.  The  aai&oe  it  thme 
reduced  to  one  plane,  and  therefore  belongs  to  the  class  usually  dCMfibed  as  "  developable 

surfaces."  The  form  of  a  developable  surface  may  be  defined  by  mean*  r>f  the  three  quantities 
$,  a  and  0.  The  generating  lines  form  bj  their  ultimate  intersection  a  curve  of  double 
curvature  to  which  they  are  all  tangent^.    This  curve  haa  been  called  the  ettspidftl  edge. 

The  length  of  this  curve  is  represented  by  ff,  its  absolute  curvature  at  any  point  by  ~ , 
and  ita  torsion  at  the  eame  point  by  ^ . 

(Trr 

Wbi»i  the  surface  is  developed,  the  cuspidal  edge  becomes  a  plane  curve,  and  every  part 
of  the  surface  edncidei  with  the  plane.  Bat  it  doee  not  fbUow  that  every  part  of  the  plane 
ie  capahle  of  being  bent  into  the  original  fimn  of  the  sarfaoe.  Thia  may  be  easily  seen  by 
considering  the  surface  when  the  position  of  the  cuspidal  edge  nearly  coincides  with  the  plane 
curve  but  is  not  confounded  with  it.  It  is  evident  that  if  from  any  point  in  space  a  tangent 
can  be  drawn  to  the  cuspidal  edge,  a  sheet  of  the  surface  passes  through  that  point.  Hence 
the  number  of  dieeti  which  pam  through  one  point  is  the  same  ai  the  number  of  tangenta  to 
the  ciH|Mdal  edge  which  pass  through  that  point  t  and  since  the  same  is  true  in  the  limit,  the 
number  of  sheets  which  coincide  at  any  point  of  the  plane  is  the  same  as  the  number  of 
tangents  uliich  can  be  drawn  from  that  point  to  the  plane  curve.  In  constructing  a  de- 
velopable surface  of  paper,  we  must  remove  those  parts  of  the  sheet  from  which  no  real 
tangents  cm  be  diawot  and  provide  ad<Btional  sheela  where  more  tlmn  one  tangent  can  be 
drawn. 

In  the  case  of  developable  surfaces  we  see  the  importance  of  attending  to  the  position  of 
tlie  lines  of  bending;  for  though  all  developable  surfaces  may  he  produced  from  the  same 
plane  surface,  their  distinguishing  properties  depend  on  the  form  of  the  plane  curve  which 
determines  the  lines  of  bending. 


It. 


On  ths  Bending  of  SuKfaea»  iff  JtevohUkMU 

In  the  cases  previously  eonsidersd,  the  bending  in  one  pert  of  the  surface  may  take  place 

independently  of  that  in  any  other  part.  In  the  case  now  before  us  the  bending  nuist  be 
simultaneous  over  the  wliole  surface,  and  its  nature  must  be  investigated  by  a  different  method. 

'I'he  position  of  any  point  F  on  a  surface  of  revolution 
may  be  determined  by  the  distance  PV  from  the  vertex, 
measured  along  a  generating  line»  and  the  angle  AVO  which 
the  plane  of  the  generating  line  makes  with  a  fixed  plane 
through  the  axis.  Let  FV^s  and  AVO  =  9.  Let  r 
be  the  distance  (i»p)  of  P  from  the  axis,  r  will  be  a  function  Ji'^m 
of  «  depending  on  ^  fimn  of  the  generating  curve. 
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Now  consider  the  small  rectangular  plrmrTit  of  the  surface  at  P»  Its  length  PRm^^ 
and  its  breadth  Fii<BriOt  where  r  is  a  function  of  «. 

If  in  anodiar  trntnea  of  Nvolut&n  i*  mnd*  o^mt  fbiwtiiNi  of  then  tbc  longth  and 
breadth  of  the  new  dement  wOlbe  If  end  /Af^  end  if 

r'  =  fiTf       and    fl* «  -  0, 

and  the  dimensions  of  the  two  elements  will  bt*  the  sanie. 

Heoce  the  one  element  maj  be  applied  to  the  other,  and  the  one  surface  may  be  applied  to 
ibe  other  wuUct,  dement  to  element,  by  bendiDg  it.  To  effect  tb^  Uie  tncfaoe  muat  be 
difided  bj  cutting  it  ahmg  one  of  the  generating  liaee»  end  the  peria  opened  outt  or  nude  to 

overlap,  accordinir  as  n  is  greater  or  less  than  unity. 

Tu  find  the  effect  of  this  transformation  on  the  form  t'tp  'ttrfruc  -vvf  nuist  find  the 
equation  to  the  original  form  of  the  geoeratiog  line  io  terms  of  «  and  r,  then  putting  r'a^r, 
the  equation  between  «  nnd  /  will  give  the  form  of  Ae  generating  line  after  bending. 

dr  .  1 

When  ^  is  greater  than  1  it  may  happen  that  for  some  values  of     —  is  greater  than  — . 

oa  ft 

In  this  case 

^      dr  .  . 
*  /s  2  IS  greater  than  i ; 

a  rcKilt  whidi  bdieates  that  the  cunre  becomes  imposdble  for  such  vdnes  of  e  and  ft. 

The  tnnufbrmation  is  thwefbie  imposiibk  Cor  the  ocenqmnding  part  of  the  aurfiue.  If, 
however,  that  portion  of  the  oi%uid  sttvliMse  be  remoT«d»  the  remmnder  may  b«  aubjeeted  lo 
the  required  tnoafocniation. 


The  theory  of  bending  when  applied  to  the  case  of  surfaces  of  revolution  pre«ent8  no 
geometrical  difficulty,  and  little  variety ;  but  when  we  pass  to  the  consideration  of  surfaces  of  a 
man  ganenl  idnd,  we  discover  the  iosoffidencj  of  the  melhodi  biihavfeo  employed,  by  the 
n^guenem  of  our  ideas  with  icapeet  to  the  natme  of  bending  in  such  camo.  In  the  former 
oaee  the  bending  is  of  one  bind  only,  and  depends  on  the  variation  of  OM  vafiaUa;  but  the 
surfaces  we  have  now  to  consider  may  be  bent  in  an  infinite  v::iriety  of  ways,  depending  on  tile 
variation  of  three  variables,  of  which  we  do  not  yet  know  the  nature  or  interdependence. 

We  have  therefore  to  discover  some  method  suiBciently  general  to  be  applicable  to  every 
poaiilile  oaae^  and  yet  so  definite  as  to  limit  oadi  partiGalar  oaae  to  one  Itfaid  of  bendhig  eadly 
understood. 

The  method  adopted  in  tbe  following  investigations  is  deduced  from  the  consideration  of 
the  surface  as  the  limit  of  the  inscribed  polyhedron,  when  tbe  size  of  the  aides  is  indefinitely 
diminished,  and  their  number  indefinitely  increased. 

A  mediod  ia  then  described  by  which  such  a  polyhedran  maj  be  hiieribed  in  any  auf&oe 
so  that  all  tbe  aides  ahatt  be  tiian^aa,  and  all  the  solid  angka  composed  cf  six  plane  angles. 

The  pioUem  of  the  bemOng  ct  audi  n  polyhedran  ia  n  queitbn  of  ti%onometry,  and 
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equations  might  be  found  coniiectiDg  the  angles  of  the  different  edges  which  meet  in  each  solid 
angle  of  the  polyhedboD.  It  wOl  be  abown  tbal  the  oonditioiw  thin  obtained  would  be  equi- 
valent to  three  equatkiiie  beCweeo  the  dx  engleB  of  the  edgei  bdoogbg  to  eadi  aalid  an^. 

Hence  three  additional  conditions  would  be  necessary  to  determine  the  value  of  ererj  sildl 
angle,  and  the  problem  would  remain  as  indefinite  as  before.  But  if  by  any  means  we  can 
reduce  tiie  number  of  edges  meeting  in  a  point  to  four,  only  one  condiUoo  would  be  necessary 
to  detenniae  dMn  ally  and  the  problem  wwild  be  leduced  to  the  coniideimtioii  of  one  kind  of 
bendBng  only. 

Thia  maj  be  done  by  drawing  the  polyhedron  in  such  a  manner  that  the  planee  of 
adjacent  triangles  coincide  two  and  two,  and  form  quadrilateral  facets,  four  of  which  meet  in 
every  solid  angle.  The  bendiog  of  such  a  polyhedron  can  take  place  ooly  ia  one  way,  by 
the  inriraair  of  the  angles  of  tmi  of  the  ai^aa  which  meet  in  a  point,  and  tin  diminuttoo  of 
the  an^ee  of  the  other  two. 

The  cosdition  of  auch  a  polyhedmi  being  imcrihed  in  anj  aurface  is  then  found,  and  it  is 
shown  that  when  two  forms  of  the  same  surface  arc  given,  a  prrfcctly  Hffinite  rule  may  be 
given  by  which  two  corresponding  polyhedrons  of  this  kind  may  be  inscribed,  one  in  each  surface. 

Since  the  kind  of  bending  completely  defines  the  nature  of  the  quadrilateral  polyhedron 
whieb  muat  be  deaaribed*  the  linee  fimned  by  the  edgce  of  the  qnadrilatenl  maj  be  taken  ae 
an  indiealion  of  the  Idod  of  bending  performed  on  the  aotfim. 

These  lines  are  therefore  defined  as  "  Lines  of  Rending." 

When  the  lines  of  bending  are  given,  tlie  forme  of  the  quHdrilateral  facets  rtrc  mmrletely 
determined;  and  if  we  know  the  angle  which  any  two  adjacent  facets  make  witii  ouc  anoth^, 
we  may  determine  tlie  angle*  of  the  three  edges  whieb  meet  it  at  one  of  ite  cKtiemitiea.  Vrem 
eaeh  of  tbeee  we  may  And  tlie  an^ea  of  three  other  edgm,  and  eo  on*  ao  thet  the  Jbrm  of  the 
polyhedron  after  bendJug  will  be  completely  determined  when  the  angle  of  one  edge  ie  given. 
The  bending  is  thus  made  to  depend  on  the  change  of  one  variable  only. 

In  this  way  the  angle  of  any  edge  may  be  calculated  from  that  of  any  given  edge ;  but 
•iuce  this  may  ht  done  in  two  dilEnent  ways,  by  passing  along  two  different  aeta  of  edges,  we 
must  have  tlM  ooodltifla  that  these  reeuha  may  be  eonaietent  with  endi  other.  TMa  oooditioa 
it  satisfied  by  the  method  of  inscribing  the  polyliedron.  Another  condition  will  be  necessary 
that  the  change  of  the  angle  of  any  edge  due  to  a  small  cbange  of  the  given  angle,  produced 
by  bending,  may  be  the  same  by  both  calculations.  This  is  the  condition  of  "  Instantaneous 
Lines  of  Bending."  That  this  condition  may  continue  to  be  satisfied  during  the  whole  pro- 
cem  we  nuat  liave  another,  winch  ia  die  condition  for  **  Permaneiit  linea  of  Bending.** 

The  iiee  of  theae  lines  of  bending  in  simplilying  the  theory  of  anrfacea  is  the  only  part  of 
the  present  method  which  is  new,  although  the  investigations  connected  with  them  naturally  led 
to  the  employment  of  other  methods  which  had  been  used  by  those  who  have  already  treated  of 
this  subject.  A  statement  of  the  principal  methods  and  results  of  tbeee  mathematicians  will 
aavc  repetition,  and  win  indleaie  the  difTerent  points  of  view  onder  which  the  anhjcct  may  pre- 
sent itadf. 

The  first  and  moat  aomplete  memoir  on  the  aubjeet  ie  that  of  11  GAum,  abeady 
referred  to. 
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The  nwdnd  wlueli  he  employs  ooBHiti  in  wthmng  erery  point  of  the  mrftes  to  a  corra- 
•pondbg  point  «l  •  cphcre  wbow  tadiM  »  unity.  Nonnab  «fe  dnwn  at  the  mnai  poinla  of 

the  surface  toward  the  same  side  of  it«  then  linee  drawn  through  the  centre  of  the  iphece  hi  the 
direction  of  each  of  these  normals  intersect  the  surface  of  the  Hphere  in  points  OOfMpondhlg  to 
thc^e  points  of  the  original  surface  at  which  the  normals  were  drawn. 

If  any  line  be  drawn  on  the  surface,  each  of  its  points  will  have  a  corresponding  point  on 
the  qihcfe^  m  that  there  will  he  a  oomsponding  line  on  the  ephexe. 

If  the  line  on  Uie  wrftoe  return  into  Itself,  n  at  to  cndoie  a  finite  ana  of  the  mrfte^  tlic 
corresponding  curve  on  the  sphere  will  endoee  an  aiea  on  the  sphere,  the  extent  of  whicii  will 
depend  on  the  form  of  the  surface. 

This  area  on  the  sphere  has  been  defined  by  M.  Gauss  as  the  measure  of  the  "  entire  cur-  - 
▼atoie"  of  tlM  area  on  tlie  snr&eeb   Tins  maChematieel  qoantitj  is  of  great  nee  in  ihe  theory 
of  suribees,ftr  it  it  the  only  quantity  connected  irith  curvature  which  is  eapabk  of  hetng 
wpteMed  as  the  sum  of  all  its  parts. 

The  sum  of  the  entire  curvatures  of  any  number  of  areas  is  the  entire  curvature  of  their 
sum,  and  the  entire  curvature  of  any  area  depends  on  the  form  of  its  boundary  only*  and  is  not 
altered  by  any  change  in  the  form  of  tbe  sorfaoe  within  the  bouodaiy  line. 

The  eurvatum  of  the  suifooe  may  even  he  diaeontiauoue,  ao  tiiat  we  nay  ejpeak  of  the 
entire  curvature  of  a  portion  of  a  polyhedron,  and  calculate  its  amount. 

If  the  dimensions  of  the  closed  curve  be  diminished  SO  that  it  may  be  treated  as  an  element 
of  the  surface,  the  ultimate  ratio  of  the  entire  curvature  to  the  area  of  the  element  OQ  the 
surface  is  taken  as  the  measure  of  the  ^'  specihc  curvature"  at  that  point  of  the  surface. 

The  tenns  **ent]re"  and  **  apeoifie"  ciurvatan  when  used  in  this  paper  are  adopted  fion 
M.  Oavbs,  although  the  me  of  the  ephen  and  tiie  areu  on  its  anrlue  formed  an  caaential  part 
of  the  original  design.  The  use  of  thei«  tenoe  will  save  mudi  czphnatioo,  and  sopenede 
several  very  cumbrous  expressions. 

M.  Gauss  then  proceeds  to  Hud  several  analytical  expressioos  for  the  measure  of  specific 
eurvature  at  any  point  of  a  surface,  by  tbe  eonsidention  of  three  points  very  near  eadi  otiier. 

The  eo-ordinatea  adopted  are  first  rectangular,  •  and  y,  or  y  and  «,  being  regarded  aa 
indepeodent  variables. 

Then  the  points  on  the  surface  are  referred  to  two  systems  of  curves  drawn  on  the 
surface,  and  their  position  is  defined  by  the  values  of  two  independent  variables  p  and  q,  such 
that  by  Terying  p  while  q  remains  constant,  we  obtain  tbe  different  points  of  a  line  of  the 
fint  system,  while  p  coostant  and  9  variable  defines  a  line  of  the  seoond  system. 

By  means  of  these  variables,  pdnt*  on  the  weahc»  nay  be  relinred  to  Hnes  on  tbe  aiir£Me 
itself  instead  of  arbitrary  co-ordinates,  and  the  mesanre  of  curvature  may  be  found  in  terms 
of  p  and  q  when  the  surface  is  known. 

In  this  way  it  is  shown  that  the  specific  curvature  at  any  point  is  tbe  reciprocal  of  the 
product  of  the  principal  radtt  of  cumture  nt  that  poin^  a  rmolt  of  great  interest. 

From  tbe  condition  of  bending,  that  the  langth  of  any  dement  of  the  curve  must  not  be 
altered,  it  is  shown  that  the  specific  curvature  at  any  point  is  not  altered  by  bending. 

The  raat  of  the  memoir  is  ooeupied  with  tbe  consideration  of  particular  modce  of  dcecriUng 
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the  ttvo  gytuim  of  lioet.  One  cue  it  wlieii  the  lines  of  the  Unt  ayiteni  «|e  geodciic,  or 
**  AorttnC*  liMe  hsvtng  their  origin  in  «  point,  and  the  aeoond  sTstem  ii  dnim  eo  at  to  cut 
off  equal  lengths  from  the  curves  of  the  first  system. 

The  angle  which  the  tangent  at  the  origin  of  a  line  of  the  first  system  makes  with  a  fixer! 
line  is  taken  as  one  of  the  co-ordinates,  and  the  distance  of  the  point  measured  along  that  line 
as  die  other. 

It  is  aiiewn  that  the  two  Bystems  ioteneet  at  tight  angles,  and  a  simple  expression  is  found 
for  the  spedfic  curvature  at  any  point. 

M.  LiorviLLK  (Jonrnnl,  Tuni.  XII.)  lias  adopted  a  different  mode  of  simplifving  the  pro- 
blem. He  ha<  shewn  that  on  every  surface  it  is  possible  to  find  two  systems  of  curves  inter- 
secting ai  right  angles,  such  that  the  length  and  breadth  of  every  element  into  which  the 
sarfiHse  is  thus  divided  shall  be  equal,  and  that  an  infinite  numher  of  sudi  tyateass  magr  he 
found.  By  UMans  of  these  enrvee  he  haa  found  a  much  simpler  expression  for  the  specific 
curvature  than  that  given  by  M.  Gauss. 

lie  has  aho  piven,  in  a  note  to  his  edition  nf  Mosoe,  a  method  of  testing  two  given 
surfaces  in  order  to  determine  whether  they  arc  applicable  to  one  aootbcr.  He  first  draws  on 
both  surfaces  lines  of  equal  specific  curvature  and  detertnuMS  die  dislanee  betveen  two  eone> 
spending  eonsecntive  Hnes  of  curvature  in  both  suiiisoes. 

If  by  assuming  the  origin  properly  these  distances  can  be  made  equal  for  every  part  of 
the  surface,  the  two  surfaces  can  be  applied  to  each  other.  Ho  has  developed  the  tbeorsm 
aoalytically,  of  which  this  is  only  the  geometrical  interpretation. 

When  the  Uoes  of  equal  specific  curvature  are  equidistant  throughout  their  whole  length, 
as  in  the  esse  at  surfaces  of  re«blutioa»  the  surlhoes  naj  be  applied  to  one  another  in  an  infinite 
variety  of  ways. 

When  the  specific  curvature  at  every  point  of  the  surface  is  positive  and  equal  to  a*,  the 
surface  may  be  appb'ed  to  a  sphere  of  radius  a,  and  when  the  specific  curvature  nr  !;ative 
■«  —  «'  it  may  be  applied  to  the  surface  of  revolution  which  cuts  at  right  angles  all  the  spheres 
of  tadlus  «» and  whose  centres  are  in  a  straight  line. 

M.  BiBVuuiD  has  given  in  the  Xlllth  Vol.  of  Liovvii&als  Icmmal  a  very  simple  and  ele- 
gant proof  of  the  Ibsorem  of  M.  Gauss  about  the  product  of  the  radii  of  curvature. 

He  supposes  one  extremity  of  an  inextensible  thread  to  be  fixed  at  a  point  in  the  surface, 
and  a  closed  curve  to  be  described  on  the  surface  by  the  other  extremity,  the  thread  being 
stretched  ail  the  while.  It  is  evident  that  the  length  of  such  a  eurve  cannot  be  altered  bj 
bending  the  suibee;  He  then  caleulatm  the  length  of  this  curve,  oonridering  the  lengdk  of 
the  thireod  small,  and  finds  that  it  depends  on  the  product  of  the  principal  radii  of  curvature  of 
the  surface  at  the  fixed  point.  His  memoir  is  followed  by  a  note  of  ^I.  Dir;rET,  who  flediiccs 
the  same  result  from  a  coaaideration  of  the  area  of  the  same  curve  ;  atid  by  an  independent 
memoir  of  M.  Pcubcx,  who  seems  to  give  the  some  proof  at  somewhat  greater  length. 


Not*.  Sines  this  paper  was  writtn,  I  have  seen  the  Bev.  ProAssor  JniMrft  Memofa',  Om  Ike 

Propcrlit'.t  (>f  Inextentible  Surfaces.  Il  is  to  be  found  in  the  Transactions  of  Ihe  Royal  Irish  Aca- 
.iem^,  VoL  XXII.  £oc»c(,       and  was  read  May  S3, 1853.   Professor  Jbli.btt  has  obtained  a  system 
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1.  To  inscribe  a  polyhedron  in  a  given  surface,  all  whose 
aidea  shall  be  trianglet,  and  all  whose  tolid  angles  shall  be 
hexaJudrat, 

Od  the  gives  surfjuie  ilMcribe  a  aerias  of  cunrw  Mowding 
to  anj  anumed  law.  Describe  a  second  series  intersectiiig  tbe»e 
in  any  manner,  so  as  to  divide  the  whole  surface  into  quadri- 
laterals. Lastly,  describe  a  third  series  (the  dotted  lines  in  the 
figure),  ao  at  ft»  paat  tkiougb  all  the  ioteraectioDt  of  the  6r8t 
and  aeoond  aarba^  filming  the  ^agooala  of  the  quadrilaterala. 


of  thiee  partial  differential  equation!;  which  expr«««  the  cflnditiona  to  which  the  diaplacaimnta  of  a 
oontinnous  incxtenaible  membrane  are  subject  From  tliese  he  has  deduced  the  two  dieoKiiii  of 
Gauss,  rdatrng  to  the  invariability  of  the  product  of  tlie  radii  of  curvature  at  any  point,  and  of  the 
♦•entire  curvature"  of  a  finite  portion  of  tlic  surfnce. 

He  has  then  applied  his  method  to  tlie  consideration  of  cases  in  whidi  the  llenbQi^  af  the 
anrface  is  limited  by  certain  conditions,  and  he  has  obtained  the  following  results: — 

If  the  ditplaeemaiU  on  mexteiuibU  smfme  be  ailfuroM  le  the  tarn  pUme,  the  eitrfaee  memu  at 
a  rigid  boi^. 

Or,  mate  genendly, 

//  ikc  movement  <f  on  Inextetttible  iw^aM,  (iarB<fal  J»  Mjf  «aa  Ibw,  U  Uiot  ^  a  HgU  Am^, 
entire  movanent  it  thai  qf  a  rigid  body. 

The  ftllowbif  Dieofenu  relate  to  the  ease  ia  irliidi  a  eonre  traced  en  the  aurftee  la  rendeNd 
rigid:— 

any  curve  be  traced  upon  an  incxtenabU  surface  tehote  principal  radii  qf  curvature  are  Jintte 
and  efihe  tame  i^e,  aad^tku  tarve  be  rendered  immpeMe,  tke  ent&v  mirfaee  niU  heeome  immem- 

aNr  aho. 

In  a  detetopabk  surface  ctmpoted  of  an  inextentible  membrane^  any  one  of  iU  rectilinear  sectionji 
«My  hejtaed  wUbatit  deHtroyb^  IkeJUaMBty  tfOe  moArane. 

In  convexo-concave  isurfaces,  there  are  two  (!ircctit)ns  paasing  through  every  point  of  the  surface, 
such  that  the  curvature  of  a  normal  section  taken  in  these  directions  vanishes.  We  may  therefore 
conoaifa  the  entiw  aurftee  tobe  eroaaed  by  two  aeriea  ef  eimrn,  ladidiatatangaBt  dnwn  todtfaer 
uf  them  at  any  ]x>tnt  shall  coincide  with  one  of  these  directions.  These  curvea  Plroftaaor  JatirTT  has 
denominated  Curves  of  FUjture,  from  the  foUowing  properties : — 

Any  emte  offieaxre  may  be  jCrei  mibont  destroying  tie  JlexibSiiy  ^Ute  tnrfaee. 

If  an  arc  of  a  curve  traced  upon  an  infxlcnsible  surface  he  rcnihred  fi:ccd  or  rigid,  the  entire  of 
the  quadrilateral,  formed  by  drawing  the  tnto  curves  of  flexure  through  each  exirentiiy  q/*  the  curve, 
htemeaflitd  <r  r^W  afao. 

Professor  .Tv.x.lktt  has  alw  investigated  the  properties  of  partially  inc  xti  i;-ihle  surfaces,  and  of  thin 
material  laminae  whose  extensibility  ia  small,  and  in  a  note  he  has  deutonstrated  the  foUowmg 


If  a  closed  oval  surface  le  perfectly  inextensUile,  it  is  also  perferllt/  rigid. 

A  demonstration  of  one  of  Professor  Jbujyt's  theorems  will  be  found  at  the  end  of  this  paper. 

Aug.  30,  18^  J.  C.  M. 
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Tbe  wrfkee  i*  now  wtmd  with  «  netirark  of  wrviliDeir  trianglea.    The  filane  triraglct 

which  have  the  same  angular  points  will  fbrm  a  palyhednm  ftilfilling  the  required  cooditioiit. 

By  increasing  the  number  of  the  curves  in  each  series,  and  diminishing  their  distance,  we  may 
make  the  polyhedron  approximate  to  the  surface  without  limit.  At  the  same  time  the 
polygons  formed  by  the  edges  of  the  polybcdroo  will  appraiiiiiiate  to  the  three  systems  of 
InteneetJiig  curres. 

2.  To  pid  the  m^nture  of  the  "  entire  etnvaftira**  of  a  toUd  mtgk  of  the  polnkedrou, 

and  of  a  finite  portiofi  of  its  surfacr. 

From  the  centre  of  a  sphere  whose  radius  is  unity  draw  perpendiculars  to  the  planes  of 
the  six  sides  forming  the  solid  angle.  These  lines  will  meet  the  turface  in  six  points  on  tb« 
Mine  dde  of  dw  centre,  wUeb  being  joined  by  aics  of  gieet  drdee  wiU  form  a  hexagon  on  the 
surface  of  the  sphere. 

The  area  of  this  hexagon  represents  the  entire  curvature  of  tlie  solid  angle. 

It  is  plain  by  spherical  gcomctrv  that  the  angles  of  this  hexagon  are  the  supplements  of 
the  six  plane  angles  which  form  the  solid  angle,  and  that  the  arcs  forming  the  sides  are  the 
tupplementa  of  those  eubtended  by  Ae  anglei  of  the  six  edges  fbroied  by  adjacent  lidei. 

The  area  of  the  hexagoo  is  equal  to  the  exeeas  of  the  sum  of  ito  angles  above  eight  right 
angles,  or  to  the  defect  of  the  sum  of  the  six  plane  angles  from  four  right  angles,  whicli  is 
the  same  thing.  Since  these  angles  are  invariable,  the  bending  of  the  polyhedroa  cannot  alter 
the  measure  of  curvature  of  each  of  its  solid  angles. 

If  perpendieulam  be  dnwn  to  the  ddce  of  the  poIyhedRm  which  contun  other  sdid 
angles*  additknud  paints  on  the  spbete  will  be  found,  and  if  these  be  joined  by  aies  of  great 
eircles,  a  network  of  hexagons  will  be  formed  on  the  sphere,  each  of  which  eoncsponds  to  a 
solid  angle  of  the  polyhedron  and  rcpn  senta  its  "  entire  curvature." 

The  entire  curvature  of  any  assigned  portion  of  the  polyhedron  is  the  sum  of  the  entire 
eanafains  of  the  solid  angles  it  contains.  It  is  therefore  r^rmoted  by  a  polygon  on  Che 
apheK,  which  is  oonposed  of  all  the  hexagons  oomspocuHng  to  Its  solid  ang^ 

If  a  polygon  composed  of  the  edges  of  the  polyhedroo  be  taken  as  the  bMindafy  .of  the 
assigned  portion,  the  sum  of  it»  exterior  angles  will  be  the  same  as  the  sum  of  the  exterior 
angles  of  the  polygon  on  tlie  sphere;  but  tlie  area  of  a  spherical  polygon  is  equal  to  the 
defect  of  the  sum  of  its  exterior  angles  from  four  right  angles,  and  this  is  the  measure  of 
entire  cunratnre. 

Therefore  the  entiie  curvatme  of  the  portloB  of  the  pdyhadnm  ewdoaed  by  the  polygoo 

Is  equal  to  the  defect  of  the  sum  of  its  exterior  angles  from  four  right  angles. 

Since  the  entire  curvature  of  each  solid  angle  is  unaltered  by  bending)  that  of  a  finite 
portion  of  the  surface  must  be  also  invariable, 

3.  On  the  "  Cmio  ^  Confon^"  and  Ue  tm  in  ittarmiHing  cite  emnatiire  of  mem«l 
mHone  <^  a  euifaee. 

Suppose  the  plane  of  one  of  the  triangular  facets  of  the  pdtyhedtOO  to  bo  ptodnesd  till  it 
cuts  die  sorCue.   The  fbrm  of  the  cum  of  intersection  will  depend  on  die  natore  of  the 
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surface,  and  when  the  size  of  the  triangle  is  indefinitdy  diminished,  it  will  approximate  to  the 
form  of  o  oooie  aeetioa. 

For  we  wtfif  luppoee  a  lutfaee  of  the  Mcand  order  eooetraeted  ao  w  to  have  a  oontact  of 
the  aeeood  order  with  the  given  surface  at  a  point  within  the  angular  points  of  the  trianglie. 

The  curve  of  intersection  with  this  surface  will  be  the  conic  section  to  which  the  other  curve 
of  intersectinn  npprt  iches.    This  curve  will  be  beoceforth  called  the  "  Conic  of  Contact,^ 

for  want  of  :i  !>  ttLT  uanie. 

Tn  find  the  radius  of  curvature  of  a  normal  aeetion  of  the 

surface. 

Let  ARa  be  the  conic  of  contact,  C  its  centre,  and  CP  per- 
pendkutar  to  ite  pboe.  tPS  a  normel  icetxNi«  and  O  its  eeotre 
of  curraturci  then 

1  PR* 

i  CP 


PO 


1  OR* 


in  the  limit,  when  CR  and  PA  ooindde, 


S  CP 
1  rj^ 

"i  CP* 

or  oalling  CP  the  "aagitta,"  we  bave  thie  theoicm: 

"  The  radius  of  curvature  of  a  normal  section  is  equal  to  the  square  of  the  i 
dlMneter  of  the  oooie  of  contact  divided  by  eight  timea  the  aegitta.** 

4.    T«  imertfta  o  p(^h»iinm  in  a  gbtm  tmfaM^  aU  wkine  mdea       h»  plam 
Islmrit,  and  <rll  toAoae  eeiid  mi^ea  «ft«tf  fo  tetnAadral. 

Suppose  the  three  isystetns  of  curves  drawn  as  described  in  s*rct.  (1),  then  each  of  the 
quadrilaterals  formeti  by  the  intersection  of  the  first  and  second  systems  is  divided  into  two 
triangles  by  the  third  system.  If  the  planes  of  these  two  triangles  coincide,  they  form  a 
plane  quadtihteral,  and  if  everjr  rach  pair  of  triangles  ecinddr,  the  polyhedron  will  aatiaff  the 
required  oonditioa. 

Let  ate  be  ooe  of  theae  triani^  and  oed  the 

other,  which  is  to  be  in  the  same  pbuke  with  abe.  Then 

if  the  plane  of  abc  be  produced  to  meet  the  surface  in 
tlif  tonic  of  contact,  the  curve  will  pass  through  ahc 
and  d.  Hence  abed  must  be  a  quadrilateral  inscribed 
in  the  conic  of  contact. 

But  rinoe  tA  and  die  hekof  to  fha  Mme  eyiten  of  enrvee,  they  will  he  ultimatdy  paral- 


lel when  the  size  of  the  facets  is  diminished,  and  for  a  nmilar  reason,  ad  and  be  will  be 
ultimately  parallel.  Hence  abrd  will  become  a  parallelogran,  b«t  the  aides  of  a  perallelo- 
gram  inscribed  in  a  conic  are  parallel  to  conjugate  diameters. 

Tberefare  the  dhreetione  of  two  nmtm  <ci  Iho  tnk  «id  eeeond  igrMMB  at  thek  point  of 
YouDL  PabtIV.  09 
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interaection  must  be  parallel  to  two  conjugate  diameters  of  the  cooic  of  ooatact  at  that  pdnt 
in  order  that  tacb  r  pd/bsdcon  may  bt  tnieribed. 

SystoBs  of  Mirfct  inteneeting  in  this  mmner  wfll  be  rafSmred  tow**  conjugate  ■yatenM." 

5.  On  /Ae  denventary  condiHons  of  the  applicahility  of  two  surfaces. 

It  is  evident,  that  if  one  surface  is  capable  of  being  applied  to  another  by  bending,  every 
point,  line,  or  angle  in  the  first  has  its  corresponding  point,  line,  or  angle  in  the  second. 

If  the  tranaftmnntion  of  the  surbee  be  effected  without  the  octenabNi  or  contmclion  ct  any 
part,  DO  line  drawn  on  the  aorfaoe  can  experience  any  diange  in  tti  leegdi,  mid  if  tUt  oondi- 

tkm  be  fulfilled,  there  can  be  no  extension  or  contraction. 

Thcreforo  the  condition  of  bending  is,  that  if  any  line  whatever  be  drawn  on  the  first 
surface,  the  corresponding  curve  on  the  second  surface  is  equal  to  it  in  length.  All  other  con- 
ditions of  bending  may  be  deduced  from  tbia. 

6.  I/lwo  eurvM  on  Me  jfraf  awfaee  mUrttet,  Me  eomapmiSHg  ««reet  m  Me  eesMtf 
CKt/ooe  ktitneei  «t  <Ae  eoine 

Oo  the  first  surface  draw  any  curve,  so  as  to  form  a  triang^  with  the  Cttrrea  abraady 
drawn,  and  let  the  sides  of  this  triangle  indefinitely  diminished,  by  making  the  new  curve 
approach  to  the  intersection  of  the  former  curves.  Let  the  same  thing  be  done  on  the  second 
surface.  We  shell  then  ban  two  eorrespoDdiug  triangles  whoee  ndce  are  equal  each  to  each, 
by  (5),  and  since  their  sides  are  iodefinitdy  amall,  we  may  regard  them  aa  straight  lines. 
Therefore  by  Euclid  I.  8,  the  angle  of  the  first  triangle  formed  bj  the  intersection  of  tlie  two 
cunree  is  equal  to  the  correspondiog  angle  of  the  second. 

?.  M  any  give?i  point  of  the  first  t/wrface^  tteo  directiofu  can  be  found,  which  are 
conjugate  to  eaa4  eAer  wWt  rwtpeot  lb  Me  esNie  eonloet  at  that  pointt  iMi  mMme 
to  h*€Oi^vgate  to  eaek  oMer  «jle»  tkejbrat  aurfaeo  it  Irani^mied  into  Me  esonnd. 

For  let  Ac  first  surfMc  be  trtnslierredi  wtthont  changing  its  farm,  to  •  podtiMi  such 
that  the  given  pcdnt  coincides  with  the  coirespondlng  pcint  of  the  second  surfiKe,  end  the 
normal  to  the  fir^t  surface  coincides  with  that  of  the  second  at  the  same  point  Then  let 
the  first  snrfnre  be  turned  about  the  normal  as  an  axis  till  the  tnnwnt  of  any  line  tbtOl^gh 
the  point  cuincideii  with  the  tangent  of  the  corresponding  line  in  the  second  surface. 

Tiien  by  (6)  any  pair  of  corresponding  lines  passing  through  the  point  wiU  have  n 
common  tangent^  and  will  therefore  coincide  in  dineetum  at  that  point. 

If  we  now  draw  the  conies  of  contact  bdonging  to  each  surface  we  shaU  hsve  two  codes 
with  the  same  centre,  and  the  prublem  is  to  determine  a  pair  of  conjugate  diameters  of  the 
first  which  coincide  with  a  pair  of  conjugate  diameters  of  the  second.  The  analytical 
solution  gives  two  directions,  teal,  coincident,  or  impossible,  for  the  diameters  rcquind. 

In  oar  InTcat^ations  we  can  be  concerned  only  with  the  caae  in  whidi  these  diraotiona 
arc  naL  ' 
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When  the  oonk*  iotenect  in  four  pointis,  P,  Q,  i2,  iS^,  PQRS 
it  •  puraUelc^nai  iweribid  in  botli  eoaie«»  wkI  the  mtm  CA,  CBf 
panilkl  to  the  iidei,  tiv  €ODjag«t*  in  both  code*. 

If  the  conies  do  not  intersect,  describe,  through  any  point 
P  nf  f1ir>  second  conic,  a  conic  similar  to  and  concentric 
with  the  first.  If  the  conies  intersect  in  four  points,  we  tuust 
proceed  as  before;  if.tbej  touch  in  two  poinu,  tlie  dinnwtf 
tlnoagb  tbow  points  and  its  eonjitgate  mnit  be  taken.  If  th^ 
intevaeet  in  two  points  only,  then  the  problem  is  impossible;  and 
if  they  coincide  altogether,  the  conies  are  siniikr  and  annilarly 
dtnated,  and  the  problem  is  indeterminate. 

&    7^  MM/iieae  Miy  fMo»  M  ^foiv^  «iie]Nrir  ^«^^ 
&e  drawn  on  the  fint  mrfaeet  wiUnlk  ailnll  aomapoml  to  a  pair  tf  «o^/«gi«to  tjfitem  on 
tk$  teeond  turfiua* 

By  article  (?)  we  may  find  at  every  point  of  the  first  surface  two  directions  conjugate 
to  one  another,  corresponding  to  two  conjugate  (iircctionR  on  the  second  surface.  These 
directions  indicate  the  directions  of  the  two  systems  of  curves  which  pass  through  that  point. 

Knowing  the  dtraetkwi  whidi  every  curve  of  cadi  ^item  mnt  IiBve  at  every  point  of 
it»  oonnek  the  qr^teme  of  curvet  maj  be  dther  drawn  bj  aome  direot  geometrical  method, 
or  constructed  from  thdr  cqnatioM,  which  niaj  be  found  bj  lolving  their  diffimntial 
equations. 

Two  systems  of  curves  being  drawn  on  the  first  surface,  tlic  corresponding  systcm-s 
wmj  lie  drawn  on  the  aeoond  anrfaoe.  Tlieie  tjitentt  being  conjugate  to  eadi  otiicr,  flilffl 
the  condition  of  Art.  (4^  and  may  therein  be  made  the  means  of  eonatraetiqg  a  pdyhednn 
with  quadrilateral  faeeta»  by  the  bending  of  wlueh  the  transformation  may  be  effected. 

These  aystemi  of  curves  will  be  referred  to  aa  the  "  firat  and  second  ^stema  of  Lines  of 
Bending." 

ft.   CSanorol  osiuidkraliont  opfrfioaUf  to  Lintt  of  S§iM»g» 

It  has  been  shewn  that  when  two  forms  of  a  aurface  are  given,  one  of  whidi  may  be 

transformed  into  the  other  by  bending,  the  nature  of  the  lines  of  bending  5s  completely 
determined.  Supposing  tlio  problem  reduced  to  its  analytical  expression,  the  equations 
of  these  curves  would  appear  under  the  form  of  double  solutions  of  differential  equatiuas 
of  the  fiMt  order  and  second  degree,  cndi  of  wliioh  would  involve  one  arbitrary  quantity, 
by  tlm  vaiiatioo  of  wUdi  we  dmnld  paae  fton  one  cmrve  to  aaotiier  of  the  same  system. 

Hence  the  position  of  any  curve  of  either  system  depends  on  the  value  assumed  for  the 
arbitrary  constant;  to  distinguish  the  systems,  let  us  call  one  the  first  system,  and  the  other 
the  second,  and  let  all  quantities  relatiog  to  the  aeoond  system  be  denoted  by  accented 

Jm  die  arbitmy  oooslaals  inHndoesd  by  integration  be  «  ffar  Ae  first  qraCaaa,  and  «' 
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Then  tlie  value  of  u  will  detcrmiDe  the  position  of  a  curve  of  the  £nt  sjstem,  and 
diat  of  1/  a  cum  of  tbe  second  system,  and  Aadm  w  mad  «if  will  mflee  to  determine  the 
point  of  intereectlon  of  theie  two  cnnrea. 

^nce  we  may  conceive  tbe  position  of  amy  fobst  on  tho  eufiiMe  to  be  detemiiMd  bj  tlie 

tralucs  of  u  and  u  for  the  curves  of  the  two  systems  which  intersect  at  that  point. 

By  takin^r  into  account  the  equation  to  the  surface,  we  may  suppose  x,  y,  and  x  the 
co-ordinates  of  any  point,  to  be  determined  as  functions  of  the  two  variables  u  and  u.  This 
being  done,  we  ebdl  have  naterinb  for  calcnlatiag  everything  eonneeted  witb  die  enrfeoe* 
end  its  lines  of  bending.  But  before  entering  00  eudi  oelcidetiona.  let  W  ♦mninc  the 
principal  properties  of  these  lines  which  we  must  take  into  account. 

Suppose  a  series  of  value*  to  be  given  to  u  and  u,  and  the  corresponding  eunres  to  be 
drawn  on  the  surface. 

The  auifece  will  then  be  covered  with  ■  syitem  of  qnadrilatenb,  the  HSe  of  whidi  nay 
be  dininiibed  indeflnitely  hy  inierpolating  valuee  of  «  and  «*  between  thoee  already  asnined ; 
and  in  the  limit  each  quadrilateral  may  be  nipurded  as  a  parallelogram  coinciding  with  a  facet 

of  the  inscribed  polyhedron. 

Tbe  kagtht  the  breadth^  and  the  angie  of  these  parallelograms  will  vary  at  different  parts 
of  the  nufaGe,  and  will  therefore  depend  on  the  valne*  of  w  and  f^* 

The  mnaHtn  of  a  line  drawn  on  a  aoxftee  nay  be  inveatigated  by  ocMuidcring  the 

aur^aturc  of  two  other  lines  depending  on  it. 

The  first  is  the  projection  of  tfic  line  on  a  tangent  plane  to  the  surface  at  a  given 
point  in  the  line.  Tbe  curvature  of  the  projection  at  the  point  of  contact  may  he  called 
the  tangential  curoatun  of  tbe  line  oo  tbe  surface.  It  has  also  been  called  the  geodesic 
carvatare^  beoaoae  it  it  lihe  meaHire  of  its  deviation  Ibom  a  geodesic  or  ahorteet  line  on  the 
iurfaoe. 

The  other  projection  necessary  to  define  the  curvature  of  a  line  on  tlie  surface  is  00  a 
plane  passing  through  the  t,int.»(  nt  to  the  curve  and  tlie  normal  to  the  surface  at  the  point 
of  contact.  Tbe  curvature  ui  this  projection  at  that  point  may  be  called  the  normal 
cmntaimre  of  the  Hoe  on  tbe  sorfiwe. 

It  is  easy  to  show  that  this  narmal  curvature  ia  the  same  as  the  curvature  of  a  normal 
■cctioo  of  the  iuifoee  passing  thraugh  a  tangent  to  the  curve  at  the  lame  point. 

10.    Ommt^  ceweidiraifats  applicable  to  the  inscribed  polyhedron. 

When  two  series  of  Knes  of  bending  belonging  to  tbe  first  and  second  systems  have 
been  deoeribed  00  the  sudhee,  we  may  proceed,  as  in  Art.  (1),  to  describe  a  third  aeries  of 
curves  so  as  to  pass  through  all  their  intoncctloos  and  form  the  diagcoale  of  the  quadrilaterals 

formed  by  tltf  <>r*«  pair  of  systems. 

Phu>e  triangles  may  then  be  constituted  within  the  surface,  having  these  points  of 
intersection  for  angles,  and  the  size  of  the  facets  of  this  polyiudron  may  be  diminished 
hidcfinitely  by  increasing  the  number  of  curves  in  saeh  series. 

But  by  Art.  (8)  the  first  and  second  ^stema  of  lines  of  bending  are  eoojii|prte  to  ea^ 
other,  and  therefore  by  An.  (4)  the  polygon  just  constmcted  will  have  every  pair  of  triangular 
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facets  in  the  same  plane,  and  may  therefore  be  considered  as  a  pol^hiidroa  with  pkne  quadri- 
latml  fiwet*  aU  irhoie  loiBd  angles  an  fonned  by  four  of  theae  ftoela  maeliDg  in  a  point 

Whea  lha  numbac  of  eiir?«a  in  oadi  iyatem  it  jneiaaaed  and  diair  dfatanoe  dinfaualMd 
indefinitdy.  the  plane  facets  of  the  polyhedron  wUl  ultimately  coincide  with  the  curved 
surface,  and  the  polygons  fiwoied  by  the  auccaaaive  cdgaa  batwaan  tha  faceta*  ivill  oatncide 
with  the  lines  of  bending. 

These  qoodribitenb  may  then  be  conaidered  as  parallelograma,  the  length  of  wUcb  is 
dateimiDed  by  the  portion  of  a  gutto  of  the  aeeood  ayatem  intercepted  between  tivo  eurraa  of 
the  first,  while  the  breadth  is  the  distance  of  two  ounres  of  the  second  system  maaauicd  along  • 
cun-c  of  the  first.  The  expreFsi'in<5  for  tliese  quantities  will  be  given  when  we  come  to  the 
calculation  of  our  results  along  with  the  other  pfirHru!fir<;  whiVh  we  only  specify  at  present. 

The  angle  of  the  sides  of  these  parallelograins  will  be  ultimately  the  same  as  the  angle 
of  intenaction  of  the  first  and  aeoiHid  tyitens,  whidi  «a  may  csO  0;  but  if  «a  nippoae 
tile  dimennona  of  Aa  fcaato  to  ba  amaU  4{iiantiliaa  of  the  firat  order,  the  anj^  of  tha  four 
facets  which  meet  in  a  pmnt  will  differ  from  the  angle  of  intersection  of  the  curves  at  that 
point  by  small  angles  of  the  first  order  depending  on  the  tangential  curvature  of  the  lines 
uf  bending.  The  sum  of  these  four  angles  will  differ  from  four  right  angles  by  a  small 
angle  of  tlia  laeond  order,  tha  dreular  meaiura  of  wbidi  expranae  the  entire  curvature  of 
tha  aolid  angle  aa  in  Art. 

The  angle  of  inclination  of  two  adjacent  facets  will  depend  on  the  normal  curvature  of 
the  lines  of  bending,  and  will  be  that  of  the  projection  of  two  consecutive  ndea  of  the  polygon 
of  one  system  on  a  pkne  perpendicular  to  a  aide  of  the  other  aystem* 

11.    Explanation  of  th»  Notation  to  be  «in. 
jttoged  in  ctUeulation. 

Suppoee  eadi  ayatem  of  linea  of  bending  to  be 
determined  by  an  equation  containing  one  azUtnury 

parameter. 

Let  this  parameter  lie  »  for  tlie  6nt  ayatem,  and 
u  for  the  second. 

Let  two  curvet,  ooe  from  each  system,  be  selected  as 
curvea  of  refereooa^and  kttiiair  paramelan  be  iii^aiidtt'^ 

Let  OJV  and  OM  in  the  figure  represent  these  two  ourvea. 

Let  PiV  be  any  curve  of  the  first  system  whose  parameter  is  u,  and  PN  any  cur%'c  of  the 

second  whose  parameter  is  zt',  then  their  intersection  P  may  be  defined  as  the  point  «'),  and 
all  quantities  referring  to  the  point  F  may  be  expressed  as  functions  of  u  and  u'. 

Let  PN,  the  length  of  n  curve  of  the  second  system  (u)  from  N,  (uj  to  P,  (»),  be 
expresasd  by  a,  and  PM  the  length  of  the  curve  (is)  ttom  (t^^  to  by  then  «  and  «' 
will  be  functions  of  u  and 

Let  (u  +  cu)  be  the  parameter  of  the  curve  QV  of  the  first  system  consecutive  to  PM, 
Then  the  length  of  PQ,  the  part  of  the  curve  of  the  second  system  intercepted  between  the 
curves  (u)  and  (u  -t-  ou),  will  be 
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Similarly  PR  may  be  expreued  by 

These  values  of  P<{  «nd  PJK  will  be  tlie  ultiinale  valuei  of  die  knfdk  aod  Ineedth  «f  « 

quadrilateral  facet. 

The  angle  between  these  lines  will  be  ultimately  equal  to  <p,  the  angle  uf  intersection  of  the 
syaCem ;  but  wben  the  Takwe  of  kt  and  afe  eouaideind  «•  finite  though  small,  the  angles 
«,  6,  e^  d  of  the  foeete  wUdi  iotm  n  Mlid  a^glc  will  depend  on  tiie  tangentia]  oimtura  of  the 

two  systems  of  lines. 

Let  r  be  the  tanfrential  curvature  of  a  curve  of  the  first  •^VHtem  at  the  given  point  measured 
in  the  dirvctioo  in  whicii  u  increattes,  and  let  r\  that  of  the  second  system,  be  measured  in  the 
dixection  in  which  u  iocreases. 

Then  we  bImU  lieve  tat  the  faluet  of  the  four  phme  aa^ce  which  meet  at  F, 


a  m 

IT  — 

2r  du 

^  ^  ^\ 

+  — — ;dM  + 

Sr  du 

c  ■ 

d- 

I  ds\, 
-—     .du  - 
Sr  du 

1     ds  , 
,  —  ou. 
2r  du 

These  values  .ire  correct  as  far  as  the  first  order  of  small  quantitiee.  Tboee  OOfVectiooa 
which  depend  on  the  curvature  of  the  surface  are  of  the  second  order. 

Let  p  be  tfie  normal  ciur««luic  ef  a  eorve  e#  the  fint  system,  and  p'  thet  of  *  eum  of  the 
aeeond,  then  the  indination  I  of  the  plane  facets  «  and  ^  Bunted  by  «  curve  of  the  aeeood 
ajatem,  will  be 

p  &in  <p  du 

fiur  aa  the  lint  order  of  amali  angles,  and  the  inclinalion  J*  of  A  and  e  will  be 

to  the  same  order  of  exactness. 

13.    On  (he  corresponding  pofygon  on  the  surface  nf  the  sphere  of  r^ertnce. 

By  the  method  described  in  Art.  (2)  wc  may  find  a  point 
on  the  sphere  corresponding  to  each  facet  of  the  polyhedron. 

In  the  annexed  figure,  let «,  e»d  be  the  points  on  the 
sphere  eomeponding  to  the  four  facets  which  meet  at  the  solid 
angle  P.  Then  the  area  of  the  spherical  quadrilateral  a,  b,  c,  d 
will  be  the  measure  of  the  entire  curvature  of  the  solid  angle  F. 

This  area  is  measured  by  the  defect  of  the  sum  of  the 
exteriiHr  angles  Aom  fimr  right  angles  t  but  these  exterior  an^ea  are  equal  to  the  Aur  anglsa 
mtbte,d,  wbidi  lonn  the  soM  angle  P,  dkr^ne  tlie  entire  eumture  is  neasmred  hj 
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Sioce  a,  i,  c,  d  are  invariable,  it  is  evident,  as  in  Art  (2),  that  the  «otire  curvature  at  P 
i»  not  altered  hj  bending.  ' 

Bj  tiw  hit  wtiefe  it  apgmn  dut  whoi  die  flwats  are  som]]  die  aB|^  (  and  4  aie 
appRndmatdy  equal  to  ^  and  •  and  e  to  (w^)*  and  since  the  aides  of  the  quadrilatend  co 
the  sphere  are  waall,  we  regard  it  ai  appnziinatelj  a  plane  paralldograni  vlioae  ann^ 
bad  =  (p. 

The  sides  of  this  pandlelc^am  will  be  i  and  i',  the  supplements  of  the  angles  of  the 
ed|ee  of  the  polyhedioB,  and  we  may  tbeidbw  exptm  ite  area  as  a  plane  panUdognun 

A  *  1/  da  ^ 

By  tfae  expreaakni  for  I  and  f  In  the  last  article,  we  find 

,  1        (if  d«'  « 

*  ■  — I  T  J"'  ^«  « 

pp  sin  (p  du  du 

for  the  ciitire  curvature  of  one  solid  angle. 

Since  the  whole  number  of  solid  angles  is  equal  to  the  whole  number  of  facets,  we  may 
aappow  a  qoatter  of  each  of  tlie  faoete  of  wliieb  it  ie  oompoaed  to  be  aasigned  to  eaeh  adid 
angle.   The  area  of  tbeae  will  be  the  aame  aa  that  of  one  wbok  fiuset,  namely, 

,    .  d*  d*'      .  , 

^  du  du 

tlierefore  dividing  the  expression  for  Ac  by  this  quantity,  we  find  for  the  value  of  the  qieeifie 
carvature  at  P 

1 

pp  ain*<p 

which  gives  the  specific  curvature  in  tenns  of  the  tMnrmmi  curvatures  of  the  Usee  of  t«— ^«"g 

and  their  angle  of  intersection. 

13    Farther  ndtuMo»  ofikU  eaprwien  By  meant  of  tie  «  Cmie  efCmdm*^  at  d^bud 

in  Art.  (.-?). 

Let  a  and  b  be  the  semiaxes  of  the  conic  of  contact,  and  k  the  sagitta  or  perpendicular  to 
ite  pkne  from  the  oentn  to  the  anffbeeb 

Let  CPt  CQ  be  eeaddiametore  paraDd  to  the  Imea  ta  bendbg 
of  the  first  and  aeoond  ayrteoiit  and  tiieNfbie  oanjtt|prte  to 
eadi  other. 

»  »  1  CP* 

By  (Art«,)      p~-  — , 

.     ,  1 
ana  ; 

and  die  expNenon  Jbr  p  In  Art  (IS),  beeomce 

**■  (CP.CQ  sin  cpy' 

But  t'F.L  Q.  (p  is  the  area  of  the  parallelogram  CPRiit  which  is  one  quarter  of  the 
dicmnaBribed  parallelogram,  and  therefore  by  a  weOJEOoani  dMorca 

CP,CQ  dn  ^  - 
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and  the  expression  for  p  becomes 

or  if  the  arai  of  tlie  civcamiciiUiig  pixdiidogrnm  l>c  called  A, 

I6h* 

The  principal  radii  of  curvature  of  the  surface  are  parallel  to  the  axes  of  the  conic  of 
eoDtocti    L«t  R  and     denote  theie  radii,  then 

ii-l^-'and  JT.l*^; 

and  thcrefioffie  subntituting  is  the  cxpreinoD  for  p, 

1 

^  RIt 

at  Uie  specific  curvature  is  the  reciprocal  of  the  product  of  tiie  principal  radii  of  curvature. 

This  remarkable  expression  was  introduced  hy  Gauss  in  tiic  memoir  referred  to  in  a 
Jbnner  part  of  this  paper.  Hii  method  of  invettigation,  though  not  io  elementaiy,  is  moie 
dweet  than  that  here  gifcn,  and  will  show  lisw  this  leault  em  he  ohuincd  without  lefeKooe  to 
the  geometrical  methods  nuceaaery  to  a  mora  extended  inquiry  into  the  laodlM  of  hending. 

li.  On  ihe  variaHon  of  normal  curvature  of  thg  Uttet  <if  bendinff  as  w)  pan  pvm  one 
fmmt  of  ^Ae  mi/hoe  to  onaAer. 

We  have  detennioed  die  relation  between  the  normal  curvatures  of  the  lines  of  bending  of 

the  two  systems  at  their  points  of  intersection  ;  we  have  now  to  find  the  variation  of  normal 
curvature  when  we  pass  from  one  line  of  the  first  system  to  another,  along  a  line  of  the 
second. 

In  analytieal  buigui^  we  have  to  find  the  value  of 

iieiernng  to  tlie  figure  in  Art.  (ll),  we  shall  sec  that  this  may  be  done  if  we  can  determine 
the  dflcTCOoe  hetween  the  an^of  indinatioa  of  the  fiKCte  •  md  A,  and  that  of  e  and  d;  fbr  the 
ai^  1  between  a  and  b  is 


p  sin  <p  du 

and  tliere£are  the  di  Asenoe  lietween  the  ai^le  of  a  and  k  and  that  of  c  and  4  is 

4u       duKfim^  dm  J 
whence  the  dififcntial  of  p  with  Kspeet  to  «*  nay  he  Inmd. 

We  must  therefore  find  ^  and  this  is  done  by  nwans  of  the  quadribterai  on  Uw  sphera 
described  in  Art.  (is). 
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15.   Tojbui  the  nalnea  of^and^. 

In  tfct  HBOMil  figure  Jet  tAed  represent  the  small 
quMiriktenl  on  the  rarfiwe  of  the  sphere.  The  exte. 
rior  angke  a,b,c,  d  are  equal  to  those  of  thelbur  faeete 

which  meet  at  the  point  P  of  the  surface,  and  the 
sides  represent  the  angles  which  the  plaDea  of  those 
beets  make  with  each  other ;  so.  that 

and  the  pvobleai  is  to  detnnioe  itmoAifin  terms  of  the  sides  i  and  /  and  the  angles  abed. 
On  the  sides  hat  ^  complete  the  paralklugram  abed. 

Produce  ad  to  p,  so  that  ap  -  ai.    Join  jjp. 
Make   Cq^ed  mA  join  dq, 
then  jf-Mf-d^ 
-07-e^ 

-  —  ^  +  o4). 
Now    q»mqd  tan  qi» 

-  ed  sin  qcd  cot  qod, 
butedml  nearly,  sin  qcd  «  qcd  -  (c    h  +  -r)  and  fed  m  ^ ; 

.-.  qo  "  i{c  +  b  -ir)cot0. 

Ako  oS^^P^ 


nn  3op 


sin  ^ 

Substitutiog  the  values  of  a.  A,  c,  d  from  Art.  (11), 

cotd>««»-l'-  — ,  V. 
Finalty,  substituting  the  values  of  /,  /',  and     from  Art,  (14), 

di$\pvh»^  dut'l  p  ua  cp  du'?  At  p  sin'^  du  r  di/  * 

which  la&y  be  put  under  the  more  eontrement  JbriB 

Si  (loe/.)  -  ^  k«  ^)  +  J,  -  cot  ^ -  ^ 

and  fboaa  the  valiie  of     we  may  shdlarij  ohtain 

5;;.  (logp)  -       log  ^)  ^  -  ^  cot^  ^.  J  ^ 

Vol.  IX.  Part  IV.  60 
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We  may  simplify  these  equatioDt  hy  puttbg  p  for  die  q>edfie  carratUM  of  the  euiftee, 

and  9  for  the  ratio       which  is  the  only  quanuly  altered  by  bending. 
P 

We  have  then 


1 


whence       mq      .  .  . .  p*  r^— , 

and  the  equadona  beoome 

rf  ^     ,        A  ,     I  i  d»       ^     2  d«'     I  1 

^,0««ff)-  -  ,7/%'         )  -  ;  ^'^^-r'  d7  sii^  ? 

In  this  way  we  may  reduce  the  problem  of  beodtDg  a  suifaoe  to  the  consideration  of  one 
variable  q,  by  means  of  the  lines  of  bending. 

16.    To  Mam  the  condition  of  Inttantaneofis  lines  of  bending. 

Wo  have  now  obtained  the  value*  (tf  the  difierential  ooeffieienU  of  q  with  leapeeC  to  each 

of  the  variables  tt,  «'. 
From  the  e(|uatioD 

we  night  find  an  equation  which  would  give  certain  conditions  of  lines  of  bending.  These 
conditions  however  would  be  equivalent  to  tho^^e  which  we  have  alicadj  aMumed  when  we  drew 
the  systems  of  lines  so  as  to  be  conjugate  to  each  other. 

To  find  the  true  oonditioos  of  bending  we  must  suppose  the  form  ot  the  surtace  to  vary 
eondnooaalyi  *o  at  to  depend  on  aome  variahk  t  whidi  we  may  edl  the  tini& 

Of  the  different  quantities  which  enter  into  our  equadona*  none  are  changed  bj  the 
tqperation  of  bending  except  q,  so  that  in  differentiatb^  with  reqieet  to  /  aU  the  rest  nay  be 
considered  constant,  q  being  the  only  variable. 

Differentiating  the  equationa  of  last  article  with  respect  to  <,  we  obtain 

d^    -  I  Id- 

5i?5<^«>'r'S?si^0^5?<*^«>- 

A*      ^      ^     i  d        (is     1    \      2  i      d   „  Ad. 

dududt  ^»>-        \r  Tu  sin^J  ^  r  du  .u.<pdu'  ^'«^>) 

r  du  sin^  '  di?di 
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9  da'     1     I     d  * 
'*'r'du  ain^  q  d«d<  ^ 

two  independent  values  of  the  same  quantitjt  wbenca  the  required  conditions  may  be 

obtained. 

Subttitutiog  io  these  equations  tlie  values  of  those  quantities  which  occur  in  the  original 


wlifaji  It  tlie  eondiliiiii  wUeli  murt  hold  at  cveiy  instuit  duiii^  the  praocM  of  benffing  for 
the  Hnffi  about  which  the  bending  takes  place  at  that  ingtant.    Wben  the  bending  is  such  that 

the  position  of  tiip  lines  of  bendinrr  "n  \hc  <iurface  alters  at  every  instant,  this  is  the  only 
condition  which  is  required.  It  is  therefore  called  the  conditioa  of  Instantaneous  lines  of 
bending. 

17.     To  find  the  condition  of  Permanent  tinea  of  bending. 

^ince  q  changes  with  the  time,  the  equation  of  last  article  will  not  be  satisfied  for  any  finite 
time  unless  both  sides  are  separately  equal  to  zero.    In  that  case  we  have  the  two  conditioos 

2  d«' 


d,     /     «^-^\2d*'_^.  ^' 


1  ds 


0. 


d  .     I    ,  da    .     \      i  da 

S     IT"  aT    *  J    ?  ^te     ^  "  °' 


1  d£ 
?  du' 


(I) 


If  the  lines  of  bending  satisfy  these  conditions,  a  finite  amount  of  bending  may  take  place 
without  changing  the  poaitioD  of  the  system  00  the  Mtc&eB.  Sudi  Imei  n«  tharelaire  called 
FemuBait  lines  of  bendiog. 

The  only  case  in  which  the  phenomena  of  bwiding  may  be  exhn)ited  by  means  of  die 

polyhedron  with  quadrilateral  facets  is  that  in  which  permanent  lines  of  bending  arc  chosen  as 
the  boundarif!  of  the  facets.  In  all  other  cases  the  bending  takes  place  about  an  instantaneous 
system  of  liucs  which  is  continually  in  motion  with  respect  to  the  surface,  so  that  the  nature  of 
Ae  polyhedniB  irould  nMd  to  be  illend  «t  tv«ry  inattnti 
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We  are  dow  able  to  determiDe  wbeUier  any  system  of  lines  drawn  on  a  given  surface  is  a 
t/itein  of  tutantaneoai  or  pemiaiMiit  Uaea  of  bending. 

We  are  alao  able,  hj  tbe  method  of  Axticle  (S),  to  deduce  from  two  consecutive  forma  of 
a  surface,  the  lines  of  bending  about  which  the  transformation  must  have  taken  place. 

If  our  analytical  methods  were  Rufficiciitiv  powrrful,  we  might  apply  our  results  to  the 
determination  of  such  systems  of  lines  on  any  knuwn  surface,  but  tbe  necessary  calculations 
even  in  tbe  simplest  eaasa  are  so  cosaplieated,  that,  even  if  ttsefal  results  were  obtained,  they 
would  be  out  of  place  in  a  paper  of  this  land,  whidi  is  intended  to  afibrd  die  means  of  forming 
distinct  conosptions  rather  than  to  exhiliit  tlie  results  of  matliematieal  labour. 


18.  Or  the  application  of  th»  ordinary  methods  of  analytical  geometry  to  the  eontidera- 
Hm  of  Uhm  ef  bending. 

It  maj  be  interesting  to  tlMse  who  may  hentate  to  accept  results  derived  from  tlie 
coosidsration  of  a  polyhedron,  when  applied  to  a  curved  surfbee^  to  imjuire  whetlier  tile  same 
lesults  may  not  bi-  obtained  by  some  independent  method. 

As  the  following  method  involves  only  those  operations  which  are  most  familiar  to  the 
analyst,  it  will  he  suiBdent  to  ^ve  the  rough  ontliae,  whidi  may  be  filed  up  at  pleasure. 

The  proof  of  the  invariability  of  tbe  spedfie  ourvatare  maj  be  taken  from  any  of  tbe 
memoirs  above  referred  to^  and  its  value  in  terms  of  the  equatioD  of  the  surfoce  will  be  found 
in  tbe  memoir  of  Gaus!«. 

Let  the  equatioa  to  tbe  surface  be  put  under  the  furm 

then  the  value  of  the  spedfie  curvature  is 

d.l    'hi        :  '  dy\ 


^/     d«1'  STI* 


The  definition  of  conjugate  systems  of  curves  may  be  rendered  independent  of  the 
leaaoning  formerly  employed  bv  the  following  modidcation. 

Let  a  tangent  pl<ine  move  alon>(  any  line  of  the  first  system,  then  if  the  lino  of  ultimate 
intersection  of  this  plane  with  it^>lf  be  always  a  tangent  to  some  line  of  the  second  system,  tbe 
second  system  is  said  to  be  conjugate  to  the  iiret. 

It  is  easy  to  show  that  the  first  ^em  Is  alto  eoi^i^te  to  the  second. 

Let  the  system  of  curves  be  projected  on  the  plane  of  and  at  the  point  («,  jr)  let  a  he 
the  angle  which  a  projected  curve  of  the  first  system  makes  with  the  axis  of  ar,  and  /3  the 
angle  which  the  projected  curve  of  the  second  system  which  intersects  it  at  that  point  makes 
with  the  same  azia.    Then  the  condition  of  the  systems  hdng  conju|c:ate  will  he  found  to  be 

^  COS  o  cos  ^  +        sm  (o  + /3)  +  — ,  Sin  a  M  a /3  =  0 ; 

«  and  jS  bdng  known  as  functions  of  «  and  we  may  determine  Ibe  natuce  of  tbe  curves 
prqected  on  the  plane  of  ay. 
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Supposing  ihi;  surface  to  touch  that  phuie  at  the  origin,  the  length  and  tangential  curvsturt! 
of  the  lines  on  the  surface  near  the  point  of  contact  may  be  taken  the  same  as  those  of  their 
projectioOfl  on  the  plane,  and  au^  change  of  form  of  the  ■uifece  due  to  bending  will  not  alter 
the  fofm  of  the  projeeted  Ifaies  indefinitely  netr  (he  point  of  eontaet.  We  maj  therefore 
consider  tt  tM  the  00I7  variable  altered  by  bending ;  but  in  order  to  apply  our  aualysie  with 
facility,  we  may  imame  * 

=  FQ  lin'a  +  PQr'  "in'/J, 

-  -  PQmi a  eota  -  PQr^daB  caed» 

It  will  be  seen  that  tbeee  valuei  aatirfy  the  eonditioii  but  gtvei.    Near  the  origin  we  haTe 


dor*  dy»  dadg 
and  gm 

Differentiating  tbeee  values  of         &e.,  we  ahall  obtab  two  TaliWB  of  f^.  wui  of 

r— r— ,  which  being  equated  will  give  two  etjuations  of  condition. 
UJt  (ly 

Now  if  e'  be  measured  alonga  curve  of  the  first  system,  and  JS  be  any  functioa  of  w  and  y,  then 

dS    dB  dB  , 

—f  -  -j-eoaa-i---  nna, 
dt     dm  dg 

dR     dR  d* 

and    T~'  ^  "T'  ir>  ' 
du     ds  du 

We  flMT  alio  shew  that  ~  =  -  . 

da  da      d       /  ds'       ,  \ 

and  that  eosa-r-sina  7- >'r-log(-T-7>ii^9)  • 
dg         dm    d9^\dn  / 

Bt  aubatituting  these  values  in  the  eqnatioiM  thus  obtauied,  tbejr  are  reduced  to  the  two 
equatione  given  at  the  and  of  (Art.  15).  TUa  method  of  investigation  introduces  no  dilBeulty 
except  that  of  somewhat  long  equations^  and  is  tberrfoire  satisfactory  as  suppkmentaiy  to  the 
geometrical  method  given  at  length. 

As  an  example  of  the  method  given  in  f»gi  (m6}|  we  may  a|)ply  it  to  the  case  of  the  surface 

whose  e<|uatioa  is 

(«-«)  *  L  +  «)  "  (ib) 
This  surihce  may  be  gensnled  by  the  motion  of  a  straight  Ime  whoae  equation  is  of  the 
form 
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t  being  the  variable,  bj  the  change  of  which  we  pass  from  one  potiitioo  of  the  line  to  another. 
This  line  always  passes  throu^  the  dre1« 

md  iba  itnilight  lines   « «  0,      « «  0, 

and     »  «  —  P,     y  =  0, 
which  may  therefore  be  taken  as  the  directors  of  the  surface. 

Taking  two  coosecutive  positions  of  this  line,  io  which  the  values  of  t  are  t^,  and  +  ct, 
we  hmj  find  bj  tlu  grdnurjr  methods  the  cqiMiioo  to  the  dMrtast  Hoe  faotireai  thsnitits  length, 
and  the  oMw^netes  of  the  point  In  whidi  H  inteneets  the  flfst  line. 

Calling  the  length  ^ 

va"  +  0* 

and  the  coordinates  of  the  point  of  intersection  axe 

mm  fa  toft,      jfmgaAtfi,  y-i-ccoeSl. 
The  aa|^  M  between  the  eonseeutive  lines  is 

The  distance  6<r  between  consecutive  shortest  lines  is 

iff  -     .  ^       .  NO  StStt 

Vo^  +  «^ 

and  the  an^  ^  between  tiieee  ktter  lines  is 

^    \/a'  +  c* 

Hence  if  we  suppose  J^,     a,  ^,  and  t  to  vanibh  together,  we  shall  have  bjr  integratioo 

By  bending  the  suHisce  about  its  generating  lines  we  alter  0te  value  of  ^  in  any  manner 
without  changing  ^,  0,  or  9.  For  instance,  making  ^  es  0,  all  Ae  generating  lines  become 
parallel  to  the  same  plane.  Let  this  plane  be  that  of  afy,  then  ^  is  the  distance  of  a  generating 
line  from  tliat  plane.  The  projections  af  tiic  generating  lines  on  the  plane  of  .ry  will,  by  their 
ultimate  intersections,  form  a  curve,  the  length  of  which  is  measured  by  a,  and  the  angle  which 
its  taogSQt  makes  with  the  axis  of  x  by  i),  6  and  a  being  connected  by  the  equation 

widdi  shows  die  cwrve  to  be  an  epie/doid. 
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The  gcnemdxtg  1Sn»  of  the  wrfiM»  whm  btot  into  thii  fbnn  ne  tb«i«lbce  tngntt  to  « 
cjrllDdrical  mttaet  on  «o  epieydoidal  bsae,  touching  that  niiftee  along  a  cum  which  is 
■IwBjs  equally  iodiMd  to  tba  pkae  of  the  Imms^  the  tangenta  dieintelvei  bung  dimwD 

parallel  to  the  base. 

We  may  oow  eoonder  the  bending  of  the  surface  of  revolutioo 

■+      +      ^  ci. 

Putting  r  ■  v^«*  +  y*,  then  the  equation  of  the  generating  line  is 
Htb  is      vdl-ltiMivn  hypocyckid  of  fow  cuapa. 

Lai  a  he  the  length  of  the  cum  meaaored  from  the  euap  in  die  axis  of  dm, 

»h«elb«,  r.QVlal. 

Let  0  he  the  angle  vMdi  the  pkne  of  any  geoenting  line  maluM  nith  diaft  of  am^  than  c 
and  $  detennine  the  position  of  any  poutt  on  tile  inrihoe.   The  length  and  hnadth  of  an 

dement  of  the  surface  will  be      and  ri$» 

Now  let  the  sur&ce  be  beat  in  tlie  manner  fiMinerly  dcaerilied*  ao  that  $  baoomaa  0,  and 

r,  r,  when 

tf'-iitf  and  i^>-r, 
then  gj*e-Vt«l 

•  prvHded   tf  « 

The  equation  between  /  and  a  being  of  die  rnme  form  aa  tliat  between  r  and  a  iliowa  that 
the  snrfiKe  when  bent  ia  aimilar  to  the  original  surface,  its  dimensions  being  multiplied  by  /u*. 

This,  however,  is  true  only  for  one  half  of  the  surface  when  bent.  The  other  half  ia  pie> 
cisely  symmetrical,  but  bel(>n<T^  to  n  surface  whidi  is  not  continuous  with  the  first. 

The  surface  in  its  ori^aal  form  is  divided  by  the  plane  of  xy  into  two  parts  which  meet 
in  tiiat  plane,  forming  a  kind  of  cuspidal  edge  of  a  circular  Ibnii  irtndi  limita  die  poidlile 
▼alue  of  «  and  n 

Aftor  being  ben^  tlie  ant&ee  atill  oooaiita  of  llie  aame  two  ports,  but  the  edge  In  wfaiieh 
diey  meet  ia  no  longer  of  tlie  eu^dal  Ibfin,  but  hea  a  ilnite  a»|^  -tteoe'*-,  and  the  two 

sheets  of  the  surface  become  parts  of  two  different  surfaces  which  meet  but  are  not  continuous. 

J.  C.  MAXW£LL. 
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NOTE. 

Ah  an  example  of  the  application  of  the  more  general  theory  of  "  lines  of  bending,"  let  us  con- 
dder  the  |irobleni  wUch  hu  hmi  ahcadj  Mlved  by  FraftMor  Jbiabtt. 

To  del c  mine  the  comfiKMw  tHubr  wkUk  one  portion     a  twefim  mag  be  rendered  rigid,  mJUfe  tke 

remainder  it  Jtexibte. 

jSuppow  the  liiMs  of  fcendiBip  to  be  traced  «a  Ae  wtitat,  end  the'  oonwepandlnf  polyhedHn  to 

he  formed,  as  in  (f))  nnJ  (10),  thru  if  the  angle  of  one  of  the  four  edges  which  meet  at  any  solid 
angle  of  the  polyhedron  be  altered  by  bendiog,  those  of  ths  other  three  must  be  also  altered.  These 
edget  temdnete  in  edier  salid  englea^  the  fiime  of  wbidi  wiD  abo  be  changed,  and  dieiefiire  the 
eWvct  of  the  alteration  of  one  angle  of  the  polyhcflrnn  will  be  communicated  to  evoy  Other  allele 
vithm  the  system  of  tines  of  bendiiig  which  defines  the  form  of  the  polyhedron. 

If  attf  portion  of  die  mirfiwe  remtine  ansHcefed  It  nnst  lie  beyond  the  limits  of  the  eyttem  of 
lines  nf  Itcnding.   We  must  therefore  investigate  thp  rnnditions  of  such  a  system  boinj;  boundptl. 

The  boundary  of  any  system  of  lines  on  a  surface  is  the  curve  formed  by  the  {iltimatc  inter- 
•ectiene  of  thoM  Bnas,  and  therefore  at  any  given  poiut  coinddee  in  tfiiection  with  the  cvrre  ef  the 
system  wliich  passes  through  tliit  point  In  this  case  there  are  two  systems  of  lines  of  bending, 
which  are  necessarily  coincident  in  extent,  and  must  therefore  hare  the  same  boundaiy.  At  Mj 
point  of  tUa  boandaty  therefore  the  direetione  of  die  Unea  of  bending  of  the  lint  and  aecond  ty^ 
tenu  are  coincident. 

But^  by  (7),  these  two  directions  must  be  "conjugate"  to  each  other,  that  is,  must  correspond  to 
eonjngate  diameters  of  the  "  Conic  of  Contact."  Now  the  only  case  in  which  conjugate  diametert  of 
a  conic  can  coincide,  is  when  the  conic  Is  an  hy[n-rl)()l.i,  and  both  diameters  coincide  with  one  of 
the  asymptotes;  therefore  the  boundary  u(  the  &y!>it-ut  of  lines  of  bending  must  be  a  curve  at  every 
point  of  witidi  the  lionic  of  contact  is  an  hyperbola,  one  of  whose  asymptotes  lies  in  the  dnectian 
of  the  curve.  The  radius  of  "normal  cutnatarL"  imi.'-t  therefore  by  (3)  he  infinite  at  every  point 
of  the  curve.  This  is  the  geometrical  pruptriy  of  what  I'roltssor  Jki.i.ktt  calls  a  "  Curve  of  Flexure," 
eo  that  we  may  express  the  result  as  follows : 

Tf  one  ffiri'ujn  of  a  Mtrfaet  bejued,  »iile  tht  remuhubr  it  bvU,  tkt  bmndarg  ^  the  Jbtei  forSoit 
it  a  curve  oj  jlesure. 

Thi*  theetem  indodae  those  given  at  p.  (45.3),  relative  to  a  fixed  cone  on  a  surface,  for  in  a 

nurface  whrisc  curvatiires  arc  of  the  same  sipn.  there  can  be  no  "curves  of  flexure,"  and  in  m 
developable  surface,  they  are  the  rectilinear  neclions.  .\Uhouf;h  the  cuspidal  edge,  or  arr/e  de 
rebroHStcmenty  satisfies  the  analytical  condition  of  a  curve  of  flevure.  yet,  since  its  form  detenotlnes 
-that  of  the  whole  surface,  it  cannot  remain  fixed  while  the  form  of  the  surface  is  chani-cfi 

In  concavo-convex  surfaces,  the  curves  of  flexure  must  either  have  tangential  curvuture  or  be 
straight  Inet.  Nov  if  wo  put  <:>  =  O  in  the  equations  of  Art  (17),  we  find  that  the  lines  of  bendh^ 
of  both  «yst<mis  h.ive  no  tangential  nirvatnrp  nt  the  point  where  they  touch  the  curve  of  fleinn. 
They  must  therefore  lie  entirely  on  the  convex  sirie  of  th.u  curve,  and  therefore 

^«  CStrw  of  Jtemre  be^scd,  the  surface  on  the  concan-  .liilc  of  the  curve  is  not  JkaNe. 

T  have  not  yet  been  able  to  determine  whether  the  surface  is  inflexible  on  tlie  convex  side  of  the 
curve.  It  certainly  is  so  in  some  cases  which  I  have  been  able  to  work  out,  but  I  have  no  general 
proof. 

When  a  surface  has  one  or  more  rectilinear  sections,  the  portions  of  the  surface  between  them 
uuiy  revolve  as  rigid  bodies  round  tboie  lines  as  axes  iti  any  manner,  but  no  other  motion  is  pos- 
aibl&  The  case  in  which  the  reedlinear  lectioni  ftran  an  mfinite  wriea  haa  been  disemwd  m  Sect  (i). 
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SSCT.  I.  AMNivOfWR. 

1.    Ok  reading  some  year*  ago  the  well-known  Memoir  of  Laplace,  in  which  he  institutes 

(  I 

A  comparisoD  between  tl»  genaul  terns  of  the  expooential  functions        and       ,  I  noticed 

a  circuoMtiiiee  not  mentioned  by  the  diatiBgukihed  Aatbor,  end,  a«  I  conceive  orerkioked 
by  bim. 

The  MMnl  term  of  — ^  is — ~~  [o^- I'-t-S'-S'-f        and  we  are  to  substitale  fbr 

the  infinite  eeriei  wMeb  tUs  term  contains,  its  genemtiDg  fraetioa.  On  computing  the  gene- 
rating fractions  of  the  series  (i'  -  Vt  +  ar^  -  4*1*  4-  tn.),  when  the  integer  Talues  1,2,  3,  &«. 
were  successively  assigned  to  x,  I  found  that  the  numerators  of  these  fractions^  so  fiur  as  my 
computations  extended,  were  all  recurrent  functions  of  t.    Thus,  for  instance, 

when  jr  ■  1,  the  nnmerator  s  i, 


-«  „..♦..  =  1  - 

m9t    -1-44+^, 

«4,   =  I  -  lU  +  lU*- 

-5,    »  1  -  26f  +  66<»  -  26/'  +  <*. 


And  so  on ;  and  if  in  the  infinite  series,  the  terms,  retaining  the  same  numerical  values, 
were  uiiule  ail  positive,  then  the  terms  of  tl>e  several  numerators,  retaining  the  same  numerical 
values,  became  all  positive;  and  it  therefore  appeared  that  the  generating  fraction  <A  the 
infinite  series  (i*  +  Stc.)  had  a  rmmmt  numerator. 

Dr  Britikley  and  Sir  John  IIltscIkI,  who  have  followed  up  with  great  aoocess  the 
r("?f"?rches  of  Laplace,  have  considered  witli  j)articular  attention  tlic  series  (]'-  2*?  +  S'f*-  &c.); 
but  Uiey  make  no  allusion  to  the  fact  of  the  fractions  which  generate  the  different  series  of  this 
form,  when  different  consecutive  integer  values  are  given  to  dr,  having  recurrent  numerators. 

I  was  ttietefom  kd  to  invotigate  the  questian,  what  are  the  coiKdBiions  whidi  the  denomi- 
nator of  the  generating  fraction,  and  tlie  tenna  of  the  reenning  series  generated  must  satiify,  in 
order  that  the  numerator  of  the  generating  fraction  may  be  a  recurrent  function  of  t. 

It  is  the  result  of  that  infesti^tioin  which  I  now  communicate  to  the  Society. 
Vou  DC  Pakt  IV.  61 
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Sbct.  II.    Self-repeating  Sertea  dtfintd. 

9.  I  call  a  series  self-repeating,  if  when  extenJul  witbout  limit  in  opposite  directions,  it 
admits  of  aeparation  iato  two  similar  arms,  each  begiamng  with  a  finite  term  ;  either  do  zero- 
Icm,  or  one  or  more  zero-terms,  i^ing  between  theae  two  eqiiil  ifaute  letnw*  Tb*  vig^t  arm 
extends  ftom  left  to  right*  and  inereaae*  aa  the  positive  index  of  the  wriea  increaaea;  the  left 
arm  extends  ftan  lo  kfti  ami  iDcraaM  M  the  negative  index  iocreasea.  One  ami  repeata, 
and  contains,  arranged  in  reverse  consecutive  orrlcr,  the  temi  of  the  other  UB;  cither  all*  or 
none  of,  the  terms  so  repeated  hairing  their  siguis  changed. 

3.  Let  C  he  the  finite  tsffm  with  which  tlie  right  acm  begina;  and  let  C  be  the  term,  in 

that  arm,  corresponding  to  the  poattive  index  c;  and  let  «  denote  the  number  of  the  aan^ 
tema  that  lie  between  the  two  armii   Then  C       ia  the  finite  lem  with  whieh  the  left  aim 

. 

bi^ginB. 

If  7  is  some  integer  number  or  other,  constantly  odd,  or  eonatantly  even,  for  the  same 
series,  then  between  the  term  C  in  the  right  arm,  and  the  tem  C         in  the  left  arm,  there 

will  subaiat  the  following  equation  s 

C-(-l)yC  (1) 

•  -(t-t-ii-*) 

which  admits  also  of  the  form 

C       -(-l)r  (1*) 

-St 

We  may  call  each  of  thrse  rqnivrtlr^nt  ei^uations  the  Equation  qf  M^i)€tituM,  or  the  Repeating 
£qi*ation  of  the  series  ;  and  (-  i)>  its  sign  of  repetition. 

4.  In  the  sequel,  I  shall  principally  have  oocaaion  to  treat  of  series,  wliidi,  besides  being 
self-repeating,  are  also  recurring  series. 


SiCT.  IIL  CWfoln  dmimtmrif  praptrtUf  ^Rm^nin^  Mw,  tn  gmmvL 

ff.  Let  the  tenna  of  the  numerator,  and  of  the  denominator,  of  a  ffopt^  ftncthw,  and 
alao  those  of  its  devdopement  into  series,  proceed  according  to  the  posttiTe  integer  powara  of  <i 

and  let  this  di  velopcmcnt,  for  brevity,  be  called  the  right  arm  of  the  recurring  s<  n'oa ;  and  let 
the  coefficient  of  tlie  first  and  of  the  last  term,  as  well  in  the  numerator  as  in  the  deuouiiuator, 
he  finitet  and,  in  the  dwnmninntnr,  lei  the  coefficient  of  the  first  term  be  i.  Then  the 
ooeflleient  of  the  fint  teim  in  the  right  arm  of  the  aeriea  h  ob^loasly  finite. 

Now  by  meant  eittier  of  the  acale  of  relation,  or  of  any  knowledge  we  may  possess  what 
function  the  general  terra  is  of  the  serial  index,  let  tlie  terms  which  correspond  to  negative 
integer  indices  be  constructed.  Then  the  first  term  of  finite  magnitude,  tal<en  in  that  direction, 
will  be  the  term  whoee  index  ia  the  difference  between  the  dimensioas  of  the  numerator  and  of 
the  denominator,  taking  that  difleienoe  with  a  negative  aign ;  and  all  the  tenns  intermedmte 


•  BjjM><pir,I 


thtt  dM  dbacoiiaB  or  1^  ia  tbs 
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betweeo  this  finite  term  aad  the  first  term  m  tbe  right  arm  of  the  series,  will  be  zero-terms ; 
$nit  QooiequeDtlj,  the  nimlNr  of  tudi  MKHtemw  wOl  be  «  Mdtlen  libMi  the  dURercaee  betweeo 
the  dinwadone  ct  Ihe  mumecalair  and  ef  Ae  denmirfnulor,  taUiig  diat  dMtaeoee  «kh  a  piuitiTe 
•ign- 

For  let  the  genentiiig  fcactko  be, 

Jo  +  Alt  +  ......  +  JJF 


and  let  the  right  am  of  the  recurring  series  be. 


m 


C-¥Ct^,  -cCf  +  fitc  (3) 

0     X  « 


and  kt  the  coeffldcott  «f  llie  tame  eoKmponBng  to  negative  intiger  faidleee  be 

C,  C,  C,  Sic 
-1  -a  -3 

Then,  supposiag  «  to  be  less  than  6,  there  will  subsist  between  any  (6  1^  consecutive 
terms  of  the  series  extended  as  above  directed,  in  accordance  with  die  scale  of  relation,  the 
fiiDowiog  equation: 

0«  1  X  C-i-Ax  C  ^jBk  C<fil«  C+Sx  <7>i- ...... -f  Ax  C.  (4) 

«      1     jr-l  m     9     »*1  -1   m-¥*  "*  »  -(l-^^ 

But  ^-1  X  C-l-i^x  C  +......4  Ax  C$  («) 

«  •     1     B'^l  m  0 

^-  -TAx  C  + AkC+...... +lIxC     1  (6) 

Id  equation  (6},  substitute  for  «,  in  succession,  the  valuei, 

(b  -  1),  (6  -  2),  ,  (a  +  1),  a. 

Then,  first,  ^  •  -  A  x  C;  and  abce  JB  ie  finite^  theiefiare,  if  if  >     C  -  Oi 
»-i      *    -.1  *  -a 

Secondly,    ^  -  -  TA  it  C  ^  Ax  CI;  and  dnee  A  it  ftilte»  tbenfen^  IT     and  J  aie 

«di  equal  to  0,  C  and  C  will  be  each  equal  to  0. 
-1  -» 

And  in  Ifte  manner  it  mn  be  ahevn,  that  it      A   A^  art  each  equal  to  0, 

then  C,  C,   C  ,  wiD  be  eadi  equal  to 

-1    -a  _i4_(a+l)] 

Lastly,    A~  -  B  %  C      ;  but  ^  and     are  finite,      C     is  finite. 

a  i      -(b-a)  a  » 

Hence,  if  m deootet  the  nunber  of  the  aeKHtermi^  intemiediate  between  Cand  C  ,  we 
have  die  equation, 

«-6-(o  +  l)  (7) 

6.  In  like  manner  may  the  converse  proposition  be  proved  ;  namely,  that  if  a  recurring 
series  contains  z  consecutive  terms,  each  equal  to  zero,  and  these  zero-terms  arc  immediately 

preceded  by  a  finite  term,  C     ,  and  are  immediately  followed  by  another  finite  term,  C. 

'  0 

61— S 
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then  the  fraction  which  generates  the  series  commencing  with  C,  and  extending  in  the  direction 

of  the  positive  indices,  will  be  of  higher  dimeniMP  in  the  denomiiuitor  thu  it  is  in  the  nume- 
rator, by  («  +  1)  units. 

7.    Aaauming.  either  fint,  that  J,  A,  B,  and  B  m  finite*  and  that  J,  A  ,  A  , 

0  «   0         »  »-i  »*i 

are  each  equal  <a  aaoi  or  eeoondlj.  that  C,  C  ,  B,  and  B  are  fiaitet  and  that  C,  C,  , 

0  b-a    Ob  -1-3 

C         .are  eadi  equal  to  cero;  on  dthcr  of  thoee  aaBumpdoni,  Equatioo  (6)  givee  tbe 

following  values  of  A  and  of  A  in  terms  of  the  coefficients  B  and  C. 
m  «-« 

Am~rB        X  C      +  /?  X  C         + ...  +  B  X  C      "] ;  .  (8) 

^  -  -  r5     X  c    +  5       X  c      +...  +  5x0      1,  (9) 

L*.«       -(*-•)  »+»-#       -(i+i-*)         »  -p-**^ 
Both  es^headom  vauudk  wben  •  ia  either  greater  than    or  beeomet  ni^thre. 


Sbct.  IV.  Om  tk0  fwlim  wAoM  dtimlepmmt  it  tk»  r^fti  «rm  qf  a  «df-rqpeaiting 
reewrrb^  «Br<st. 

a   Let       +        ... ...  +  ... +^««-»  +  ^l*V  (10) 

\0      1  «  «-«  a-l  a  J 

be  a  ratioaal  iaiqjer  fiinetion  of  i;  of  the  finite  dineuioii,  a ;  and  let  a  be  eone  integer 
number  or  other,  eonstantlj  odd«  or  conetantlj  even,  for  the  eaine  fnnctioD  of  the  fiarai  (10). 

'  Then  if  there  ealisiBts  between  every  two  of  the  ooefBdenti,  A,  the  wim  of  vhoee  Indieee  ie 
equal  to  (a),  an  equation  of  the  ibno, 

^-(-OJ,  (11) 

the  Ainetkm  itadf,  and  ita  ooefidente,  are  called  raoMmenl;  and  we  may  call  equation  (ij) 
the  equation  of  recurrence,  and  (-  l  )  the  sign  of  recurrence,  of  tbe  function  to  which  they 

When  (a)  i»  an  even  poritiTe  btq{ier,  and  a  la  an  odd  poeitive  integer,  then,  ifaice 

+  A"  -  A,    .'.  J  1=0. 

a  a  • 

Si  i 

When  X.  in  equation  (ii),  is  either  nq^ve,  or  greater  than  a,  the  ooneiponding  co- 
efficients will  each  be  equal  to  zero. 

0.  Theorftn.  Let  the  series  arising  from  the  developeawnt  of  a  proper  ftaction  be  the 
right  arm  of  a  self-repeating  recurring  series.  Then, 

First,  if  the  denominator  of  the  fractiuu  is  recurrent,  the  numerator  also  is  recurrent  i  and 
leoondlj,  if  the  nunwrator  of  the  fhutian  le  recurrBut,  tbe  deoondnator  aleo  ia  recunent.  And* 
eonveredy,  if  the  numerator  and  tlie  dcnoffiinator  of  a  proper  fhwtum  are  cadi  ieeunent»  the 
develiipenent  of  the  fraction  wtU  be  the  right  arm  of  a  eel£<^^ 
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Case  1,  proved.  Let  the  repeating  equation  of  the  series  be  (according  to  equations 
1  and  7), 

C-(-l)C  ;  (12) 

»  -[»*»-■] 

and  kl  the  cqnadon  of  nnimnce  of  tlie  donomimitor  be, 

0 

B»(—i}B.  (See  equadon  ii)  (IS) 

Stibstituto  in  equation  C8)  for  B  and  C  their  respective  values,  as  deduced  from  tbe  two 
preceding  equations.    Equation  (8)  will  then  become, 

A^(-\V)^  ^  C  +  B    xC  +  .  +  B.C   ];       .       .  (M) 

/a  +  y  +  1 

diat  ii  to  lajr,    J  -  (- 1)       J.   (15) 

But  equation  (15)  is  the  equation  of  recurrence  of  the  numerator  of  the  fraction  which 
hu  ban  devdoped ;  and  fvon  that  equatiaa  it  appears  diat  the  sign  of  verairmico  ii 

(-  0  -  (-  0  (16) 

Consequently,  when  /3  and  y  are  either  both  odd,  or  Iwth  pven,  the  numerator  will  have 

a  n^ative  sign  of  recurrence ;  but  when  one  of  the  said  two  exponents  is  odd,  and  the  other 

even,  tbe  mmMmtor  will  have  a  positive  sign  of  recurrence. 

Case  S.  proved.  Ai  b  tbe  pieoedlng  eaae,  let  tbe  repeatbtg  eqiiatloa  of  die  aeries  be, 

C-(-i)V         ;     ....  (12) 


and  kt  the  equatiaii  of  ncavnaee  of  tbe  auBerator  be, 

a 

Am^-l)  A  (11) 


m 


Sttbetitiate,  in  equation  (9),  (-  i )  ^  for  J  ;  and  on  tbe  right  tide  of  dMt  eqmatioo, 
aabetitate  evetjwheie  Ibr  Cits  valaes,  m  deduood  bom  equation  (12).    Equation  (9)  will  tfaeu 

A-(-I)*^*Vil  xC+ B     xC+  +B*Cl.         .  (17) 

IBM  Am  B  xC'hB      *C+  +  B»a  (ff) 

In  equadoDS  (17}  and  («),  kt  0,  t,  s,  S,  &c  be  lubetituted,  m  auooeMon,  for  jr. 

«  +  y  +  I 

Then  i'-(-'i)  B. 

«  » 

Coosequentlj,  0  *  (- 1)  ^. 

1  ft-t 
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ComMUtHaT,  Bm{-1)  B. 

9  ft-3 

And  lo  oo ;  and  aince  the  aeveral  antecedent  equatioiu     the  same  form  are  true, 
ConMquffiajf,  B  (!•) 


But  tiri*  b  the  eqoitioii  of  nauMBM  sf  As  dfliioiiibiitiar  of  thi  ftaedon ;  and  Ibe  sign  of 
fecurreoce  ii» 

(-i)-(-i)  0») 


Tlitrafan^  whm  a  and  7  an  hotb  odd  or  boA  «iT«n»  the  dmonioHlar  will  Iibto  a  negativa 
of  nenmnoe;  bat  when  ono  of  ftote  two  csponcnta  b  odd,  and  Ae  odMr  even,  the 
wfll  have  a  podtive  dgn  of  1 


Caw  3.   The  convene  PhynWoB  pnmd. 

Let  the  equatfam  of  leeuRcnee  of  die  nmiMiMor  and  of  «he  denomfaufor  of  tiie  ftaction, 
KMp&ctafAjf  h^ 

Jmi~l)A,        .         .         ,         ,  (II) 
•  •-• 

and   ^-(-1)  iff  .      .  (M) 

■ 

Subititnt^  in  eqjoalion  (9),     1)  ^  tor  J ;  wad  on  the  light  ade  of  that  eqaadon, 

«  m—m 

aubititote  eveijwbeve  tat  B  Hm  valneii  at  dedneed  ham  eqoathm  (IS).   Equathn  (9)  wiD 

A'i-i)      !BxC    't'B  »  C       + ......  ^B*C      \      .  (20) 

But     A»  B*C     +^xr       +  .,,„.  +  B  *  C  («) 

Id  equations  (20)  and  (5),  let  0,  1,  s,  3,  &&  be  aubfttituted,  in  sucoetsion,  for  s. 

Then  c-(-i)      C  . 

0  -(»-«) 

Coneequentlj,  C « (-  i)  C 

«  +  ^  +  l 

Cotttequfiotlj,  C  -  (- 1)       O  . 


And  so  00;  and  afaiee  the  aeveral  aateoedent  cqoatkna  of  die  aane  ton  are  tme> 

a  +  ^  +  l 

Coos^ueotly,  C «  (- 1)       C       .  .       .       .  (si) 

But  dda  b  die  equation  of  lepedtkn  of  Ac  Miies  atUng  fran  the  devdopenicnt  of  Ae  given 
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fiMlkid,  irhoM  minNnlor  and  dmomlmtor  an  iMomiili  ud  the  dgn  of  Kpetidaii  of  the 

(^l)y-<-l)  (tt) 


Tbctcfare  when  a  sod  /3  are  dther  both  odd»  or  both  oral,  the  terko  will  have  a  negative 
sign  of  repetition;  but  when  one  of  the  tiro  azpoiMiiU  ia  odd»  and  tho  other  enii»  lbs  aerica 
will  have  •  poaitife  aign  of  vapetilion. 

10.  From  the  fint  of  the  but  three  propositioiit  aevanl  obvious  and  irapactaot  ooraHariet 
ininedbrteljr  IbOoir. 

Let  the  general  term  of  a  series  be  a  ratioMl  Jllli;ger  fimetioil  of  the  index,  and  also  let  the 
serieM  ^nerated  be  the  right  arm  of  a  self  repsadng  series.  Then,  since  the  denominator  of 
the  generating  fraction  is  a  positive  integer  power  of  (l  -  <),  the  denominator  is  a  recurrent 
function  of  <;  and  therdbre  the  numerator  also  is  a  recurrent  fimetioD  of  t.  Thm,  for 
iutm^  wbeii  die  tarma  of  the  aariaa  ate  the  oetond  nnnbera*  or  thdr  porftive  fatqier 
poweca;  the  odd  numbers,  or  their  poeitive  integer  powna;  the  ^gimte  niimben  of  whatever 
order,  or  their  positive  integer  powers,  or  when  the  general  term  is  any  other  rational  integer 
function  of  the  f^eneral  term  of  any  of  those  numbers,  such  as  will  render  the  ^erios  self- 
repeating  one,  and  when  the  series  generated  begins  with  the  first  term  of  the  right  aim, 
dian  die  Bumantor  of  the  feoerating  fraction  wiH  be  e  Kcmreiit  nuneiator. 

TbiMi  tf  ii«  take  die  trlaogular  of  eveiy  triangolar  iramberi  that  ia  to       if  hnatead  of 


.       ,  ^  ,  6x7     10x11     15.16  . 

the  eeries  1,  3,  6,  10, 15,  21,  he.  we  take  the  aenea  1,  — ,  — — - — ,  — - —  ,  fcc,  we 

obtain  the  self-iepeatiog  series  1,  6,  Sit  55,  ISO,  &c.,  vr  hcsc  general  term  is  obviously  of  four 
diiDenrfoiM,  and  ooDseqiNndy  the  denominator  is  (l  -  0  ;  ^'^d  the  corresponding  numerator  ia 

readily  found  to  be  (i  +  <  +     ;  therefore  the  generating  fraction  is  ^ ^  *       '    ^^^^  ^''^ 

manner  we  may  take  the  triangulars  of  the  triangulars  of  the  triangulars  ;  which  are  the  series 
1,  81,  881,  1540,  7260,  267<>C,  82()21,  &c.,  in  the  general  term  of  which  the  index  is  of  8  dimen- 
siijns ;  and  the  denominator  therefore  is  (I->  t)*;  and  the  corresponding  recurrent  numerator  is 

i  +  Ut  +  784*  +  IS3<*  +  78/*  +!«<*+<•. 

We  may  proceed  in  like  manner  witti  any  other  tigurate  series  of  an  even  order ;  for  in 
thu  ease  the  right  arm  and  the  left  arm  of  the  series  have  the  aame  aigo.  But  in  the  figurate 
aeriae  of  theodd  ordera,  the  right  erm  of  the  aeriea  eonabdog  of  poiidve  tenDS»  bat  tlie  left 
arm  of  migndve  ones,  when  we  come  to  take  the  odd  figurate  of  an  odd  figurato,  we  fall,  in  the 
left  arm,  upon  numbers  differing  in  numerical  value  from  those  that  we  obtained  in  tho  right 
arm  ;  and  consequently  the  aeries  obtained  by  a  similar  proceaa  from  an  odd  figurate  is  not  a 
self-repeating  series. 

1 1  Let  the  general  term  of  the  self-repeating  series  be  the  product  of  a  rational  integer 
function  of  the  index  by  the  exponential  (-  1)';  in  other  words,  let  the  numerical  values  of 
the  rational  int^;er  fuocdoo,  coneq[NNldi^g  to  the  cooaecutive  integer  values  of  the  index,  0, 1, 


r 
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S,  3, 4,  fce.  bi  tdua  altaCMtelj  with  a  poritive  and  wtdi  a  negative  elgn.  Then  einoe  the 
dennninator  dP  the  generating  fiicCion  b  eonae  poeidve  integer  power  of  (1  I),  and  einee  tbU 
power,  when  expanded,  is  a  recurtent  ftuetion  cf  f » the  ouincntor  alao  of  the  generatii^  ftae- 

tkm  is  a  recurrent  function  of  t. 

The  numerical  values  of  the  coefficient  of  the  numerator,  other  things  remaining  the  same, 
«iU  be  the  eawe  at  wen  obtahied  b  tha  finnier  caie,  where  the  denoniinator«  inetead  of 
being  a  power  of  (l  + 1)»      a  power  of  (i  --f).   The  numerRtior  in  this  case  will  diffsr  Aom 

the  numerator  in  the  former  case,  in  having  the  sigttiofall  ita  alternate  terms  changed.  Thus 
'    the  fraeiioD  iriiicb  generates  («  +  ])%  to  which  corresponds  the  scries,  T       <f      +  (kc,  being 

1  +  laot  +  11911*  +  g*l6<*  +  119U*  +  not  +l.f 
(1  -  /)" 

the  fraction  which  generates  (- !)'(.»  +  l)\  to  which  corresponds  the  series 

1»  -  i't  +  ST*  -  4V  +  &c. 

win  be 

Aa  in  the  former  ease^to  in  die  preeent»  the  pantiva  integer  powers  of  the  natural  niunben, 

of  the  odd  numbers,  and  of  the  figurate  numhers  of  the  different  orders,  arc  elements  from 
wliich  we  nay  form  ioAumeraUe  other  aelf'npeating  seties.  To  tbie  case  belongs  tbe  particular 

series 

which  first  drew  my  attention  to  the  subject  uuw  before  us  ;  and  I  shall  proceed  to  consider 
ihia  example  with  eome  minnteneaa,  for  tbe  purpose  of  shewing  that  owing  to  tbdr  not  being 
aware  of  tha  theorem  we  are  now  oonndering,  the  distinguished  nathenuitidana  who  have  belbre 
directed  their  attention  to  this  series,  have  not  j^ven  to  thcor  reepectiva  aununatioo*  all  the  sim- 
plicity which  the  case  admits  of. 

When  the  numbers  of  the  natural  series  are  raised  to  a  positive  even  power,  and  are  taiten 
alternately  with  opposite  signs,  the  nwttber  of  the  terms  i»  the  reeorrent  nuneimtor  being  ajso 
even*  and  every  two  equal  recurrent  terma  havbg  oppoolte  sigm^  the  terns  of  the  numerator* 
when  t  is  equated  to  1,  destroy  «M  another,  and  the  value  of  the  generating  Inetion  and  of  the 
corresponding  infinite  series,  is  zero. 

Thus  the  gen^ating  fraction  of  l*-  Sft  -i-  flV  -  Itc  benig         ;  that  of  +S*^-bc 

(I  +  tf 

,  .     I  -      +  IM»-  <"        ,  „   ,       ^      .  .  ^  . 

being  —  ;  and  bo  on,  all  tliese  fractions  vanish,  when  /  is  equal  to  1. 

(1  +  /) 

I  proceed  therefore  to  the  case  whore  the  numbers  are  raised  to  an  odd  power;  and  with  a 
view  to  brevity,  i  will  consider  the  particular  instance  of  2n  +  1  «  9. 

Tlien,  if  we  do  not  know  befordiand  tint  the  nunenrtor  omsists  of  recurrent  terms,  the 
aummatioo,  aooordiog  to  tbe  methods  in  use  in  tbe  days  of  Euler,  Lagrange^  and  Laplace,  would  be 
made  in  accordance  with  the  following  Diagram,  No.  I. ;  but,  if  we  do  know  beforehand  that 
tbe  numerator  is  recurrent,  then  tbe  summation,  founded  on  tbe  same  methods,  will  be  made  in 
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•eoordtnee  wiUi  tlw  Diagram  Ho.  II.  In  UiU  aeeond  Diagnm  tbe  noBwrator  bong 

tlie  respective  columns  equidistant  from  the  middle  column  on  cither  side  of  it  must  b«  tbe 
exact  counterparts,  one  of  the  other.  Thus  the  high  numbers  (?,  7',  S',  and  9',  are  at  once 
excluded  from  the  process  of  summation ;  we  have  only  5  lines,  that  ia  {n  +  1),  iostead  at  9, 
that  ia  (2n  +  1),  to  sum ;  and  the  graatait  Nnoiliar  id  any  line,  ioclQad  «f  bdng,  «» in  DSagtam 
I.,  S85,1SMSS,  is  Id  Diagram  II.  only  i,4497»181 ;  aod  the  nmnber  of  the  multiplieatiMia  to  be 
made  of  digit  by  digit,  ia  reduced  from  129  to  4t. 

But  let  us  now  proceed  to  the  improved  mode  of  summation,  Copending  on  the  employment 
of  the  differences  of  the  jwwers  of  zero,  for  the  introduction  of  which  into  analysis  the  mathe- 
matical world  are  mainly  indebted  to  Dr  Brinkley  and  Sir  John  Hcrschel,  members  of  this 
univenity. 

Thto»  aeoordiog  to  the  Ibrmiila  gifcn  by  Sir  John  Hendiel,  in  JanteaoD^a  Pk&ompktcal 
tliMirMi  for  January,  1840,  we  bavei 

r  ^'  1 


(1+0"  A  f 


0»,        .        .        .        .  (tt) 


1  4IJ 

1  <  t'  f 

(1+0*     (i+<r      (I**)*         ^  0+0'  o+o" 

and  tedudflg  tbeae  terma  to  tbe  common  denomloator  (I  +  ty,  and  expanding  the  powers  of 

(1  +  0  in  the  numerator  according  to  the  powers  of  <,  we  obtain  the  terms  shewn  in  tbe 
Diagram  No.^  III. ;  which  when  t  is  equated  to  1,  give  for  the  numerator  the  cxpreaaioD, 

«56A'0»  -  +  -  «AH>»  +  l6AHf  -  8AV  +         -  2A'o»  +  j 

with  a  denominator  1084.       .  (25) 

But  on  the  assumption  that  we  know  beforehand  that  the  numerator  is  recurrent,  then  the 
columns  equidistant  from  tbe  middle  one,  on  either  side  of  it,  become  the  counterparts  of  each 
other ;  and  the  nuaMrator  aoiiairea  the  fern  exhIUted  in  IMagtam  IV. 

But  then*  thtt  fiirtber  quetdon  ariaca.  When  t  is  equated  to  1,  can  a  aimple  rule  be  given 
for  tlie  borixontal  summation  of  the  numerical  coefficieata  which  atand  on  the  several  Umm^ 
tho«e  on  the  same  line  having  all  the  aame  sign.  Tbe  aoawer  to  thia  question  ia  very 
satisfactory. 

I  proceed  to  shen  that,  in  a  Table  constructed  on  the  principle  of  Diagram  IV,  tbe  balf 
of  tbe  sum  of  tbe  coeflcmnts  in  any  line,  less  tbe  balf  of  tbe  coefficient  of  tbe  middle  term  in 

tbat  line,  is  equal  to  the  aum  of  tbe  coefllcienta  in  tbe  following  line. 

l'"ur  in  thi,-  developement  of  any  two  consecutive  powers  of  (l  +  t)  ;  say  (1  +ty  and  (l  0*"'' 
it  is  a  known  property,  that  tbe  sura  of  all  the  terms  in  (l  +  /)''  from  the  coefficient  of  to 
that  of  tP'^f  inclusive  of  the  two  extremes,  is  twice  the  suiu  of  all  the  terms  in  (I  +  ty~^, 
ftom  the  coefficient  of  to  tbat  of  inclnaive  «f  tbo  two  extremea.  Tbat  ia  to  aay, 
adopting  the  factorial  notadao, 

•  1-1       a-fll-l  P-9\-l  1-1  r  +  I  1 

P      .P  .     ^P          ,  „  liP  -  0   .  (I>  -  0     .      .(P"')     .(y-O  I 
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CbaafB  the  pUoe  of  ~^J^ ,  and  write  dw  iveeecBag  «qaalloD, 

P  .     .?  +E_-sxfc'>  ,  .      ,(p-0     .O^-O  I 

To  give  greater  symmetry  to  the  cxpresaioo,  change  the  factorials  witli  diminishing  factors, 
into  their  respectively  equivalent  factoriala  with  iacraiaing  factorii  aod  the  exprescaoo  will 
become, 

+  l  p\+l  t>t  +  l  j»-(o+l)J+l  ^'•l+l 

rp -"1        [f + 1]     [p-f  1  -- 1>]  ^ f[p -o]      [p+ ij      I  1 

H.+111    +•••+               +       JTTi  +•"+  ,,-(.+1)11  +  if—jij' 

•  1+1 

Now  in  ovd«r  tiuit  die  tenn  ^  — may  eoiiieide  with  ttw  tem  of  Ao  niddlo 
«l+i 

eolanm,           — i  take  (p ♦  1  •  v) - (»  +  l) ;  <hat  i%  take  p      «  «.    TkcD  tke  cx- 

preesion  will  become, 

n                    [« + 1]         [»+0        ai?  (o  + 1)          tJ  1 

^     prM(T+"**-  ,„|i    + — J7n^-*"J]^ +  "•  +  ",— 111    +prii/-  • 

And  since  p  "  n  -i-  v,  it  is  plain  that 

i!l  ^  +^^±iL_l 

|l«+l|l+  *         |N|1  J 

*+» 

i«  tbe  smn  of  the  teme  wMcb  in  (l  <«•  0  omilled,  m  order  to  praduoe  Diagram  IV. 
from  IMagnun  IILt  and  that 

jn_  (r  +  1)  V  { 

is  the  MUD  of  tbe  teme  wbidi  is  (i  4-  0  are  onitted,  In  order  to  pradueo  Diagnni  IV.  from 

in, 

»+•  ntl— e  «+v— 1  n+a-« 

And  in  Diagram  III.,  (1 -t-O  ia  the  ftelor  of  ^0^+> ;  and  (1 -ft)  ia  tbe  ftelor  of  AQ^H 
Therefore,  b  Diagram  IV., 


i»  +  1  -  e 

is  the  coefficient  of  A  0*"  +  * ;  and 

n-ll  +  1  «|l 


n  +  S 

is  the  coeffideot  of  £k<J^*K 
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Hcnoe  if  tarn  S"*-*  wt  nibtiMt  tlie  eqwdt  of  the  eqaatiM  (aS)^  and  divide  tlie  kft  dde 
of  the  multiiig  «qtntian  by  1*  tra  ibiU  obtdii  ths  cqniftioii^ 

fi  +  1  -  r  >i  +  2  —  V 

^  [the  cuefficieDt  of  AO^'"^  ^-the  middle  term  of  that  coefficientj-tbe  coefficient  of  ^^0^"^^  (87) 

•  1+1 

and  tbe  middle  term  of  tlie  ooefleieiit  of  ^ifi^^  j*  thetena'-  or  the  («  +  i)*^  term 

of  the  figuratc  series  of  the  n"'  order. 

Bat  to  Diagram  IV.,  when  v»0,  the  owfficient  of  ^o'"'*'^aiOi  end  when  «  ■  0* 
•  l+l 

■  1  s  md  fSimtan  the  eoeffidcnt  of  AO^"^^  ■  1.  CoMequently, 


the  eoeffeient  of  (a -i-  i)  + 1  » t. 

31-t-l 

 Ai^+»-t?y[r^  +  (»  +  i)x«+i»<^. 

3|  +  1 


(M) 


«|  +  1  w-ll+l 


And  that,  «lwn  «»  +  i  ■  jfe 
the  oodEdeat  of  A  V  -  70  X  1  4>  W  X  S Ul  xS*4>59C«P+litfl*-«*. 

 AV  -  S5xl-fl5xS-f0xa^4lxl^ 

 AV-  15  •I'SxS^'lxa* 

 m  S  X  1  <!■  1  X  « 

..................         -  1  X  I. 

■ 

And  hence  tbe  IbUowing  ready  mode  of  detenoiniog  these  oeeflkiente: 

the  coeffident  of  A'o'  =  356. 


...     256-  70 

AV  -  .  ^     « gs. 


A'0»-   21  agg. 


A*0*  -    - 1 

s 
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Wfakb  ootKiaentt,  U6  being  positive,  are  to  be  iitth  rfgn  altanatelj  potitiTV  wad  motive; 
•o  liial  wlien  «  m  1,  tke  ftiction  becoiDM» 

j^[256A'0»-93A»0»  +  29AV-7AW  +  li:i'0»],        .       ...  (29) 

iutead  of  the  «l^gMt,  but  mora  oottpln  cxpKMioo, 

^  [«6  AV  -  i»      +  +  «*AV  -  «»AV  +  *»A»(!^  -  1 AV]. 

Id  the  fimer  i  n  mIimi,  tke  Ubour  of  enpalatloB  li  ke^  li^  m  hilf«  tten  it  fa  in  the 

hitter;  and  the  proportion  of  the  lahoar  laved  beoonas  greater  and  greater,  at  the  mimber* 
an  raiNd  to  a  U^ier  power. 

'  12.  1  should  «ater  upon  a  vast  tieid  of  enquiry,  were  I  to  eolarge  upon  tlie  appliciitiuQ  of 
tUe  theorem  to  the  diffierent  caeee  wbero  the  donoodnator  of  tiie  generating  flraetion  is  repre- 
lenlcd  bjr  diAerent  raenmat  fonedone  of  A.  'It  will  ba  enflteient  to  point  out  ae  n  ftrtile  eoil 
for  new  theorems,  the  cases  where  the  rBcnrwMt  deooodnator  fa  a  power,  or  ntknal  integer 

function  of  {l  ik  cm  (6)  x  t  -f  t*}. 

IS,  The  tlnrd,  or  converBe  propodtion  aqggeate  teveval  inpnrtant  eonllariee.  It  ia  too 
(Avioae  to  require  proof,  that  if  two  or  more  rational  int^r  functions  of  /  are  sefeaeUy 

recurrent,  their  product  will  be  a  recurrent  functioti  of  /;  and  that  in  the  product  of  any  two 
such  functions,  the  sign  of  recurrence  wiU  be  positive  or  negative,  aocordiog  as  the  two  func- 
tiooe  agree  or  diifer  in  their  respective  signs  of  recurrence. 

Benee  it  fioUowe  that  if  two  or  more  proper,  or  Improper}  fiaetkne  hare  tar  their  reepecdre 
numerators  and  denominators  recurrent  fmtctlona  of  i.  Am,  if  tlie  bigbeet  dimnalon  of  ^  in 
product  of  all  the  numerators,  is  lower  than  the  highest  dimension  of  t  in  the  product  of  all 
the  denominators,  the  series  arising  from  the  dcvelopement  of  this  fractional  product,  will  bo  the 
right  arm  of  a  self-repeating  recurring  series.  For  the  product  will  then  be  a  proper  fraction, 
having  a  raoarrsnt  nmnerator  and  a  recurrent  denondnator.  Tbfa  obviouify  indudee  the  caee 
of  one  of  the  Adore  being  a  reonrrent  integer  function  of  I,  dnee  h  may  be  oonrideied  ea  a 
fraction,  whose  denominator  is  1,  the  limit  of  all  recurrent  intq^  funetione. 

Let  a  and  b  be  th"  respective  dimensions,  aa  to  t,  of  the  recurrent  numerator,  and  of  the 
recurrent  denominator,  of  a  proper  fraction  ;  and  let  n  be  any  integer  not  greater  than 
6  -  (a  +  1).  Then  the  eeriee  generated  by  thia  fraction  wiUbe  tiie  rif^  arm  of  a  ailftrqpeating 
■eriesi  and  if  a  new  anriee  ii  oanrtmeted  by  adding  togetbtt  every  (» -i- 1)  coneecutivn  tenne 
of  the  original  series,  tba  new  eeriee  will  be  idfn^aaiing.  For  the  prooeea  directed  to  be 
performed  is  equivalent  to  mnltiplying  the  numerator  of  the  fraction  by  the  recurrent  factor, 

(i  +  t  +  f  +  +  f)i  and,  by  a  opposition,  the  dimension  of  the  product,  as  to  <,  is  less 

than  6,  the  dimension,  as  to  t,  of  the  denominator.  And,  in  like  manner,  with  the  like  lindl^ 
tioD,  may  tba  reeurrentliwtor  be  (1  -  f  '+i* -^^  Af).  * 

Thna  if  we  add  together  every  «'  oonsecutive  terms  of  a  figurate  series  of  the  n^^  order,  n' 
|>eing  any  integer  not  greater  than  n,  we  shall  obtain  a  self-repeating  scries,  between  the  arms  of 
which  (n-it*)  lero  terms  will  intervene.  For  instance,  if  we  add  together  every  two  consecutive 
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I  at  the  triangular  series  1,  S»  6*  lO^  fcCi  wfanee  fenerattng  finotkm  ii  the 

•dUtrepeatiqg  seriee  of  dw  squn  inimben»  tbie  icrMctoM  being  nduced  from  two  to  a  dagb 
terai> 

The  fleneraftiDC  fteetaon  i 


0-0'* 

If  we  add  together  every  three  cotuecutive  terms,  we  have  the  series,  l,  4,  10,  19,  Si,  &c., 
f ran  wUeh  all  tlie  lera-terme  are  obKlenited ;  die  genevating  ftecdon  heiog  in  tUa  eeee 

(1-0'' 

11  But  what,  it  may  he  asked,  would  be  the  result,  if  having  by  previous  addition  obli- 
terated all  the  zero-terms  included  between  the  right  and  the  left  arm,  we  were  to  add  it^ther 
•very  (n  + 1),  or  (n  +  s),  or  more,  coneecadve  taiMB  cf  die  sades.  H7  aoswar  h,  diat  w« 
ahould  obtain  an  imprapar  fiaotion  wboae  numentor  and  deBominator  vmild  be  reeumnt;  and 
we  might  then  possibly  have  to  consider  the  case  of  a  self-repeating  eeries,  dilleiiog  from  dloee 
of  which  I  have  been  treating,  in  its  containin-^  >>ptwecn  the  two  arms  a  finite  middle  term. 

A  theorem  respecting  this  second  class  of  sdlf-repeatiog  series,  analogous  to  that  which 
applies  to  die  first  class  of  which  we  have  been  treating,  I  shall  make  the  sulgeet  of  a  fiMnre 
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[Read  Jtfajr  15,  18543 

Os-  March  10,  1853,  I  received  a  proposa!  from  the  Astronoiner  Royfil  to  make  an' 
exchange  of  galvanic  signals  between  Greenwich  and  Cambridge,  for  the  determination  of  tlie 
Longitod*  of  the  Cambridge  OInervMorj,  to  which  proposal  I  immediately  signified  my 
Mwnt.  The  Gremwieh  GalTaole  atgnal  Apptntus  bad  already  been  tested  bj  «nd 
receiving  signals  between  Greenwich  and  Dover,  bnt  bad  nnt  y  >  t  I^een  ajupUed  to  tbe  dalei^ 
mination  of  Longitude.  Varioii«  arrnngemerts  were  to  be  made,  which  necessarily  occupied 
time.  In  the  first  place,  I  had  to  apply  to  the  Klcctric  Telfp^rnph  Company  for  permission 
to  make  use  of  the  telegraphic  lines  and  apparatus  uu  the  iLastern  Counties'  Hallway.  I  am 
bound  to  aay  Cbat  my  application  was  napoaded  to  by  tbe  Directors  in  tbe  moet  liberal 
manner,  and  I  waa  immediately  put  in  communication  wilb  the  Obmpnnj*a  Enjpneer,  Mr  Edwin 
Clark,  for  the  pm-posc  of  facilitating  the  requisite  arrangements.  The  complctinn  nf  the  cir- 
cuit from  Greenwich  to  Lothbury  in  the  Strand,  London,  having  been  undertaken  at  Mr  Airy's 
request  by  Mr  Walker,  Engineer  and  Superintendent  of  Tel^rapbs  of  the  South-Eastem 
Bailway,  Mr  Clark  provided  oanAilly  fiw  die  junctiona  at  LoAbbrj  and  tbe  Eastern  Gotmties* 
Terminus,  and  for  the  exclusive  use  of  a  fine  for  the  tnmsmlsston  of  signals  to  and  from  the 
Cambridge  Station.  I  was  also  furnished  with  a  gdvanie  batlerj^  a  separate  s|gnsl4ie0dfef 
and  all  the  personal  aid  that  I  required.  I  did  not  propose  the  carrying  a  temporary  wire 
firom  tbe  Cambridge  Sution  to  the  Observatory,  (a  distance  of  about  2^  miles),  thinking 
that  grsnt  expense  and  trouble  would  be  thweby  bieufred,  bat  bad  I  consUsrcd  diis 
arrangement  necessary  Ibr  tbe  saoesss  of  tbe  experiment»  I  have  teaacn  to  aay  that  the 
authorities  of  the  Eketrie  Tdegraph  Company  would  have  lent  their  aid  in  effecting  it. 

All  necessary  preparations  having  been  made,  the  exchange  of  «i{Tna!a  eventually  took 
place  on  the  nights  of  May  17  and  18.  I  cannot  better  comnieDce  my  account  of  tbe 
operation  than  by  citing  the  scheme  for  conducting  it  i»mmuoicated  to  me  by  Mr  Airy, 
which  was  dosdy  followed.  It  should  first  be  premised  that  this  aaethod  of  detsrmiidi^ 
longitude  is  in  prineiple  the  ordinary  method  of  signals,  the  instant  of  tbe  same  signal  being 
recorded  in  the  mean  or  sidereal  times  of  two  observatories,  so  as  to  give  by  the  difTerence 
of  times  tlie  diflVrfMicr  of  tl?p  lonp^ifitdes  of  the  observatories.  On  the  siippo.sition  of  the 
instantaDeous  trausmisaioa  of  galvanic  action,  two  needles,  however  distant  from  each  other, 
would  start  at  tbe  same  instant  by  the  completioB  of  a  galvanic  dred^  tnd  aftwd  the 
means  of  recording  the  dows  at  two  pasitioos  of  die  same  event  And  if  the  gslvanie 
Tou  IX.  Faut  IV.  68 
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aetioD  takci  time  to  pwi  atong  the  wirc^  the  cAct  of  the  retaidation  en  the  determiDttioa  of 
longitadc  is  eBmineted  bj  tlMMoaittiiig  the  signals  in  nearly  eqiiil  mimben  from  the  two 
positions,  and  uking  the  mean  of  the  results  given  by  the  two  sets.  The  following  is 
Mr  Airy's  "  Scheme  for  the  making  and  observing  of  Galvanic  Signals  for  the  Cuinparison 
of  Distant  docks,"*  drawn  out  subsequently  to  the  trial  of  the  transmission  of  signals 
batwMtt  GtiMttwicli  and  Dover.  ^ 

1.  Suppose  an  hour  to  be  granted  for  the  use  of  the  tt'leeraph  wire.  The  hour  is 
difided  into  four  quarters,  and  during  the  first  and  third  quarters  ugnaia  are  sent  from 
Oieenwlcb,  and  daring  the  leoocid  and  fourth  quarten  ngoata  are  leceived  at  Oreenwich* 

2.  Consequently  the  fittings  at  both  ends  of  the  line  must  be  generally  similar.  There 
must  be  a  battery  (one  of  78  pairs  of  plates  was  very  vigorous  from  Greenwich  to  Dover), 
and  meana  of  puttmg  the  faalteiy  out  of  dnniit  for  receiTliig  signals^  and  of  pirttiog  it  ia 
drcnic  bjr  Marta  for  glviiif  Mgnali.  The  mechaiiiaM  for  thja  purpow  of  the  eoonuM  naadb 

telegraph  answers  perfectly  weD.    There  must  also  be  a  signal-needle  in  another  room,  or 

in  a  distant  comer  of  the  tame  room,  at  which  the  time-observations  of  signal*  poing;  both 
ways  are  made.  The  separation  of  the  signal-giving  place  from  the  time-observing  place 
hae  been  found  to  be  indispemable  for  aeeumejr. 

3.  The  signal  is  rather  startling  and  requires  an  observer  in  a  good  state  of  nerve. 
Considering  that  a  half-second  beat  comes  so  quick  as  to  endanger  the  requisite  coolness, 
it  would  be  heat,  if  the  meant  are  at  hand,  to  erect  ft  doA  near  to  the  dgnaUieedle^ 
But  if  not,  a  ehranoneter  maj  be  vied :  at  Greenwich  it  was  done  waj  time  widi  JUr 

4.  The  B^ala  are  made  in  the  folbwing  way.  The  tignal^ver  fixee  in  his  mind 
on  an  arWtrary  number  of  dgnala  to  be  given  in  tlie  next  batch :  not  fewer  than  three 
and  not  more  than  nine.  Suppose  the  number  to  be  five.  Tlien  he  gives  five  warning 
signals  at  intervals  of  about  i,^  or  2  seconds  (to  prepare  the  mind  of  the  signal-receiver),  and 
follows  them  with  five  time-signals  at  arbitrary  intervals,  not  less  than  10*  nor  greater  than 

15^   Graphioally  a  batch  i»  repretented  Then  lie  waiti  SO  or  90 

MGonda  lielbre  makmg  anotlier  betdi. 

5.  At  each  end  there  must  be  three  persons.  The  8igDal«giver  A  will  have  nothing 
to  do  bat  to  give  sigoala,  as  above  deeoribedi  for  half  the  tioa.  The  aignal-wateher  JB  wBL 
tall*  •eoonds  from  the  doeh,  ooant  lieats  and  obaerve  the  start  of  the  needle^  and  cntar  the 

times  in  his  book  during  the  whule  time.  The  assistant  C  (who  is  to  be  a  very  quiet  person), 
must  look  over  the  shoulder  of  B,  and  count  the  warning-signals  and  say  "five  signals 
coming.'"  He  must  quietly  count  them  as  they  come,  and  after  the  entry  of  the  fifth  must 
say  «*bateh  fidahed.**  Thb  amistancc  is  a  great  relief  to  B. 

6.  In  the  successive  quarters  of  hour«  the  needle  has  been  thrown  right  in  the  first  and 
second,  and  left  in  the  third  and  fourth. 
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7.  It  ia  thought  that  aoctiracy  is  gained  bj  covering  the  ueedle-dial  leaving  a  slit 
tbmigli  whicb  the  necdb  it  Men.  Tlntt  the  stirt  only  of  the  needle  U  eeen,  not  die  end  of 
the  swing. 

All  the  above  rules  were  nttended  to  in  the  transmission  of  the  signals  from  the  Cambridge 
Telegrafih  StHtion,  excepting  the  sixth  and  seventh.  The  former  was  neijlected  from 
oversight,  and  the  latter  was  found  to  be  inconvenieut,  because,  for  reasons  stated  lurlher  ou, 
iht  Mgoal-tiBei  were  noted  bj  two  obierfm  at  the  aame  ihnft 

After  receiving  the  above  echeme  of  ciperatfone,  I  waited  en  the  Aetraaamer  Boyal  tar 
the  purpose  of  seeing  the  GreenwKb  arrangeoMfita,  end  I  took  the  opportunity  of  propoaing 
to  him  that  signals  should  be  made  on  two  successive  nights,  and  that  there  should  he  an 
interchange  of  observers,  the  Greenwich  observer  both  of  transits  and  signals  going  to 
Gunbridge,  and  the  Oamhridge  obielveK  of  tmAi  and  signals  going  to  GimamiA,  after  Ae 
int  nights  obaervatione.  Thie  propoeat,  whieb  wae  made  with  the  view  of  eiimiaattng  tiie 
effect  of  any  difference  between  the  personal  equations  of  the  twv  observers,  was  assented  to 
by  Mr  Airy.  I  proposed  also  that  in  addition  to  the  stars  ordinarily  used  at  the  two 
Observatories  for  the  determination  of  clnck-errors,  a  selected  list  of  other  stars  should  also 
be  observed,  and  in  the  instances  in  which  the  same  star  was  obeerred  at  both  Observatories, 
that  dodt^enon  ehould  lie  dednoed  flfon  the  lame  valuee  of  the  Appeient  B%fht  Anenaioni 
of  thoae  atan^  It  it  clear  that  by  this  pineeei,  in  which  exaet  values  of  the  Right  Aacen. 
sions  of  the  stars  are  not  essential,  a  larger  number  of  stars  are  available  for  clock-errors,  in 
case  the  state  of  the  sky  be  caprif  'ons.  Mr  Airy  afrrr-fr!  to  this  arran<nrn«it,  Ftipulating 
only  ttuit  the  longitude  deduced  from  the  ordinary  clix:k-starB  should  be  calculated  apart  from 
Aat  deduced  from  oonesponding  stare.  I  conaequently  selected  ftoo  the  Oreenvidi  Twelve* 
year  dtakigne  «  Kit  of  atani  vhoae  Mefidjao  tneuit*  would  oeewr  iboitly  befim  and  after  the 
tine  ooeajned  at  Cambridge  in  the  observatione  of  the  e%neli,  and  b  the  eonveyanee  of  the 
chraoometers  to  and  from  the  Station. 

At  Greenwich,  on  May  17«  the  observations  throughout  the  series,  both  of  selected  stars 
and  dgoale,  were  madeby  Mr  Dnnkin.  The  tignakweieobeervedt»7  notiog  tbetnneof  deflee- 
don  of  the  needle  at  the  galvanometer  attached  to  the  eaae  (rf  the  traneik-doek*  the  time  ef  each 
a^gnal  being  the  iaitaot  of  the  first  start  of  the  needle.  The  contact  was  made  without 
exception  at  the  Transit-circle,  by  the  apparatus  intended  fur  use  in  the  AmrHf  nn  method 
of  recording  transits.  In  four  batches  the  signals  were  made  at  the  instants  when  a  star 
peeeed  the  Transit  wiree.  The  signals  were  given  throughout  the  series  by  Mr  Henderson. 
The  wanifaig^ignale  were  counted  and  a  register  kept  of  the  number  by  Mr  CMswiek. 

At  CSambridge,  on  the  same  day,  Mr  C.  Todd  observed  the  transits  of  atam  fiir 
clock -errors,  and  the  signal-times.  Mr  Breen  also  observed  signal-times.  As  at  Greenwich, 
the  instant  of  the  (irs(  start  of  the  needle  was  noted,  'i'hc  Cambridge  signals  were  all  given 
by  myself,  stationed  at  one  comer  of  the  room  in  which  the  observations  were  made,  as  far 
ftom  the  ebeervere  (whoee  hocks  were  tni^  towards  me)  as  the  limited  dunensione  of  the 
room  adnritted.  Mr  H.  Todd  counted  tlie  warnings  and  aignds.  Mr  Sacb»  local  super- 
intendent of  the  Eastern  Counties'  Telegraph  lines,  was  present  to  arrange  the  battery  and 
wires,  end  to  perform  the  necessary  changes  of  conneition  during  the  observations.  The 

63— « 
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greatest  care  was  taken  hy  all  parties  engaged  ia  the  Telegraph  Oflloe  to  avoid  making  noises 
that  ndght  diitarb  the  experioMmt,  but  emne  fawonwnkiMe  wm  umnUMy  cxpeticMad  ft«tt 
the  occadoiwl  peMRgB  of  nnlwajr  caniigcs. 

On  May  18,  the  operators  and  the  distribution  of  their  duties,  both  at  Greenwich  and 
Cambridfje,  were  the  same  as  on  the  prweriiiiL'  nicrht,  excepting  that  Mr  Dutikin  and  Mr  C. 
Todd  changed  places.  My  objects  in  having  the  ugnals  observed  simultaneously  by  two 
ohMTveni  wertb  to  dieck  nistalMt  to  writing  down  tlie  leooiiidi,  and  to  have  the  opportunity 
of  dadnehig  dHRmnee  of  pcnonal  eiinalioiis  in  a  mode  of  obierring  in  vhieh  the  IkaetioB  of  a 
second  is  estimated  in  a  different  manner  from  that  in  which  it  is  estimated  in  a  transit 
observation.  In  order  that  the  kind  of  observation  might  not  be  entirely  strange  to  the 
observers,  both  Mr  Breen  and  Mr  Todd  practised,  a  short  time  previous,  taking  notes  of 
tine  of  tiiddQ  ^riu  vhich  I  gave  at  arbitrary  interrab  to  a  temporary  sdMlitiite  fiar  ibe 
fdvanle  needier 

The  Oainibridge  Observatory  time  was  transferred  to  the  Telegraph  BtadoB  by  meant  of 
three  chronometers,  beating  half-seconds,  one  ^^o^ng  mean  solar  time,  and  the  other  two 
sidereal  time*.  The  two  sidereal  chronometers  were  compared  with  the  transit-clock  by  the 
iot^entioD  of  the  aolar  ehmoometer  just  before  we  left  the  Ohietvatavy  for  the  Station,  they 
wwe  eoaqpared  with  the  solar  dnooometar  at  tiie  Staitfoo  both  before  tlie  dgoab  oommenced 
and  vImb  tiMy  were  finished,  and  lastly  thi^  were  compared  agun  with  the  tmnnt-dock 
by  means  of  the  solar  chronometer  on  our  return  to  the  Observatory,  All  the  comparisons 
were  made  by  ooioddeuoes  of  beats.  The  sigoal-times  were  noted  by  one  of  the  sidereal 
chronometers. 

Exaody  at  11*  Greenwidi  Mean  Time  of  Vaj  17>  the  first  dgnsl  readied  the  Camlmdge 
Station.    Four  otliers  followed  at  btervals  of  alioMt  two  secooda,  and  then  five  sigmals  were 

similarly  sent  from  Cambridge.  Tliesc  by  previous  understanding^  signified  that  all  was 
right.  The  batches  of  signals  then  commenced,  and  were  continued  to  12*',  Greenwich  giving 
signals  during  the  first  and  third  quarters  of  the  hour,  and  (Cambridge  during  the  second  and 
fourth.  The  following  is  a  Uit  of  die  hatdMS  of  signal-times  rsoordsd  at  Green wieh  and 
and  Cambridge  on  Jlay  17,  hidariTe  of  those  rseoidcd  by  Mr  Brem 


*  A  — njMw  *M  kiiKd  ftr  the  owspatt  sf  ditdniw- 
ailiis  sad  As  fsMjr  af  akiinMn^  anoaneMrwas  IhU 
Wf  bmi,  sad  wkm  It  was  nimiaiy  (»  piss  •*»  iMi»> 


paviati  *s  allihMd  Emu  As  esHTsrsMC  ml  etidcd  die 
ctewMSMMn  valkbif. 
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First  S&t. — Gngnwiek  Signalt. 


Haw  of 

■■■!<•• 

SleiuU-tim*  noUd 
bj  Mr  UuBUa 
at  OnmUtk 

61nal-tliA«  noted 
oy  MT  JTood 

Second*  of 
tb(iuU>tltD«  noted 
tyllrBraw. 

I. 

K  m,  tt 

Jk.  » 

«■ 

I* 

14u4S.45^ 

14.46. 

4.S.57,S 

46.26,0 

2G,0 

46.37,9 

38,0 

4 

44.19^9 

46.48,8 

49.1 

*• 

44.S0^I 

46.58,0 

S8,9 

II. 

«• 

14.45.19,9 

14.48. 

7 

4S.St^ 

48.  0,1 

<>•« 

8 

45.48,9 

48.10,7 

10,9 

9 

45.58,0 

48.21,0 

Sl,t 

10 

S,9 

4«JS,0 

82,8 

11 

46.14|9 

4S.4»,8 

48,S 

III. 

19 

14.48^0 

1451. IS,0 

is,t 

IS 

48.58,0 

5:. 26,0 

26,1 

14 

49.10,8 

&l,S9,o 

39,1 

15 

49-22,1 

51.50,8 

50,9 

16 

49.38,1 

52.  1,7 

»»9 

17 

49.46,1 

52.U.4 

14,2 

18 

50.  0,0 

52.28,0 

28,0 

IV* 

19* 

14.50.55,0 

14.53. 

9S,I 

«0 

51.  8,8 

53.37,1 

S7.0 

SI 

S1;SS,7 

58.51,8 

5S,0 

S1.S8,0 

54.  6fi 

v» 

as 

14.5t.SS,1 

14b55.f0,3 

S0,1 

£4 

53.  7.1 

55.35,2 

35,2 

«5 

53.21,0 

65.49,2 

49,1 

9S 

53.34,9 

56.  3,0 

3,0 

27 

64.48,9 

56.17,0 

17,1 

S8 

55.  2,8 

56.3^,1 

31,0 

S9 

55.16,7 

56.45,0 

45,0 

VI. 

SO* 

14b57.42,0 

15.  0.10,9 

11,0 

81 

57.55,8 

ftS4,3 

24,1 

32 

58.  8,0 

0.36,0 

36,1 

88 

58.21,2 

0.49,7 

49,8 

S4 

1. 9a 

9a 
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Smmd  Set — CtmbH4g»  Stgnal9—(e<mHmied). 


Vo.of 
0^ 

fltaal^ln*  Dated 

flMoad*  of 

k.     It.  #. 

K.     m.  i. 

VII. 

14^9.20^ 

15.  1.49.0 

SO 

a.  0,9 

0.9 

97 

49.46^ 

iM 

vni. 

SS* 

15.  0.37,9 

18b  8.16.2 

6,1 

.19 

0.51,9 

3.20.2 

20,3 

40 

1.  5,2 

3.3S,3 

• 

41 

1.17,2 

3.45,8 

45,8 

M 

1.591^ 

4b  nfl 

48* 

44 

15.  MM 

15.  4.88.0 

58,0 

2AS,0 

5.11,2 

11.1 

46 

2.54,1 

5.22,1 

98,8 

47 

5.  7,6 

5.85,9 

85^ 

X*. 

48 

15.  5.58,3 

15.  6.26,8 

26.3 

49 

4.12,4 

6.40,8 

40,7 

50 

4.26.0 

6.58,7 

84,1 

51 

7.  7,0 

52 

4.52,8 

7.21,0 

21,8 

5.  tfi 

738,7 

88,8 

M 

5.l7Ji 

746,0 

XI. 

50 

15.  6.  t,0 

15.  8.80,0 

8^1 

56 

6.20,8 

8.4Q.0 

48.9 

57 

6.33,1 

9.  1,5 

1,8 

58 

fli46,0 

9.14,0 

14,0 

«9 

6.r,H,[) 

<).27,0 

27,0 

60 

7.15,0 

9.41,5 

413 

V^  V 

XII*. 

61 

15.  8.  8,0 

15.1QJ6,6 

8^7 

1)2 

8.22,0 

10.51,3 

51,3 

6S 

8.36,0 

11.  5,3 

5,0 

64 

8.48.9 

11.17,4 

17,8 

fis 

9.  8,1 

1131,8 

813 

XIU. 

<» 

15.  9.57,« 

15.18.85,6 

953 

G7 

10.  7,0 

12.35.4 

35,1 

68 

10.21,2 

12.49,4 

49,4 

«& 

t0.3a,() 

IS.  0,5 

0,6 

70 

10.4(i,2 

13.14,2 

IM 

71 

10.68,2 

1836,9 

87,8 
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nil  ml  HtM  mill 



Ik 

tL     M.  t. 

XIV. 

15.15.88,0 

22,3 

15.8S,S 

74 

IS.19,1 

15.47,3 

47,2 

75 

IS.30,0 

15.58,1 

58,1 

XV*. 

76 

15.14.86,8 

15.17.  5,0 

4.9 

77 

14.50,2 

I7.19iO 

18,9 

78 

15.  4,3 

17.32,8 

33,8 

79 

15.I9,S 

17.47,0 

47,1 

80 

15.33,0 

18.  1,2 

1,2 

81 

15.47,1 

18.15,7 

15,4 

W* 

l6L 

XV 1. 

83 

15.17.13,9 

15.19.42,8 

43,1 

84 

17.S8,1 

I9.5<»,7 

86,8 

85 

17.40,3 

2n.  8,8 

86 

17.54,0 

80.88,0 

22,0 

»7 

18.  8,0 

m.86,3 

86,8 

S»* 

itAa»o 

81,6 

XVII*. 

89 

1 5.20.84,0 

15.82.58,8 

58,6 

90 

S0,S8,S 

tS.  €,7 

91* 

20.52,1 

83.20,7 

19.6 

9« 

21.  6,1 

83.34,5 

34,0 

99 

91.19,9 

tS.47,7 

48,9 

9* 

21.3.3,7 

24.  2,0 

8,0 

95 

21.47*4 

84.15^ 

15,8 

XVIII*. 

96 

1.5.22.47,0 

15.85.15,1 

15,1 

97 

23.  0,0 

28,3 

98 

23.13,8 

tM8,l 

42,8 

99 

98Jt6tl 

UM^ 

84^8 

XIX» 

100 

15.24.35,8 

15.27.  3,7 

3,9 

101 

«7.17,tf 

17,8 

lOS 

25.  3,2 

27.32,0 

31.8 

109 

85.17,0 

87.45,8 

45,8 

104 

t5J0,8 

<7.89bt 

89,8 

105 

25.14,8 

28.12,9 

r-^  n 

106 

85.58,5 

88.86,7 

26,6 

XX. 

15.27.37,8 

15.30.  5^ 

6.0 

97Mfi 

80,18.8  j 

1^,9 
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494    PROFSSSO&  CUALUS.  ON  TII£  DETE&MINATION  OF  TH£  LONOITUBE 


FmtrA.SM. — CmribridgB  Sigtula — (flonljiMMrf). 


Batch. 

No.  of 

tilt- 
s''rie*. 



SigSftl-Um*  nat#d 

hy  Mr  Dunlsift 
ut  <irrt-in»ieli. 

\>y  Mr  I'niUl 
ut  Ciliiitiritlifc. 

Swoiid*  of 
1  Mr  Itrcwu. 

XX. 

109 

15.88.  4,2 

15.30.32,6 

32,3 

110* 

SO.44,5 

44^7 

XXL 

in* 

15.^.  1,5 

15.31.30.8 

30.1 

112 

»iAS,7 

49.7 

M3* 

31,55,6 

66,3 

1U» 

32.  9.7 

9,8 

115 

29,5S,0 

S2.23,0 

23,2 

116 

.-iO.  6,2 

34,4 

117 

30.21,2 

32.49,9 

49,2 

XXII. 

118 

IMl.  M 

119 

•  31.14,2 

.'JS,42,3 

42,3 

120 

3 1.26,1 

33.54,6 

55,0 

1£1 

SI.40,4 

«*.  «,7 

4,7 

1^ 

S4.tt.7 

22,2 

XXIII. 

123 

15.32,37,8 

15.35.  6,2 

6.1 

134 

3-2. M, 5 

33.19,0 

19,0 

125 

S3.  3,5 

35.31,7 

32,1 

126 

33. 16,0 

35.U,S 

44,2 

127 

Sf.S8«S 

35.57,1 

57,0 

> 

128 

36.10,8 

11,1 

XXIV. 

129 

1&S6.54,7 

54y4 

130 

34.40,3 

37.  8.7 

9.2 

131 

34.53,7 

37^21,7 

21,7 

13S 

S5.  641 

87.33,0 

8^1 

XXV. 

133* 

15.85.50,4 

15.38.19.0 

18,2 

134 

36.  3,5 

.38.31,8 

31,9 

135 

36a6,S 

38.44,4 

44,4 

136 

36.30,0 

38.58,3 

137 

36.43,3 

S9.I 1,4 

11,4 

138 

3&«6,« 

a9LS«,3 

MkS 

139 

49,8 

XXVI. 

140 

15.87^4,0 

is.4ae8ti 

22,1 

141 

38.  7,2 

40.35,2 

35,3 

142 

38.24,4 

4a50,0 

50,2 

14S 

48.S4»0 

41.  2,0 

1,« 

144 

41.14,7 

14k9 

XXVII*. 

145 

15.39.28.1 

15.41.56,0 

56,2 

140 

«»  7,7 

8,1 
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Fourth  Set. — Cambridge  Sigjiak — (continued.) 


BMdh. 

■t  OfMBWldl. 

ITWTlMi-UHlT  DviVU 

IvMrlWd 
at  OHHNidfi*. 

tipwl-ttawMM 

k.     m.  « 

147 

48.84^7 

XXVIII. 

\48 

15.40.42,1 

15.43.10,4 

10,2 

149 

40.56,8 

43.24.9 

25,1 

150 

41.  8,2 

43.36,4 

36,3 

101 

41.21,2 

4S^.3 

49.7 

152 

41.36,2 

44.  4,6 

4.2 

1 53 

41.48^ 

44.16^ 

16,4 

18% 

48.  Ifi 

«4^M 

99Ji 

Noin  to  Ike  foregoing  Obtenaltmt. 

The  letters  D,  T,  and  B  are  put  respectively  for  Mr  Dunkin.  Mr  Todd,  and 
Mr  Breen.  The  Batches  and  Nos.  of  the  series  to  which  the  notes  apply  have  asterisks 
attadwd  to  them. 

No.  5,  58/»  lo  T«  ol»«nratioii  is  probibly  b  miatake  for  S^fi. 

Batch  IV.,  Note  by  B,  'bad, — too  quick.' 

No.  30,  B's  ob^frvn'.inn  appeors  to  be  I'  in  C\ff>R«, 

No.  38,  T's  observatioD  is  10*  in  excess,  as  shewn  by  B's. 

Batdies  X.  and  XII.,  «Nflbe.'  (T). 

Baleb  XII.*  <  At  the  end  of  this  bateh  I  fennd  mjtdf  counting  the  dock  «  second  in 
error.'  (D). 

No.  8f»,  B's  observation  was  marked  '  bad.' 
No.  91,  B's  observation  is  prol^ably  1'  in  defect. 
Batch  XVIII.,  'good'  (T);  'very  good'  (B). 

Not.  Ill  end  IIS,  by  ooinfNnlaoa  of  T*s  timei  with  Fi  it  nppNn  pnibable  tlwt  MM  h  a 
mistake  lor  S9,8,  and  55,6  for  56,6. 

No.  133,  T's  ■^ignal-timc  was  doubtful. 
Batch  XXVII.,  *  bad,— confused.'  (T). 

The  noted  times  in  batches  V.,  XV.,  XVII.,  and  XIX.,  are  respectively  the  times  of 
trandt  of  B  .A.  C.  4941,  7  Serpentis,  10  Serpentis,  and  11  Serpcntis,  across  the  wkfs  of  the 
Gnenwich  Transit  Cirde. 

The  omissions  in  Koa.  1»  ^  I9,  S5,  43,  82,  110  and  114  ap|iear  in  most  cases  to  be  due  to 

the  observers  being  unprepsred,  which  might  arise  either  from  a  miscounting  of  the  warning 
signals,  or  from  the  small  intervals  allowed  between  the  batches.  In  the  observations  of 
May  IS,  the  batdiaa  wik  aepatated  by  larger  intervals,  and  in  consequence  a  smaller  number 
of  iignds  wan  given  in  the  eoune  of  the  lioar. 

Vou  IX.  Past  IV.  64 
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CHALUB,  ON  THB  DBTBBMINATION  OP  THE  LONGRUDB 


Batch. 


1/ 


II. 


III.* 


IV. 


V. 


VI. 


1869,  May  la 
Fbnt  Skt*    Grmnmkk  g^mOt, 


No.  of  1 

iXit 

SiiRiaJ'time  noted  | 
pj  Mr  looa  1 
*i  Gre«nwictL  { 

Sisnal-tiiiie  noted 
vy  .ilr  ljuTiloo 

Seeondiof 
iisMl.tiiii,  iiot6d 
b;  Mr  Btmb. 

h.    m,  1. 

1. 

1 

14.48.40,7 

14.51.14,0 

14.1 

0 

m 

ill  VI  0 

45).  9,0 

51.42,e 

41,9 

4 

49.&S,0 

51.55,9 

56,0 

5 

SSL  9JS 

6 

4P.50,7 

5S.S8,0 

23,5 

7 

50.  4,6 

5a.S7iO 

37,1 

8» 

14,51. 

14.51.  2,3 

2,1 

n 

y 

10 

51.50,7 

54.23,0 

23,3 

33,0 

IS 

«.  8.9 

41,3 

19 

14 

55.39,2 

39.1 

15 

56.52,9 

53,0 

16 

«6.  7,0 

T,0 

17 

53.48,1 

56.so,a 

20^ 

18 

54.  S,0 

56.34,5 

34,7 

19 

54.15,7 

56.48,1 

48,3 

fO 

14.55.S5,2 

14.58.  8,0 

8.1 

91 

55.47,3 

58.20,1 

20,3 

S8 

S4 

15.  9.90,8 

S0,8 

2.5 

58.  2,7 

0.35,1 

35,7 

S6 

58.17,9 

0.50,4 

50,7 

«7 

58.28,9 

1.  1,8 

1.8 

S8 

58.4.S,0 

1.15,4 

1.5,3 

29 

58.5(j,f) 

1.29,2 

29,8 

SO 

59.12,0 

1.44,2 

44.4 

SI 

S7.8 

as 

».  9»* 

8,7 

Second  Set. — Cambridge  Signals. 

S3 

15.  1.58,1 

15.  4.25.0 

24,8 

M 

«.  M 

86,0 

$5 

«.17,0 

40.9 
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Second  Set. — Cambridge  Signals — {continued). 


No.  of 

the 
•aria. 

{tl(rnsl-t!me  noted 
b\  Mr  Todd 
St  Ut«Miwicfa. 

S!gn»I-t!ni«  noted 
br  Mr  DunkiD 
at  Cambridg*. 

Rewind,  of 
aignaJ-tlme  imleil 
oj  BIr  BraeiL 

h.  m,  n 

A 

86 

15.  2.29^ 

15. *5.  2.0 

2.1 

37 

2.48,7 

5.16^1 

16.0 

VII. 

S8 

IS.  ".^^.7 

15.  6.19,0 

19,1 

S9 

S.59,8 

6.82,1 

32.4 

40» 

4.11,7 

6L4S,1 

44,2 

41 

4.24,3 

6.57,1 

57,1 

48 

4.88,0 

7.10,3 

10.8 

48 

4.50,7 

7.23,8 

23,8 

44 

7.57,0 

57,0 

VIII. 

45 

15.  6.10^ 

15.  8.42,2 

48,4 

46 

5.54^1 

54^0 

47 

6.38,6 

9.  6,1 

48* 

6.46»6 

9-20,2 

19.9 

IX. 

49 

15.  7.51,1 

15.10.24,0 

28,8 

AO 

a.  4,0 

10.36,8 

37,0 

61 

ai7,9 

10.50,5 

50,4 

52 

8.30,2 

11.  3,0 

2,9 

M 

fi.44»0 

11.16,4 

16,7 

X. 

54 

15.  9>4a;i0 

•0,7 

55 

10.  1,8 

12.33,7 

38,9 

56 

10.14^ 

12464> 

46.9 

57 

10.S7,0 

IS.59,5 

59,4 

58 

10.39,?) 

13.12,4 

12,8 

59 

10.54,5 

l8Ji7jl 

27,1 

XI. 

60 

15.11.55,1 

15.14.27,9 

f7,B 

61 

12.  8,4 

14.41,0 

40,9 

6S 

isjeo.o 

14.52,5 

52,7 

15.  0^4 

ojl 

XII. 

64 

15.18.40,0 

15.16.12,5 

12.3 

6S 

l&«k9 

•4,8 

66 

14.  5,4 

1^37,8 

37,9 

67 

14.19)5 

16.52,0 

51,9 

6B 

14Jty4 

17.  5,0 

4.9 

69 

14.44,8 

IT.17,1 

17.6 

70 

14.58,9 

17.31,.^ 

31,8 

71* 

17.44,5 

44*7 

64.^ 


PROPE880R  GOAILIS^  ON  TBB  DBTBBHINATION  OF  THB  L0N02T0DE 

Third  Set. — Greenwich  Sig7iaU-. 


No.  of 
the 

Siffiwl-tiin*  noM 
bj  Ur  Todd 
M  Graeowich. 

8iffnal>tln>«  noted 
Mr  Dankin 

Seeoodi  of 
ilsnal'tiine  noted 
by  Ur  BrMB. 

Hl   n.  K 

#■ 

XIXL 

72* 

15.17.85,2 

15.19.57.0 

57,8 

78 

17.36^ 

20.  9,4 

9,3 

7* 

17*48,7 

S0J81,S 

01,0 

•  75 

18.  0,6 

20^3,0 

33,0 

76 

18.18,6 

80.46,1 

46,4 

77 

18^,6 

SO.88,0 

58,0 

X1V.» 

78  • 

15.88.56,3 

56,9 

79 

88.10,2 

10,1 

80 

SO.51,6 

S«.S4,1 

8f,0 

81 

21.  5,3 

23.38,1 

38,1 

82 

«1.]9>8 

83.52,1 

51,7 

C1.8SJ) 

04w  5fi 

5.9 

84 

S1.4il^7 

04.19,0 

19i0 

85 

15.S4.84,7 

18.07.  7,6 

7,8 

86 

2i.48,l. 

27.21,4 

21,1 

87 

85.  2,3 

27.35,2 

34,9 

88 

04.16,4 

27,49,1 

48,9 

89 

25.30,1 

28.  2,8 

2,8 

90 

25.43,6 

28,16.5 

l6,4 

91 

25.57,5 

88.30,5 

30,3 

XVI.« 

98 

15.28.12,2 

I5.S0.41,f) 

«,I 

93 

ssje^i 

3058,6 

39^0 

9* 

08.89^7 

81.1^8 

9S 

28.53,8 

81.26,5 

oM 

96 

89.  7,5 

31.40,5 

40,0 

W« 

09l01,8 

81.88,2 

54,0 

98 

«9.38^ 

80.  gfi 

8,0 

Fourth  Set. — Cnn^nidge  Signak. 

XVII. 

99 

15.31.37,2 

15.34.10,0 

9.9 

100 

31.51,0 

34.23,8 

23,4 

101 

88.  8fi 

34.36,0 

86.1 

102 

32.15,3 

34.47,9 

48,0 

lOS 

38.30,0 

35.  2,5 

8,7 

XTIII. 

104 

15.83.31,5 

15.86.  4,0 

4,1 

105 

33.43,9 

36,16.7 

16,7 

106 

88.«7,4 

36.29,9 

99,9 

107 

S't.11,4, 

36.44,0 

43,8 

108 

84,23,8 

56,7 
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Fourth  Stto-^CanbrUgt  Signak—iconiinu«d). 


iMdL 

No.  of 

Biinul-tiiB*  noted 

hw  Mr  TaM 

at  Graenwich. 

Signal-tima  noted 
UT  Mr  Onnkio 
St  Grwniwich. 

Second*  of 
siftiiAl'tin^c  noted 
Itj  Ut  Breea. 

K    m.  t. 

«. 

109 

15.34.37,0 

15.37.  9,5 

9,4 

110 

84.50,7 

87^5 

S8,8 

XIX. 

111 

15.36.17,9 

15.38.50,4 

50,8 

lis 

36.31,  !• 

39.  4,0 

3,8 

115 

89.17,0 

17,0 

114 

8»J0,1 

«M 

115 

87.10,7 

89.43,2 

43,1 

87  9J{  6 

117 

4a  9.0 

118 

37.47,9 

40.20,1, 

20,8 

119 

88.  0,1 

40.33,0 

8^S 

XX. 

IM 

15..^8.59,5 

l5.n.r-:,i 

- 

ISl 

89.12.9 

41.45,a 

45,8 

Itt 

39^5^6 

41.58,8 

58,8 

JO  19  E 

1S4 

48.Sfi^ 

XXI. 

IM 

iMh.  0,9 

15.4838;8 

«»,7 

126 

41.14^ 

47,2 

1S7 

41JMS.T 

43.59,2 

£9,4 

Itt 

41.8!M) 

44.1C,I 

ia,7 

129 

41.53,7 

44.-26,5 

SC,4 

190 

4«.  6,7 

44.39,3 

89,2 

44.58,0 

58,0 

XXII. 

ISS 

15.43.39,8 

15.46.12,4 

12,2 

183 

43.53,8 

46.26,4 

86,8 

IM 

44.  7»4 

46.40,10 

40,0 

1S5 

44.21,7 

46.54,0 

54,8 

136 

44.85,6 

47.  7,9 

7,8 

lar 

44.49,7 

47JM,t 

9«,8 

138 

45.  S,8 

47..?P,5 

36,5 

1^ 

45.16,6 

47.49,8 

49,0 

AMm  ft»      fingolmg  Obttrvatiotu, 

No.  11,  ia  D'a  obserration,  32,1  appeon  to  be  a  miatake  for  88,1. 
No.  40^  D'a  obMiTBtiaii  b  1'  in  dcftct,  «s  ahewn  bj  Vn. 
NtK  48,  the  afcconds  of  T*i  obMrratiai  ihoidd  probably  be  47,8. 
Nok  7S,  in  D'a  obnnratUNi,  S7fi  •jgfHn  to  b*  *  miatake  ioe  88fi^ 
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MO  PBOFBS80R  CHAUJft,  OM  THE  DBTERMINATION  OP  TBB  LONGITUDE 


No.  70,  B's  obstirvatiuQ  was  doubtful  uu  accuuut  of  ooise* 

N«>.  91,  ]y«  ctgnaUiiiie  it  S^in  dc&et,  m  appeart  by  Tsand  BV 

BatdMf  I.,  III.,  XIV.,  XV.  •nd  XVI.  are  mpeeliTdj  transti  of  l6  librae  BJLC.  4941, 
10  Berpcntil^  11  Serpentis  st;  t  V  f^crpentis  acroM  the  wires  of  the  Greenwich  Transit-Circle. 

The  oini»itions  in  Nos.  8,  63^  71  anil  ISI  are  due  apparently  to  the  same  aoddeiiU  aa  those 
which  occurred  on  May  17. 


Soiiu-  inferences  may  be  ilrawn  from  the  note<l  signal-times  before  retlucing  them  to  the 
sidereal  times  of  the  Obaervatoiies.  In  the  first  place,  we  may  compare  the  times  of  the 
some  signals  as  recorded  bjr  two  observers.  By  147  comparisons  of  the  signal-times  noted 
at  Cambridge  on  Maj  17,  it  appMn  that  Mr  Bveen  «bwrv«d  UOtr  tban  Mr  Todd  bj  Ac 
mean  inlerral  U^fiktL  On  May  18,  khom  of  Mr  Bnm*%  lignaUUiDM  in  Batch  V.  appew  to  be 
aDomaloaai  pouiUy  by  mistAkes  of  half  a  second.  If  this  batch  be  excluded,  the  mean  reilllt 
of  ISO  comparisons  i«,  that  Mr  Breen  ob<?i"rvcH  !nter  than  Mr  Dunkin  by  ©".OSO.  It  seems, 
tboefbr^  that  Mr  Dunkin^s  and  Mr  Todd's  ubiservations  of  signals  agree  very  closely,  and 
that  littfe  dtfloiweo  anals  between  tfaa  three  obMrven  in  diat  bind  of  obeervatkuk.  Thb 
result  is  the  iDore  to  be  remarked  because  a  deeided  diUbcoee  of  pmifmel  equadoa  esicta 
between  Mr  Breen's  transits  and  those  of  Mr  Todd.  In  tile  year  1848  Mr  Breen  obeervcd 
earlier  than  Mr  To<id  by  0^,35.  (See  the  Camhiidt^e  Oh/^^rrrrfifyn.'i,  Vol.  xvii.  p.  55).  By 
transits  taken  in  185S,  on  May  17  and  May  19,  the  difi'erences  of  the  personal  equations  of 
these  two  obMnrere  were  0^,17  and  0^,19,  and  by  transits  taken  on  May  18  and  May  19,  the 
difbrenceo  of  tbe  penonel  eqnatiam  of  Mr  Dunkin  and  Mr  Breen  were  <f,i4  and  41*,ia, 
Mr  Bieen*s  observatfami  liefalg  tlie  eeiUer  in  each  instance.  It  follows,  therefore,  that  there 
is  not  necessarily  the  same  personal  equation  in  observing  signals  as  in  observing  transits.  If 
such  were  tbe  cas#,  tbe  determination  of  hingitudo  by  signals  would  plainly  not  be  affected 
by  personal  equation,  provided  the  transits  for  clock-errors  and  the  signals  were  observed 
by  the  lama  obeerver. 

Again,  from  tbe  imreduced  eignalptiniea,  tbe  interval  oeeupiod  by  the  tnuwuiMion  of  the 

galvanic  action  between  Greenwich  and  Cambridge  may  be  ascertained,  if  it  be  of  sensible 
amount.  In  order  to  got  a  result  independent  of  the  rates  of  the  time-pieces  used  for 
recording  the  signal-times,  and  of  tbe  comparisoos  of  chronomiiters,  the  mean  excess  of 
the  Cambridge  sigosktlmes  above  tbe  Greenwich  signal-times,  as  derired  ftom  tbe  Unt  and 
third  sets,  wilt  be  oompared  with  the  mean  ezcmi  derived  finm  the  teoond  set,  and  the  mean 
excess  of  the  Cambridge  above  the  Greenwich  signal-times  given  by  the  second  and  fourth 
sets  will  be  compared  with  the  excess  given  by  the  third  set.  It  will  only  be  necemary  to 
indicate  the  fractional  parts  of  these  exc«i»j>eE.  Let  {i„  represent  the  fractional  parts  of 
the  mem  excess  of  the  Osoibridge  above  tbe  Gveenwich  signaUimes  Ibr  the  first  and  dnrd 
sets  of  sigoals,  cr  those  given  at  GrecfMSieil,  and  CW  C«  represent  the  Kke  quantities  Ibr  tbe 
second  and  iburtfa  set%  or  those  ^von  at  CamM^rs.  Tb«a  the  ftUowing  tsmltt  may  be 
obtained. 
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By  D'a  aod  T's  sigDsl-dmes,  May  17. 


No.  of 
compoiiiooi. 


-0,185  26 

C^-MM  *7 


0^64. 


89 


C,>i  (WO ............  41 

^t±^-IWl77....  96 

c  +  c 

•ad  C,-   '  +  0,067. 


By  T't  MmI  D's  signal-timm,  Maj  18. 

No.  of 

t.  jmHwnti 
G,  »  0,548    81 

6t  m  a^TwS,  ST 


•  0,687... 


••••••••• 


«8 


Ci«0^.» .........  S7 

C4- 0^061......... ...  «0 


0^. 


77 


By  D*i  and  B*s  figoal-times,  May  17. 


Mo.  of 
eompariioiu. 


(?,  =  0,281  27 

(^»0,MS  S7 


»  0,3^ , 


5* 


m  0^.  40 

C4  tO^tflg.  4fl 

8 


>  0,893. 


88 


and  G,  - £j-t£i.  +  0,067. 


By  T%  nd      rdgrnktimes.  May  18. 

No.  of 
eoBparlaooa. 

«. 

G,  -  0,726  81 

0,678 ............  87 

8 


s  0,702  58 


€4-0,889.   87 

C4- 0,878  ............  40 

^£±^•.0  584  W 


0^118, 


If  we  ooQsider  ail  the  eight  results  to  be  of  equal  weight,  tlie  mean  excess  of  the  Cam- 
bridge rigDaUfanet  above  the  QnmiAch  signal-times  (the  tkie-pieoes  lieving  Tirtually  the 
SUM  utaa),  ii  greeter  Cnr  the  ■Igoak  giveii  aft  Ctrecawich  than  ftr  duiae  ptca  at  Caiabridge 

by  the  mean  quantity  0*,070.  The  interval  occupied  by  the  transmission  of  the  galvanic 
action  is  therefore  npp.ircntlv  0",0S.').  This  quantity  can  only  be  regarded  as  a  limit  which 
tbe  interval  of  transniiteiuu  did  not  ejicced.  The  whole  of  it  may  with  much  probability  be 
aceooBted  tn  by  supposing  the  Mart  of  the  needfe  to  ealdi  the  ejr*  of  the  obierar  faanar  at 
tbe  rignal^Tfaig  plaoe  than  at  the  rignal-MoehnDg  ptace^  Ac  galTame  aetion  being  of  greater 
intensity  at  the  former.  During  the  whole  of  the  experiment  the  air  waa  dij  and  the 
intulatian  good.   Tbe  nunber  of  batterjHMHb  uaed  at  each  atalkin  waa  78. 
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I  praeead  mv  to  state  hy  what  meant  die  iignalptimea  vera  cenTerted  into  ddareal  timea 

of  the  respective  Observatories.  Two  methods  ««M  ali)|iloydl»  which  for  distinction  I  «jU 
call  method  (A)  and  nictliod  (B).  In  tlio  formpr,  the  errors  of  the  transit-clocks  were 
dctcrminod  by  the  ordinary  process's  employed  at  the  two  Obsenatories,  excepting  that  the 
assumed  apparent  Right  Ascensions  of  tlte  stars  observed  for  clock-errors  at  Cambridge,  after 
1ieii^(  taken  ftwoa  tbe  Nautical  AkuuMCt  wm  carreeted  bj  amall  quantltiaa  demed  team  tlie 
raaulta  of  Gremwit^  oliaarTatioiia,  ao  tiiat  th«ir  assumed  mean  B.A.  1853,0  are  tlie  iaaw  as 
those  adopted  for  the  year  at  Greenwich.  Tlie  following  are  the  stars  which  were  observed 
for  clock-erron  on  the  nigfats  of  Majr  17  and  May  18|  with  their  asaumed  appaieiit  Right 
Ascensions. 


At  Greenwich^  May  17. 

h&ine  of  St«r.  Apparent  R.A. 

A.  m.  $. 

Aldebaran   4.27.iB,ll 

Virginis   12.48.12,98 

f  Boods    M.47.«t,40 

^Hareulia   .«  i9MMfiS 


At  Cambridge,  Maj  17. 


At  Greenwich,  May  18. 

Nam*  of  Star.  Apj^reat  U.  A, 
A.  ak  «. 

i  Leonis    11.  6.17,59 

dCiataria.   0^1 1 

/3  Leonis   11.«1.M,1S 

Corvi    1S.26.*1,27 

5  Virginis   12.*8. 12,98 

q  Bootis    13.47.42,39 

«  Viigbis   14.  5.  4,78 

^Herculis    aJtSMijn 

1}  Ophiuchi  ,.,,,,„.  17.  1.58,47 

a  Hcrculis    17.  7.5fl,10 

a  Ophiuchi   


Aldebaran   4.S7.S8,1I 

a  Orioois   537.11*78 

S  Cratcris   11.18.  0,18 

/3  Leonis    11.41.54,14 

/3  Corvi    12.26.41,28 

Spica    1S.17.28,»2 

In  method  (B),  a  list  of  stars  having  been  previously  prepared,  dock-errors  were  deduced 
from  tbe  obaerrationB  of  thoae  tibat  were  observed  at  botii  Oheerratorfes  on  the  sane  ni^t, 
tbe  sane  values  of  tiiefar  apparent  lUj^  Aaeeotkoa  bcbg  eDpflojed  fbr  that  ]nirpoe&  The 
fbllowing  are  the  stars  so  used.  Their  apparent  B.  A.,  winch  it  ia  unneeeasary  to  sulgaiD, 
derived  from  the  Greenwich  Twdv*-jear  Catalogae. 


  17.'2S.  8,03 

At  Cambridge,  May  18. 

•.«.«, 

/3  Leonis   n.4l..'?4^1S 

Spica    1S.17.2S,S2 

a  Ophiuchi    17-28.  »,03 


Stan  obMrrad  atOtawiirfah 
and  Cambrldft^  BUy  17. 

Altlebr^ran 
:iS  Virginis 
S  Virginia 

#viighiu 

53  Virginis 
61  Virginis 
P  Virginis 


!*tart  olwMiad  at  Gr««Dwieb 


and 

/3  Leonis 
y  Virginis 
S8  Virginis 
i  Virginia 
g  Viiginis 
53  Virginis 
61  Virginia 


Ma;  18. 

32  OphiucU 
q  Ophiuchi 
X  HeiciiBt 
a  Ophiuehl 
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It  b  aeedliM  to  mj  tint  the  determtiwtMin  of  the  inetraamital  of  Um  Tnnuits 
wae  cereAiIljr  ttended  to  at  faodi  Obearaioijee.    The  IbUowing  fedooed  raeults  of  the 

Greeowich  tranut  observations,  connnunicated  to  »•  by  Mr  Airyt  tnfiee  Ibr  ooAVcrtiog  the 


e^gaal'timcfl  noted  at  Greenwich  into  udereal  timeai 

Method  (A> 

May  17.   n  o  Mcwn  TUm,  ^uit^loek  dow  +8,n 

19.0    +8,7§ 

May  18.    11.0    +  9,4-8 

12.0   

Method  (B). 

May  17.  ii.O  Mean  Time,  Transit-Clock  slow  +8,87 
ISO)    -i-SjSd 

May  18.    11.0    •f9k5« 

1«.0    +ftS7 


Id  the  reduction  of  the  Cambridge  transit  observation:.,  the  level  error  was  the  mean  of 
two  lerellings,  taken  on  May  17  and  May  SI ;  the  eoUinrntion  errar  wtt»  die  mean  of  two 
reaulie  obtained  by  the  coUimatlng  qre^fieee  on  May  ti ;  and  the  aiinuth  errar  was  deduced 
from  transits  of  Polaris  SP  and  Polaris  on  May  16.  The  three  errors  were  calculated  on  the 
supposition  that  the  pivots  of  the  transit-instrument  are  cylindrical  and  equal,  (which,  however, 
is  not  strictly  the  case),  and  the  errors  of  the  transit-clock  were  deiermioed  accordingly. 
The  longitode  v91  irrt  he  f  Imlafifd  A«q  clocfc-errors  founded  on  Ae  abore  euppoaitkMi,  and 
I  ahaU  afterwttde  ooirect  the  leiult  by  taUof  aeoount  of  the  true  fianne  of  the  pivott. 
The  following  are  the  errare  of  the  tramil^loek  (Havdy)}  dedueed  immediataly  ftom  the 
obeenratiaii. 

Method  (A). 

May  17,  at   9.49  sidereal  thne^  Hardy  ebw  i.2o,r>6 
Method  (B). 

Km.  a.  k 

May  17,  at  11.49  sidereal  tima^  Hardy  dow  1.20,84 
18,  at  14.17   1.22,7s 

The  daily  loeing  rate  of  Haidy  was  finind  to  be  V^M  by  obiervatiooa  of  Mr  Todd  on 

May  16  and  17,  and  l',59  by  observations  of  Mr  Brcen  on  May  17,  18  and  19,  and  l',57 
by  observations  of  Mr  Dunidn  on  May  18  and  19.  The  adopted  loeing  rate  for  May  l?  and 
May  18  is  I'^SS. 

It  i»  now  required  to  state  what  comparisons  were  made  between  the  transit-clock  and 
the  three  dnrooometen,  for  the  purpose  of  converting  the  noted  signaMines  Into  sidereal 
times  of  the  Cainhsi^ge  Observatory.    The  transit-clock  will  be  deaigiMted  by  the  letter  H, 
the  mean-time  chronometer  by  the  letter  W»  and  tlie  rideicattiBie  chronoineCeni  by  X  and  U. 
Vol.  IX.  Past  IV.  66 
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The  chrooonieter  X  is  tbat  whicti  wu  used  for  noting  the  signal-lines.  The  comparisons 
wn  utda  !■  two  Nta  to.invv  u  dwctu  to  <idi  othnt  it  will  odIj  Iw  Beacmiy  to  ^ve 
here  the  eompwiMNW  which  w«m  made  um  of,  wMeh  tie  gencMily  neaas  betveatt  two  aets. 


Majr  16. 

v2.iC).r,r>,-,  W  =  jG.in.rA.n  U 

12.-H).31,O.W  =  lG.2S..'iT,5  X 
12.53.  2,0  W  -  16.29.14,0  H 
njli,l4yOWm  0^7.29,0  U 
faJOJOtfiWrn  1.  4.11,5  X 
njl9JI!7,5  W  m  1,  7.  1,5  H 
nMM^Yf^  1.1S.16,0X 


Hay 

2.10.  0,0  W  - 

1.17.44^0  W« 
7M.  0,0  W- 

7.37.  4,5  W  - 
7.W.ll,oW  = 
y.-k>.4a,5  W  " 
9w47>S9«0W- 
9M.  SJt  W  ■ 
10.31.  5,0  W  - 
10.4<».80,OW  = 
10.48.46,0  W  - 

M.  7.»,5W>i 
W.  9.33.5  W  = 
l£.j7.41,5W< 


17. 

5.51.35,0  X 
5.51.39,0  H 
5.58.44,5  U 
11.14,10,0  H 

I  ll.in-33,0X 
11.17.  1,0  IT 
■■  13.83.53,0  U 
>15.9aS7>5X 
■  ISJ^^fi  H 
.  14.14.  0,5  X 
:  T*.9n.2S,0  X 
=  14.26.  5,0  U 
1 14.35.37,0  X 
15.50.89,5  X 

15.47.  .■;,()  u 

>  1&57.45.0  H 


May  17. 

».  m.    4.  k.  : 

\2.r,9-^i,0  W  =  16.42.55,5  X 

18.11.25,0  W  B  16.49.  6,0  U 
13.18.10,5  W  =  17.  l.S5,0X 
15JZ2.49,5  W  cs  17.  S.A5.0H 
i8^9.S5»5  W  - 17.  9.M,0H 
IS.86.85,0  W  m  l7.Mw  S,5  X 


May 

Km.*. 

9.24.51,5  W  - 
9.38.  8,0  W  =. 
9.41.  9,0  W  m 
9.44.44,5  W  - 
9.49.25,5  W  1 
io.54.ei,.')  W  - 

10.40.57,0  W  = 
10.45.19,0  W  - 
10.48.S7,5W- 
IS.  6.  8,0  W  « 
12,  9.24,0  W  = 
IS.  4.  4,5  W  - 
IS.  4.39,5  W  « 
IS.  8.  0,0  W- 
18.  8.87.0  W» 
ia.II.«6,0  W  - 
18.11.56,0  W- 


k.  «.  f. 

IT  8.  8,0  H 

13.24.42,5  X 
13.27.50,0  X 
ISJtSJKtfiV 
18.SSw«6,0H 
14.1.';.19.5  IT 
14.21.53,0  U 
14.32.11,0  X 
14.85.80,0  X 
15.58.18/)  X 
15.50.33,5  U 
!fU7..*f>,0H 
16.46.31,0  H 
16.55.16,0  X 
lff.55.5^0  X 
16.52.45,0  U 
16.58.15,0  U 


Fnmi  the  above  oonipariaoDa,  and  the  enora  of  Hardy  given  by  the  method  (A),  the 


following  enora  of  W  on  Cmnibridge 
were  calcukted. 


Km.  m.  t. 

May  16.    12.52  Wiiut  1.1,70 

21.28    1.  3,98 

17.      2.12   I.  5,29 

7.84   1.  ^7« 

9>49.***..  t.  7,81 

IW7   1.  7,9» 


time,  and  of  X  and  U  on  Cambridge  ndareal  time 


May  17* 


18. 


i.  WL 

.What  U  ios 

13.28  

  1.  8,10 

.    1.13.11 

.   1.18,18 

18.  8  -.  —  1.18,89 

.   I.18|98 

Digitized  by  Google 


OF  THE  OB8£EVAtORT  OF  CAIIBRIDGB  BT  GALVANIC  SIGNAIA  905 


May  16. 


17. 


iie&a  Time. 

k.   m.  m.  I 

la^i  X  fast  1.55,53 

sijes  - 

S1.S8  - 

2« 12«a* 


7.3*.. 
9-49.. 


1.56,12 
1.56,42 
1.56,49 
1.58,61 


May  16. 


17. 


S1.S1.. 

a.i6.. 

9.45. 


..U  slnw  3.35,04 

..   3.37,92 

8.39>60 
.«   S.41,58 


H««n  Hra«. 

Jk.  m. 

May  17. 

X  fast  l.5fi,6i 

 1.58,72 

IS. 

1.5.0,.<5S 

.          2.  1,15 

 2.  1,14 

May  17. 

U  slow  3.43,83 

18. 

>  3^4,76 

,   «.«6,48 

These  motto  iheir  that  on  both  d«y»  from  lO^  to  ]S\  that  is,  during  the  intervalB 
occupied  in  transportiiiji  the  clironomctcrs  and  taking  the  observations,  W  and  U  maintained 
rates  not  materially  differing  from  tiieir  general  rates  inferred  from  ttio  eoniparisons  on 
May  l6,  I7>  and  ]8,  but  that  this  was  not  the  ca»e  urith  the  Chronometer  X.  This 
chroaometer  was  wleeted  tar  Koording  the  rigniLtimes  beeune  its  rate  was  knom  to  be 
much  smaller  and  general]  j  more  steady  than  the  rates  of  the  other  two.  The  iqipeanmae  of 
its  errors  leads  to  the  su&pidoa  that  half  seconds  were  gained  during  the  transports  by 
tripping;  and  that  the  rates  were  in  other  respects  good.  I  made  a  calculation  of  the 
longitude  on  this  supposition,  assuming  four  iialf-aecoods  to  have  been  gained  in  this  way 
on  May  17  and  three  half  sscmidt  ob  Hay  is,  and  I  found  that  ^  longitude  resulting  from 
the  obaervatioos  of  May  17  woald  thus  be  dimmuhcd  by  0^,080,  and  that  multing  from  the 
obeerratioilS  of  Blay  is  be  iiitnased  hy  o',02n,  equal  weights  being  given  to  the  three  chro- 
nometers. As  therefore  the  final  result  would  not  be  affected,  and  as  the  above  supposition 
may  be  somewhat  precarious,  I  have  preferred  trusting  exclusively  to  the  Clirononicters  W 
and  U.  The  calculations  will  therefore  be  made  on  the  supposition  that  these  chronometers 
maintained  nntlDnn  rates  firom  the  times  of  comparison  with  Hardy  before  leaving  the 
Observatory,  to  the  times  of  comparison  on  nturning  to  the  Obsenratory,  and  emn  of  X 
will  be  deduced  by  means  of  the  comparisons  made  at  the  station,  first  from  W's  errors,  and 
then  from  U's  errors.  On  May  i;  from  'jK  l^f  to  J2\ /i?'",  W  pained  0%fi2,  and  on  May  18 
from  g"*.  48"  to  13''.  3",  the  gain  was  0*,76.  On  the  first  day  U  lost  l"",**)  from  it\  45"  to 
IS**.  10^,  and  on  the  scoond  day  the  loss  was  i*,66  ftom  g^,  48"  to  i^,  lo*.  From  these 
data  and  the  oompariBons  of  X  and  U  with  W  at  the  station  the  fioillowing  ecrois  of  X  may 
be  obtatnsd. 

Mtsut  Time. 

K  m.  ■■:  m.  :  ' 

May  17.    10.30.. .X  fast  by  W.. .1.^6,50.. .X  fast  by  U... 1.56,53 
10.45...  --  ...1.56.52...  ^—  ...1,56,55 

1051...  — —  ...iJ(L88...  — ^— .  ...1.A6,58 
It.  6...         ■       ^AJf6tfO„,  ■■  ,..lJ6,4fr 
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May  IS.  iaM...X  fittt  llf  W...t.  4MM...X  fast  by  U...«.  <M0 
10.4T..>  — — — *-t>  0.0*...  I  0,10 
IS.  tf„.  I  ■»  ■  ,..2.  0,00..*  —  Ill       ...3.  0,11 

Seme  of  the  eomptriioaft  were  made  under  diaturlMUice  hy  nilway  lunies.  Gmog  dtmble 
weight  to  the  results  hj  CbrouoiDfller  W»  m  dcpendiog  ou  direct  cottt|Maiiott  with  X,  we 
obtaio  as  follow*:— 

Method  (A). 

Maj  17.    U  flM«n  time,  X  tut   l.S6^ 

13    1.56,49 

May  18.    11    2.  0,06 

12   2.  0,07 

By  these  errors  of  X  the  signal'times  were  converted  into  Cambridge  sidereal  times,  each 
of  which,  compared  with  the  correspoading  Greenwich  sidereal  tunc,  gives  a  separate  deter- 
ndoatMn  of  the  lougitaide.  Snbjoiiied  are  the  individual  resulta  daiwd  io  groups,  aoooiding 
aa  the  s^jnala  were  made  at  Greenwich  or  Gamhridfa.  The  reference  numbers  eorvespMid  to 
dm  series-nurabets  in  die  lista  of  iignal4inieB.  In  this  caleulation  Mr  Breen^s  observations 
are  not  made  use  of. 

Bnmimi&Tioin  of  tm  Lomoitvvb  bt  v»  Sionau  of  Mat  17. 


First  Set. 

First  Set — continued. 

Green  wicit 
ghleraa 
Time. 

SeooDds  of 

C«nj1..ri(ij,'o 

Time. 

Kseeaiof 

Cambridge 
Siilnrv»al 
Tixm. 

Reference 
Number. 

Green  wieh 
Sidere^ 
Time. 

Second*  of 

I'smMdee 
SidcreJ 
Time. 

Exetwaf 

Cambridn 

Siiierral 
Time. 

#. 

t. 

h.  m.  t. 

t. 

t. 

2 

l  \Ai.  f),07 

20, 48 

23,41 

22 

14.51.46,77 

69,ia 

22,71 

3 

44.18,77 

41, S8 

83 

M.  0,87 

ilS,1S 

22,91 

4 

44.S8,(>7 

52,28 

83,61 

84 

53.15,87 

:iH,6H 

22,81 

5 

44.38,87 

61,48 

22,61 

25 

53,29,77 

52,68 

22,91 

7 

45,40,77 

f)5,58 

82,81 

26 

5.1.+.%67 

6G,t8 

22,81 

8 

45.51, G7 

7J>,18 

28,51 

27 

5^.67,67 

80,4« 

22,81 

9 

46.  1,77 

84,48 

tt,71 

28 

34.11,57 

34,38 

83,01 

10 

35.48 

82,81 

89 

5«je5,«7 

83,01 

11 

4«.S3,67 

46,28 

22,61 

IS 

4«.5S»77 

88,71 

Second  Set. 

13 

4f).  <5,77 

29,48 

92,71 

14 

49.19,57 

42,48 

22,91 

80 

14.57.50,77 

73,69 

22,92 

15 

49.90,87 

54,88 

83,41 

SI 

38.  4,57 

27,79 

93,88 

IC, 

49.n,S7 

05,18 

23,31 

!  32 

.';8.U),77 

22,72 

17 

49.54,87 

77,88 

23,01 

SS 

58.29,97 

58,19 

23,22 

18 

«0.  8,77 

31,48 

22,71 

34 

38.43,07 

66,39 

23,32 

SO 

M.17,57 

40,58 

83,01 

35 

39.29,27 

52,11) 

23,22 

«1 

51.«,47 

5ff,S« 

88,81 

36 

..«9.4If47 

64,30 

88,98 

Digitizeo  Ly 
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Second  Set — continued. 


TMrd 


Cambridirf 
Bidoreal 
Tlow. 

Psrabridire 
Sidereal 
Time. 

Greenwich 
8UmwI 

ov^vnw  us 

Carabride* 

Sidereal 
Time. 

EzOMI  of 

Cvmbridse 
Sidereal 
Time. 

4^ 

ft.  il»  A 

37 

14. '■-O  55,37 

78,45 

79 

15.15.27,98 

50*50 

22,32 

S8 

15.  0.46,6a 

69*69 

23,01 

80 

15.41,78 

64,70 

82,92 

99 

1.  0*6S 

88,69 

«8/»1 

81 

15.55,88 

T9,«0 

88,88 

40 

MS, .98 

36,79 

22,81 

83 

17.22,68 

46,30 

23,62 

41 

1^5,98 

49,89 

28,31 

84 

17.36,88 

60,20 

23,32 

4g 

1.41^ 

64,89 

88,01 

85 

17.49,08 

72,30 

23,22 

44 

2.58, f>8 

22,81 

86 

18.  2,78 

85,50 

22,72 

45 

2,51,78 

74,69 

28,91 

87 

18.16,78 

39,80 

83,02 

46 

3.  2,88 

25,59 

22,71 

88 

18.31,78 

54,60 

28,82 

47 

5.16,88 

39,39 

23,01 

89 

20.32,78 

56,30 

88,58 

48 

4.  fi,08 

30,89 

23,31 

90 

20.46,98 

70,20 

23,22 

49 

4,21,18 

44,29 

23,11 

91 

21.  0,88 

24,ira 

23,32 

90 

484,78 

87,19 

88,41 

9» 

81.14,88 

88,00 

88,18 

51 

4,47,68 

70.49 

22,81 

93 

21.28,^9 

51,20 

29,32 

5.  1,58 

24,49 

22,91 

9* 

21.42,48 

65,50 

23,08 

ss 

8.18,78 

86,19 

88,41 

9S 

81.56,18 

79«80 

88,18 

«4 

5.2.S98 

49,49 

23,51 

96 

22.. IS, 78 

78,60 

22,82 

65 

6.16,78 

39,49 

22,71 

97 

23.  8,78 

31,70 

22,92 

56 

6J^S8 

52,49 

22,91 

98 

23.22,58 

45,60 

23,02 

57 

6.41,88 

64,99 

23,11 

99 

2.S.34,88 

57,70 

22,82 

58 

6.54,78 

77,49 

22,71 

100 

24.43,99 

67,80 

23,21 

59 

7.  7,68 

30,49 

22,81 

101 

24.57,99 

81,10 

23,11 

eo 

7.81,78 

44^99 

•8,81 

108 

U-lJiSP 

85,50 

^1 

61 

8,16,78 

40,09 

23,31 

103 

25.25.79 

*«,70 

22,91 

6S 

8.31,78 

54,79 

23,01. 

104 

25.39,59 

62,60 

83,01 

6s 

8.45,78 

08,79 

88,01 

105 

85.58,59 

76,80 

88,81 

64 

80,89 

23,17 

106 

86L  7,81 

50,30 

88,91 

65 

9.11,8ii 

34,79 

22,91 

66 
67 

10.  5,98 

10.15,78 

29,09 

88,11 
88,11 

Fourth 

Sef. 

68 

10.29,98 

62,89 

22,91 

107 

15.27.46,59 

69,41 

22.82 

69 

10.40,78 

63,99 

23,81 

108 

87.59,59 

82,31 

88,78 

70 

10.54,98 

77,69 

88,71 

109 

88.18,99 

36,11 

28,18 

71 

IK  6^ 

80,89 

88,41 

111 

29.10,99 

93,09 

112 

29,24,29 

47,21 

22,92 

Third 

Set 

lis 

115 

89.87,89 

30.  3,79 

60,11 
26,51 

88,88 

99,72 

15.18.  2,78 

25,50 

22,72 

116 

30.14,99 

58,21 

23,28 

IS 

18.16,68 

S9.70 

IlT 

80.89.99 

5S,81 

88,88 

74 

13.27,88 

50,80 

22,92 

118 

31.10,29 

33,11 

22,82 

75 

18.38,78 

61 ,60 

22,82 

119 

31.22,99 

45,81 

22,82 

76 

14.44,98 

68,50 

23,52 

ISO 

81.84,89 

58,11 

23,22 

77 

lt..58,98 

82,50 

23,52 

121 

31.19,19 

79,21 

23,02 

78 

15,13»08 

86,80 

88,88 

m 

88.  5,09 

86,81 

85,18 
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J%«rM  oonliiMfMi. 

Onanvlak 

Saconds  of 

Exc«iw  ot 

OreemrUih 

8«ooodi  of 

E\CM*  of 

Dm. 

CAishridss 

SUiCTMl 

TUne, 

Ouubftdga 
SMantf 

Thm. 

Sidorral 
Ttm*. 

TtlM. 

». 

1. 

*. 

f. 

|Z3 

15.32.46,59 

69,71 

2  3  12 

i.i.rin.  z,/y 

9K  ill 

1  O  J. 

32.59,29 

82,51 

23,22 

1  XI 

.111.13,99 

90,7  i 

**,7» 

IzO 

».1«,S9 

3MI 

1 

3.9.24,79 

47,81 

23,02 

1  'tO 

TO 

1X7 

33.36,99 

60.61 

£3,6a 

QD  xc  ryi 

Tit  Ol 

IXB 

8SJiUr9 

74^1 

99,59 

IVP 

an  jM  OA 

Ko  m 

ZZ,DIC 

189 

34.34,99 

58,21 

2",22 

1 4v 

A*y  fif\ 

■  OA 

34.48,99 

72,21 

23,28 

1*7 

ZO,Zl 

zz,d8 

3«.  2,49 

25,21 

S2,7S 

IS'i 

35.14,99 

38,51 

23,.52 

149 

41.  5,59 

28,41 

22,82 

133 

35.59,19 

82,51 

23,32 

160 

41.16,99 

39,91 

22,92 

1S4 

36.12,29 

35,31 

23,02 

131 

41.294»9 

52,81 

22,82 

1S5 

S6M5,09 

47,91 

22,82 

132 

41.44,99 

1S6 

36.38,79 

61,81 

153 

4 1..';?, Of) 

20,31 

23,22 

137 

36.52,09 

74,91 

22,82 

154 

42.10,09 

33,31 

23,22 

IM 

37.  4^99 

S7i81 

8S,S« 

No»  tf,  T/i  oburration  lias  not  been  altered.  No.  S3,  tbe  Onenwieb  time  hae  been 
inereaaed  bjr  I*.   No,  6K,  6$,  and  03,  the  Gncnwidk  tbiee  bave  eacb  been  incraaaed  1^  i'. 

(See  the  observations.)  Nos.  Ill  and  11^  tbe  Cambridge  time  baa  been  oomeled  hy  - 1*  in 
the  fonner,  and  by  +  1'  io  tbe  otber. 

Dbterminations  of  tuk  Lonoitcdk.uy  the  Siunau  of  May  18. 


FintSet. 

Second*  of 

£:>ocss  of 

Qr««a«ieli 

eidCKMl 
XiBAi 

8«oonda  of 

Eiceaa  of 

>:ir.:iii:e 
'umber. 

<'ambridge 

C'lirobrKig* 
Tin*. 

j  Reference 

Cambridga 

Cambridm 

mmS 

J. 

/- 

1 

I«.48,50,18 

73,94 

2s'j76 

14.33.29,78 

.".2,81 

23,06 

« 

49.  4,68 

27,84 

23,16 

16 

53,43,68 

66,94 

23,26 

3 

49.18,48* 

41,94 

17 

53.57,5S 

80,74 

2.3,16 

4 

49.32,48 

55,84 

2a,36 

18 

54.11,48 

34,44 

22> 

3 

49.4^8 

69,44 

23,06 

19 

34.S3,18 

48,04 

SS,86 

6 

50.  0,18 

22,94 

22,76 

SO 

55.44,69 

67,94 

23,25 

7 

50.14,08 

36,94 

22,86 

SI 

53.36,79 

80,04 

83,S3 

9 

31.49,S8 

71,94 

St 

36.  6,39 

89.94 

S8,sa 

10 

52.  0,18 

22,94 

23 

56.19,89 

4.'?,04 

25,15 

11 

52.10,08 

33,04 

22,96 

37.37,89 

80,24 

22,85 

i« 

52.18,38 

41,14 

22,76 

95 

38.19,19 

35,04 

22,83 

13 

5.S.  e.is 

24,.(|t 

2i-',76 

2G 

5».27,39 

50,34 

22,95 

14 

33.16,08 

3^4 

S3,06 

S7 

36.38,39 

61,14 

SS>73 
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First  Sei — continued. 


¥wabm. 

Second!  of 

C«mbridK« 
Sidsreal 
Tint*. 

Bicen  of 
Time. 

1, 

f. 

S8 

14.58.52,49 

75,34 

22,85 

59-  ti,39 

29,14 

22,75 

90 

59.21,49 

44,14 

82,65 

31 

59.»4,S9 

57,34 

22,95 

3i 

50.4(^49 

69>54 

8M5 

iSiMoncI  ^dL 

S3 

15.  2.  1,59 

84,94 

34 

«.I2,79 

35,94 

23,15 

45 

S46;49 

49,«4 

M,88 

S6 

2.38,99 

6l,f>4 

22,95 

'  87 

S^8,ld 

76,04 

22,85 

ss 

8^19 

7M* 

88,75 

39 

4.  9,29 

32,04 

22,75 

40 

4.21,19 

44,04 

22,85 

41 

4.33,79 

56,9* 

23,15 

4< 

4^.49 

70,84 

22,75 

4S 

5.  0.19 

23,24 

23,05 

44 

5.13,39 

36,94 

23,05 

45 

&19^69 

40,14 

S9,4S 

46 

fi.3T,lf> 

54,04 

22,85 

47 

6.43,09 

66,04 

82,95 

48 

6.56,09 

79,14 

98,05 

49 

8.  0,5;) 

23,04 

83,35 

50 

8.13,49 

36,74 

23,25 

£1 

8.87,39 

50,44 

23,05 

52 

8.39,69 

62,94 

23,25 

58 

8.53,49 

76,34 

22,85 

54 

9^7,49 

80,44 

22,95 

$$ 

10.10,79 

83,64 

99»85 

56 

10.23,69 

46,84 

23,15 

57 

10.36,49 

59|44 

22,95 

58 

loU9«S9 

79,84 

98,95 

59 

11.  3,99 

27,04 

2,'?, 05 

60 

12.  4,59 

27,84 

23,25 

61 

IS.17,89 

40,94 

23,05 

Gi 

12.29,S9 

52,84 

22,95 

6i 

13.49,49 

72,44 

22,95 

65 

14.  1,69 

24,84 

23,15 

66 

14wl4,89 

57.74 

9f,U 

67 

14.88,99 

51,94 

22,95 

68 

14.41,89 

64,94 

83,05 

14i,54k«9 

77,04 

99,75 

70 

15.  B,a9 

«1>44 

»8fiS 

Third  Set. 


Gmawick 
MteMl 

Second*  of 

Cembridgo 
Eiderml 
Time. 

ExoMt  of 

Time. 

n.  Wit 

X. 

72 

15. 17.  ."54,70 

57,93 

2.1,83 

78 

17.46,40 

fj9,39 

22,9s 

74 

17.58,20 

81,13 

22,98 

75 

18.10,10 

32,98 

22,83 

76 

1S.SS,10 

46,03 

22,93 

77 

18.35,10 

67,93 

22,88 

n 

80.33,30 

56,23 

88,93 

79 

20.46,80 

70,13 

23,33 

80 

81.  1,10 

24,03 

82,93 

61 

91.14,80 

88,08 

98,98 

88 

21.28,70 

52,03 

23,33 

83 

8 1  ^,40 

83,48 

84 

91^40 

79,33 

99,99 

85 

24.44,20 

')'7,4.S 

23,2?: 

86 

24.57,fJO 

81,33 

23,43 

87 

25.11,80 

35,13 

8.3,39 

88 

25.25,90 

49,03 

23,13 

89 

'2r>.s9,6o 

62,73 

23,1.-; 

on 
SI" 

xo,!>o  flu 

91 

96,  7i00 

90^ 

95,48 

09 
y* 

28.91,70 

45,03 

93 

28.35,60 

58,53 

22,93 

94 

98.49,90 

79,48 

98,28 

P5 

29.  3,."?0 

26,43 

2.S,13 

96 

29.17,00 

40,43 

83,43 

97 

29.30,80 

54,13 

28,88 

99 

S9»44,70 

67,98 

98,98 

Fourth  Set. 

99 

15.31.46,70 

69,93 

23,83 

100 

32.  0,50 

23,73 

83,23 

101 

89.18,10 

35,93 

99,88 

108 

52. 24,  SO 

47,83 

23,03 

108 

32.39,50 

62,43 

28,93 

104 

88.41,00 

63,93 

22,93 

105 

.'?:-i.5.'J,40 

7«,ti3 

2.9,23 

106 

34.  6,90 

29,83 

22,93 

107 

34.20,90 

43,93 

23,03 

109 

84.33,30 

56,13 

lOf) 

34.46,50 

69,43 

22,9s 

110 

35.  0,20 

23,43 

£3,23 

ill 

56;17,41 

98,99 

119 

46.40^1 

6S,9S 

9^«l 
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Fimr^  Stt—eoHHmud, 


Nuabtr. 

Gneowioti 
lIMirMi 

CwnliriilKV 
Tlma. 

<.'»n)bri<!Ko 
Time. 

1 

- — 

Gmawieb 
Tim. 

Cambridge 
8Ulcrr«J 
Time. 

Cunbrialg* 
Time. 

c. 

f. 

8, 

lis 

15^6.53,91 

76,93 

23,02 

126 

15.41.24,11 

46,93 

22,82 

114 

87.  6>91 

80,03 

23.12 

127 

41.36^1 

i^lS 

22,92 

115 

47.S0.SI 

48,18 

S«,93 

188 

41.49.41 

ss,fie 

IK) 

37.33,11 

2,1,12 

42.  .^,i31 

26,43 

23,SS 

117 

£7.46,01 

224)2 

130 

42.16^1 

39,23 

23,02 

118 

97JI7.41 

80,99 

188 

44.49,81 

78,88 

28,08 

11.9 

38.  9.61 

33,93 

G.S,.<?2 

133 

45,  3,31 

26,33 

'l?t  02 

ISO 

39'  9.01 

32,03 

£3,02 

134 

45.16,91 

39.93 

23,02 

ist 

S9.SS.41 

45,23 

22,82 

185 

45.81,81 

53,93 

22,78 

1S2 

39.35,11 

58,13 

23,02 

136 

45.45,11 

67,83 

22,72 

123 

.'59.49,51 

72,43 

22,92 

137 

45.59,21 

S2,13 

22,92 

124 

40.  3,01 

23,22 

138 

46.13,31 

36,43 

1  23,18 

1S5 

41.10,41 

88^ 

S^OS 

189 

4&S^1I 

4ftlS 

1  88,08 

Nos. 


Notet. 

11  and  40,  the  Cambridge  times  have  been  increased  1*. 


(See  tlie  ol»ervatioD»). 

No.  48,  the  Gr^wich  time  has  been  oorrected  by  -f  1'.  No.  72,  the  Cambridge  time  has 
been  cometed  by  -f  1*.    No.  97*  tiM  Canbric^gB  ttme  has  beeo  eometed  bj  +  S*. 

Tbe  mMn  rasulti  givM  b/  tkt  «mnl  wt«  «nd  by  tbe  wU  coUBctiTcly  are  ai  fiDllova . 


May  17. 


Mo.  o( 


First  set  (I.)  2f)  ...  22,895 

Third  set  (III.),,,,..  84  ...  23,062 


(I.)     (III.)   60...  88^ 


Second  set  (TI.)          41  ...  23,002 

Fourth  set  (IV.)    ...  45  ...  224)84 

(II.)  -fr  (IV.)  .........  86  ...  88^ 


Mean  ftom  an  tbe  aeto  •  88*^. 
May  18. 


Nn.  of 


First  set  (I.)   31  ...  23,004 

Thiid  set  (III.)  87  ...  S8,l6l 


No.  of 
({kiwIi. 


Second  set  (II.)  37 

Fourth  Kt  (IV.)  ...  40 

(II.)  +  (IV.)  77 


(I.)  -I-  (III.)    58  ...  88,078 

Mean  from  all  tbe  sets  =  2  3 ',082. 

May  17,  £x«ai  of  (I.)  *  (III.)  aboT«  (II.)  ^i-  (IV.)  -  -  0,003 

18,   -  +  0,081 

Meao  s  -t-  0,039 


S2.999 
«SJ9g 

82,997 
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Hence  the  interval  apparently  occupii  rl  hy  the  transmission  of  the  galvanic  actkm  i» 
bj  this  calculation  (f.fil95.    I  think  the  i'uruier  result  to  be  rather  more  triutworthjr.  - 

Hie  XMulto  cf  the  method  (B)  maj  be  deduced  froni  dnne  of  die  mediod  (A),  by  merely 
«p|)ljni:^  die  difoenoea  of  the  cnon  of  the  traui^'fcMike  at  the  eame  epochs  •»  given  by  the 
two  methodlt  tdnce  the  rates  may  be  assumed  to  be  the  same  as  determined  by  either  method. 
Now  on  May  17,  the  Greenwich  transit-clock  was  (f,W  slower,  and  the  Cambridge  transit- 
dock  ff,05  slower,  by  method  (B)  than  by  method  (A).  Hence  -  fffiS  is  to  be  appli«^  to 
die  longUtide  found  by  the  letter  method  to  obtun  thst  pven  bj  the  ftmee.  On  May  I8, 
the  Gieenvieb  traurit^dodc  wee  0^,00  dower,  and  the  Cambridge  tnndMdock  <|f,l6  dower, 
by  mediod  (B)  than  by  method  (A)/  and  the  oocieodon  b  eonaeqnendjr  +  €^}1<K  The  final 
reeultiare,  tiierefOTe^  as  fallow* 

£ns|  LongU¥d$  qf  th$  CemtfidSgv  'ObtemOorjf. 
Method  (A). 

Hiqr  17>  by  146  signals. 
IS,  by  ISS  dgnals. 

ltfcen«< 

Method  (B). 

May  17,  by  146  signals   ii,^ 

18,  by  185  signals   jtS,1S8 

Mean   83,040 

Mean  of  the  whole   23,0S7 

Shortly  after  the  experiment  was  made  I  calculated  the  longitude  provisionally,  and 
communicated  the  results  to  the  Astronomer  Royal,  stating  at  the  same  tine  that  they  would 
prabaUy  be  eaodified  by  calculations  1  proposed  to  make  lopeetfaig  the  cflbet  of  the  fimns 

of  the  pivots  of  the  Cambridge  Transit.  The  difference  between  these  first  results  (wludi 
arc  published  in  the  Monthly  Notices  of  (he  Royal  Agfronomical  Society,  Vol.  xiit.  No.  8, 
p.  and  those  obtained  above,  is  owning  partly  to  slight  mistakes  discovered  in  the  former 

calculation,  and  partly  to  the  circumstance  that  it  corrected  in  an  imperfect  manner  for  the 
tome  of  the  jriTota,  wUlst  the  preaent  celculadon  supposes  the  tranait^pivots  to  be 
cylindrical  and  equaL  Having  recently  gone  through  a  complete  inresdgation  «f  the 
corrections  required  to  be  applied  for  inequalities  of  the  pivots,  according  to  the  method 
which  I  have  descrided  in  the  Memoirs  of  the  Royal  Antroiuymicai  Society  (Vol.  xi\.  p.  10:?), 
I  will  now  state  the  effect  of  these  corrections  on  the  determination  of  the  longitude,  and 
^  dien  add  the  evidence  on  which  the  neccBOty  for  sndi  ootrecdons  mte. 

The  fiinns  of  the  pivots  being  taicen  into  account,  the  fcllowioig  are  the  errars  of  Hardy  w 

Mcdiod(A). 

May  17,  at  9.49  ddcmil  thne.  Hardy  dow  l.M^ 

IS,  at  14.  9    ISSt^ 

Vol.  DL  P^t  IV.  M 
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Method  (B). 
I.  m  »  * 

May  77,  nt  11.49  sidereal  tiine«  Hwdy  ibw  1.20,497 
18,  at  14.17   *   14£M80 

Comparing  these  with  the  errors  of  Hwdy  ilfeedy  used,  the  corrections  of  the  longitude 
arc  -  (f,33S  for  method  (A)  and  -  0',343  for  method  (B)  on  May  17,  and  -  o',S07  for 
method  (A)  and  -  <y,3iO  for  method  (B)  on  May  18.    The  following  are  consequently  the 


corrected  determinaUoDs  of  the  longitude 

t. 

Hay  17  by  metbod  (A)   ii,G6o 

18    22,731 

Mean   S2,i^ 

t. 

May  I7»  by  method  (B)   s«,599 

18,   22,798 

Mean   22,698 


Concluded  Mean  22,697 

The  acooidance  of  the  iwilto  by  tbe  two  methoda  it  auffidently  cloae  on  eadi  day,  and 
tlw  mean  xcmlu  of  the  two  dayi  are  eittraiicly  doae.  It  wiU  be  seen  diat  tbii  agveement 
haa  been  improved  liy  tbe  iq^dication  of  corrections  for  the  forms  of  the  pivots.    I  am  at  n 

loss  to  account  for  the  mean  excess  O',!.*?.';  of  the  clcterinitiation  of  l\fay  1^  above  that  of 
May  17,  as  (at  least  under  the  same  circumstances)  there  appeared  to  be  no  difference  of 
personal  equation  between  die  obeervera* 

It  remains  to  give  on  account  of  tbe  obeerwadona  and  calculations  by  wiudi  tbe 
corrections  for  t1>e  forms  of  the  pivots  were  ascertained.  Let  ^  re,  r  i  t  tii  angle  wUch 
a  line  drawn  from  the  niidcUe  wire  of  the  transit-telescope,  fit  the  point  where  tlie  transits  are 
taken,  and  passing  through  the  optical  centre  of  the  object-glass,  makes  with  liie  plane  of  the 
meridian.  This  angle  was  ascertained  fur  various  eenith  distances  by  the  method  of 
biaeetion  of  dots  at  the  extreoiitiee  of  tbe  pivots^  as  described  in  the  conmianieation  to  the 
Roj^l  Astronomical  Society  already  dted.  The  same  angle  waa  found  on  tbe  supposition  of 
eqn.il  and  cylindrieal  pivots,  the  coUimation  and  level  errors  being  determined  by  the 
collimating  eye-piece  and  by  revirr>iiiir  the  instrument.  T.et  ^  be  its  value  thus  determined. 
Then  as  exactly  the  same  data  (given  by  the  collimating  eye-piece  and  by  transits  of  Polaris) 
were  used  in  tbe  two  caieulatiooB,  if  tbe  tuppoaitioa  of  equal  and  cylindrical  pivots  had  been 
correct*  there  should  have  been  no  eonstant  dillfarence  between  the  Talues  of  f  and  The 
actual  differences  as  determined  by  trials  made  in  1850  and  1854  arc  subjoined.  A  trial 
mode  in  1S5^  failed  on  account  rtf  accidental  unsteadiness  in  the  attacliment  of  one  of  the  dots 
to  the  pivot.  The  level  error  used  in  the  observations  of  1853,  May  Iti — 18,  for  tl>e  clock- 
eitota  on  those  day*,  waa  obtained  in  tlw  ordinary  manner  by  levcSling  with  the  i|diii4eTel. 
By  the  mean  of  six  comparisooa  of  leTeUbngs  obtained  in  this  manner  in  185S  and  1854,  with 
an  equal  number  obtained  dmultaneoudy  by  the  colUmating  eye>piece  and  rerening  dte 
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instrument,  the  coDstant  excess  of  the  former  was  found  to  l>e  -  2",()5,  for  the  position  of  the 
instrument  in  which  the  lamp  for  illuminating  the  field  of  view  is  westward.  In  the 
subjoined  table  ^«  u  the  value  of  ^,  which  would  bt-  given  bj  levelling  with  the  spirit-level, 
^  -  ^t)  •*■  (6  -  6)  ^  -  V  ^  quantity  required  Ibr  caktdating  the  «f!eet  of  ihe 
Ibnui  of  the  piTots  on  the  obMrvatioDB  of  tnmiiti. 


Zvnith 
Da  lance 
SMrth. 

lUiuuiciivUun  Vamt, 

lUmiiimition  Koei. 

liiainiimtiun  c»t. 

iilomui. 
W. 

laM. 

Comction 
to  tJm*  of 
tnuiait. 
ISM, 
lUnm.  yf. 

<F-f.) 
iim  19, 
looO. 

(£  -  f  1 ) 

If-  fA 
April  4. 
IBM. 

April  13, 
ISM. 

April  0, 
18M. 

\C  CI/ 

April  13, 
i854. 

+  90* 

+  3^9 

+  4^6 

+  5,6 

+  6,3 

-  y'.T 

-  5^1 

+  5^2 

t. 

+  0,44 

80 

+  S,8 

+  4,6 

+  5,7 

+  6,3 

-  5.4 

> 

-  .5,2 

+  5,4 

+  0,41 

70 

+  .'JJ 

+  1,4 

+  5,4 

+  6,2 

-  r.,\ 

-  5,0 

+  .^7 

+  0,40 

60 

+ 

+  4,1 

+  o,l 

+  6,2 

—  5,7 

-  4,9 

+  5,4 

+  o,s6 

60 

+  4*9 

+  6,8 

+  7,0 

-  6,3 

-5,7 

+  4,3 

+  0,28 

40 

+  ♦,1 

+  4,1 

+  6,4 

+  fi.l 

-  6,',' 

-  5,8 

+  .),,■ 

+  0,25 

30 

+  2,9 

+  3,0 

+  4.6 

+  4,8 

- 

-  3,9 

+  4,4 

+  0,32 

90 

+  1,9 

+  3,6 

+  3,9 

-  4,0 

-  3,3 

+  4,1 

+  0,32 

10 

+  1,1 

+  1,2 

+  2,6 

+  2,8 

-  2,8 

-  2,3 

+  4,1 

+  0,37 

0 

+  0,8 

+  0,3 

+  1,6 

+  1,9 

-  2,8 

-  1,9 

+  3,0 

+  o,:j2 

-10 

+  OiS 

-  0,5 

+  1,0 

+  1,1 

-  1.3 

-  1,3 

+  2,6 

+  0,38 

20 

-  0,5 

-  0,7 

+  0,6 

+  0,8 

-  0,6 

-  0,3 

+  2,0 

+  0,44 

90 

-0,7 

-0,7 

+  0,1 

+  0,1 

-  0.1 

+  0,2 

+  1,1 

+  0,56 

40 

-  0,0 

-  0,2 

+  0,0 

+  0,1 

-  0.2 

-0,1 

-  0,5 

+  0,79 

50 

- 1,1 

-  1,2 

-  1,0 

-  1,2 

+  0,3 

+  0,5 

-  1,2 

+  0,37 

60 

-  2,0 

-2,6 

-  2,7 

-  2,4 

+  1,7 

+  1,8 

-  1,0 

+  0,17 

70 

-  2,4 

-  3,1 

-  3,8 

-4,1 

+  2,6 

+  2,3 

-  1,3 

+  0,l6 

80 

-8,1 

-  3,6 

-  4,5 

-  4,1 

+  2,9 

+  2,7 

-  1,7 

+  0,17 

-9* 

-»,9 

-  Sfi 

-*fi 

-4,4 

+  a»8 

+  «.7 

-«.» 

+  0,1» 

On  April  4  and  April  6  the  nmnm  for  finding  the  value  of  ^  were  taken  for  intervale 
of  5*  of  zenith  distance.  It  i»  unneeessfiry  to  stnte  here  in  more  detail  the  calculations  by 
which  the  corrections  for  the  funiis  uf  the  pivots  were  obtained,  as  a  full  account  will  appear 
in  the  published  Cambridge  Obeervationa.  The  quantities  actually  employed  for  the 
ooneetioii  of  thoee  tniuite  thet  were  taken  tat  the  detennfaiation  of  the  longitude  eve 
eantdiied  in  the  IbllowiDg  Hit.*— 

Zen.  Dirt.  Zan.  ]Hrt.  Zen  Di«t. 

Sooth.  CwmHtl.  SiMtk.  Camctioii.  8oaUi.  Correction. 


+  90"    +  0,44  +  55    4-  0,34  +20    +  0,n 

85    +0,41  50    4-0,28  -«(P.19'  1 

80    ■1-0,'ii  45  .........  +0,M  Pderie  / 

IS  .........  +0^  40  +0,85  -39*.  15 

70    +  0,40  35    +  0,50  FdarisSP, 

65    +  0,40  30"    +  0,38 

00^   +<V86  as    +0,55 
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It  may  be  remarked  that  the  cfliBel  of  the  forms  of  At  pivotl  fidlows  the  same  law 
in  1854  as  in  1850,  but  is  of  larger  amount.  The  difference  may  reasonably  be  ascribed 
to  the  wear  of  the  pivots  in  the  interval.  Upon  the  whole  I  consider  the  final  result  obtained 
by  taking  the  larpM  of  the  pivots  jato  looount*  vis.  SSe,TO  Ent  Loogitude,  to  bt  a  (imt- 
vortihj  detaradutioD. 

J.  CHALLIS. 

'Cambbidge  Obsfrvatosv, 
Mag  l&,  1854. 


P.  S.  It  may  be  remarked  that  the  measures  for  the  determination  of  the  eifects  of 
die  ianm  at  the  pivota  were  taken  in  ApiU  1864^  whilst  Ac  obMrvatiom  for  tho  Longitude 
TCve  made  in  Maj  1858.    Same  allowance  ii,  therefore,  Nqtiired  for  die  change  of  tSeet 

in  the  interval.  By  calculations  recently  gone  through^  of  which  an  account  will  be  given 
in  tljp  puWisbi'd  Cambridge  Observations,  and  by  hav5nf»  rcj^ard  to  the  timo  diirinf^  whicfi 
the  lUuniination  was  West  in  that  interval,  I  lind  that  the  corrections  for  the  forms  of 
the  pivots  should  be  less  by  the  mean  ^uautity  o%o$6.  The  Longitude  should  diergfare 
be  increaaed  by  dtii  qnandtj,  and  the  coimted  result  is  9Sf4B&t  ^^jMm^^nsi. 

The  Talue  9Sf,f6  East  is  now  adopted  for  the  Longitude  of  die  Cunbridge 
Obeorratory. 

J.  CHALLIS. 

CaMBKIDOS  OsSEfiVATOBY, 

Qet,  16,  M»«k 
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XXII.  On  some  points  in  the  Theory  of  Differential  Equations.  By  Augustus 
De  Morgan,  ((f  Trimly  College,  Sixretaty  of  the  Ruyal  AstrononUocU  Society, 
and  Prt^emr  y  MaOmia^  in  Unheni^  College,  London. 


Tbe  miiodlioeoiis  diBneter  of  tihu  paper  makM  it  deainbk  to  prefix  a  brief  ttHc  of 


1,  Summafy  of  peculiar  notation  and  language  employed.  S;  Remark  on  self-compensat- 
ing variables.  S,  On  some  neglected  theorem?,  and  in  particular,  if  either  or  both  P 
and  Q  be  infinite,  P--Q=  P,'.Q,.  4,  On  the  factor  of  a  differential,  its  difficulties, 
and  mode  of  avinding  them.  5,  Beamertiaii  of  ^  CDteuiee  of  arbitrary  functions  ioto 
the  primitives  iatennedfaite  between  tita  final  equadoo  and  tbe  general  primitive,  and 
remark  on  the  reason  given  by  Lagrange  for  their  rqection.  6,  Connexion  between 
the  ordinary  and  singular  (whether  intraneous  or  extraneous)  solution  of  a  primordinal 
equation;  results  of  my  last  paper  obtained  without  geometry;  new  equation  of  con- 
nexion between  tbe  usual  criteria.  7,  Remarkabb  theorem  of  M.  Caudiy  for  aacertaining 
whether  a  given  aolutlon  be  intnmeoas  or  exttaneoai,  8»  Bemark  on  the  verification  of 
the  singular  solution  of  an  equation.  9,  Connexion  of  the  ordinary  and  angular  solu- 
tion of  Liordinal  equations,  including  the  extension  of  Cuichy's  theorem.  10,  Sketch  of 
tbe  theory  of  triordinal  equations;  entrance  of  what  arc  called  determinants  ;  objection 
to  this  name.  II,  System  of  polar  correlation.  12,  Connexion  of  the  method  of 
transformation  for  all  difieceotial  equationa  given  in  a  dinner  paper,  and  bete  pveaented 
as  the  method  of  polar  trmuftfrmailttn.  lA,  Polar  oondation  of  hiordinal  eqnationa. 
H,  General  aaeount  of  die  equation  ^(.r,  ss,  y,  x)  »  o.  15,  Polar  correlation  of 
curves  in  spare;  limitation  ari5inj»  from  tlu*  ciiflcrential  correlation  being  priinordinal. 

Remarks  on  Lagrange's  primary  solution  of  partial  equadoos.  17,  Primary  solu- 
tion of  biordlnal  partial  equationa;  l^nra  of  rmilt  in  iSam  afttampt  to  hmIeo  ae1f<om- 
penaating  variablea  of  the  constanta.  18,  Analogy  point  and  enrvei  ehord  through  two 
points  and  devdopable  <-urf:tce  through  two  curves ;  construction  of  a  hiordinal  pardat 
equation.  19,  Remark  on  the  general  solution  of  a  hiordinal  equation.  2fl,  Polar  cor- 
relation of  surfaces ;  polar  hiordinal  equation  a  case  of  Q  +  Br  +  St  +  Tt  +  U  (»*-  tt)  =  0; 
analogy  of  this  equation  with  tlie  most  general  hiordinal  equation  of  two  variables,  in  Its 
primordinals,  and  in  its  aingnlar  solution.  21,  Method  of  polar  transfbmation  for  partial 
diiiarential  equations.  2!),  Suggested  notation  for  diniinants,  and  deduction  of  some  pri- 
innry  properties.  Test  of  the  equation  Q  +  Rr  +  8tc.  =  0  being  polar,  already  arrived 
at,  iroiT!  another  point  of  view,  by  Ampere;  reduction  of  the  in1f  ;:r  !!ion  to  that  of  two 
primordinal  equations,  whose  common  solutions  are  those  required,  a*.  Remarks  on 
notation.    Appendix,  Convergence  of  Maclaurin^  setiM,  and  Lagrange's  theorem. 
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Mr  D£  morgan.  ON  SOME  POINTS 


1.  Fartber  Gonrfdsrattni  baa  oonflnntd  and  ntendad  hnm  vitm*  m  dffiHmtial  tqaa- 
doDi  pnUidied  in  Vd.  IX.  Fart  it. :  it  1ms  dn  indicated  points  of  coDnexioin  betwseo 
subjects  there  tieated  apart.    Before  entering  on  tbs  subject  I  di^oie  of  some  pnUniinafj 

matters. 

It  is  dcsiralilc  to  invent  single  words  to  stand  for  the  phrases  "  of  tlie  first  order," 
'*  of  the  Becond  order/'  &c.  I  propose  primorditiai,  biordinal,  triordinaly  inc.  The  word 
d|^ir«i<in{  niay  be  di^enaed  iritb,  ainoe  dieee  ad^cetivea  are  imdcistood  to  apply  to  dill^ 
ential  «iaations  only. 

The  symbol  U^,  which  I  use  for  the  partial  differential  coefficient  of  U  with  respect  to  it 
M  explicitly  contained  in  U,  may  be  extended  as  follows.  The  complex  coefficient,  with 
reference  to  «  directly,  and  to  p,  q,  r,  a.s  funetiuns  uf  x  contained  in  U,  may  be  denoted  by 
»l»iel»  atands  for  +  tv>,+  b\q,  +  r,.  The  symbol  iT,,^,,.,,,  might  be  more 
comet!  but  it  Terjr  sddom  happena  tbat  we  want  to  exclude  tbe  explicit  effiset  of  a  variable. 
Parentheses  may,  when  required,  be  employed  to  separate  all  that  idates  to  one  differentia* 
tion  :  thus  f [;,,,.„  „.  denotes  d*U  :  dxdy,  on  the  stippoRi'tion  that  p,  q,  r,  vary  with  ff, 
and  Ut  V,  to,  with  y.    Thus,  if  p,  9,  r,  be  not  functions  of     nor  u,  v,      of  x,  we  have 

When  the  suffix  notation  is  inconvenieDt,  D  may  indicate  differentiatioD,  tbe  qwcifieatian 
being  within  brackets:  as  in 

Ifi{mf'p,q,  r,  «.,  v,  f/'Jf/  =  2)^[(rl/*,  q,  r){ij  \  n,  v,  m  )]  r. 

When  repeated  specification  is  useless,  we  may  preserve  an  indication  of  complexity  by 
using  U^^,  U^,,  or  (Jf^um*  r«?qu»red  :  or  we  may,  with  due  warning,  omit  all  symbols  of 
eomplexity  in  any  particular  Gaa& 

Diiibrentiatiofis  may  be  expceswd  as  in 

A  relatioD,  the  diaracter  of  which  there  ia  no  occasion  to  distinguish,  maj  be  exprcMed 

as  in  («« Jfi  sr)  <■  0^  (a,  b,  n)  =0.  A  letter  may  be  used  for  its  own  functional  synbol :  thus 
««sa(*, y, r)  may  denote  that  u  h  a  function  of  ,f ,  if,  r.  By  the  phrase  "for  v  write 
u  (.r,  y,  zy  we  may  signify  that  we  substitute  for  u  its  value  iu  terms  of  m,  y,  *.  Hcmcm- 
braocc  of  distinctive  funetianal  letters,  when  the  only  idea  needed  is  that  of  uospeeified 
functianBl  relation,  is  irfken  a  heavy  tax  on  the  leader^s  thought. 

3.  When  a  variable  so  enters  that  the  partial  differential  coefficient  vanishes,  thai  the 
!ian)c  primordinal  forms  of  relation  exist  which  would  have  existed  if  that  variable  had  been 
conetant,  it  may  be  termed  telf-eompema^ng  .*  as  in  0  («,  y, «)  ->  0,  (ft,  y,  a)  » (k  When 
two  or  more  variables  ara  so  related  to  others,  as  in  ^  («,  y,  a,  b)  ■  0,  ^jtUt  +  ^db  m  0,  they 
may  be  termed  ooaifMiMnfiflig,  or  eompentaUioe:  all  j»rjmordjRa%.   When  alao 

they  may  be  called  biordinally  GompeasatiTe :  and  so  on.    Tbe  whole  system  ia  always 
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compensative :  tlius  0//.r  +  (p,,dti  +  (p„di7.  =  0  is  merely  the  condition  of  permanence  of  the 
pquatiori  (p{.v,ti,a)  =  const.,  if  tin;  expressed  letters  be  all  which  enter  the  form  (p.  When, 
having  (.r,  y,  a,  b)  "  0,  we  deduce  +  =  0,  which  only  expreaaet  ttiat  «  and  y  are 
comjMiiMtiTc,  we  vtually  imply  4»mO,  dSbmfK  It  .mutt  be  KmemlMXied  diat  tin  iroid 
oottpenndon  refen  to  ybrm,  not  to  twAM. 

3.  If  y  be  a  func  tion  of  x  and  constants  which  becomes  inliuitc  for  a  finite  value  of  x, 
then  if'iy  —  oo  ,  being  (logy)' ;  also  y":y'  —  oo  ,  being  (logy')';  and  so  on.  These  remain 
true^  even  if  y,  Ste.  hteama  infinite  faj  the  lediiction  of  y  » y  (.r,  a,  &c.)  to  «  » m,  ezdiuive 
of  $,  Tbat  i^,  when  a  finite  change  m  «  makee  an  infinite  ehanjje  in  it  atakee 
an  infinite  diange  in  ^ifh  iT-i^t  ^  Tbie,  well  as  y':y  =  oo  ■^hen  y  »  0,  may  be  made 
visible  from  the  subtangcnt  of  the  curve  represented,  and  demonstrably  obvious  both  Crant 
the  fluxional  principle,  and  from  the  equation  (p  {a  +  h)  »  <l>,r  +  <p'  {x  +  0h)  .  h. 

If,  for  a  finite  or  infinite  value  of  m,  eiiker  or  ioA  Pand  Q  become  infinite,  then  PiQ 
and  P^Q,  are  equal t  that  is,  both  notldng,  both  jlnife  mud  equal,  or  both  infinite.  (Would 
equntable  be  a  good  word  to  distinguish  this  set  of  alternatives  from  that  in  which  the  zeros  or 
infinites  muat  have  the  ratio  of  eqttaUty  ?)  This  i.i  well  known  when  hoth  are  infinite.  Let 
P  be  finite  or  zero,  Q  bcinrr  iiif-nirf>      If  F.  be  also  Ruite  or  zero,  the  theorem  is  obvious;  if 

be  infinite,  P  being  finite,  u  is  clear  that,  jb  being  finite,  the  last  increment  of  Q  must  be 
deeeribed  with  an  infinitely  greater  velodtj^  than  die  last  increment  ttP\»  tbat  PjiQ,  0, 
ae  wdl  as  P:<2.  TMs  fluxional  etep  maj  be  cndy  reduced  into  tbe  language  of  limits.  If 
the  critical  value  of  «  be  innnite,  then  P  cannot  be  finite  or  zero,  unless  ■■  0;  whence,  ^ 
being  anything  except  0,  P^Q.^  =  0,  as  well  ns  P:Q  (this  last  bccnusc  (.r  =  co  )  not 
being  a:  0,  Q  must  be  infinite).  There  only  remains  the  case  in  which  Q^-^  0  (*■■  oo),  P 
being  finite  and  therefiare  P,  ■>  o,  and  Q,  being  infinite.  Let  »  be  taken  very  great,  and  let  it 
tben  receive  the  incrament  A«.  Tlie  bypotheeee  cbow  'tbat  ^P:A(|  diminiBbet  without 
limit,  when  ^9  increaaes  without  limit :  but  this  lies  among  the  values  of  P^:Q,  as  found  in 
passing  from  r  to  .r  +  A^r  ;  if  then  P/.Q^  tend  towards  nny  final  limit,  that  liniit  must  Ik; 
zero.  In  all  that  premies,  we  suppose  that  some  tendency  is  permiMiently  estabhslud  at  last: 
io  all  other  cases,  the  above  theorem  depends  upon  the  iiUerprctatiou  uf  cos  oo  and  sin  00  . 

In  m  J  bnt  peper  I  made  use  of  the  theorem  that  way  rdation  between  m  and  y  under 
whidi  u  is  finite  and  infinite,  ^ves  either  *>  «  or  «  «  const.  Tins  is  equally  true  when 
u  is  infinite ;  for  the  diflxirential  coefficient  becomes  infinite  whenever  the  function  becomes 
infinite  on  a  finite  hypothesis  involving  the  varinble  of  diflferentiation.  And  the  theorem  may 
be  generalized  thus :  If  «  and  ui  he  any  two  of  the  subject-letters  of  a  function  u,  then  any 
supposition  which  makes  »,  infinite  either  makes  u„  infinite,  or  is  iiedf  independent  of  m. 
Henccv  if  a  jrdation  containing  •  mske     >■  ee ,  we  see  that 

tt/fiv  4-11^  -t-  njSm  +  ...  a  0  and         +  u^  ^  v^jbi  0 

are  the  same  equations:  for  they  are 

*i  +  S!||^  +  -d(s+...-0  and  ii»  +  '^dy  +  ...-0. 
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A  relation  such  as  n  (x,  y)  —  08  ,  gives  the  same  form  for  y'  as  «  m  const  generally; 
namely  y' -  u^u^.  If  any  doubt  should  arise  as  to  our  right  to  make  c  -  oo  in  u  e  c, 
or  any  queitian  M  to  dklmetioii  betvwD  iofiiiite  eoM^onto  ind  infinite  vatUUetf  we  may  Iiavc 
recoune  to      ■  0^  whidi  give*  3^  -  -  ujMg. 

4.  If  =  0,  or  Af  =  00  ,  preserve  P  finite,  then  in  (AfP),  or  MP,  +  PM„  MP,  is 
infinitely  stiiall  compared  with  PM^:  the  ratio  is  that  of  (log  P),  (o  (log  3/),  lorr  P  being 
zero  or  finite,  while  log  M  is  infinite ;  so  (hat  the  theorem  in  ^  S  applies,  and  proves  the 
Maertkm*  Omierally,  M  «  0  ,  and  Mm  00  give  to  MP,  and  PM,  the  nib  of  kgi* 
to  log  Jf> 

Lot  Afaf  +  Qciy  be  made  integralile  by  the  ftetor  M,  eo  that  iMP\  «  {MQ),  llMmo 
at  to  make  P  and  Q  both  finite,  the  lest  |pvee  PJf^Qjr.»i  or  J^S^M^M^  But 

Af  «■  0  and  3/  ^  co  ,  being  cases  of  M  —  conet^  both  give  Jf'  =  -  M,:My ;  whence  both  are 
solutions  of  P+  Qi/  <=  0.  Hence  the  well  known  properties  of  the  integrating  factor  ;  but  the 
extreme  cases  offer  some  difficulty,  which  may  be  avoided  as  follows.  Let  C7  be  a  function  of 
x  and  y,  then  U  ■  eonat.  (co  inclusive)  gives  y'  -  -  U^U^  and  U,  ~  const,  and  -=  const, 
(eo  included}  give  -  ^oitT^  and  y'*  •>  U^.U^.  Now  if  a  reladon  between  y  and 
«  nuke  (7,  and  both  vanish,  or  make  eiiher  or  both  infinite,  the  three  f(MVM  of  an 
either  tctos,  fiiu'to  and  equal,  or  infinites:  so  that  the  ielected  rdation  aatiefies  Ujjf  mO, 
the  differential  equation  of  U  =  coast. 

This  reaeoning  might  easily  be  extended  to  equations  of  n  variables ;  and  most  oa.sily  by 
making  n  — S  of  tht  tii  iiKlttcrminate  functions  of  the  (n  —  1)'^  The  want  of  such  consider- 
ations 11  rather  a  defect  in  the  ileinentary  treatment  of  difPerontial  pqiiations.  For  example. 
let  U  "  U (.V,  y)  givi;  dU  —  U^{Pd^  +  dy).  The  differential  equation  of  i/  ■»  const,  is  at 
onoe  ulcen  to  be  Pda  + «  0*  be  the  eonetant  what  it  nay.  But  nay  there  not  be  M^fidar 
tteceplnMM,  in  whidh  <7 «  a  apedfie  const,  produoea  rfCf «  o,  not  through  /U*  4*  -  but 
through  /7y  «  0  ?  The  answer  is,  Aat  I/, «  0,  P  not  being  infinite,  is  accompanied  by 
Abr  -I-      ■  0,  as  shown. 

b.  In  ni^  last  paper  I  puinted  out  that  the  diltcrcntiai  equations  intermediate  between 
the  original  primitive  and  the  one  which  has  lost  all  the  oonstancs  cannot  be  represented  with- 
out  the  aid  of  arlHtmry  functions.    Lagrange,  I  luive  since  observed,  has  noticed  this  eztea- 

liun,  and  has  rejected  it  CO  grounds  which  I  shall  presently  discuss.  The  ordfamj  thooiy  is 
complete  as  to  the  passage  from  the  orijjinal  primitive  to  the  fliml  equation,  upon  the  suppo- 
sition that  all  relation  between  the  constants,  and  between  tho$e  constants  and  others,  is 
denied  or  forWdden.  But  it  is  neither  true  nor  complete  aa  to  tlie  passage  from  the  final 
equation  to  the  original  prtnitive. 

Let  Mjf  m  M  ■¥  bjf e.  So  long  as  a,  6,  e,  are  wboUy  unconnected,  no  prinordinal  equa* 
dons  can  be  deduced  except 

y  +xy'  mm^iff',    y*  =  a(y  -  *y')  -  cy',    .rV  =  6  (ry'- y)  -  c; 
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nor  taj  bbndliiBb  except 

w"- ^y* - oy".  sy*  +      V >        - «y!^ - *yy"- cy". 

nor  any  triordinal  (in  any  case)  except  iy't/"—  o.  If  we  asceod  from  this  last,  then,  the 
dciTCTMHng  biordiiMb  bdng  a*  J,  6 ^  JS,  c- C,  the  first  prinulivt  in  aioeot  is  A,  C)  -  o, 
when  ^  is  ailjttnrj,  and  majr  contain  any  number  of  consCanta.    It  is  obvious  that  ^  •  0 

^ves  the  triordinal  common  to  dd^O^  dlB«0^  and  can  give  no  other,  even  in  the 

case  of  (p^^A,  a-  fpuli^..-^-  (pt€y.~  »  ,  or  <p,„^^  „  f.-  »  •  I^"'  the  primitive  of  (p  (J,  B,  C)  =  0, 
though  it  be  4ry  B  cur  4-  ^  +  c,  is  subject  to  0  (o,  h,  c)  =  0.  This  is  not  a  restrictive  relation 
between  the  tialuea  of  a,  6,  c,  since  <p  may  contain  arbitrary  constants  besides  a,  b,  c. 
Thus,  let  tbe  first  primitivo  hm  JmmB  tut  Qr  -  nMr)!^- Smy'- V' ^ :  ^  original  it 
-  b(j/  +  >tt»)  +e,  or  9ff  ^  a»  bf  ^  9t  wbeve  mSu  Tlieae  tiro  ferms  are  coextenaiw: 
the  only  difference  is,  that  according  as  a,  6,  c,  or  as  m,  ft,  e,  are  treated  as  independent  con- 
stants, the  curve*  contained  under  Q^y'" ~  9y"*  ^  0  are  grouped  in  one  or  another  of  two 
different  ways.  The  primordinal  is  found  by  eliminating  y"  between  <p  {J,  B,  C)  <=■  0,  and 
Xi^i  C)  mOi  and  its  original  is  Aysor  +  iy  +  o,  subject  to  <p{a,  b,  c)  —  0,  p^(a,  c)aO 
sod  a  rimSar  wnMurlt.  The  original  primitive  is  §awad  bj  eUminaling  and  p"  between 
^ (il.  C)  -  0,  xiA B»  9  * Oi  ^(^1  *  0*  anMnrat  to  J  •  const.,  iff-  oonst, 
C  ■  const.,  and  give  xy  =  ax  +  by  +  c 

Lagrange,  (£«fon«»  &c  p.  S49  [I806]),  after  noting  that,  for  instance,  ^  (y,  <i;y'  ~y}  m  0 
gives  j^"  -  0,  does  not  admit  it  as  a  primitive,  becanse  it  neoesearily  leads  to  y' «  a,  jcy'- y  mb. 
This  would  be  a  suiBeient  reeson  for  i^eeting  one  of  the  last  pair,  nnoe  cither  is  the  neoemary 
coneequenee  of  the  other.  All  the  primordittale  of  any  biordinal  can  be  expressed  by  means 
of  any  two  among  them  :  in  the  case  bnfnrc  us,  simplicity  would  dictate  «  o,  m/  —  y  =  h, 
as  fundamental  fiirm<!  Rut  morp  ri  mj  Ucatcd  biordinals  have  many  primordinal  forms  of 
equal  ^mplicity:  and  further,  in  ascent  wc  are  generally  obliged  to  take  what  we  can  come  by, 
without  any  means  of  tdOng  whether  or  no  we  iwvo  got  one  of  the  fonns  we  should  have 
INrefoted,  if  we  had  known  the  original  primitiTe  Having  tffjT'^  V*>  <»m1  finding,  by  aome 
aoddcnt  of  the  proUemi  tint  (3^  - 1)^'  is  an  integmling  ftelorf  w»  atu  led  to 

wlricb  ie  not  one  of  the  Ibirms  sdeeted  by  the  eommon  theory. 

6.  I  now  proceed  to  some  consideratioa  of  primordinal  equatioos.  By  a  singular 
solution  I  mean  any  one,  however  obtained,  whidi  must,  by  the  very  mctibod  of  solatioo,  fidl 
to  contain  the  ordind  numlwr  of  arUtrary  constants :  it  may  be  caUed  InirMMeii*  or  ewframeene 
according  as  it  can  or  cannot  X-te  made  a  ca«e  of  the  ordinary  primitive. 

Let  y  <=  X  (    f )  primordinal  deduced  from  y  «  >/>  (<r,  a),  or  its  supposed  equivalent 

o  «  J  (.r,  y).    Hence  dA     A^ijf  -      dr,  and  x  "  ~  -^^'^y        hoi\\  identically  true.  All 
solutions  of  y'  *  X        contained  in     =  const,  are  in  A,j=>  K  \  except  only,  it  may  be,  those 
of  the  form  m  m  const.,  whieii,  though  diey  satisfy  y  =  x  ^3  making  both  sUee  infinite,  give 
9'  -%  the  Ibrm  s»  -  « .   And,  with  die  tame  exception,  the  converse  is  true,  ttiat  J^mto 
satisfies  ff^x'  ^  9  ~  ~  -^<r^ir  ^^i^        cgws  with  -  Ajt^  or  whenever 
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j^-i  CO  it  pradnoed  bj  a  nMUttHon*  for  y  ;  tbit  it,  when«f«r  it  it  jmiwtd  by  anything 
acqit       coast   Tfau  hrt  cne,  vhidi  ialjiAe»  ^  - in  the  £Mm  e»«ee ,  fcqidici 

consideration ;  in  what  follows  I  suppose  it  exdaded. 

Since  y  —  >^  («,  A)  is  identically  true,   we  have   1  -  yf/,A^,    identically,  moaning 
^„(r,  A).    Hence  •^,=  0  contains  all  singular  solutions  except  those  in        const.  Again, 
(a?,  y)  it  identioaUy  ^»(«,  ^ :  whaiee     -         ■=  =  (l^>g         Of  this  cqualionf 

I  CMi  find  Midwv  notice  nor  nw:  It  nij  be  diieedy  deduced  tbne;~- 

It  follows  tbnt  when      Teaiibea  under  a  substitution  for  «,  (log  >//J^  becomes  infinite  with 
kg^.t  and  tbcfdbie  alw        But  wbea     Taniihee  under  a  ccoatant  ralne  of  a,  «o 
doee  not  neoeHarilj  gfre  (^J,  •  co  .    Consequently,  x»  '  ^  contuna  all  the  eefroneoM 

solutions,  and  may,  and  frequently  will,  contain  intraneous  singular  solutions :  in  particular,  it 
inust  contain  all  those  intraneous  solutions  which,  besides  being  deducible  from  a  specific 
coDStant  value  of  a,  are  also  deducible  from  jr »  («,  a)  by  substituting  for  a  a  function  of  x. 
So  Aat  -  CD  nraet  all  fba  toltttioni,  whetber  ktnmeoui  or  extraneoui,  which  have 
coDtacte  with  ofdiaarj  lolntlani. 

The  eioeptloo  may  be  thus  illustrated.  Since  >//.<=  0  gives  -  -  y^^.  a,  we  have  in 
that  case      =  -  OoK^«)«'<*j'  0,  under  any  substitution  for  o,  gives  (log^,)*"  CB: 

but  if  a  ■=  const.,  or     ■>  0,  ^  takes  the  form  oo  x  o,  and  is  not  necessarily  infinite. 

Next,  ^  or  (log  >^>f,  may  be  infinite  without  o :  as  when  ■  as  ,  or  when  «  ee 
without  —  «» .  But  whenever  the  retult  of  >  co  is  not  a  eoludon  of  fiT  ■  the  rdatioo 
between  a  and  •  which  turns  (.r,  u)  into  that  result  gives  «  oo  :  that  is,  an  ardhmry 
solution  can  only  meet  ^  a  »  ,  when  itself  not  a  solution,  in  points  of  infinite  curvature. 
Tills  was  proved  in  my  last  paper,  hut  the  following  is  shorter.  First,  let  ^z,,  =  a>  ,  being 
finite :  then,  except  when  a  ■  const,  (a  case  here  against  hypothegia)  we  have  >|',  ~  ^ , 
tberefiare  *  .  Next,  let  =  co ,  and  not  :  then,  iinkss  a  «  oonsL  (a  caie  through, 
out  excluded),  ^  ia  not  Infinite;  so  that  being  infinite,  is  infinite,  except  in  the 
extra-hypothetical  case  of  am  const  Nowi^«,,  or  y'\  is  x«  +  Xy*X*  *^  ^^'^^  relations 
resulting  from  Xv  ~  ^  which  make  X*'I'3&*X  ^"^^^  xs^o,  are  neccttsrily  aobitioiis:  as 
otherwise  proved  in  my  last  paper. 


■  Ii  muM  be  rcmerobcTcd  ihsu  the  af^reciiicnt  o(  A  :  U  nnd 
J, :  B,  when  A  ud  B  both  vkotob,  or  whcti  ciUier  U  InfiDlte, 
liH  only  been  pcoved  wiicn  the  liaguUr  ttate  is  produced,  m  it 
«ei«,  if  action  upon  m,  th«t  it,  bf  tubMitutlng  for  *  •  function 
of  other  letten.  It  ii  eujr,  when  the  state  it  produced  by  ■ 
1  «  sn4  othft  ndaUai,  10  tefttthtt  ihspii- 
liii  wUA  «  *tiipiiiM  taD  i1m  idiiiiaB  mmf  bs^ 
ttdpnUUrii^SBintinltu. 

A  cMMim  or  ilw  lams  Una  b  aswMir  ia 
The  ftmctioti  ud  dUrcreodsl  ooefficiit  sn  SO 
the  iccond  become*  infinilewlth  tho  fliit,  Ar  a  ftdtc  vala*  of 


out  action  on  the  variable. 

•f  The  more  eompUcmied  relstiont  bet*iK)i  x> 
original  primitive,  moaily  derived  by  LapanKc,  have  the  dis- 
advantage &C  cotuieeting  i^i  and  x,  *>th  other  t'lutctionn.  A 
great  number  may  be  found  in  Lagrange's  paper  :>"r  Ic 
tnttfrtOu  far^mMft*  (BwUa  Msmoin,  1774,  pp.  187-87») 
Mdta  te£i9iM«wlfCUM*tFtiHllMM.  U^wUdih 
Mie  auB  I  kaow,  liw  aquatiaii  la  tht  mt  Im  ' 
given,  ii  It  cariooB  Maad  Aat  UIm] 
ths  iBods  of  connecdagthotiio  tat  tawik  laA  i 
used  tests  of  tinguUc  i 
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Wbciiaitcr  two  lolntiflni  hm  a  eonnoD  point,     u  infliiite  «t  that  point,  if  y  be  fiaite. 
y  * y^-^^Q  1m  two  soktion^  and  kt  ^  be  ftdte  vhea  <l«€i  Thecqaatimii 

are  idcotiGally  true;  wh«»OB 

Xv(*>^  1^  ^'"^  <W^'  ^Imb  <2       vbidi,  Q  being  really  a  Ainetion 

of  X,  cannot  be :  K»  tbat  Xri*»  ^  infinite. 

It  lias  been  commonly  assert^xl  that  when  ^ «  et  gives  a  solution,  that  solution  is 
extraneous.  'I'ht"  v,t^!!  known  proof  (Lacroix,  Vol.  II.  pp.  38"^ — SSI)  depends  on  a  use  of 
expansions  in  the  failing  case  of  Taylor's  Theorem.  But  the  assertion  itself  is  not  merely 
inooraeetf  but  ftlaUcd  bj  nany  ordinary  esampleai  Fiwiuent  Inataneia  eeeur  in  wbicb  a  eaw 
of  jr  •  ^(«» cenat.)  faaa  at  each  point  eontaet  with  another  eaae :  and fiirtber,  we  have aeen  that 
Xy  ■  CO  may  include  ordinary  solutions  which  are  not  even  dedudble  fimm  b  O*  that  ia, 
aolutions  which  are  not  singular  even  in  the  sense  in  which  I  have  used  the  word. 

The  following  remark  may  suggest  the  means  of  inquiring  further  into  this  case.  It 
appears  tbat  when  ^,  and  (log  v//J,  are  both  aaade  infinite  by  the  mow  oonitant  value  of  a, 
there  b  a  eolution  of  y'  i>x  whieh  ia  wholly  ordinary,  eovtdaed  m  x^  >  » ,  die  relation  wbidi 
baa  been  asserted  to  gi%'c  n7ili/  extraneous  solutionis  and  not  even  the  rest  of  the  caaee  whidi 
come  under  »=  0.  If  tliis  be  the  c-ase,  as  from  =  (los^  >!/  )  it  certainly  is,  how  comes  it 
that  instances  have  not  appeared  in  the  multitude  of  questions  which  have  been  exhibited  in 
elementary  works?  The  answer  is,  I  tbmk,  of  the  same  kind  as  must  be  made  to  the  question 
wliy  the  aptitude  of  Madanrin*a  devdopment  to  exhibit  certain  JIhUb  fbntions  in  the  form 
0^o,a  +  0,a^+  ...  has  never  been  noticed  until  our  own  time. 

A  function  of  a  and  .»  may  become  0  or  co  for  a  value  of  a  independent  of  if  in  two 
distinct  ways.    First*  faetoriai^,  when  the  function  f{x,  a)  can  be  exhibited  as 

Fa  y  {/(*,«) :/*«}, 

in  which  Fa  becomes  0  or  oo  and  /(j?,  a)  :  Fa  remains  finito  as  in  f'^'  -  l  which  vanishes  with 
a,  and  is  a  x  ^(e"—  1)  -  °i>  0  x  «.  Secondly,  nonr-factonaUy,  where  this  transformation 
cannot  be  0Mde»  aa  in  c'^',  wlueh  vnnishea  with  a,  but  catmot  be  reduced  to  a  fiwtofial  form 
in  which  the  evaneaeence  arises  asMy  fram  diat  of  a  fimetioa  of  «  akme.  When  becomes 
0  or  00  frctoiially,  the  function  of  a  diM^pears  in  and      may  be  finite:  when  non- 

factorially,  no  'vrh  disappearance  occuTB,  and  "^^^^  which  then  becooies  0K>  or  00:00  »  may 
be  finite  or  infinite,  as  it  shall  happen. 

7>  M.  Caocby  (lloigno,  Vol.  II.  pp.  445—454)  h&?.  given  a  criterion  for  distinguishing 
between  extraneous  and  intraneous  singular  solutions.  This  criterion  I  believe  to  be  univer- 
sally valid,  and  fully  demonstrated  :  but  as  it  i:.t  ems  to  have  attracted  little  or  no  attention  in 
this  country,  and  as  the  demonstration  may  be  much  shortened  without  material  alteration,  I 
aublQin  my  own  account  of  it. 

The  queetion  whediar  y«  P,  a  solution  «f  ^  -  x^**')*  ^  %^**  P)  being  identical, 
is  intraneous  or  extraneous  to  y  a),  the  general  sdation,  is  dearly  the  same  as  the 
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qiMrtian  whether  y  •  0»  «  aolntioo  of  t/    xi**  ^ V)  -  X (*>  ^>  '*  ^ 
to  y  -I-  JP<-  ^     «)*       gcnenl  loliitioa  of  the  bit.   W«  need  tbeidSne  oolj  eomider  Ae 
caw  ID  vhicfa  y      wlvee    "Xi^hVh  w  in  wMcb  x('*0)  ▼uidie*  imbpnideDdy  of 

It  b  lint  tobe  diown  that  when  y  «  0  {•  extnmeont,  then  J  («,  y)|  ~'  cf^  b^tu  /mite, 
that  is,  will  be  finite  for  aome  finite  extent  of  value  of  /3.    Since  X"  ~  -^a^f*  have 

/^J,djjf     ^(•,j8)-^(#,0)--/^^'-^<ty,  (•eoMUnt). 

The  general  solution  of  y'  =  is  a  =  //  (r,  y),  and  y  =  0  is  extraneous,  so  that  A  {x,  0)  is 
neither  constant  nor  infinite  for  all  values  of  z,  bat  is  a  function  varying  with  «r.    Henoej  for 

eome  extent  of  value  of  ^»  J  JmX'^^  **  ^«  begin  bfioite  at  y  -  €b  it  ie  dear 

that  X  ^X~*^  (whidi  bqjfais  finite)  h^B  with  elemettte  hiftdlell^  gieat  e«0|Mred  wiA  thoae 
of    x'*''^  *  ^  ^  X"^  hegine  finite.  Bat  if  J«  begin  finite^  ibm,  to  long  as 

and     retain  eadi  one  ogn^ 

/  —  dy  =  ^.(*,  0/3)  /   -,  (0<1).    or  /  —  ^  , 

when  A  {je,  O)  ie  not  =  o,  this  vanishes  with  ^  and  begins  finite :  and  A  («,  O)  »  o,  indepen. 
dently  of  r,  cannot  be  admitted,  siuce  it  brings  y  »  O  into  the  general  SolutUm.  Hence 
begins  Hnitc  whenever  y  =  0  is  an  extraneous  solution. 

The  converse  must  now  be  shown  :  namely,  that  whenever  jCx'''^^  begins  finite,  x('>0) 
vanishing  independently  of  s,  it  follows  that  y>0  is  extraneous.    Let  V)* 
dff{9,y)  <■  ^'x(**9^  indcftendently  of  «:  so  that,  m  being  any  quantity, 

Since  dj/ b  ^  (^^  ■  ^  made  identical  by  y«^(«,  a),  and  linoe  df  \mf  ^  (^^^  a)l  is 
identical  with      (as,  o)  :  ;^{«n,  >^  (*,  a)| ,  we  have 

Now  it  is  known  that  «p  {a  +  h)  -  fftai  m  (p,' (m  +  0h) .  h,  (6<l),  provided  that  between 
»  +  h  and  x  there  be  no  value  which  makes  infinite :  and  this  though  ^'m  should  he 
infinite,  <fis  being  finite,  at  either  extremity. 

Uence, 


Jbr  all  valoBS  of    A,  and  at,  mth  aueh  ensuat  eseeptioni  as  may  aiiie  if  the  i 
infinite  between  •  awl  •       diough  these  nay  be  avoided  by  taldng  A  sulBeienlly  snaD. 
/{ntt  0)  «  0  fiir  aU  vaiaes  of  «•»  we  aee  .that  if  it  were  poaafak  to  aiogn  •  vahie  In  « 
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which  should  make  ^  {/p,  a)  «  0  independently  of  M  (that  is,  it  y  m  o  could  be  an  intraneous 
lolutioii  of  ^'  -  x)      ^""'^      wonM  vaoiah  idcntleRlljr,  dm  Moomd  beoomiug 

(jr  +  M,  0) .      (m,  0). 

even  though  ihdr  TaluM  should  ehaqge  ptMn^  which  is  absuid,  and,  with  it,  the  suiiiKMltion 
tiiat  y  m  0  is  an  intraneous  soludon. 

Returning  to  th«  ^nicral  case,  it  appoirs  that,  f  and  ^  («,  F)  baiDg  Mftrtimlt,  y  ■«  P  is  an 
extraoeout  or  intraoeous  solution  of  y  y)  aooording  as 

rfi  dig    rf+fi  dy 

begins  finite  or  infinite.     It  is  easily  shown  that  this  integral  cannot  begin  finite  unless 
^(«,  P)  be  infinite;  so  that  Xy  "  ^  includes  all  extraneous  solutions.    But  the  converse  is 
not  tim    To  laho M.  Gnaehj^  csample,  let  y'^y  logy.    Here  y  » 0  makes  Xt"  ^  » 
it  also  »ak«s  j^j^-yy •  e» ,  wheooe  y  >  0  ia  intnmaous:  the  primitive  Is  y  >  a^,  and  y  •  0 
bdooga  to  a*  »  tt  . 

This  theorem  of  M.  Caachv  j«  a  beautiful  instance  of  the  dUeriminaHng  power  of  the 
process  of  integration  :  and  I  cannot  iielp  looking  upon  it  as  one  of  the  most  remarltable  acoes> 
aions  of  this  century  to  the  theory  of  diiTereoUal  equations. 

8.  It  Is  not  gMendly  noticed  that  the  l^gitimm^  of  the  eztniieQus  aolution  often  depends 

OD  the  convention*  by  which  A"  B  is  coiisidcred  as  satisfied  in  the  fbnn  0  «  0,  or  oo  «  00 , 
even  though  A:B  •  1  be  not  satisfied.  Thus,  let  j/  rp'r  j-  9  -^Z (rj  —  (px),  whose  ordinary 
primitive  is  y  a  ^  •¥  (tf  +  a)*,  the  singular  (here  extraneous)  solution  being  y  ■  Now 
we  have 

Tim  lint  Taiue  hdong*  to  tlie  ondhiuy  pnmitiTe.  If  lint  difbrantial  equation  oftMye  mean 
(jf  —  ^*9}t^(9  -  (p"!)  "  S>  tllen  y"-  <p>''x  +  2  is  permanent,  and  y  «^ cannot  be  admitted. 
The  extraneous  solution  requires  that  in  differentiating  ~  <p^),  we  should  attend  to  the 
effect  of  the  precedent  condition  y « 009  upon  the  process  of  difierentiation.  We  are  to 
ind  the  limit  of  ^(y  -<fnt>  +  j^y  -  A0«):A«,  that  is,  of  y^(Ay  -  A0«):A«,  whidi  is 
tolfaiite  cxoept  when  y'«>^'««0,  and  diea  depends  upon  the  mode  In  wUdi  A^/^  and 
approach  equality.  If,  as  by  hypothesis.  Ay  -  A0«  he  maintained  during  the 
diminution  of  and  A  r,  then  v^(Ay  -  A0*):A.i,  being  always  -0,  i«  0  at  the  limit. 
This  modification  of  diilerentiation  is  never  noticed  in  the  case  of  one  variable,  becauRf  ifs  efTcct 
upon  value  is  always  the  production  of  o  or  oo,  and  value  is  generally  enough  for  the  purpose, 
without  oonddecation  of  fiirm. 


*  1  ooniUcr  thia  poiiitinuMllier  eommunlcaiimi.  Lii  il  .irai  t  Tbu «*  =  jr  3  U  noambigooiuly  satisfied  bf»ss3:  bat  not 
of  »Ucll  hM  allMd/ »piiciMd.  I  will  here  remuk  Out  Uie  the  eooMqucncc  «*-4a«-Si  thl>  but  doe*  DMglTC  ^L0el, 
iUMtr  fliadlr  tijsali  sa  Ika  tan  erUw  •qntlsa  «aly.  I  «lMiMl»e«f. 
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It  is  verj  important,  in  tius  subject,  to  distinguish  between  the  means  of  detecting  singular 
■dntkoi,  md  diat  of  MdliliiUDg  tbdr  gtami  fffopirtiit.  For  taitamos,  die  primarj  being 
^(4r, yt a)  ■  0,  «e  cannot  be  certem  of  aU  the  atogular  aolutims  imtit  (beodei  the  caae  of 

X  m  conrt.)  ve  have  eompletely  emined  -  0,  both  in  0,  =  o  and  « .  Never- 
theless, we  may  be  sure  of  the  general  properties  of  those  solutions  by  reasoning  either  on 
0^  B  Q  or  on  0y  a  oe:  for  <(>(x,  y,  a)  ■»  0  can  be  examined  with  perfect  generality  cither  in  the 
form  y  -  >^  («,  a)  »  0,  or  ^  (d?,  y)  —  •  «  0.    Consequently,  "  0  may  be  distinguished, 

under  the  neme  of  the  criterion  of  deteotfcw,  ftnn  ^.-Oor4^y-«,die  general  pre|ierty. 

9.    I  shall  now  treat  bioidinal  equatunu  fnOy,  and  trioiduiaJs  to  such  an  extent  as  will 

show  bow  the  general  theory  commences.  An  n-ordinal  equation  has  "i"  distinrt  kinds  of 
primitives  possible  tt  pi-iori,  there  being  the  choice  of  ordinary  or  extraneous  singular  at  each 
step  of  the  ascent.  Generally,  the  singular  solution  of  a  singular  solution  is  not  a  solution 
of  die  final  equatioD. 

The  eonunon  theory  contains  a  defect  whidi  ought  to  have  hcea  atrikug.  If 

^(«,  y,  a,  6)  a  0  give  y"*>  x('^> !/'  J'  )*  ^^^'^^  ^^^^  if  ^  ^  ^  made  compensatory  to  the 
second  order,  that  is,  if  d  'P  <=  o,  rf^j,  0^^^  =  o,  then  y"  -  ^  will  remain  true  :  and  also  that 
a  singular  primofdinal  is  produced,  satisfying  j/'  ^,  and  having  no  arbitrary  constant.  It  is 
aiauned  that  all  Ac  dngidar  primovdhiak  am  thua  ohtained.  Thie  ie  true,  but  to  the 
inference  we  hanre  no  more  right  Ann  to  the  dednctloa  cf  J    0,    «  0,  fSNtm  A-^B^ii. 

IjCt  ]fB^(«,a,  6)  be  the  primitive,  which,  combined  with  y'">//„  gives  a  =  .4  (jr,  y,  y'), 
h  •=  B{t,  y,  y).  The  primordinal  of  y"  =  i^(r,  y)  /  (A,  /?)  =  0,  /  being  arbitrary.  Anv 
given  curve  y  -  vx  may  be  made  to  solve  some  one  form  of  the  primordinal,  namely,  that 
obtained  by  elimioating  a  between  A  m  A(x,  v^,  vx)  and  B  m  B(mfVa,  w'ji).  But  as 
y  ■  w«i  taleen  at  liamdj  will  not  eatiefy  y  ■  ^,  we  may  prceome  tiiBt  it  ie  a  eingular  eolution 
of  tiie  primocdind.  And  thia  maj  he  verilied  «e  feUove.  Let/(J,  .0)  >  0  he  the  remit  of 
the  elimination ;  then  dB-.dA  =  -fA-ftc  "^^U  es  we  shall  see,  dBidA  —  B^:A^ ;  whence 
f,A„^-f„B^.^o.  Uf{A,Ii)^o  give  y'  =  « (r.v).  w..  h«ve  .  =  -  C/.-^,  +  :(/'^^,.+/, 2?^); 
whence  not  only  y=  w»,  but  any  solution  of /(J,  Ji}  "  o,  seems  to  give  «^  =  oo  .  The  truth 
ie  that  aU  eolutbm  which  nud(,e  TariaUce  cf  A  and  It.  an  nngidur :  tea,  f{A,  J9)  «  o  being 
B  m  fiiA,  the  ordinary  primitive  kffm  ^(ar,  a»  mo),  wUA  givee    -  a,  J?  -  #ia> 

We  matt  not  suppose  that  we  ere  here  dealing  with  a  peculiar  or  restricted  class  of  equ*. 
tions.  Every  primordinal  is  in  an  infinite  number  of  ways  reducible  to  /(A,  B)  -  o,  where  J 
and  B  are  made  constants  by  the  ordinary  primitive;  Thus  y'*  -  1  is  coextensive  with 
y*  -f  «*  -  2.tyy'  B  (yy'  -  j;)%  the  crdioary  primitive  of  which  makes  both  sides  constant.  It  is 
obtained hj  throwing      «ar  +  n  into  the Ibnn  y* > «^ -f  te* 4 where^^o^. 

Given  y  =  'sra>,  required  a  key  to  the  primordinal  equatione  which  have  y  -  wx  for  a  tin* 
gular  solution.  Take  any  equation  y  =  \p  (x,  n,  h),  determine  a  =  A  (x.y^y),  b  —  B{x,y,y), 
eliminate  x  between  a  •=  A  (r,  -s-r,  t^'x)  and  bmB{se^  vx,  and  write  A{«fj/,g')  and 

B  («,  y,  y  )  for  a  and  6  in  the  result. 

We  know  diet  am  J  and  b^B  give  hat  one  Ubrdfoal  equation  jT  ('^>  y>  )>  *i>*K 
X  -  -  (^^-f  Ajg)^A^  «  .  (J?.  >  Bf^y^B^     We  need  not  af^Mml  to  the  origbial  primitive 
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to  pnivt  that «  -  J  iatiifies  y"  -  x*  ^  nsMag  to  do  vidi  the  owineriwi  betir«ea 
ynAjf,  esGcpt  to  note  that  a  *  J  (i^f, «)  praducM  4k  ~  .  db  «  0  if  we  niMfitate 

aim  toe  ijf.    I  noted  this  in  my  last  paper,  h  die  mMm  of  ihowing  that  Ae  ]«faiiotdliMl 

equation  really  invnlvpii  an  arbitrary  function. 

I  need  not  fully  repeat  the  proof  that  dA  =  -^y-is"  ~  gives  -  0  as  containing  ordi- 
nary primordinal  aolutions  of  t/"  «■  Aod  —  co  as  containing  aU  the  aiiigular  solutions.  If 
«e  toke  A^mto  W0  have  y  aa  obtahied  ftom  +  +  Jgyif^O.  Now  if  -  es  be 
« idation  wMch  really  involves  y\  and  is  not  merely  (x,  y)  =  0,  this  last  equation  givei  t]ie 
same  ratios  of  partial  coefficients,  and  value  of  jf",  which  occurs  in  +  A^y  +  A^y"  —  0 :  that 
is,  A^  =  00  gives  y"  ■■  j^.  The  case  of  (x,y)  =  0  roust  be  excluded,  and  considered  apnrt. 
We  are  not  to  infer  that  A^—  to  must,  per  ge,  reduce  y"  -  ^  to  o»  or  dA:A^.  to  an  iutiuitei^ 
imall  quantity  of  a  higher  ovdar  thaD  d».  It  b  dlowaUe  to  coaJbuml  Hm  with  0  in  ooO- 
foring  infinHely  aniall  qiiandtiei  with  Unit*  onaa :  hat  1 :  0  uteaily  an  infinite  of  an  woattain- 
aUe,  or  infinite  order,  just  as  oo  itself  is  a  magnitude  of  unattainable  value. 

The  biordinnl  ♦/'  satisfied  by  the  ordinary  solution  of  A^  m  as  ,  but  (as  will 

presently  be  shown)  not  necessarily  by  the  singular  solution:  for  the  ocdinary  and  singular 
«glatioB»  of  «,  primardinal  nandfy  ^ve  difivaot  tMnn*  tod  vafaMi  to  jT.  Sinoe  y  >  A,  B), 
nf  -m  tfr.(«,  A,B)ue  identieal,  we  liave 

Consequently,  the  singular  primordinals  are  all  aueb  as  satisfy  either. (and  therefore  both) 
of  tlic  eqnationi 

Hence  '^a^m"  ^  criteilcHI  of  detection,  subject  to  further  examinatioo  when 

it  is  8ati'^f"'t!  by  0,  "^f,"  0,  which,  combined  with  y  =  i/,  give  a  relation  between  m  and 
y  independent  of  y.  In  every  other  case,  the  combination  of  y  =  tf^'^sr  ^nd  the 
criterion,  gives  the  tinguler  primocdioal  by  dimination  of  •  and  b.  If  it  should  happen  that 
«  does  not  afpcor  in  the  eiiteiioa,  which  then  takes  the  fimn  (a,  ft)  ■  0^  tlie  lufubr  solution 
n{J^M^mO,  and  is  intnaeous. 

Again,  sinee  f  -i  ^,  9^ «      X  *"  ^«"*  """^  idsntfed  by  anbititttdon  of  J  and  B 

tat  a  and    we  have 

^s.  ^p.-  1.  (M*.-  *sWl*- 

Hence  ^  includes  ail  the  singular  primordinals  in  which  the  criterion  contains  a\ 
but  not  necessarily  those  in  whiofa  die  mtianeons  form,  (A^  -  0,  is  bm^t  out  hj  ahssnoe 
of  «.  But  Xf****  iodudes  cases  in  which  ^.^-"^s^m  infinite;  and  hi  aU  audi  casest 
ihoae  in  (A,  S)^o  exeepted,  we  have  X*"^ Tb-X •    ^  or 
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^^■•se ,  cfe-  ^t^mm ,  iSbh  ia  obvifMM.   If  ^  and     b*  finitet  and     w     infinite,  die  pio- 

dudng  relation  can  only  be  (a,  6)  —  0.    If  yjf,  be  finite  and        iofiaitek  either  \|/.  aCB  ,  or 
(a,  6)  —  0.    If  \^/,^,  be  infinite  and  not         cither  \^,„       ,  or  (ii,  ^0  =  0.    So  that  x*  -""^ 
maj  either  not  show  certain  intraneous  bingular  solutions,  or  may  show  intraneous  soUitions 
which  are  not  singular:  but  it  must  contain  all  extraneous  solutions;  and  every  case  of  it 
which  oaiteB  +  X»  X  ^"^^  ^  ""^       ^  nngolar. 

M.  Cauchy*!  tbearein  may  be  extended  to  biocdinid  cqiiatioae»  tofum  xmudt  a  eeae  of 
thi-  primitive,  by  a  proof  which  may  be  copied  from  that  of  the  case  already  given,  and  need 
nnt  ho  inserted  here.  If  y  »  P  be  a  solution  of  y"  "  ^  (x,  y,  y),  P  being  a  function  of  r,  the 
^luiiua  is  extraneouff  or  intraneoua  according  as  yix:  ^  ^  («,  i*,  i*,  +  »)  -  ^  (a,  P,  P,)  |  begins 
finite  or  infiidte,  m  bebg  the  only  variaUe. 

BetuKnii^  to  the  eritorion,  let  dinination  of  «  and  h  fhaoo  if^^- 
^JpU"  ^s^M  "  ^  ^'^^  y'  ~  w  {"t  y),  the  singular  primordinal :  we  also  obtain  a  and  6  each  in 
terms  of  ?  and  y.   Thew  values  of  a*    y',  subetitatcd  in  y  ■  ifri    >      make  them  iden- 
tical i  whence 

da         db  A 

V'.  ^ + ^.  ^  -  > .  ^«  -  i^jK'     J  ' 

da        db  «     .  *      1  dfc 

If  dtber  or  both  J?y.-«  ,  b  »  cuustaut,  give  \|^,-  o,  we  have,  if  in  this  case  undergo 
enheiitution  for  w,  Vj,«<»:  that  is,  attempts  at  solution  made  through  ^,-0,  give  either 
eingular  primitiveB  of  the  ringnlar  firisBovdiiMl»  or  the  faUnrea,  dreadj  noticM],  in  whidi  y  it 
in6nite.  And  >^,«>  0,  yf/^mi  o,  combined  with  y  "  ffn  either  the  nngular  ptindtiTe  of  the 
angular  primordinal,  or  the  failure  adverted  to. 

The  following  question  may  be  asked,  and  at  first  presents  some  difficulty: — Since 
dA  :  Ay"  (y"—  x)<^  is  an  absolute  identity,  how  is  it  that  some  solutions  of  ,  the 

ordinaiy  onee,  give  y**-  ^  •  o,  and  otbera,  the  afaigular  onee,  do  notP  What  can  U  natter 
to  the  dedoction  of  1^-%  ^"""^  d^;«at(y"-^^  whether  the  eymhol  ee  anie  is  one 
wajt  another?  The  answer  is,  that  independently  of  our  not  being  sure  that  A^^a  gives 
ff"m  y^,  it  may  happen  that  a  differential  relation  the  ordinary  solutions  of  which  make 
infinite,  may  have  singular  solutions  which  do  not  make  in6nite>  Let  A^^ta  be  produced 
by  V  {asy  y,  y)  -  0,  and  by  help  of  «  »  o  (»,  y,  y)  throw  A  into  the  fiNnn  F  (x,  y,  «).  We 
have  then     m  VjOy.    Now, «  >  o  giving  T,mto »  ffwn  >  except  only  when  aooom- 

paded  by      o.    And     •  0  ie  pceeiidj  the  condition  under  wUch  the  eingidar  adutioiM  of 

«  «  0  must  be  looked  for. 

Again,  if  t>  -  O  satisfy  y"- j^,  it  means  that  n  =  0  makes  v,+  v^' +  v^y"  ^  0  identical 
with  y"  m  ^.    In  the  case  of     s  o,  this  identity  can  uo  longer  be  affirmed ;  here  «  «  0  makes 

v,s^  vaniib,  and  y^  ean  only  be  determined  by  another  diflbrentia^. 

We  may  now  prate  the  aiemnption  oo  wUdi  the  twdinary  view  of  the  theory  ie  fbunded. 
The  coexistence  of  y  =  >|/,  y  =  demands  that  o  and  6  shall  either  be  constants,  or  eompen- 
•atory;  as  in  ^^Jia  +  yj^^  m  o.    Now  ^.^h,- V'*^-*"  ^*  exo^t  when  satisfied  by  ^^"0, 
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0,  u  die  ooDctttioD  under  wMdi  ^jia  +  ■  0  it  niHified  vbtimier  ^jia  +  ^^mO 
h  MtiiflML  CoDMi|iMiitly,  die  eriteiko  ef  defcBlion*  when  «atie6ed»  oomfiktee  all  dutt  b 
wttited  to  MMke  a  and  ft  ooupeneelarr  to  die  eeoond  order. 


10.  I  defer  for  a  moment  some  detniis  peculiar  to  the  biordioal  equation,  and  I  give  a 
dMich  of  die  mediod  of  tmdng  trioidiiMle.  Let  y  «  (.v,o,  b,  e),  eonliiiied  widi  y  -  f  ^ 
f'i^mpnam  y,  ff^  jT),  »  -  &c),  e  -  C(»,  and  let  fmx{»»V*rf»f) 
be  tbe  deduced  tiiordinal.    As  before,  the  Idanddce  dAid^^QT-jO'^'        "^"^  ^'"'^ 

—  eo  ,  8ec.  severally  give  singular  solutions,  except  when  satisfied  bj  a  relation  void  of  y"  : 
that  is,  they  give  all  the  angular  biordtnala.  Substitute  A  for  a,  &c.,  in  y  ^  -^t  y  ^  >^m 
y"**  which  oiaket  diem  idendtiea,  and  gives  from  the  first  three  of  the  four  equatioue 
IbUowing: 


—  5? — ^» 

*  Ml 


The  general  property  of  the  singular   biordinals  is  0,   and  cases  involTing 

V^'^te  ~  ^»  ^'"""^  ^  eonddcred  apert,  and  are  idated  to  angular  primordinale  ot 
the  fli^ar  bundiDab.  Make  tbe  snbetitudans  m  V***  wbieb  brinfi  to  ldMit% 
with  j(,  and  we  have  the  fourth  of  the  equatioot.    In  T^^^  write  one  more  g  in  each  suffix, 

advance  each  other  letter  one  place  in  the  cycle  ahca,  and  rhnnrre  the  sign  :    thus  v''  ^^ 
becomes  —  ^^^ox^mmi      '  result  T.    Repeat  this  proce«b  twice,  striking  off  m 


wbtn  they  readi  feur  in  minber  in  anj  mCx  i  celt  the  remllB  7,  and  Mtddfily  die  four 
eqnadone  by  T,  7*^  and  add,  which  glref        T^j(^^  0.   Now  it  wOl  be  found 

|tbat  7^,-  -  (^T  ),;   whence  0<V^4rJ«-     HeMSa  may  be  established,  rehdTdy  to 

condueioiM  atmUer  to  thoee  of  die  preeedinf  caaea ;  and  M.  Caueby'a  theoren  may  be 

extended. 

It  thus  appears  that  the  generalizations  of  form  which  a  complete  theory  would  require 
may  Im  etaity  dbtdned  by  thow  who  have  etodied  die  new  and  aa  yet  iaolated  method  of 
dafaramMMla* ;  that  le,  by  all  who  have  taken  ftiU  advanti^  of  eiiidng  facilities. 

The  implicit  forms  <p  («,  y,  a)  m  0^  ^  (ar,  p,a,b)m  0,  &e.,  may  cadly  lie  substituted  for 
ff  ■  ^(s,  a),  tte.    We  find 


*  I  liKwild  nrdjr  TOMiire  to  miM  the  tena  intioduecd  by 
iBviMigsvn  IniA  Uidr  mm  iwiiln,  tzeept  by  {Muaive  refuMl  to 
bvl  <bt  fmml  asss  wiU  allow  even  a  remoo. 
Vmf  fMd  fssm  m>^  t»  b*  tfesim  htim  tbm 
UdMw«rfMMf  Is  iipBSiid  Am  dw  vsA  itiOrntiir 
•B4tlUt«liiiMnlswnllkai»|,ftr«e%  liSl  noRrilliBf  ip 
■liwrtaB  dwriftit  tony  that  cs-oilBMn  wn  ililwBilli  iim  rf  » 
IMMnt,  and  coeScient*  of  an  eqaatiao  detcnnUHnIt  of  ifaa  nwci. 
Tbat  Mme  inituicea  of  tueh  tepanlioo  an  too  «tt*bUibcd 
to  be  «hAk<?n,  is  unfortunately  true:  the  tvUa  whlcb  they 
create,  m  thinking  and  in  leaching,  an  warning  eiunigb  agalnet 
iIm  fattroductioa  of  num.   Tbe  rule  of  I 

Vol.  IX.  Past  IV. 


been  to  Irt  the  name  exprcae  tbe  moat  airlking  MMliHetiv* 
character  of  tbe  tbing  liipiUied.  DeUrminaHm  it  I 
tive  property  of  the  ao-called  detexminanta :  all  i 

li  «bt  iNMHia  wUfli  ilUf  wJM  I 
gransiUt  UatilihiMc  who  hav**  tight  mi 
pHt  ■  SdbuHvt  appdUlloa,  t 

them  tliminant*.  Bat,  though  objecting  to  the  word  ( 
ant,  I  feel  the  high  eat  admirMlan  «f  tbe  tynteai ;  it  Is  i 
to  my  bow  much  will  h«HttwhtlHidaatM  tkOM  whs  hat* 
IaU)  its  fouodationa. 
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In  buHrdinali»  ^^b' 


But  it  miMt }»  nncnbeMd  that  m  htet*  no  right  to  Milwtitttt*  thtw  Manila,  cnatmitng  y 
and  jft  in  raeh  fiirarakB  h;^  ■  {log (^^^Vf "  ^^«^}«*  ^  *PPl7  ^ ^('> ^ 
pvocew  «e  haw  ap|>Ucd  to  the  man  coDTcnient  foim         i»$mtb),  ire  afaiu  find 


where  U,^^,  even  when  C7  ie  a  flinctian  of  jf, 
nean  1^4*  (- 


only  U,  +  U,,^.    Thtw        -  y)^,^  is  to 


11,  In  the  biordinal  equation,  the  number  of  constants  is  equal  to  that  of  variables:  or 
rather,  the  term  constant  being  only  relative,  the  numbers  of  variables  in  the  two  compensating 
ejiteniB  are  equaL  Hcnoe  ariie  Ikdliiie*  for  the  conception*  and  uae  of  a  system  which  may 
be  eaUed  that  of  jtolor  comlafMiiy  of  which  the  wdl  known  theoiy  of  poles  and  polar  curree 

is  a  particular  case. 

If  there  be  equations  involving  m  +  n  variables,  of  which  m  compensate  each  other,  and 
also  the  remaining  n,  and  if  we  fix  each  of  the  m  variables,  and  tlien  satisfy  the  equations  in 
every  possible  way  by  the  remaining  «  variabka;  and  if,  merely  to  give  a  name,  we  say  that* 
the  fixture  determines  a  point,  and  the  variatton  a  cunre ;  we  may  say  that  the  (iii)-'point  Is  the 
pole  of  the  (n)-curve.  By  the  convene  process,  we  may  roake  an  (n)-point  the  pole  of  an 
(fn)-curve.  Ami  the  fuiKlatncntal  reciprocal  property  is  obvioii-;,  namely,  that  all  the  points  of 
any  curve  have  polar  curves  which  contain  the  pole  of  that  curve. 

Let  {x,  y)  and  (a,  b)  be  two  points :  it  u  not  necessary  that  the  coordinates  a,  b,  should  be 
on  the  same  system  as  «^  y.  I<et  die  fixed  point '  {a,  h)  be  the  pole  of  the  («y)-curve 
^(jr,  y,  a, ft)  ~  0 ;  and  let  the  fixed  point  {x,  y)  he  the  pole  of  the  ((2&)-curve  ^  (.r,  y,  a,  b)  m  o. 
Every  point  of  an  (*y)-curve  is  the  pole  of  an  (o^')-furvc  which  passes  through  the  pole  of 
that  (a!y)-curve  :  and  vice  vernii.  As  a  simple  instance,  suppose  jt"  +y*  ~  ax  +  by.  Let  both 
syi^tcniB  be  rectangular,  let  O  be  the  origin,  and  F  any  point.  If  jP  be  {it,y),  its  polar 
(a6)-curve  is  a  rtraight  line  tluoiigh  P  perpendkdar  Co  OF  i  If  P  be  (a,  b),  its  polar 


•  When  I  firat  wrote  «hl«  i«ip«r,  in  July,  1853,  I  did  not 
iCBOw  that  Pivfenot  Boole  had  diMincUj  conceived  lad  usad 
this  syitem :  tee  the  Cambridffe  and  Dublin  Journal,  wL 
PklM.  Oar  line*  of  tjipllcitloo,  Iwwwt,  diflfer  widdy.  lb 


Boole,  u  he  suto,  «u  equally  unaware  (hat  the  aubject  of 
Iioiaii9,in«igciicn)«piriRt«f  viwr,  IumUmoi  frnMntcd  bf 
Mr  DiBctoMtfflcr,  in  Cidle's  j 
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(«y)-curve  is  a  circle  nn  the  diameter  OP.  Any  point  Q  on  this  circle  has  its  (a//)-curve  passing 
through  P:  that  UQP  i»  aright  angle.  Anj  point  Q  on  \.he  straight  line  has  a  polar 
dide  passing  through  P.  That  ii,  tbe  direct  aad  eoiiTarse  propertic*  of  the  angle  in  a  semi- 
dvde  ane  only  eiprciakM  of  thie  redprocal  polar  prapeity  ni  ^  +  ^  m  iu  +  bg,  AgiJiif  tf  die 
point  (0,1)  dewribe  a  directing  curv^  dien,  since  a.^dkdo,  determine  «,y,  d^ida,  the 
(jpy)-curvc9  produced  all  touch,  with  a  certain  order  of  contact,  a  certain  connecting^  curve  •  if 
this  connecting  curve  be  made  a  directing  curve  for  («,  y),  that  which  was  the  directing  curve 
of  (a,  6)  becomes,  with  the  same  order  of  contact,  the  connecting  curve  of  the  (aZi)-curves  pro- 
dtwed.  If  ^(«»y)<if  and  ^(aii^«^y)  be  identical,  then  fiv  a  ginn  pok  the  two  polat 
curves  are  identical :  and  if  the  pok  he  ta^en  on  the  curve  ffAiy)  >  0^  the  polar  enrve 
tmichee  tbis  lut  curve  in  tbe  pole. 

12.  The  points  (a,  b)  and  (<jr,  y)  are  not  determinants  of  each  other:  but  ayb^b'  (or 
dBcdii)  determine  x^y,y  (or  dy.dx).    That  ie>  any  of  any  curve  deterninei  an 

tkmmt  ut  another  curve :  and  theae  curves  are  the  redpracel  eurvee  cf  direction  and  connexion 
juit  nov  deaeribed,  which  may  be  called  reciprocal  polar  curvet*,  the  modular  equation  being 
<p(.r,ff,fi,h)=0.  T.ct  this  gi%e  ft  =  (r,  t/,  y'),  6  =  27  :  thvn  dlnda  or  ft' =  B  .:A^.,  y"  —  X 
diiiappeariDg.  Accordingly,  a,  b,  b',  depend  upon  t,  y,  y'.  Hence  h" ,  or  db':da,  depends  upon 
X,  y,  y',  y" ;  and  so  on.  The  method  in  my  loAt  paper,  by  which  every  instance  of 
^(«»  9,  a»  6)  •  0  it  made  a  nkeans  of  tnauibrniog  any  equation  of  two  variabke  into  another  of 
the  aame  order,  amounts  to  a  reference  of  the  curves  defined  by  the  given  equation  to  their 
polar  reciprocals,  upon  a  nioJular  equation  taken  nt  pleasure.  Let  ^(»',  .Vi  «, =0  give 
*  ««  (a,h,h'),  y  -  V  (a,  b,  b),  y  m  Yf^.X,  ,  Sec:  rili«titutc  these  values  in  any  given  equa- 
tion y,  y',y  Stc)  =  O.  If  the  result  can  be  intcgrati'd  into  F  (o,  b)  -  0,  then  x  •=  A  &nd 
g  m  Vtaay  be  made  to  expieas  m  aad  y  in  tenna  of  a;  whence  die  prinutive  of  /«  0  can  be 
fimnd.  This  may  be  calkd  the  method  of  pebr  irt«^fi>rmotio»'f :  under  it  may  be  brought 
nearly  all  tbe  isdbited  methods  which  end  in  algebrdc  elimination. 

The  modular  equation  being  0(dr,y,  a,  6)  =0,  and  a  curve  _//  =  f.v  bdnj?  given,  the  co^mli- 
nates  a, />  of  its  polar  reciprix-al  are  seen  in  a  »  Ais^fXifx)  and  b  ^  E  {ai,  fjCffx).  Two 
curves,  y  -  fx,  nm  Fm,  being  given,  any  one  modular  equation,  ^(«,y,a,  6)  -  o,  may  be 
made  die  means  of  making  these  carves  pohnr  fcdproealB,  with  sndi  an  amotmt  cf  conditions  to 
■pare  as  may  suggest  the  means  of  aotvmg  many  problems.  Assume  m  »  ^  (a,  6),  ri »  f  (a,  6) : 
mid  thence  o-ia(m»«),  6-^(m,ii).     We  now  see  that  tnafi(J,iB),  nm  v{A,B)  are 


•  Thu»  the  equation  ^  +  y*  =  ajr-i-4y  gJv«i  the  Inlloii  iiin 
Iheoienj ;— If  the  CTir»« be  l4«iehc<l  ty  [he  pCTpeodkiUais  to 
tbe  ndll  of  II,  curve  J{  is  ten  -'  '  i  the  circles  whtMC 
diameten  are  th«  rwlti  of  A.  Tins  very  obviuos  thcorero  U  not 
comiDon  ;  had  it  been  to,  lurely  (he  following  would  have  been 

a  common  cxerciat  for  >wy nn<fn ;  The  ciicle  deecribttl  osaay 

fecal  tadiu*  of  a  oank  wedoo  nadiit  dw  efadt  dcserlMaii 
the  m»iat  axil. 

■\  The  moet  remarkable  case,  deduced  frooi  y  s  tu  -  i,  may 
b*  oillid  JiMW.  When  I  gan  (ia  18110  <^  V**'*'  f^**" 
iiiiiiftiiiaiUsu  fcc  jnnWahllflliii  iiilsl  aqeittiQH  wtodi  I  ft— i» 


before  the  paper  ■nn  printnl,  to  have  bctn  fully  given  l>y 
M.  Chasles,  I  tiotctl  that  I,<'«e;idrc  haii  Uiiulc  ut  »i)Jiln-:itii»i< 
to  a  certain  piitiial  bioniinal,  :inil  that  Lacroix  had  mailt'  ui> 
imperfeet  (or  all  but  perfect)  ttaniformntiOTi  of  a  purii^l 
prill, tiriliniil.  I  ntay  now  add  that  Aminrc,  in  u  pnpir  pri- 
•cntljr  cited,  has  given  more  than  one  iottxtice  of  linear  trans ' 
formation  for  parliai  equations,  but  only  with  reference  to  one 
das*  of  equations,  and  without  any  hint  of  general  applicalioo. 
I  have  as  yet  found  no  trace  whatever  of  any  thing  beyond  dM 
llnaariDctbod even  tat  putial eqaaciont,aod  naoe  of  any  ease 
aihsM  wii  far  sqiiattoos  a>  tm  wdiiMw. 
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primordiDals  of  <p(x,y,a,P)  ■  0.  And  since  y  «  /r  makes  A,  B,  determinate  functions  of  x, 
we  see  that  the  problem  is  solved  for  every  way  in  which  v  {A,  B)  «=  /'ft  {A,  B)  is  capable  of 
being  identically  satisfied.  Assume  the  form  m  then  Fji  {Ay  B)  becomes  a  determinate  func- 
tioii  of  «,  wy  and  v{4,B^m  «•  cui  then  be  sadBlled  in  «n  infinite  nnuber  of  unqre. 
Clmaiing  one  of  tbeeei,  we  twve  m  *  m  Cdd  »  -  v  («h  ^)  from  vliicli  to  detennine  a  and  /3, 
and  (p  (iP,  y,  a,  /3)  »  0  is  a  modular  equation  to  which  y  «  fx,  n  =  Fm  arc  polar  reciprocals. 
Accordingly,  wc  can  in  every  case  dictate  one  of  tlie  two  species  of  reciprocal  curvest  subject  to 
the  usual  difficulties  of  extreme  cases. 


18.  Tiie  pifaildTe  0(«»]ri  <■»  1^"  0  gkee  two  comkUTe  biordinal  eqiMtioiu»  eiy 
^-X(«*9>y)  «nd  r-ftCmft^i*).   And  we  Iwfe 


(J  10)  ^^04  -  X^^y  and  the 
botb  ftr       X  ^  ^-A*  ^ 


of  pcimoidirai  singular  lolation  it  the 


0(jr,y,  a,  6)-iO. 
 I  


I 

y-  n(*,C) 


y"=x(*.y»y') 


b'  =  a  (o,  6,  6') 


I 

6- A(«,Z) 


If  we  eliminate  a  and  6  between  0-0,  or «  0,  0,|,  ■=  0,  we  deduce  f/*»^,  y  =  O,  the 
singular  primordinal  and  singular  primitive  of  y"m^.  If  we  eliminate  «  and  y  between 
0-0,  a  ->  0,  0.|t  -  0,  we  bate  A^>X,  6  «  A,  the  suie  of  d"-  a.  Eedi  siugular  priniitiv« 
tt  ffmy^^  for  eadi  ralueof  (7,  ia  tiie  («y)-oune  whieb  toa«bei  all  in  ^  {«,    o,  A (ai»  Z)|  ^0 

for  one  value  of  Z  and  every  value  of  a:  and  each  singular  primitive  of  h"  =  a,  for  each  value 
of  Z,  is  the  (ai)-curve  which  touches  all  contained  in  0  {«,  II  (r,  C).  a,  />}  for  \  il  ie  of  C 
and  every  value  of  x.  The  contacts  are  of  the  second  order,  and  the  ordinary  primitives  of 
y  •^zr  and  b'«  \  are  polar  correlatives,  each  to  each.  This  is  not  necessarily  the  caae  with 
fhe  tfymular  primitiveib  wliidi  an  detarmined  lipom  0.  -  0^  he,  independently  of  and  If. 
But  if  it  should  happen  that  the  ebigular  primitives  are  polar  correlatives,  it  follows  that  they 
solve  the  biordinals,  and  have  contr>rt«^  of  tlie  third  order  with  original  primitives.  The  proof 
of  this  is  in  my  last  paper,  at  the  end  of  the  first  section :  but  the  result  is  not  correctly 
stated^  The  contact  there  mentioned  is  of  the  third  order,  if  as  high  as  the  second :  the 
dioaest  primitlvee  touch  the  singular  primittTo  of  tbe  singular  primordinal  widi  a  contact  of 
tbe  fleet  or  tUrd  order,  not  of  the  aeoond  at  moek 

The  above  statements  contain  tbe  aiaertion  that  ip  "  0,  <r  »  0,  y  ■>  n,  6  -  A,  oontaining 
X,  y,  a,  6,  C»  Z,  though  only  four  er[uation«,  .idniit  of  the  elimination  of  the  four  quantities 
Of  f>t  and  lead  to  a  relation  between  C  and  Z  only.    To  show  this,  throw  y  •=  il,  6  -  A* 
into  tbe  forms  C"  C(xty),  Z  m  Z  (a,  6) :  then  if  for  a  and  b  we  aubetitute  in  tenna  of 
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**ftVt  write  v(d?>y)  for  y,  Z{a,b)  will  become  a  function  of  C{w,y).  This,  we 
knov,  will  happen  or  not,  ■eooidng  ■■  Z^^^^C^-  2,|<,»C',  does  or  does  not  vanish.  Nov 
aioee  v  and  -  O^C^  «w  idsntieai,  tUs  vudilMs  whan  Z^^*  Z,^*w  vnnishec»  and  tids 
b  whit 

hefiomM,  •Aersnbstttutioii  of  V Ibr  1^ hi     be.  Now 

il,  -t       +  ^,,^"-0,  and  as      +  B^y  +  B^t/'^Os 

BO  that,  as  y'-  IT  satbSes  jr"  =      the  coefiScicnts  of      and       vanish;  while,  the  primitive 
vtlfmX  emplojed  not  being  singular,  neither      not      is  infinite.    It  might  be  proved  by 
dinet  mailt  dwt  y -  n  it  «  oomaqiieiwe  of  ^  ■  o,  «■«  0,  ft  ■  A»  ftoai  wUdk  iheidkn  it 
he  obtained  by  dindnntioo, 

I  have  hardly  a  right,  according  to  mv  own  definitions,  to  make  Z,  „  ,.  mean  all  I  have 
made  it  mean  in  the  precedinfj  prorc^s.  Strictly,  I  ought  to  have  made  the  suffix,  not  «|o,  6, 
but  X  \  {a  \  j!y  y  •=  w)  (6 1  v,  y' m  -ar),  or  the  like.  When  it  is  desirable  to  make  part  only  of 
the  implications  pronifaient  In  the  STndioil,  aome  genenl  windng  may  be  given,  such  aa  in 

I  now  a|i|dj  the  praoeffing  to  Lagmqge^s  ampler  whidi  haa  been  vqieated  hj  all 
wt]tan» 

^  («,  y,  a,     ■  -  y  +  J***  +  6*  +  o'  + 
Lot  />-l6(l+4<)y  +  «*-(M>4l6i»)^-li;^*, 

*f'  +       -         *»  +  6»      0,  +  ^^6' -  i^x-  +  2a)  +  (*  +  a6)  6', 
*aif*4^*<y/P  m         +  g(y +  86) 


V^a»-#V^i»  1      a>*4.aai'+4tqr  (g'^^4a) 

4(l*oO    •      •'"l+o'*  (1+«VJ»  ■"ji»+«(s-4o* 

r  -  06-  -  («o6  +  *)  ft'  +  ft' .    +  (6  -  «6')  IV  -  -  '^y/X^rj- 

^''X'^~*^^(f^J!f^*  atogaJar  solutions, P - 0,  i+ai»-Ot 
«'-«-«^-^7j5^(!>ft-A'+V'«);  singutor solution,  Q.Ol 


Digitized  by  Google 


582 


mk  db  mobgan,  on  some  points 


For  the  singular  wlutbns  we  hare 

4m/ +  ,1^       ar*     «     /iSy  +  ***  + 
*'4(I+ai»)"~*  ' 

9  .      -  (Soft  +  ft)  ft'  +    -  1^  -  ISoi^  +  9ltf  +  V)  +  (l«aft  +  S&)v^(£^  4 

the  primitive  of  Q  =  o  (ubcained  by  linear  polar  transformation),  is 

•i.  log  {ft  (ft  ~  V^Tf^)    v^(l  +  4«  +  8fi^  ^  8ft  \/^T«)|  -  Z. 
SulMtttute  in  diu  die  values  of  a  and  ft,  and  ire  June  tat  the  primitiTe  of  P  ->  0^ 

•  (-  i  *  i  V^^T??^)       »  O  *  I..  JVC  ♦  -)  -  -i  -  c, 

as  othsnrfie  fiound  by  Lagimgeb 

The  ringnlar  priaiidTe  of  P-O  is  l6y  +  4jf*  +  a-*  =  o.  which  may  be  obtained  from 
0  _  0,  0,  -  0,  (p,  mO:  it  does  not  solve  ?/'=  x*  There  is  no  finite  singular  aolutioD  of 
QmO^    The  relation  1  +     =  0  happens  to  be  a  singular  solution  of  v  x- 

By  choosing  instances  in  which  the  multipliers  of  constants  are  functions  of  oniy  one 
of  the  vaiUUeSt  we  are  obliged  to  adopt  cases  of  conddenUe  ooinpUcatioiiy  if  we  would 
exbibh  all  the  phflnoaenB.   If  we  take  as  our  ez«ni|de 

«flf  -  «My  -f  Msr  a  ft,  with  oi^  +  aw  -       «  0 

as  the  oooditioB  of  siogiiiar  solution,  wv  find  Ibr  the  Uordinals 

(m  +  M9)       %rf (g-^)^"  V»- 0^      crt.'*-  t(aaw ♦       ft)ft"+  Mift  -  0, 

for  the  singular  priinordinals  and  singular  ptiniitiYes 

+  yY -      '  =  0,       (2ma  +  aft'-  b)*-  4nmV-  0, 

ft-a«.{,4(Z  +  kg«y}. 

a/to 

in  which  C  -  Z  +  log  ^he  singular  aolutiona  of  the  singular  primidves  are 

y  -  0,  »  -  0,  amo,  b  -  ma. 

14.  The  substitution  of  compensating  variables  in  place  of  constants  is  the  key  to  many 
of  the  general  pro]xrtieH  of  difTerential  equations.  What  effect  this  substitution  shall  have,  as 
to  alteration  iu  extent  ot  solution,  depends  upon  the  number  of  constants  in  relation  to  the 
numbor  of  cquatioBs  of  oompeniatiaii :  and  diis  eifect  may  eoosist  in  dimbution,  penianeiNe» 
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or  mgoMnUtiion,  cf  the  fencraUtj  of  the  loliition.  The  nbilwy  Auction  ecrlaiiily  appean 
hi  eveiy  case  in  which  the  number  of  eqaations  of  conpeaaation  falls  short  of  the  number  of 

compensating  variables :  and  the  converse  seems  to  be  true.  The  difTerence  between  the  two 
numbers  determine  the  number  of  variables  in  the  arbitrary  fimction ;  that  is,  the  number 
of  definite  fam»  mhSA  naj  be  ailntcarily  combined  i  dktn  tp  {,<«yii,  je-^  y  +  »)  is  n  fimction 
of  two  variable!,  thouj^  eadi  i«  a  fiinedbn  of  time. 

A  system  of  polar  curves  in  ipaoe  wiU  be  a  good  illustration  of  the  great  diiFcreooee 
which  exist  between  the  laws  of  compensated  systems.  When  Monge  (il/m.  Acad.  Sci.  17S4, 
p.  502)  undertook  to  give  meaning  to  the  equation  fiv,  y,  z,  y  ,  z)  =  0,  y  and  »  being  fuDC> 
tions  of  X,  he  found,  as  he  states,  that  such  an  cijuatioa  a»  dx'  ■>  dai'-^  dy'  was  considered  as 
abeoliitelj  abeard»  and  alao  Mk  ^  Q^r  -t*  iKfC*  0»  exMpt  when  bt^gimbie.  This  opmion 
wee  founded,  prabaUj,  iqion  tbe  Buppoaition  tliat  one  equation  muet  result  firom  one  primitive. 
But  it  ia  euflj  seen,  d  fHarit  that  a  point  moving  so  as  to  satisfy  /(«,  «,  lf>lf)m  0,  caup 
not  move  at  pleasure  upon  any  possible  surface,  but  may  describe  a  curve  upon  any  mrface 
whatsoever.  This  point,  whcu  at  (l,  tn,  n)  um^t  begin  to  move  along  a  generating  line  of 
the  cone  /{/,  «»,  «,  (y  -tn):(jp  -  /),  («-«):(«?-  /)|  -O:  oonsequently,  to  suppose  unre- 
etrieted  motion  upon  aome  surfiwe,  is  to  soppoee  a  sutlhee  every  point  of  wliieh  bee  ftdl  oon- 
tact  of  the  lint  order  with  some  cone  at  the  vertex.  This  cen  only  be  when  the  cone  is  n 
plane,  or  when  /  has  the  form  I'  +  Qy'+  Rs' :  and  even  then,  as  we  otherwise  know,  only  on 
further  conditions.  Nevertheless,  an  intinitv  of  curves  may  be  described,  the  only  condition 
being  that  the  curve  shall  pass  through  cacit  of  its  points  in  the  direction  of  sume  generating 
line  of  tbe  ocne  which  bae  Its  vertex  at  that  point  And  audi  a  curve  may  bo  drawn  through 
any  point  upon  any  w/U»t  pnmdod  tbe  tangent  plane  cut  tfie  cone  in  mwe  than  tbe  vertex : 
if  not,  there  is  still  an  imaginary  curve,  which  satisfies  Ae  condition  aJgefaraicaUy.  This  ia 
eesfly  seen,  in  the  usual  way,  from  the  equation  itself. 

We  want  a  term  to  express  a  surface  composed,  as  it  were,  of  curves,  in  the  same  manner 
ae  we  imagine  n  line  composed  of  ^nts»  but  coupled  with  tlm  conation  tfanl  we  may  not  (or 
at  kaat  do  not)  pass  fbom  one  curve  to  another,  tbouj^  we  may  diooee  any  one  curve.  Tbe 
word  Tukd  is  nppropriatcd ;  but  shaded  is  not. 

If  ^(.P,  J/,  r)  =»  0  be  obtained  by  eliminating  a  from  <p  (r,  y,  z,  a)  =  0.  >j'/(r,  y,  z,  a)  ■=  0, 
wc  may  say  that  tlie  surface  ^  «  0  is  obtained  by  the  mode  of  shading  which  is  marked  out 
upon  it  by  either  ^  a  o,  or  ^  «  0.    And  thus  we  may  say  that  the  equation 

/  (*»  y,  «,  y\  c')  "=  0 

belongs  to  any  given  surface,  provided  one  assignable  mode  of  shading  be  adopted :  with  this 
addition,  that  when  tlie  fimn  is  P  +  Jfai'*  0  accompanied  by  the  usud  conditions  (rf 
integrafaility,  tiiere  is  one  family  of  ftarfiwes  on  wUcb  any  node  of  shading  may  be  employed. 
And  conversely,  any  mode  of  shading  may  be  ehosen,  provided  one  of  the  right  fiunfly  of  sur- 
faces be  talten. 

16.  Choose  two  equations  between  n^  y,  «•  0,^,0,  wldch  reduce  to  y  *  ^  («,  n,  6,  c), 
sr  *    (n,  n,  6,  e).  Between  these  and      if„  j/-  i",,  rtiminat^  u,b,c,  pcodudng 

/(«» y>  «>  y'f  O  - 
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TUt  last  it  the  only  primoidiiul  vhidi  eoeiiits  with  f  M^'lr:  tlie  jdiit  priuitiTCf  of 
/-  0  Mid  mny  other  can  have  no  move  dm  two  arUtnty  cooatanti.    Any  other  pniatthe  of 

/b  0  must  be  deducible  from  y  =  *l>,  »  «  ^,  by  making  a,  b,  c,  compensatory,  which  givcef 
b  and  «  being  functiou  of  a,       4>«.fr'-t-  <t^'«  0^  i'.-l'  fcc.  -  0.  Take  any  nirfaoe 

and  eUninale  «  betven  4»,„,««  0,  'i'.iikt'  0  and  ai  («,  4^  ^)  •  0.  We  have  then  two  imidto 
of  the  ibnn  (<a,k,^Vfif)»Ot  bom  wUcb  we  get  ft  •  ft  (a,  <7*  RJ,  e  *  c(4^  C»  H),  Q  and 

A'  bdng  arbitrary  constants. 

Substitute  in  y  ■  <t,  «  ■  i'  and  we  hare  a  new  fomi  of  the  primitive,  involving  «,  G,  H: 
and  thus  every  form  of  w  gives  its  own  variatira  of  y  ■>  4>,  c  <=  ^.  But  we  are  not  to  infer 
that  the  curree  thuedbtafaied  fam  a  thading  of  the  aurfaoe  ■»  *  0  from  iriikh  they  are  obtdaad. 
TUi  will  hi^ipeo  only  under  two  relatione  between  «»  G»  S, 

If  we  afanply  dBninate  «  from  4i,t.,=  o,  ^.i*,,-  o.      ha*e  (a,  6.  c,  b\  c')  -  o,  of  which 
we  might  assume  a  primitive  as  general  as  that  uf  f  =  0,   my  b^B(ay  Z,,  M,  AO 
«•=  C(a,  L,  Mt  N).    From  these,  by  help  of  o»       get  j  »  (a,  X>,  Mt  N),  whence 

a  «  («,  Z,,  J[f,  and  atmilarly  for  b  and  «.  Hence  y  ~  «  i't  gi^e  feme  of  the  same 
character  aa  we  began  with.  Any  one  of  theee  new  prinitfTca,  leleeted  by  aaa^gning  X,  Jf,  JV, 
connects,  by  contact  of  the  first  order,  all  the  original  primitives  which  are  tdccted  by  ft  «  ^ 

e  ■»  C :  and  all  ordinary  primitives  are  found,  in  an  infinite  number  of  ways,  among  the  con- 
necting curves  of  others.  'I'hcre  is  a  singular  solution,  a  curve  of  contact  to  nil  prinn'tives, 
when  it  liappeus  that  the  six  equations  <1>,- 0,  •t>t»0,  4>,»0,  ^,»0,  4'^>0,  4'.'bO,  can  be 
aetiilled  by  one  amigninent  of  a,  ft^  and  c,  eaoh  in  terme  of  « :  the  remit  ia  obtained  by 
subetitntion  in  y  -  4^  «  -  ir. 

Let  the  pole  (",  h.  r)  lie  restricted  to  the  surface  c-c(a,  ft).  If  we  take  ^^i^dia  +  4>t,,«l6-0, 
and  i'^i^rfa  +  H-,  I,  =  0,  which  rrive  T  =  »\  T  \uiug  .  i'.  -  '^,  4',.  ,  we  may  eliminate  a 
and  h  betwet'n  y  » <1),  «  -  ^,  T-o,  and  obtain  »-«(:r,  t/).  When  the  pole,  then,  is  on 
e   c  (a,  6),  the  polar  eurre  touohee  tin  enr&oe  y)  in  a  point  detenmned  by  bbtaiDing 

«py, M,  in  lermt  at  a  and  ft  from  y-t^,  »air»  7*0.  Snbititute  theee  valuee  in ctdier  of 
tlie  corapeOMting  equations,  and  integrate^  giving  ft  ft(a,  con  t  )  This  is  a  mode  of  shading 
the  surface  c  ~  <•  (a,  h),  so  that  if  the  pole  move  along  one  of  tlie  lines  of  shading,  the  polar 
curve  touches  a  corresponding  line  of  shading  on  x  —  as  (jc,  y).  And  all  these  properties  are 
reciprocal.  The  original  equations  being  <&(x,y,2,a,  i>c)  «  0,  S' (<v,  &c.)  ■  0,  if  we  make 
(«,y,ar)  the  pole,  and  reetiiet  It  to  the  eurftoe  «B«(«i,y)  whicb  leeulted  ahove^  and  then 
dhmnate  »  mi  y  between  ^"O^  i^- <H  4>,|.ify||- ^  we  iball  find  0«e(a,ft) 
as  at  first  assumed  :  and  so  on.  The  main  point  of  the  proof  is  as  follows.  If  in  <t>  ■  0,  4'  «  0, 
we  suppose  c  =  c  {a,  b),  z  ^  z  (,v,  y),  and  a,  6,  therefore,  each  an  implied  function  of  s  and  j^, 
we  have  «fr^|  +  *„a^  +  4»,,6,  «  0,  and  i'^,  +  i',,*,  +  i',|6,  -  0,  to  determine  o,  and  6,.  But  if 
^•I'i'ti  ~  -  0  and  and  ft,  he  not  infinity  we  muat  hare  4>.,  'i',,  -  <t>«,i'«,  -  Oi  Simihu- 
reamnlng  on  y  givei  ->#;,1'«,  -  0^  whence  ^^jf^^,- 4>„t'„  -  0.    It  u  not  iia  our 

power  to  talte  any  surface  wc  please,  and  find  another  with  the  properties  of  a  polar  recipro- 
cal: the  reason  lieiog,  that  there  is  a  j>rimordi»a<  equation,  /('>jf»J'»y'»'V')  **  ^  ncoessaiily 
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consequent  upon  4>  =  0,  'i'  =  0;  while,  as  to  <p{i!,  y,  a,  h)  =  0,  taken  alone,  the  first  equation 
which  is  clear  of  constants  is  biordinal.  That  every  surface  dictates  auolhcr  surface,  and  a 
node  of  fbadiog  both,  wbidk  mtkn  lino  of  ibadii^  on  one  mrfiM  •  polMr  lecipnwel  of 
some  Une  of  aluuUog  on  the  other.  Is  the  nencat  resemblance  of  propertiea  wbidi  we  can  make. 

16.  The  simple  theory  of  Lagrange  for  partial  pnmordinal  equations,  is  a  case  in  which 
the  transition  from  constants  to  compensaHns*  varinblfs  is  a  considerable  generalization.  If 

/'(a,^,  s,p,  ^)  «»  0  arise  from  elicaiuation  oi  a  and  b  between  ^  {w,  y,  x,  a,  6)  0,  <pt+  0, 
0»    0i9  *  <^  ^  being  conetmti,  it  equally  ariiw  wfaen  a  and  b  an  compensatory  of 

eacb  other,  aa  in  ^^4a  -f^A  *  a  Ubm  Fa^  end  a  be  dSminated  betmen  ^-0,  ^« + ^Va^O, 
we  have  the  general  primitiTe,  iavolviiig  one  arbitrary  function.  Constructive  processes  also 
show  that  we  cannot  have  more:  the  surface  f  ^  0  h  determined  so  soon  as  one  curve  in  it  is 
determined;  just  as  the  curve  y  ^  x^'^>y^  ^  determined  so  soon  as  one  point  is  determined. 
Tbie  tempting  analogy  between  the  erlntmiy  ftinetion  end  the  arbitrary  comtani  ba*  eauMd 
aiu«b  ooofiMiom  tbougb  it  1000  beeame  evident  tbat  it  breatcs  down  as  to  Uordimd  equationt. 
Arbitrary  coottantii  considered  as  compeoMting  vaittUei,  are  in  all  cases  sufficiently  general. 
Hence  Lagrange  may  be  justified  in  calling  ^(«,    2,  a,  6)  >  0  the  complete  solution  of 

/(x,  y,  z,  p,  g)  ^  0 :  though  it  may  seem  strange  that  »  ~  a{a!  +  y)  +  b  should  be  so  called  with 
reference  to  p  ■>  9,  when  s  m  JFQb  +y)  does  equally  well  for  any  form  of  F.  Bat  tbe  tiro 
fionoa  are  oo^extenafve  wben  a  and  (  are  made  compeniatiog  variables.  NevertlideMi  I  ptelier 
to  call  <p  (x,  y,  X,  a,  6)  -  0,  a  prbnary  soIutioD. 

The  singular  solution  of  <f>(x,y,  X,  C,  6)  =  0,  or  »  "  \^  {x,  y,  a,  b),  is  obtained  by  eliminating 
a  and  b  from  =  0,  -  0,  —  0,  or  0  ■>  0,  -  <p/.(f>.  =>  0,  —  ^y^^  =  0.  That  is,  every 
singular  solution  except  those  in  which  x  is  abscQt,  as  in  (,i,y)^0.  If  0,|,*'O>  ^vi*"^' 
give  amA(a>,y,x^p,q),  6- .S(  ),  M  that  isidentieal  with/(a',y,«,p,9)-iO, 

we  aee  tbat  the  eKpieadona  written  in  tbe  feUowiog  linn  are  proportionala, 

/m  fw  fn  fi 

UsuaUy,  then,^— 0  and/,aO,  or /,-*co  .determine  the  singular  solution.  If  Jf(«,y,s,j),j')«0 
be  tbe  adppNltloo  on  trial,  we  diUbrentiaie  fm  0  and  Jf  «  0^  ea«b  with  icapeet  to  m  and  io  y 

separately,  and  from  the  six  equations  we  eliminate  9,  r,  f|#;  the  idalion  «)  >  0  pro- 
duced, if  a  solution  at  all,  is  singular. 

The  structure  of  metliods  of  compensation  (speaking  of  the  Brst  order  only)  is  threefold. 
First,  when  each  variable  is  made  self-cumpcasating  in  every  equatioo.  When  there  is  one 
cqnation  only,  this  method  intiodueas  an  equation  fiv  every  new  variable,  and  gives  singular 
aolutioas.  Seeondlj,  when  the  new  variables  are  made  mntoaillj  eompcniativek  and  dm  nnmher 
of  equations  and  variables  is  so  related  that  elimination  produces  equations  between  tbe  new 
vfiriH})!es  only,  which  can  be  integrated  and  new  constants  introduced.  In  this  case  the 
forms  obtained  are  of  tbe  same  character  as  those  which  produced  them.  Thirdly,  when 
dimination  does  not  produce  equations  between  the  new  variables  only,  so  tbat  the  only  naethod 
of  aatiifjrfaig  the  equatioiM  of  cempenaatiwi  u  by  •»  mMiy  wbilmy  aMumptlani  of  rdation 
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among  the  new  variables  as  will  eliminate  the  differentials,  leave  oolj  algebraic  relatioos 
betvcoi  i3m  new  «iMi  «Id  vtiMlilM,  to  be  comtiBed  uMi  tlie  «iMMMd  nlntioDi.  In  tlua  cue 
gliitBMy  functions  enter  the  final  reault. 

17.  The  primary  solution  of  the  biordiiial  partial  equation  contains  five  arbitrary 
constants.  Having  giveu  U {x,  y,  k,  b,  h)  =  0,  we  usually  obtain  a  single  biardinal 
equation  by  eliminating  o,  6,...  betweeD  the  mx  cqiiatione  CT  ■  0,  =  0,  L\^^  =  0,  =  0, 
•  C^i,  -  (k  But  it  ia  not  true  that  efcfy  fiwm  of  U  givei  one  hiordiiul  and  one  only: 
then  miiat  be  a  certain  irreducibility  in  the  mode  of  entrance  of  the  constants  which  doea  not 
come  under  any  obvitnis  criterion.  A  case  of  exception  may  be  easily  given.  Every  primor- 
dinal  saliefieij  an  infinite  number  of  biordinals:  and  U {»tfft  »,  a,  6,  c,e,h)  =  0,  whenever  it  is 
reducible  to  (  F,  TT,  a,  b,  c,  e,  A)  -  0,  V  and  iTbHiig  jnoetioai  of  «,  y,  «,  and  not  of  a,  i,  8(c., 
lead*  to  «  prinoiidiiial  which  ia  alao  independent  ota,t,9se. 

Let  us  suppose,  however,  that  CT  ■  0  lenda  to  one  bimdinal  equatMU.  To  obtain  the 
■anie  equation  by  making  a,  I,  See.  compensative,  vrc  must  use  JT  a  0,  rf,  (,  ,  ,  »  f, , .  =  0, 

d  .  ^17.,.  =  0,  which  are  reducible  to  dr-^C<in^  C  dh,  <U:^  Eda^  E  db,  dhmtjida  +  db. 
Firstf  suppose  these  e<}ualiuus  integruble.    llluuiuuitj  a ,  y,  z,  h,  lietween  the  five  equatious 

Again,  from  any  four  of  the  five  equations  determine  x,  y,  »,  h,  in  terms  of  the  rest,  sub- 
stitute in  dA  -  Hda  +  JSj^l  and  then  form  the  criterion  (i^)^,,,"'  (jff,),)^**  which  is  biordinai 
with  fiapeet  to  e  and  «.  If  we  can  integrate  jointly  this  lait  equatioo  and  (a,  b,  he.)  «  0, 
tiien,  in  the  integral  of  dft  «•  JBcb  A-  HjXb  and  die  five  eqoationB*  we  have  tlie  weana  of  dimi- 
nating  a,  c,  e^  A,  and  producing  the  general  integral  of  the  biordinai  derived  from  {/  «>  0. 
In  order,  then,  cnmplwlely  to  ch  irrt  frri7f  rhe  jTf.Tirr<>l  integral  of  a  biordinai  of  three  variables, 
direct  method  requires  that  wc  should  ascertain  the  integrals  of  two  equations,  one  primordinal 
and  one  biordinai,  between  four  variables. 

Secondlj,  we  attempt  tlie  question  widiout  nquiriog  the  equatiaoa  of  oompenaatioo  to  pro* 
aent  integnble  Ibrms.  The  piiudtiTeB  muit  be  five  equatiooa  between  the  eight  TariaUea 
X,  y,  K,  a,  6,  c,  e,  h,  and  five  new  constants.  These  and  their  differentiations  give  ten  equa- 
tions, which  elimination  of  constants  reduces  to  five.  By  two  of  these  and  rf^  U  =  0,  we 
determine  dw,  dy,  da,  in  terms  of  da,  db^  kc,  and  substitute  in  the  rest,  which  gives  three 
equationi  between  do,  d(,  ftc;  and  tiuee  muat  be  jointly  identieal  with  ^  time  equationt  of 
compeuMtton*  Between  die  five  prinitiTee  and  CT"  «i  (S  we  diminate  4i,h,ef9,hf  and  eo  get 
anolher  primary  ablution*  nandy*  an  equation  between  w,  y»  ar,  and  the  fife  new  oonatantu 


18.  The  usual  geometrical  analogies  give  00  a&sistoiice  in  determining  the  general  form  of 
the  primitive  of  «  Uoidinal  partial  equation ;  tluNe  of  a  lem  uanal  charaeter,  though  of  no 
greater  wicecee,  wiU  at  knit  pout  out  the  conditions  under  wliidi  the  aolutlan  is  reduced  to 
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one  definite  surface.  A  curve  upon  a  surface  correspcmds  to  a  point  upon  a  curve:  by  f^i^injj; 
one  point,  we  select  one  curve  from  the  iafioite  number  contained  in  y'  ■  x  9)  *  S^^'^'^S 
one  tmwt  w  adeet  cut  HufkoB  bnta  the  inlfaiite  nunlMr  contaioad  la  /(«,  y,  »,  p,q)^o. 
Tbrougb  mj  tmo  eiarvM  «m  be  dnwn  me  at  a  definite  nnniber  of  devdofMble  eurfkoet:  the 
developable  dimwn  dnoiigb  two  curves  of  a  surface  answers  to  the  dioid  drawn  through  two 
|Mlint8  of  a  curve.  Two  points  infinitely  near  determine  a  tangent :  two  curves  infinitely  near 
determine  a  tangent  developable,  which  (and  not  the  tangent  plane)  is  the  correlative  to  the  tan- 
gent ef  a  corre.  When  in  two  dfanenskma  we  Infe  tn  aacoiding  succession  of  notions  A,  B,  C, 
and  in  tliree  dineiMions  a  eomspondlBg  aueoeadon  PtQ^R^St  the  new  notion  wUdi  change 
cf  dinemion  intvoduce*  is  not  5,  but  P:  md  A,  8,  C,  aniwer  to  Q»  1^  A  Thus  a  paijgoB 
presents  angular  points,  sides,  and  area ;  a  polyhedron  presents  corners,  edges,  faces,  and 
volume:  of  which  angular  points  answer  to  edges,  sides  to  face?,  area  to  volume  ;  the  comer 
being  a  new  introduction  for  which  space  of  two  dimensions  has  no  analogue.  The  angular 
pouit  of  a  fitene  aii|^  hoi  ita  correlative^  not  in  the  angular  point  cf  a  eelid  angle,  bat  in  die 
containing  atraight  linee:  and  gmtaaHiy,  of  condatim  in  two  and  three  dimenionik  the 
eeoond  1*  a  dimension  higher  than  the  fint 

To  a  curve  described  by  points  answers  what  I  have  called  a  tihaded  ^-irfnce,  a  surface 
covered  by  curves  according  to  a  law.  The  curve  which  has  the  tangent  y  =  ax  ^fa  is 
determined  by  making  a  aeif-ooaipeasatiog.  If  we  died*  the  surface  s  «■  ^  («,  y)  in  the 
manner  dictated  bj  f  •  ^  («,  «),  we  obtain  the  developable  wbidi  toncbee  tlio  enrfiMe  in  the 
line  of  ahading  bdknging  to  anj  value  of  at  by  diminatlng  ««  after  eubatitudoo  for  jr  and  m, 
between  f  -  «  -  /» -  «)  +  ?  («7  -  !/)         {f  +  -  ^)  +  («  +  t'P,)  (f?  -  y)  -  0.    If  in 

the  6rst  of  these  wc  make  a  a  self-compensating  variable,  assuming  a  a  function  of  a  derived 
fhmi  the  second,  we  iiave  -  »)  +  (9  -  y)  "  0.  If  «  e  0  be  itself  not  a  developable 
nufbo^  tbie  third  equation  eannot  coniirt  with  the  •eeoiid«  except  upon  Aa  oon^tian  (  -  «, 
IV -y:  Ibr  any  other  nqlIMldtion^vclp«,^«-9,,^«•<^  or^a^nuddngy-^devdk^^ 
Hence  ^-  ^(^»  «),  the  wigtnel  iwrfaee^  ie  the  connocting.  euffice  cf  all  the  davdopaUce  which 
touch  it  in  curves. 

Constructive  reasoning  shows  that  by  &»Bigning  two  points  we  assign  one,  or  a  definite 
number,  cf  the  curvee  in  y"  -  x  ('>  V*  V  )  '•  points  are  iofinitdy  near  tliey  deter- 

mine fft  and  iT"  X  ^(<**ibMt  the  eurvatmne.  Let  ua  now  eupiwet  we  know,  ae  to  a  iwftce, 
one  curve,  the  tangeat  devdopahle  through  that  curve,  and  the  oquathm 

/(»,  y,  a,  p,  9,  r,  a,  I)  • 

Let  the  curve  be  one  line  of  shading,  and  taking  itt  projection  on  ay»  draw  successive  projec- 
tiona  Ibr  oAer  linee  of  shadings  eceh  infinitely  neu  Ae  preceding.  On  the  given  curve,  the 
tu^pmt  planee  are  known  fkcm  the  devekpdile^  whence  p  and  9  are  known:  the  corvatuie  of 

the  curve  gives  one  relation  between  r,  t,  t,  throughout  the  curve ;  the  equatico  q  ~  or 
=  F'p .  dp  of  the  developable  gives  another  ;  and  /=  0  is  a  third  ;  whoncc  r,  #,  t,  are  known 
on  the  curve.  [Or  thus ; — if  the  curve  give  y  •*  oj,  z  =  /ir,  then  fi'r  =■  p  +  7a' which,  com- 
bined with  q  Fp  gives  p  »  fia,  q  =  tui.  Hence  fiW  »  r  -f  <a  j^,  v'm  »s  +  ta»,  which,  with 
/- 0,  detemune  fi 1^  in  tenne  of  w].   Hence  we  can  ectabUih,  with  infidtdy  cmell  errors 
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of  the  second  order,  the  relations  between  p  and  q  which  exist  on  the  next  line  of  shading,  by 
which,  with  lilie  errors,  we  detertuitie  the  tangent  developable  of  that  second  line ;  on  which 
we  may  repeat  the  pnoeM.  It  It  thus  etwwn  that  a  MirJiue  ii  detemiiwd  wbcn  we  inww  coo 
curre,  the  tangent  developable  bdooging  to  that  curves  and  a  UonUnal  partial  equation 
which  belongs  to  the  whole  Kurface.  This  is  an  a  ftriori  proof  that  two^  and  HO  moMf  idiu 
titms  of  form  are  requisite  for  tho  rletermination  of  each  surface  in/=  0. 

Let  <p  («,  *)  •  0  be  the  complete  primitive,  and  y  —  tuv  an  assigned  projection  on  xy : 
l«i  «  « dMB  determine  the  enrve,  and  q^Fp  the  devdopaliic.  Tiien  tp  (^r,  ax,  fist)  m% 
-  •  ^js^  independently  of  « ;  Aon  vliich  the  ferma  of  and  .F  aie  to  l>e 
delmnined.  The  oonditione  of  the  question  thus  make  it  apparent  that  algebnical  expninon 
of  a  geometrical  constnu  ti'on  which  certainly  determines  one  surface,  give*  conditions  enough 
to  cktermioe  two  unknown  forms  of  function :  but  this  does  not  show  that  any  given  mode  of 
antianoa  of  aiUtrary  functiooa  la  oomalatent  with  an  equation  betw^  «,  y,  »,  p,  f ,  «,  and 
Independentily  of  die  fiwine  of  tboee  f  unetiona. 

19.  The  restrictions  under  which  two  arbitrary  functions  must  enter,  so  as  to  ncccs- 
sitate  a  biordinal  c'quation  which  is  free  of  those  functions,  are  wboUy  unknown.  The  simple 
relation  x  -  mpy  -f  >|/  (.v  +  y)  does  not  succeed  :  but*  if 

^^z  -  r'a-  -  Zv'y  +  4  fv''(p'vdv  +  Syjf  {v^•  +  t>"'y  +  <f>v),    y  =  v^{x  +  <p't!), 

we  may  deduce  r-  pt-^  q  ^'rt.  The  mere  appearance  of  an  arbitrary  form  entering  the 
aui]|ect  «f  anodier,  and  the  possibility  of  a  ooDthtiianoe  of  thb  mode  of  entiwie^  aa  la 

f  [if  +  ^  |5  +    (C+ «^  (D  +  &c.)) }  J, 

joined  to  the  failure  of  every  attempt  to  obtain  the  general  form,  may  lead  us  to  suspect  that 
the  general  integral  and  the  bkvdioal  eqiiatiao  have  what  might  be  called  a ytMMrfio-/Wn«f*ofiel 

relation,  or  a  functional  relation  of  the  second  order.  I  mean  such  a  relation  as  J  i^dx  bears 
to        doce  the  first  depends  wholly  on  the  second,  we  may  write 

■'9 

but  not  F .  {ipx) ;  F  brings  out  a  form  depending  on  the  form  of  ^,  just  as  ^  in  brings 
out  a  value  depending  on  the  value  of  m, 

20.  It  can  he  diown  that  the  ease  whldl  is  fully  analogous  to  the  most  general  biordhial 

equation  of  two  variables  is  not  the  genernl  biordinal  equation  of  three  variables,  but  a  very 
limited  instance  of  it«    This  result  belongs  to  Ampere :  but  the  polar  relation  led  me  to  it 


■  Thb  Immdw  is  tato  Ikam  »  yaps  tf  Aaqitis  «R  ysitial 
JMInnilal  M|Milma.  to  rts  rimmf  ifa  riTiMfc  rw^iwiftiiipii. 
vol.  z.  pp.  and  Td.  xlL  Kb  l-UM.  Vsw  twvs  Ud 

tht  counge  to  read  thh  Toluminms  psp*l  llis  fffftHlint  af 
which  »ppem,  though  it  really  i*  not,  tratautdlf  taHlcate.  It 
would  be  *altiable  to  invoiiifator  who  Is  iMUccnm!  i>  !ih  a 
ca«e  in  vbUlk  one  variable  is  in  two  wajrs  a  functitm  of  two 


sihfn.  sue  oTwIiMi  la  In  todi,  aaiDs-i^(x,|r)»if'(x,  0. 
Ai^^  denoted  thetwopstassf  dUknuialcMfidiiiisiluMa 

3*(p  4K»       <E<<  *C» 
of  wUch  h  is  nunc  eaqr  Is  set  tlw  tmmUnm  sAtl  Hisb  iIw 
tBcaaa  cf  kToiding  it  wUch  «mU  Mens  glMnl  wial.. 
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before  I  had  examined  his  paper.  Let  the  primitive  equation  be  (p(x,y,  a,  a,  b,  c)  »  0.  It  is 
not  necessary  formally  to  enunciate  the  definition  of  (a,  6^  c)  as  the  pole  of  the  aya-«atfmot 
0-0,  &c,  nor  to  ital*  the  theorant  villi  whidi  die  geooetridal  nader  b  finoiliar  in  ths  umhI 

mat.    By^-Ob  ^h.-*  pwdooe  « •  ^(«,y««^f>9)>  ),  ). 

These   equations   must  identically  satisfy  ^jiA  +  <Pi,dB  +  ^.rfC  «  0:    for  0  «=  o  gives 
d^^^fft  +     ,      —0,  and  a  =  J,  &c.  satisfy  0  =  0,  d,^  ,(p  =  0,  identically.    If  then  one  of 
tb«  three,  say  ^,  be  made  curiRtant,  we  have  dB:dC  —  —  0«:^  and  is  primordinaL  But 
or  +         ''f        subrthutrf  in  ilftilCf  givM 

the  two  last  functions  becoming  identical  when  A,  B,  C,  are  written  for  a,  b,  c.  It  follows 
that  A^^B^^  —  Af^B^f,  B,  C,,  -  5^|C\  ,  ~  ^Vi-'xi'  ^'"^'^    common  biordioal  factor,  all 

faclon  not  eonmon  being  primoidiinL  Hence  (.i,  C)  —  0  is  a  primordmal  eqnntion 
whieh  he*  fant  one  Mordinel  caniequcnoB  independent  of  ^.   From  it  we  deduce 

which  i«  satisfied*  independently  of  by  the  biordioal  factor  just  deduced.  Now  ^  v  o  has 
tor  a  primaiy  aolutioD  0  »,  a,  6,  c)  =  o,  subject  to  ^  (a,6,  c)  ■  0:  but  ve  ere  not  to 
oondude  thet  the  primitive  of  the  bioNUnal  eontnba  «n  eibitnry  funetko  ct  two  VMiabke; 

for   C,^„-C„^.,,  -B„C;, -^„C„  severally  veaiBb  under  C  - /8^, 

=  7/?,  i?  =  aC,  /3,  7,  a,  Ix'ing  any  forms  whatever.  There  arc  then  two  primordinal  equa- 
tions of  the  form  H,  C)  =0,  reducible  to  A-yB,  B  =  aC.  And  <p{x,y,z,a,\a,  (id)  mO 
is  a  solution  ot  B  "  \A  avid  of  C  »  ti.A,  as  well  as  of  their  common  biordioal.  If  a  be  made 
eelf-eowpciiMtIng,  by  derivation  fkotn  0,  +  ^^'a  -1-  ^jia  ■  0^  tlw  priauwdinals  nmab  tme* 
thebioir^nal  lillove  ae  bcfor^  and  aiibatitntioin  ot  the  velue  of  s  in  ^  ■  0  givee  the  oompfcte 
primitive  of  the  biordinal. 

Tbia  biofdinal  itself  i*  of «  very  limited  form.   Fnmi  £  -      we  obtain 

^MtB,t'J,A  -0,  or 

or  Q  +  flr  +  &+ T»  +  tr(«*-rt) -0, 

where  R,  &c.  are  functions  of  x,  y, »,  g.  But  it  is  only  a  certain  species  of  this 
genenl  iwm  nhidh  i*  Ibllj  analofpus  to  tlie  twnffiiial  of  tiro  Yariahleii  and  this  species 
nany  be  called  polar. 

If  the  pole  (a,  I,  c)  be  placed  upon  the  curve  ftv  Xa,  0  *  the  polar  x^v-surface  is  made 
subject  to  2?  -  X^,  C  =  fiA.  If  the  pole  move  along  that  curve,  the  polar  surface  always 
touches  the  surface  obtained  by  eliminating  a  from  (p  =  0,  +  <p^'a  +  <PjAa  ■  0,  and  touches 
in  the  whole  curve  whicii  hats  these  two  cquatioas.  That  is,  every  ai<H:urve  has  a  shaded 
tmfiM  which  ii  its  polar  leciproeBl;  and  if  the  pole  (•>  9,  »)  be  made  to  move  along  any 


Digitized  by  Google 


540 


Hb  de  If  okgan,  on  some  points 


line  of  sbadin;;  of  this  nir£u»»  the  reciprocal  a6o-fturface  has  the  original  curve  for  one  of 
its  Uoes  of  shading. 

Next,  let  thft  pole  be  |dieid  on  AemrCMe  «  •  «r(a,  h).  The  polar  x^M-vaxbut  ii  dm  nib- 
jBCt  to  the  priMorfiiwl  equatinn  C  « ic(^,  J).    If  «  and  ft  be  nuMle  eompenaatiDg,  Igr  fadp  of 

+  "  Ob  ^  +  0(ir»  »  0>  substitution  in  ^(jt,  y,  z,  a,  6, ■  0,  giVM  aa  «y».surfaoe  rect 
pitxal  to  r  =  1^  {(I.  h"),  and  snhiect  to  C  •=  k(,A,  B).  Let  this  surface  Ke  a  =  r,.  f  r,  »/)  •  thrn  any 
point  on  c  «  «  has  a  polar  surface  which  touches  «  ai  in  a  point ;  and  if  this  last  point  be 
made  a  pok»  ita  polar  aie.«ir&oe  toucbea  «  ■  «  in  the  original  point 

In  the  foQoirfiif  aheldi  of  the  detfrnlnatkm  of  the  ringnhr  eolntka  cictnne  oiiM,  aueh  «• 
■rise  flrom  the  absence  of  a  variable,  &c.  are  purpoielj  omitted.  A  relatioo  iHueh  nekee  enj 
dillbrential  ooeflkicnt  tdJ^tMjJ^  infinite^  gM» 

proportional,  independently  of  r,  *,  /,  to 

That  is,  ^,,-„,,  and  -4,  ,  ^  ,  are  proportional  to  ^  and  -rf^^u-jstf*    ^      be  also  in. 

finite,  then       and       are  related  as  if  tbey  were  coastant 'together. 
We  have  then 

^pt*H,9.ii  _  ^P'fit.gji  .      whence  Eiuita  -  =.  <», 

Ucnce  the  biordioal  is  satisfied  by  a  singular  solution  obtained  by  making  diiferential  coefBci* 
eots  of  A  and  B  simultaneously  infinite.  As  before,  one  general  formula  wiU  su£Boe  for  in- 
vcitigetion  of  peopecties.  Sfawe  ^  *■  o,  -  o,  >  0  are  nude  identicel  by  a  «  jI,  d  •  J» 
e a  C,  the  cquntfaMM  on  the  left  delafanae     Bg,       (Remember  thit  ^,^9,  - 

0+^.  c;- 


Ob  the  right  is  the  ordinary  condition  under  wfaidi  A^,  beoome  infinite ;  thie  b 

the  condition  of  singular  solution  answering  to  ^.^t,,  -  <^,,0„i  =  0  in  equations  of  two  varia- 
bles. By  climinntinfj  a,  h,  r,  bftwwn  this  condition  and  (p  —  0,  <^,|.  =  0,  0^,.  =  0,  we  obtain 
a  primordinal  siuguiar  solution.  The  ordinary  primitive»  of  this  satisfy  the  biordinal :  not  so 
the  singular  primitiT^  obteined  from  ^  s 0,  0^ ^  0,  ^« «  0> 

If  t»  «^  be  now  tiented  «i  TetiiUe^  wid  '»9*fh  *■  oonetrate,  eondedvo  primoidiiMl 
and  biordinal  equations  may  be  obtained.  The  criterion  of  dnguUur  sdution  is  the  same  for 
both  equations.  In  the  criterion  obtained  above,  write  the  expansion  of  each  complex  term, 
as  ^4,+  ^p  for  <p^,^•.  substitute  —  fp/.fp^  and  -  (p^:(p,  for  p  and  g,  and  we  shall  obtain 
Tm  0,  r  condating  cf  nine  lenn%  of  wMcb  4>.<pA<P^<P^  -  »nd  <l>,f,i<p^<p„  - 
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are  two,  and  the  rest  formed  on  the  same  type.  This  expression  remains  unaltered  when  a 
and  «r,  k  uoA  jr.  o  and  m,  axe  dmaltaiMoaily  Intatiianged:  which  pnivea  the  property  atMrtcd* 
The  MDie  Und  of  daoieniltatioii  nliglit  be  applud  In  the  caM  of  two  Tariabka. 

21.  The  general  method  of  transforuiin'^  pBrtiRl  i  juations,  given  in  the  Appendix  to  my 
last  paper,  and  which  I  here  call  that  of  polar  tramformation,  amounts  to  the  investigation 
of  surfaces  which  possess  a  certain  differential  property  by  investigating  their  reciprocal  polar 
aurfiMet  ftou  the  eomlative  polar  property*  We  tdte  any  emJulBr  cquatiaii  we  pleaaab 
^i*h9t*h  ^«  fl*  0~^'  '^^^  make  each  set  of  comidblBtaa  compensatory;  so  that  d^^^a<l^ 
d^^^<l>  '»  0.  Of  this  it  has  been  shown  to  be  a  consequence  that  "J?  = 'i?  (f » if,  ^,  W,  k)  where 
=  K  =  ^, :  and  the  same  of  y,  z,p,  q:  and  vice  versa.  We  determine  ^,  rj,  ^,  in  terms 
of  jr,  &c.  from  <p  =  0,  a  o,  tp^^^  <s  o :  and  in  all  results  the  letters  of  the  two  systems  are 
klerabangeable.   We  detanuina  p  and  q  (when  -  ip, :  (p,  and  0,  foUoiwed  by  aobatU 

ttttkn  are  not  man  convnueat)  from 

from  which,  as  proved,  p,  a,  t,  (answeriDg  to  r,  *,  t),  disappear.  We  find  r  by  complete  dif- 
faNBtfadan  of  p,  oa  the  supposition  that  f  m  eonst.,  or  y^|d^  -t-  y,\*h  ~    which  gives 

"d.«"  *f  ,d^  +  «,|d9'  «t\y^\-^^\Vil* 

and  so  on.  In  / (.r,  y,  »,  p,  q,  r,  s,  t,  ...)  =  0  we  substitute  for  .r,  y,  x.  Sic.,  and  thus  produce 
-^(f.  v>  K'  '^1  P<  ^1  •••)  ^^"^  same  order  as  f  =  0.  l{  F  =  0  can  be  integrated,  we  can 
find  ^  sr,  K,  kc.  in  terms  of  ^  and  tj :  and  we  tlien  arrive  at  the  primitive  of  /  «  0  by  elimi- 
nating (  and  «  between  9),  y-y(5,  9)*  or  alee  by  etoinating  ^, 
jp,  9  between  die  mtigral  fiiund  and  the  egpgeaiunia  Ifar    %  ^,  v,  ^  hi  tanna  of  #,    a^  p,  q. 


22.  The  notation  by  which  eliminants  (commonly  called  determinant/!)  are  expressed  in 
writings  which  treat  on  their  properties,  is  iiiHieiously  made  to  be  as  full  as  possible :  but 
it  is  inconvenient  for  such  applications  as  usually  occur  in  connection  with  other  symbols. 
I  find  it  convenient  to  denote  an  dindnant,  ny  of  the  fontdi  oider»  by  {ABCD^  or 
{JSCiy* "    noonding  to  tbe  notation  nwd  Ibr  the  eomponeot  igrmbob. 

Thua, 

(AB^         -  A,  (i?,  -     {A,,  -  J^,  -  B^J^, 
iABC^      -  A,  {BC^  +  B,  {CA^  +  C,  {AB^ 
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Ik  ■Utttan  notfaiiig  wlnwh  let  of  symbolt  is  nade  progreniw  in  tbe  fimnation :  jdtm 

If  neeessarv,  tlic  two  modes  of  profreMioa  nay  be  disdoguiihed  a*  in  {(4BC^  and  {JBG^^ 

(NT  as  in  {ABC^^,  and  i^BC). 

In  (ABCD^^^^  we  have  constructed  the  24  ways  of  distriliuting  p,  q.  r,  g,  among  J,  B, 
C,  D,  in  such  manner  that  A^^CJ)^,  suggested  by  the  order  in  the  symbul,  sliall  be  positive, 
and  that  any  two  t«mn  whlah  aie  flDmed  fnnn  each  other  by  ena  intMcbange  of  contigooa* 
■ynboli  ihaH  haTadifiraA^na.  Thiia.  Ji;C,4i>,  and  ii^C^,  have  dilTcrent  dgna.  When 
this  is  always  true,  it  is  clear  that  one  contiguous  interchange,  such  as  ia  seen  in  passing  fnini 
(ABCD^  to  {ACBD^^  changes  the  sign  of  the  whole:  whence*  any  odd  number  chanp^es 
the  sign,  while  any  even  number  restores  it.  Hence  it  is  easily  proved  that  if  the  property  be 
true  Mat  die  diminantt  it  ia  true  tot  the  (n  +  l)*^.  Suppose,  for  instancy  that  it  ia  found 
true  fiar  every  iifUi  eiUniinant.  Then,  linee  (ABCltEF,^^  -  A^  {BCDEF^  -  ...  it  is 
dear  that  the  theorem  is  true  for  all  interchanges  which  take  place  in  fifth  dimuiantB  vithout 
aifteting  the  nuUipliecs.    When  the  interchange  affects  a  multiplier,  taica 

(ABCDEF^  -  A^iSCJOEF^  -  B,  {CDEFA^  -h  ». 

For  {CDEFA^^  write  ita  equal  {ACDBF^^  ihrmed  by  four  contigiiout  faiterchanges, 
and  then  naolTe  the  fifth  elinrinants  one  step,  widch  givca 

J^,  {CDEF^  +  ...  -  Vf  (COBJ^r--,  -  ... 

tihenoa  the  theorem  ia  obvioas  as  to  terms  beginning  with  A^B^  and  B^, 

In  pasabg  from  an  even  cUminant  to  the  following  odd  one^  the  change  «f  ^gn  ariaca  ftein 
the  proeces  whtdi  hcings  A  from  the  end  to  the  beginning,  requiring  an  odd  number  of 
interchanges.    Thia  incomplete  outline  of  n  proof  b  merely  given  to  eihiUt  the  faeiU^  with 

which  the  notation  applies. 

It  immediately  follows  that  when  two  symbols  of  either  set  are  the  same,  the  eliniinant 
vanishes.  Let  there  be  n  homogeneous  linear  equations,  A^a  +  B^^+...b  0,  A^a  +  B^^  +  ...^ 
between  n  4- 1  quantities  a,  /3, ... :  for  instance,  five  equations  between  six  quantities.  Mul- 
tiply the  equatioaa  by  {CDEF^,  (JCDEF^  be.  and  add,  as  the  terms  of  ilfUi  cBminanto 
me  all  additive. 


*  In  tstAa  u>  jucertadn,  by  a  meehuiicul  proem,  and  in  any 
CM*  however  complicated,  vbetber  the  number  of  contij^ooa 
loMRluuiges  which  conTtn  one  unngemcnt  into  another  be 
even  or  odd,  proceed  Bi  follows.  Write  down  OM  •magement 
under  the  other,  and  be^alo^  at  one  letter  in  tm  dw  linei, 
nuk  oompanioo  letttr  in  the  other  Uiw,  paae  on  lo  thai 
rwiiysitUw  kMr  in  dw  tot  Hoc,  narit  lis  Mmpanion,  and  to 
sMffl  wa  ■Rive  at  «  IcMt  sliiaJy  muked.  CaQ  this 
ieiiHB«afllflai,«aiAiMifcMafl  VDsHMk.  Bavl^  fcrand 
«M  chahi,  kiflii  at  •  l«Mt  Hit  md  ioA  flm  aaother 
^halBf  tad  is  oa,  ladl  vtmf  kMit  kas  taia  eni.  Then, 
•Moiliat  as  tlw  auate  oT  Chains  with  «w«  aanbas  ef  Uoks 


is  mtd  or  even,  (he  number  of  dhplaccmcnti  rtquircd  iii  odd  or 

cTCD.  The  dciDonitntion  is  rttj  euj.  Am  an  TWftwp'f  uk« 

ABCOEFOHIiXLHlfOPQ 

UMOOQBKLJPFC  INADE 
12133S2iaSS184ia3 

DateA  Is  B.uadttHbl4,MdarLlsCiua«rClsOb 
oatoO  Is  A,  alita^r  tAtDi  tbs  tot  feM  Aw  Ihdn. 
n»  sMsod  Is  toad  is  Iwvs  atat,  tlw  ihlid  tsa^  to  tonh 
on*.  ThtmuBlMrar «katohai«lat«*aillaksls«M,an  odd 
uankcri  hsaaa  to  Baatot  of  Mat%ieiii  toadunfca  by 
which  dtonmngcnmu  ta  csBnmd  too  to  «tot|  Is  odd. 
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Then,  since  (CCDEh\,.„^  -  o,  Stc,  we  %Mte 
(ACBEF^, .  a  +  {BCBEF^^ .  /3  =  0,  or  iCDEFA^, . «  +  {BCDEF^,  /3  -  o.  ■ 

And  thus  it  will  he  found  that  the  six  quantitic*;  a,  (i,  7,  &c.  arc  in  the  proportion  of  the 
sixth  elimioanta  of  the  fifth  order  {DCDEF^^,  (CDEFA^^,  i^DEFAB^,  ic^  with  the 
alleniate  signs  wbkh  thej  Cak*  in  the  formatioa  of  one  of  the  nzth  order. 

In  writtDg,  and  even  in  printing,  the  peientheiee  of  the  symbol  {ABC^  or  {2BC^  * 
mny  be  omitted.    The  two  leti  of  ijmbob  bnnng  the  ■eme  number  in  each  ia  a  guide 
sufficient  to  prevent  mistake. 

8S.  I  now  return  to  Q  +  +  A -i- 3)  +  £7  («*  -  r«)  •  which  includes  the  polar  form 
of  the  Ubrdmal  equation,  and  which  must  fellow,  independently  of  A-om 

*c*i  jf.  j«i  j>* -  »  M  <*»  y»  *»  P» 

Some  cases  have  no  such  primordinal  solution,  some  have  one  only,  and  some  have  tiro:  these 
last  are  polar,  that  is,  have  a  solution  of  the  form  ^  (4;,  y,  x,  a,  6,  c)  ■  0^  which  nay  be  called 
the  polar  primitive.    The  btordinal  itself,  derived  from  B  -  wA^  is 

or   iAB^  +  {AB^r  +  {{AB^  +  (AB^\  «  +  {AB^  t  +  (AB^  (s*  -  rt)  -  0, 

where  (^dBj^  means  A»Bf  —  AfB^t  ftc  But  A^  and  signify  A^^  and  m  A,  +  Ajp 
and  Ag'k'Atq. 

Let  J?  -  vif  aod  jD  «  kC  be  two  primordinal  solutions  of  one  and  the  same  biordimil. 

We  have  then 

AB^-^M.CD^^    AB^^M.CD^,    AB^~3f.CD^,  AB„^M,CD„, 
AB^  +  AB^^M(CD^*CD^. 
M  being  if  (4^  y,  a^  p,  9).  Consequently, 

AB^  AB„  +  AB^  AB^  -  Jif » {CD^  CD^  +  CD^  CD^) 
or*   AB^AB^m  M*CD^CD^. 

From  this,  and  the  fifth  equation  preceding,  we  see  that  either  AB^^  M,CD^  and 

AB^  =  JW .  CD^  or  else  -  M  .  CD^^  and  ^Z?^  -  M.  CD^.  In  the  first  i  .ise,  all  the  six 
AB  eHniinant!<  are  proportional  to  tlu  >iK  r/5  iliniinants ;  whence  (ABCD^^^  hccom^  zM 
multiplied  hy  AB  An  ,  -  AR  ^  All,,^  i-  AB,  AB  ,  and  vanishes.  Now  {ABLD^^,  ,  =  0  is  the 
tritcriuii  whicli  shows  timt  /(.-i,  C,  D)  can  be  ideiuiually  satisfied  by  some  form  of  x 
entering  only  as  a  function  of  m  and  y.  But  wo  shall  presently  discuss  this  result  in  a  more 
sa^actory  manner. 

If  we  now  look  only  at  =  'SrAy  as  a  solution  of  Q  +  7?r  +  Sic.  «  0,  wc  have  AB^  =  MQ, 
AB^  -  MB^  8tc,  whence  wc  get,  as  before.  AB^  +  AB^  -  MS,  AB^  AB^  '^M'ifiT-k-  QU). 


*  Tlw  IWB  MbwiriK  cquaiifloi  an  mon  e«seiHUl  In  whaiftUowB: 

AB^AB^m  Ali^  Altu+  AU^  AB^ 
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Let  AB^  -  k .  AB^ ;  then  kS'  -  (l  +  ky{BT  +  Qi/)-  The  five  equations  of  connexion  may 
noir  be  replued 

AB^mMB,  AB^~MT,  AB^^MU,  AB^^~j^.MS,AB,m  ^.MS, 
froDi  which  JAB^^O,  AAB^'O,  give 

in  which  B  may  be  written  for  A,  aud  k  (whicti  must  be  the  same  m  both  equations)  is  either 
Mlution  of  ftiS**  (1  4*1!)*  (JB^-f  QU).  Unlet  the  foUowing  theofem To  determine  ^ 
primordiDeli,  if  any,  tit  Rt  ^  S§-¥Tt-¥  U{f -rfj^O,  in  whidi  an  arbitnr j  f onction 
explicitly  occurs,  as  in  B  {»,  y,  «,  p,  q)  m  ^  Aim,  ftMf  p,q)t  find  iepnratdy,  by 
methods,  the  complete  lolutione  of 


/dv  dv\  dv  k  ^dv  \ 
\d»    *^ditj       dp    1-1- 1;    dq  ^1 

\dg    ^  dMj       dq    i  +  k    dp  J 


»,  jf,Mtp,q  being  Ave  indepvodeot  variables  and  k  being  one  of  the  roots  of 

W*  =  (I  +  k)'  (RT  +  QIJ). 

If  A  and  ^  be  any  functions  of  x,  y,  z,  p,  q,  each  of  which  satisfies  both  equations,  then 
B'owA  if  one  primordinal  solution  required.  If  no  such  omnoion  eolation,  or  <H)e  only, 
diould  exiat,  there  can  be  no  primordinal  of  the  form  required. 

For  example,  let  pri  +  {px  +  yy)  *  +  «y  -  rt)  =  0.  Here  k  is  either  pjr  :  9^,  or 
qy  :  p<i'.     We  have,  for  the  first, 

dv       dv      dv  ^ ,  - 

dv        dv      dv  ,  ,  ^ 


of  which  «-pff.f     is  the  only  fundamental  common  sotution.    The  eecond  value  of  k 

gives 

of  wididh  o  -  qx,  V  ^  py  are  fundamental  common  solutions,  and  the  only  ones.  Hence  the 
given  equation  bai  a  primordinal  lotution  of  the  required  forMi  9»    «  (iv)*       ^  other. 


dv  dv 

dv 

dm  dv 

dv 

*di*^di 
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The  particular  cmm  A  m  contt^  B  >-  coast.,  are  solutions.  If  in  »  tb-A,  we  assume  wA 
IP  be  «  Ibnetiott  wMd)  wfijpnmm$tt»  towards  »  cMntant^  dica  J,,  -  J^,  will  have 
a  faotor  JiidqMndeBt  of  r,  «,  A  whidi  diniindiei  without  limit.  But  if  a  division  by  this 
factor  be  made,  the  quotient,  Q  +  Rr  +  &C.  is  always  =  o,  absolutely,  when  B  -  -ar  J.  Thia 
then  in  true  at  the  limit,  or  wlitu  i?  =  const.  But,  though  ^  a  const,  and  =  const.,  are 
solutions,  it  does  not  follow  that  they  con  coestUt  as  solutions.  Thus  in  the  prtri'ding 
example,  pym  a,  qx  m^bt  are  solutions,  but  cannot  coexist;  fur  ay'^dw  +  ba'^dy  dz  is  not 
integrable.  Coeiiatenoe  leqdrea  that  »,  »»  obtained  ftoa  p  in  Ama,  Bm  b,  ahouM  agree 
with  9  as  obtained  from  q.   Now,  A,  atill  meaning  A,  4*  pA,,  flie.,  we  find  from 

A,  +  Jjr  +  A^^O  and      +  B/r  <f  Jl^«  0,  that  AB^f  +  AB^;»  m  O; 

we  alio  find  ABg,  +  AB„.MmO.  Henoe  AB^^AB„  ia  die  ooodition  neeeenry  to  the 
ooexbtenoe  of  At  a  aod  Bmb,  Henoe  Jfc  ■  I»  the  two  values  of  ifc  are  equal,  and 
S*»4>(ST-t'  QU)  is  m  neeemary  equation  of  ooodition  between  the  coeflldents  of  the 

biordinal. 

We  cannot  have  two  eoeaisHng  primordinab  F  {A,  B)  m  o,  Q  (C,  D)  =  0,  unless 
A  "  eonst.,  B  «■  const.,  0  m  const.,  D  —  const,  can  coexist.  That  the  first  and  second  pairs  may 
coexist  ia.obvioua  fhmi  the  equations  P^O,  Q-O.  Again,  the  eoexiitenoe  of  these  last 
equations  givce 

P(L,''PQ„  or  P,Q,'P,<L'P^-PA' 
Writing  for  P,  its  value  P^^  +  P^.,  he  w«  find 

-  AC  J  +  PtflciBC^  -  BC^  +  P,Qp  iAD^  -  JD,)  +  P««>(JVi>^  -  BDJ  -  0. 

This  eannot  be  always  true,  independently  of  the  forms  of  P  and  Q,  unleat 
ACff  «  AC^t  fcct  • 

It  is  also  clear  that  four  distinct  solutions  A  -  const,  tie.  cannot  coexist,  unless  either  of 
the  four,  A,  B,  C,  D  hv  ick-ntically  a  funrtion  of  the  other  throe.  For,  otherwise,  eUmination 
of  J>,  9,  «»  would  give  a  relation  l)i  tw(-(-i»  the  independent  variables  r  and  v 

When  Q  +  Mr  +  &c.  is  polar,  tiiat  is,  derivable  from  <p  (.x,  y,  k,  a,  b,  c)  —  o,  there  are 
three  coexistent  solutions  jf-o,  B^ht  C^c  Consequently  S*m4iET  +  HU)  is  a 
necessary  condition.  And  if  three  such  aolutums  can  be  found,  from  the  equations  auvhcd 
(r  ),  it  follows  that  B  <»  wA,  C  kB  satisfy  Q  J?r  +  &c.  «  O.  Substitution  of  A  and  B  in 
(t  )  will  give  four  equations,  from  which  common  cliniination  will  rcslon-  the  four  relations 
seen  in  tlu  firr  equations  AB^  =  MB,  &c.  It  may  be  easily  verified  that  A  -  a,  B  =  b,  C  ^  e, 
when  satisfying  (tr),  give  a  polar  primitive  by  eUmination  of  p  and  q.  The  relation  between 
9i  "*  o>  ^* «  thence  obtained  gives  A,  A,m,  +  A^p,  +  Afi,  «  0,  «nd  similarly  for  B  and 
C ;  in  order  then  that  ar,  =  p,  we  must  have  A^  +  A,p  +  A^p,  +  A^,  •=  0,  or,  making  the 
abbreviation  hitherto  used,  A^  +  A^p^-t  A^q^  mO.  Eliminatinj*  and  7,  from  the  three 
equations  thus  obtained,  we  have  ABC^^,,  =  0 :  and  similarly  we  obtain  Jflr,^,  .=  n.  These 
equations,  resolved  into  A, .  BCp,  +  kc.  ^  0,  J, .  flC„  +  8jc.  =  0,  give  AB,y,  BC^,  CA^, 
proportional  to  AB„^  BC„,  CA„^  which  is  known  to  be  true,  the  prop<Hrtion  being  that  of 
«  to  -  «, 
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Aiijptre  has  noted  that  +      j  is  a  coDdiUoo  Decessarj  in  order  that 

may  have  a  primitiTe  cuntaimng  two  arbitrary  functions  of  one  iwriabk,  tuch  at  W9  obtaiii 
from  the  polar  form  ^  (»,  y,  M,  a,  b.  «)  -  0,  by  aaumiDg  6  -  Xa»  c  «  no,  and  obtaiiiiiig  •  ftm 

^J,.X'+  f/vt'""  0. 

The  prtceding  iuvestigatioo  will  sufficiently  iliustratc  the  restrictions  under  which  equa- 
tioDt  of  three  TariabtM  an  analogout  to  Ihoae  of  t»o.  Id  the  latter  case,  there  is  always 
«o««f«feitee  of  imermediate  prioiaTc^  but  not  always  lo  io  the  former:  and  the  former  can- 
not be  treated  co-ordinatdy  with  the  latter  exeept  in  the  catee  in  which  tntermediace  primi- 
tivea  ooexitt. 

24.  Tlie  iiututiuu  fur  diiiereutial  coefficients  which  I  have  now  used  for  more  than 
twelve  years*  with  the  exteniiom  here  pru])OMd,  will  bring  this  paper  into  half  the  ipace 
which  it  would  have  611cd,  if  nil  the  finmuls  bad  been  written  in  the  mual  way.  Bat  this  h 
not  the  only  advantage.    The  equation  which  I  hare  written  as 

(AB^  +  (JB^r  +  {{AB^  +  {ABj  *  +  (AB^ t  +  {AB^  - 

would,  written  in  the  ordinary  way,  have  been 

idA     dA  \(dB  dft  \      idA     dA  \j<lB     (IB  \ 

{dA  idB  dB  \     dB  fdA     dA  \] 
\dA  ulB     dB  \     dB  IdA     dA  \     dB  IdA     dA  \     dA  (dB     dB  \\ 

[dB  IdA     dA'\     dA  IdB  dB  \\       idA  dB    dA  dB\  , ,  ^ 

+ U  *  rf?")  -  d^  U + d.-'')) U  ^  -  ^  d^j  t-'-'^'*^ 

the  first  containing  55  types,  without  the  parentheses  4.S,  the  second  258.  And  it  would  have 
been  exceedingly  difBcult  to  have  made  the  commoo  form  of  the  coefficients  an  object  of 
thovghtf  if  the  coefficients  had  been  either  detailed  or  represented  by  single  letters. 

The  adoption  of  occasional  symbab  in  abbreviation  at  forroulsE^  though  often  necessary* 
naturally  belongs  to  cases  in  which  the  furuis  are  not  of  frequent  occurrence.  In  some  few 
cases,  as  in  the  well  known  use  of  p,  9,  r,  k,  t,  an  occasional  notation  has  become  permanent  : 
but  this  cannot  often  happen.  The  want  of  some  system  of  abbreviation  drives  many  writers 
to  a  frequent  adoption  of  occasional  symbols.  For  example,  the  following  passage  occurs  in 
tlie  ftooS  which  U.  Cauchy  (ife^^,  Vol.  n.  p.  447)  gives  of  bis  remarkaUe  theorem  already 
mentioned.    **  Repr^seutoas  toi^ours  par  F(»t  y)  "  C  Tinti^cnle  gdndrale  de  r^uaCion 
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et  aoient  d'aiUeun  4>(«,      XCjt.  y)  les  deux  dcrivccs  partWllM  de  la  fonctioa  F{x,j/)  par 

dn  du 

rapport  aux  deux  variables  ,v  et  y.  De  I'cquation  connue  — -  •=  -j- ,  en  y  rcmplajanl  «  par 
F{»p  p)t  N  par  I'unit^,  et  M  par  -/(«,  y),  on  tirera 

Tbia  means  Uiat  F(ar,  y)  ■  C  givea  F,+  Fy. Jf'  ■  o,  ao  that  y'>  /(«,  y)  givet 

But  the  constant  substitution,  throughout  the  work,  of  distinct  letters  for  difTerentfail  CodEci- 
«Qts,  has  established  Mdtt  +  Ndjf  «  0  as  the  KpresentatiTe  of  the  diflereotiation  of 

F{»,  y)  -  C. 

If  it  be  tboagbc  neoeaaary  (o  mark  diffbraotiation  hj  a  symbol,  an  aooeot  may  be  added, 
as  in  used  tn  dy  :  dx.  This  accent  may  be  omitted  in  working  or  in  oonlinuottB  viltlng, 
and  may  be  supplied  in  revising  the  manuscript 

A.  DE  MOBOAN. 

VaiTBBaRT  Caojum,  LaamHt. 
Mmnk  25t  ISM. 
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APPENDIX. 
OS  THE  OONVERGENCY  OP  MACLAUKIIfS  SERIES. 


A  stKAmxABu  tbeoram  was  gtno  bj  If.  Candiy  in  im  or  iSH,  and  npaatid  in  114111, 

{Exi^rcicrs  Analyse ...  Paris,  1840,  4to.  pp.  269-279;  Moigno,  Leforu...  Paris,  1840,  VoL  I. 
pp.  ISO— Itil),  which  appears  to  have  attracted*  oonsideraWe  attention,  and  to  have  met  with  some 
objectioo.  It  is  as  fuiiows:— The  deTelopnent  of  in  powers  of  x  continues  convergent 
from  mmO  nntil m beoomci  tquil  to  the leaat  of  dl  the  nodoli  in  the  loott  of  the  eqaatioot 
09  00 ,  «•  CO :  the  moduliu  of  «  quantity,  real  or  imaginary,  heing  a  podtiva  qoantltjr 
r,  when  the  quantitj  is  exhibited  as  r(co8d  +  sind.-y/-!).  I  think  M.  Cwiahj  nieaaeto 
imply  that  diverr^ence  mutt  begin  when  this  limit  ii  pait:  but  I  cannot  find  anj  ezpms 
statement  to  this  effect. 

That  this  tiieurem  is  not  generally  true,  may  be  at  once  established  hy  the  simple 
inatanoe  ^  ^  (i  +  whidi  satisfies  the  definition  of  oontinuitj  dted  in  the  jMreeeding  not^ 
and  gives  no  finite  real  or  imaginary  toot  to  either  ^«oo  or  ^*mm  so.  It  ought  then 
to  have  a  convergent  development  for  all  values  of  x ;  but  it  ia  very  well  known  to  have 
a  divergent  development  for  all  values  of  or  greater  than  unity. 

I  shall  show  that  this  theorem  cannot  be  true  unless  k  oo  be  introduced  into  the  con- 
ditions, for  all  valuea  of  »:  and  that  both  the  direct  and  convma  theorem  may  tbM  be 
catabliahcd.  I  thhik  it  probable  that  the  aaaeot  whidi  H.  Caueby*s  enuneiatkm  has  received, 
arose  from  the  impression  that  by  a  rwntinuotu  function,  between  given  limits,  roust  have  been 
intended  a  function  which  remains  finite  and  determinati-  between  those  limits,  and  nil  its  dif- 
ferential coedicients  aluo.  This  seems  to  me  to  be  the  best  definition  of  the  term  ;  and  if  my 
supposition  as  to  the  mode  in  which  the  imperfect  theorem  gained  assent  be  correct,  there  is 
good  reason  to  think  that,  by  express  statement,  this  deflniiionf  might  soon  be  estaUiriiad. 
In  this  case  it  mi^t  be  deiiraUe  to  say  that  there  is  continuity  of  the  9^  order,  when  between 


■  In  ih«  ggtrtUf  M.  Caitdir  uyi  "  nml  Its  ih^or^met 
MuvMiu,  que  cantammt  wm  mtmttrm  de  MSI « 1832,  sur 
U  mi'canique  ctlette.  Tun  dea  plui  tio^julicn,  et  en  mime 
te»i|i«  I'un  de  ceux  aoxqueU  la  i^iomittin,  panisMnt  KUarbcr 
K-  phis  lie  prix,  ot  cclui  qui  domic  iiiimcd;atc;iifm  I.-.  rci;lc* 
(if  In  roiivffgcncr  den  x^ries  toi;rnics  j.ar  Ic  il.  vtl(i|ii»i  );;cii'.  den 
toiK-iHin.H  fx|ilicitr«,  ctniliT:!  ii:tii|i|i.'ii.rnt  U  loi  dc  i'<>iiK:r^-riii:c 
i  la  loi  de  coniinultc,  in  <i<-hiiittan  dot  iiHictiunt  coniitiuct 
u'i-tant  pai  celle  qui  a  rie  longtenu  aduiiae  jm  lea  auteilis4ss 
traiU*  d'alKvbrr,  maia  bicn  celle  que  j'al  adopts  diBi  nun 
Analftl  Algibriqtie,  et  ruirant  laqucDc  une  fonedgncitCllo- 
dnw  sMn  dw  UmitM  doan^ci  d«  la  vatUMe,  lonqm  nin  cm 
limliM  die  CBBMrra  eonifwitiHim  una  nlMr  Snie  tt  dAa- 
miiiitk  ai  qu'A  on  MCMiittiMm  tefluiiMm  f  Mk  d*  Im  vsifaibl* 
caiMSfmd  «•  swwIsmncBt  talafntnt  petit  4e  !■  flncdm 


clle-mfme."  I  may  alio  add  that  M.  Coumot,  in  hii  cxcdknt 
work  on  the  inlinitcsiinal  calculot  (ParU,  1841)  auie*  the 
llu'iirrin,  iti  the  t'onr.  in  which  iM.  C'auchjr  gave  it,  and  witliout 
any  d.ndi-  u)  it«  pertcci  geaeralit;.  The  deiiiutioa  of  con- 
linuiiy  iu-r«  givea  suppoMS ill vslHij  !■!  aad  Ju^asiy, of 

+  Any  dLfiijiiiiiTi  would  be  bc'.itr  ihun  none  at  al!.  Al 
preccfil  il  lit  \io  toe  at  least)  a  uioM  ditfacuU  task,  in  reading  a 
woric,  tirst,  to  find  out  the  author',  detinilion  of  rontloulty. 
next,  to  liud  out  whether  he  stick*  to  it.  M.  .M«n$;nc,  in  hi» 
eoumentMO  of  case*  under  M.  Cauch^'x  ilicoron,  ytis  Aavru 
(1  **T"' fownUyi  m  diicomiBuom  vlien  I «  hm  it  «a 
implied  deCoMen  «f  eeotlimf  ir  dUMit  ^w"  ^  «■ 
ihediHimbcanlnetsd. 
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the  given  limits  neither  the  tuuction  it«elf,  nor  an)'  one  of  the  lirst  »  difierential  coefficienU 
bcGomei  infinite  or  iodeCerauBMe. 

There  bu  been  acme  eontrovnnf  on  IL  Cnudiy'i  4«iMMMtntioa  in  LiouviUflrB  journal. 
With  this  I  have  nothing  do,  oa  my  own  demonstration  has  no  affinity  whatever  with  that 
in  dispute.  That  M.  Cauchy  h««  not  ftjlly  stnted  the  conditions,  is  evident  from  inRtances 
alone.  But  further,  it  is  plain  from  the  last  paragraph  in  this  page,  that  if  m  to  enters 
the  conditions,  ^''v  —  oo  must  do  die  M»e :  md  ao  on. 

Let  «*r(ooe0^nna.v/-l)>«id  let  r  be  coiled  tbeoMMteliM  of  end  let  0  be  oeUed 
the  dire43ling  Mgltt  or  usiply  tbe  angle  of  sn.  Let  tbe  modulus*  be  always  taken  as  positive; 
the  simple  negative  quantity  requiring  the  angk-  ?r,  or  one  of  equivalent  direction.  It  would  be 
little  more  than  legitimate  extension  if  wc  wcro  to  call  r  the  value  of  «, and  coid  +  an0.^ —I 
its  tign  :  but  in  that  little  would  lie  the  seed  of  much  cunfusioo. 

Let  ray  value  of  «,  real  or  imaginary,  which  makes  or  anp  oM  of  it*  dffifmikd 
eo^kUnttt  infinite,  be  catted  a  erMiMtl  ottto«  of  ^  iiadf.  Thna  «  >  A  y'-  i  are  tbe  only 
critical  vahivn  of  (I  +  4^'.  The  theorem  which  I  now  proceed  to  prove  is  as  follows : — The 
development  of  ^,r,  in  ascending  powers  of  w,  remains  convergent  from  «  *  0  up  to  « the 
least  of  the  critical  moduli  (  after  which  it  is  always  divergent. 

I  avoid  all  diseueNon  at  tbe  ^fiflfarent  kinda  of  convergency,  and  of  tiw  efiiEcC  produced 
iqpoB  it  by  variations  of  sign  in  the  terme,  by  the  following  explanation.  The  gntn  series  being 

n^Aa|«iko^'^  ,  the  series         n^j:  +  a.^.r-  +   may  be  always  convergent  when 

«<A,  and  divergent  when  .v  >  h.  The  value  of  h  is  the  object  of  the  inquiry,  without  any 
consideration  of  whether  there  be  convcrgoncy  or  (b'verffrncy  when  i  =  h.  When  (7,xi  :  a, 
finally  obtains  a  permanent  approach  to  a  fixed  iiiuit,  thu  limit  is  k'\  and  after  .r  b  A 
the  terms  finally  increaae  without  limit.  Bat  when  the  value  of  4.^1 :  a,  never  ceases  to 
ewMlMlals,  it  may  be  fwerible  that  from  •  «  A  np  to  some  other  definite  value,  die  nnditlatioDS 
may  prevent  a.-r"  from  finally  increasing  without  limit,  and  may  perhaps  even  allow  it  to 
diminish  without  limit,  tlie  wrie*  being  still  divergent.  I  omit  all  .such  innnirv,  because  it  is 
not  essential  here;  merely  remarking  that  undulating  convergency  and  divergency,  in  series 
with  all  didr  terms  positive,  have  received  so  little  oonsideratioi^  tiwt  it  would  not  be  salli  to 
baaaid  any  aaaertion  upon  how  they  might  or  might  not  take  place  in  a  aeries  of  the  fiarm 
4-  a,.v  -4   ,  in  passing  from  one  value  of  x  to  another. 

In  the  scries      +  (tyV  +  n.,.v'  +   in  which  all  tlie  letters  are  positive,  the  limit  of  con- 

vergency is  the  same  for  the  series  and  all  its  differential  coefficients.    First,  a  divergent  series 

gives  a  divergent  differential  coefficient,  for      +  2a,«  +   is  of  the  same  character  as 

tfjtf  -I-  Soii*  +  which  certainly  diverges  with  a,  •f  Oisr  + ......    Next,  if    4-  aisr  +  

bo  convergent,  that  is,  if  «<  A,  it  ia  convergent  when  we  write  w  +  m  for     ff  +  m  bdng  stiU 

<  h :  hence  a,  4-  a,«  +  +  (di  +  Sa,«  -1-  )  m  +  can  have  no  divergent  coefBdent, 

and  all  the  differential  coeffidenta  of  a,  +      -t- ......  are  convergenL 


*  W'c  often  Iran;  to  ir^ify  the  ralue  of  a  real  quantitj,    i   bcnc^nlivc    M'^hSt  WS Oajlf  tS  annriSllj  flWIli  ll  lilt  MMHfltftH 
iodepcodemljr  of  iu  sign :  ttiat  li, »  apiak  of  tbe  quantity.  If  i  of  the  quDtitf. 
tiWr«ltivii^sid«riht4iHaliirvlifclis^4k«med|lfii  { 
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■  Let  a,  A       ^ ......  be  one  of  the  difft^rcntial  coefficieDU  of  <pSf  and  let 

r  (cos  0  +  sin  9  .     ~  i ) 
be  a  value  which  makes  it  infinitL'.     Consequently,  one  of  the  two  scries 

a,       cusd.r  ^  a,  cos  20. r  ^          and  ^  o,  sin  0.r  ^  o,  tin  2d. r*  ^  

must  be  infinite.    Hence     +  a,r  +  a^r*  +  must  be  divergent :  whence  the  original  aeiiM 

for  <px  must  be  divergctit  when  .r  is  prentor  than  r.  We  <  annot  undertake  to  sny  this  when 
jr  ■»  r:  at  the  point  of  transition,  convergence  or  divergency  must  be  discovered  by  the  closer 
rules. 

8o  much  as  this  is  then  proved*  namely,  ihsl  ^  cannot  remain  convergent  after  m  has 
pawrd  any  one  critical  modulus  whatsoever.  It  remains  to  slicw  the  converse,  dwt  i^^  Cianot 
become  diver<7ent  until  it  has  passed  a  critical  modulus:  that  is*  ^  remains  convergent  until 
jc  reaches  the  KM>t  of  the  critical  moduli. 

First,  let  all  the  coefBcients  be  positive,  or  let  tpj!  m,  a„  +  a^x  +  OgX*  +   Let 

P,4.ji^'^  m  u^4^^**  +  nnd  let  the  point  of  transitioo  he  at  9 «  A.    Let  {  he  n  quantity 

which  may  he  aa  amall  as  we  please,  and  take  f»  so  great  that  Og  +      +  +  nt 

x«  A  +  ^,  is  greater  than  if  be  roni,  or  than  the  real  part  of  0^-,  if  tpx  become 
imaginary  after  r—  A.  Let  (ph  be  finite,  for  if  (ph  be  infinite,  the  theorem  i«!  obvious.  Con- 
sequently, at  X  =  A  —  ^,  P^^i-v**'  is  positive,  being  the  sum  of  a  converging  series  of  positive 
terms:  but  at  »mh  +  ^,  P.^,«**'^  is  either  native,  or  imaginary  with  a  negadve  real  part. 
This  change*  which  begins  at  «  •  A,  ainee  we  may  suppose  f  oi  any  finite  degree  of  small* 
ncBS*  is  not  made  by  passage  of  /*,.,  through  aera.    For  if  it  were  so,  we  >hou1d  have 

(ph  m  a  ,  +  +  fl,A",  which  is  absurd  if  the  series  n  ■*.n^h+  be  convergent ;  and  equally 

so  if  it  be  diverf»ent,  for  we  may  begin  by   supptising  that  m  is  so  great  as  to  make 

+  -h  ajt  "  greater  than  (^h.    The  change  ihcn  must  be  made,  either  through  infinity,  or 

by  en  absolute  discontinuity.  In  either  case  ^f***^h  is  infinite,  for  if  it  were  finite  (since  we 
know  that  <ff*'***m  never  becomes  infinite  befinn  «  ■  A  by  the  previous  port  of  the  theorem)  we 
$hould  have        -  <p''*"{Xh)  :  2.3...(m  +  1),  where  X  <  1,  that  is,        WDuld  he  finite  and 

continuous  at  r  =  A,  and  for  some  subsequent  interval. 

Consequently,  when  all  the  cueflicients  of  development  arc  positive,  il  follows  that  be/ore 
divergency  begins,  some  differential  coefficient  of  ^  becomes  infinite,  and  for  a  real  and  posi- 
tive  value  of  ar.  This  may  mean  leAeis  divergency  begins:  that  is,  the  series  may  become 
divergent  at  the  transition  vahie  of  j;.  And  it  is  evident  that  the  coefficients  need  not  be  posi- 
tive from  the  outset:  it  is  enough  that  they  are  never  othiiwivi  nfter  ,i  finite  number  of  ternrs. 
And  hence  ultimate  permanence  of  positive  sign  in  the  ditt'ercntial  coefficients  of  (f>x,  when 
a  m  Oy  indicate*  one  of  two  things ;  cither  the  scries  is  never  divergent,  or  the  root  which 
gives  tlie  least  critical  value  is  real  and  positive. 

Next  let  us  suppose,  in  ±  a,«  A  OjX*  i  ....  that  instead  of  having  all  the  signs  positive, 
the  signs  are  varie<i,  but  in  -uc  h  n  ninnnor  tliat  there  is  ultimately  a  recui  iing  evcle  of  signs, 
/  in  number;  as  for  instance,  t  «=  6,  tile  eve]"  hrinij  ( +  4-  -  +  -  4)  (t         +  Jtc.  If 

this  cycle  l>e  permanently  established  after  a  Hnite  number  of  terms,  tiie  alterations  necessary 
to  establish  a  cycle  commencing  with     will  not  effect  the  critical  values  of       since  they 
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can  but  amount  to  the  addition  or  subtraction  of  certain  terms  of  the  form  Sa^.  Let  us 
suppose  it,  then,  established  from  the  begioDing :  that  is,  whatever  sign  the  term  io  «*  may 
have,  (lr<f)*  tbe  terms  in  s^*''^  he,  bave  the  «unc  If  these  term»  be  negative,  in  order 
to  make  them  aSl  positive,  wc  must  add  9  (aj^-i-  9^^^**+  ...)  to  Thii,  1,  X,  \%  ...  X''* 
being  the  2th  roots*  of  unity,  i* 

-^{<p»  +  X'- V  (A*)  +  (X»)'-*^  (X*»)  +  }. 

and  for  every  negative  term  which  occurs  in  the  first  I  terms,  a  similar  addition  must  be  made. 

Hence,  if  <pw  be  of  the  form     ^  a,.r    o^'   ,  with  a  cycle  of  2  in  tbe  signs,  the  aeries 

9^  +  Ot^-t-  io  which  all  the  terms  are  fKMitive,  is  of  tbe  form 

A„<pa!  +  A,(p        +  A,(()(\*ir)  +  +       ,0 (X'-'a-). 

From  this  it  follow*,  hv  the  Inst  case  of  the  theorem,  that  divergence,  if  it  ever  begin, 
begins  immediately  at  or  after  a  real  and  positive  value  of  x  which  makes  some  differential 
coefficient  of  tlie  above  in6ntte. 

One  or  more  eases,  then,  iilt<p^{\*a)  must  become  infinite  for  a  real  and  positive  value  ttt 
r,  and  the  theorem  is  proved  for  every  case  in  which  a  cycle  of  signs  is  ultimately  established, 
with  the  addition  that  if  the  cycle  of  signs  go  through  an  extent  of  I  terms, 

cos  0  +  sin  0 .     -  1 
must  be  an  hh  root  of  iitiitv  in  the  inticnl  value  which  gives  the  least  modulus. 

Lastly,  &up[)0!i«  tliat  no  cycle  of  signs  is  ever  established.    Let  fje  be  tbe  series  of  positive 

terms  aa+  a^x+  ,  and  let  Fit  be  the  aeries  wbidi  has  cydes  of  stgo^  wfib  I  in  each  cycle, 

and  each  cyde  agredng  irith  the  fint  t  terms  of  A  process  similar  to  tbe  one  already 
used  will  give 

F»  -        +  J,/(X«)  +  ^/(X'«)  +  +  J,.,/(X'-»dr). 

and  tbe  greater  I  is  taken,  tbe  more  nearly  will  F*  represent  ^«  through  tbe  whole  period  of 

convergency,  and,  consequently,  for  all  values  of  x,  unless  we  suppose  <px  discontinuous. 
Many  terms  may  disappear  by  the  vanishing,'  of  their  coefficients;  and,  in  particular,  the  cases 
in  which  J,  ■  0  *>U  be  very  frequent.  If /'"'A  -  co  ,  we  shall  always  have  /'"'(X'*^)  ■=« 
when  m  >  AX"',  and  thence  F*  (AX~*)  »eo  .  And  if  •«(»  oannot  be  trne  for  any  modulns 
<^  « less  than  kt  then  odtber  can  F^te  -  co  for  any  modulus  less  than  k.  Up  to  tbe  limit  then, 
and  at  the  limit,  when  I  is  infinite,  and  Fai  -  <pg,  the  theorem  is  true,  the  directing  angle  bdng 
possibly  incommensurable  with  Sir  when  the  case  gives  an  infinite  value  of  c. 

It  is  thus  proved  that  divergence  cannot  begin  before  the  lowest  critical  modulus  of  ^>r;  it 
has  been  proved  that  convergence  cannot  last  beyond  that  value:  and  these  two  assertions 
contain  the  whole  theorem. 

When  the  series  is  al  ways  divo-gent,  wt-  inigbt  at  first  suppose  it  indicated  that  ^  or 
some  differential  coeffident  beoomca  infinite  when  ar  *  0;  that  is,  we  might  soppote  it  proved 


•  Thb  «s|ht  to     cdlcd  Omfim't  Tlmnm,  It  *ss  TliamSinpNB  in  th*  PfcUsiBphkri  TtwamcOmm,  » 

twdNwNinlNrlM7M. 
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that  Maclaurin's  theorem  can  never  yield  an  always  diver<(ent  development  with  6nite  coeffi- 
cients.   And,  so  far  as  functions  of  finite  form  ar«  concerned,  this  is  true. 

So  far  as  u  known,  those  functions  of  a  which  jieUl  development*  of  pemMneDt  divergency 
cm  be  nothing  bat  divergents  of  another  fono,  fbr  inBtance,  definite  integnla  the  autgecta  of 
whkh  become  infinite  between  the  limita.    Aa  an  exaDople,  let 

/-  •  e''dt 

ifntwt  j   ^1  4.94>S«*4-«.S.a*-(-S.S.4dr*-f... 

Here,  x  having  any  positive  value,  however  small,  ^  is  an  integral  the  subject  of  which 
becomes  infinite  when  tmx'K  Those  who  would  contend  that  this  definite  integral  alwajrs 
repreaenta  infinitjf  when  «  haa  a  pontive  value  will  aee  a  confirmation  of  their  theorem :  thoae 
who  auapend  their  opinion  on  this  point  moat  wait  for  other  representation  of  ^p»  before  they 

aee  either  confirmation  or  refutation. 

Should  the  preceding  demonstrntinn  he  held  «o»ind,  it  is  clear  that  it  may  he,  with 
advantage,  introduced  into  elementary  instruction.  As  an  instance  of  its  cft'cttivc  lur,  take 
^  1)-*.    We  see  beforehand  that  the  development  will  be  convergent  up  to 

ar  •  Sir,  aa  ia  otherwiie  known.  If  tay  nemoty  be  oorreet,  I  have  seen  it  stated  that  this 
dflVdopncnt  is  always  divergent. 

It  is  eqimlly  ohvious  that  (l  +  «')"'  is  convergent  only  up  to  jr  = 

Among  remarkable  consequences  wc  Hnd  that  the  product  of  a  number  of  sttirs  i>  con- 
vdgent  only  so  long  as  Utey  are  all  convergent.  But  if  a  division  by  a  series,  he 
introduoed,  then  ^  ■     4>'»  -  n ,        -*  « ,  &c  are  introduced  among  the  eompeHng 

equations. 

When  <p.v  is  a  rational  fraction,  ;i  verification  may  be  procured  with  ease,  if  the  lea»t 
modulus  belong  to  a  real  root.    Let  0.r  =  (i  -  ujr)~'  (1  -  /Sir)'',  whence  we  find 

a.  -  a-  +  a'-'/8  +  ...  +/3', 

By  a  well  known  thcorLm,  the  scries  is  convergent  up  to  .v  =  the  limit  of  a._,  :  if  this 
fraction  finally  tend  to  a  limit.  Now  when  a  and  fi  aie  real,  a,  ,  :  r/,  does  tend  to  a  finite 
limit,  hut  which  cannot  be  deterininatcly  expressed ;  it  is  a~'  or  fi  ,  whkhcver  is  nnmc- 
lically  the  leas  of  the  two^  or  has  the  lesser  modulus.  This  agrees  with  the  theorem.  But 
when  a'*  and       are  ol  tha  form 

r  (ooctf  *  aind.  v^-  l),  then  «._,  :  a.  or  (oT         :  (a*^'  •  fi'*^)  becomes 

mnB  IT  8in(n+         or  r'**(cos0  4  tan «0 . sin 

Tlie  ordinary  theorem  here  fails,  because  there  is  no  definite  limit ;  the  theorem  in  this  paper 
settles  the  point.  If,  aa  I  believe,  tan  x  =  ^  i  be  a  true  result,  the  limit  of  <i._i  :  a, 
is  the  $amc  in  form  when  o  and  /3  are  imaginary  as  when  they  are  real,  namely,  a~'  or  fi~\ 

iDdeterniinately. 

M.  Canchy''s  form  of  the  theorem,  though  imperfect  in  tlie  statement  of  the  conditions, 
does  not  affiect  the  validity  of  his  application  to  Lagrange^s  tlieorem.  If  y  >  «  +  we 
have 

1  -  J-c^y 
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If  <ptf  and  y^y  and  their  derived   functions  cootiDue  finite,  the  development  of 
continues  conTergent  »  long  at  i  -  jp^'y  does  not  vaniah,  but  becomti  divergent  for  all 
ralues  of  «  greater  than  the  firat  wbicb         1  -  a^'y  •  0,    Now  the  devclo|Wieot  wta 

out  with  V  =  z  when  ,v  =  o,  and  consequently  representa  the  value  of  calculated  by 
means  of  that  root  of  )/  =  z-^-.Tipfj  wliicii  l)icom<*s  jr  when  ,r  =  0.  When  1  —  .rt^'t/ «  0, 
two  roots  become  equal,  one  of  them  being  the  value  of  y  hitherto  used.  Hence  the  con- 
vergency  of  the  series  does  not  cease  until  another  root,  us,  it  were,  meets  that  particular 
root  which  is  «  when  «  >  0.  When  ^  i»  a  functioa  which  can  only  become  infinite  when 
p  it  infinite,  the  root  selected  by  the  series,  while  convergent,  is  the  least  of  all  the  real 
Foots  of  its  kind,  positive  or  negative.  For  when  r  is  very  small,  the  only  way  in  which 
»/  =  jB  +  •T(Py  can  pvc  a  vahie  of  y  sensibly  different  from  z  is  hy  <pt/  being  very  great, 
that  is,  by  y  hciug  very  great.  Here,  then,  the  root  selected  is  the  least  of  all  tlie  roots, 
and  since  convergency  cannot  oease  until  another  root  meets  it,  and  linoe  also  the  other 
roots  b^n  with  infinite  values,  -it  follows  that  it  continues  to  be  the  least  root  daring 
the  whole  convergency.    ^April  29,  1854]. 

The  followiiifj  i.-i  a  metliod  of  o-itabli>hing  and  cKti'iulin;;  I-aj^range's  theorem.  When  I 
say  there  is  an  extenMun,  I  mean  in  the  sense  in  which  the  development  of  <f)  (.r,  y,  k)  in 
powers  of  x,  y,  «,  is  an  extension  of  Madaurin's  theorem.  Undoubtedly  0  (xc,  yv,  zv) 
developed  in  powers  of  v,  making  v  ■>  1  after  the  process,  is  a  ease  of  one  variable  only :  and 
in  like  manner  any  result  of  the  following  method  may  be  seen  from  the  usual  form  of 
Laplace's  extension  (if  in  this  paragraph  I  may  call  it  nn  extension)  of  Lagrange^s  theorem. 

Let  all  the  capital  letters  iHcd  be  ftinction'^  of  it  :  and  let  it  be  suili  .i  function  of 
t^>  •^i  ^1  Hf  -  will  be  constant  only  under  a  linear  reintion  between  these  variable^.  That 
is,  let 

,         wW  *  mX fY  +  aZ  *  -O. 

A  term  dependent  only  on  w  is  meretj  a  term  with  an  unused  variable  vhich  at  last 

becomes  unity. 

From  the  above  we  cai;ily  obtain 

I  du      1  du      I  du  d  f  y^^^\      ^  ( y 

in  which  for  ti  may  be  written  any  fuhetioB  of  «•  Hence,  in  any  diflcrvntid  coeAciant  of 
VidU :  d»)  the  Independent  variable  of  one  operatioo  may  be  changed  into  any  other  inde^ 

pendent  variable,  provided  that  V  be  multiplied  by  the  coefficient  (in  IVw  +  ...  HO)ofthe 
extruded  variable,  and  divided  hy  the  cocfTicient  of  tlie  inlnidcd  variable.  For 


If,  after  difiereotiation,  w  »  O,  .v  a  o,  y  >  0,  these  suppositions  may  be  made  on  the 
second  side  before  differentiation;  that  is,  u  may  be  obtained  from  zZ  +  ...  s  0,  for  sub- 
stitution in  (7,  F,  W,  Uc 
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If  we  develope  U  in  powers  of  w,  or,  y,  we  have  for  the  coefficient  of  to^.T'yf :  (l .  2...m) 
(1. S...»)  (l . 9...p)  the  Tsltte  (to    0,  »  =  o,  y  ^  0)  of 

«,  10  the  k»t,  being  derived  frooi  irZ  +  ...  «  O.  Tht*  reeidud  equatioD  ought  to  he  of  fioite 
■oltttioD,  though  caeet  might  poadhlj  ariie  in  whieh  it  would  be  desirabk  to  opplj  the  whole 

theorem  to  the  residual  equaftioo  itaelf»  and  to  obtain  a  ralBdent  number  of  eawa  of  W*  

ijiU-dz)  ix|)(iiii!i>(l  in  powers  of  r. 

The  following  is  a  real  extension.     Let  u  b«  defined  by  the  equation 

/*(«,  tcW -^mX «',ir,  +  .TjA',  +        «>,IK,  +  .r,A's  )  •  0. 

The  Rrst  theorem*  in  (!),  with  tlie  rule  of  intrusion  and  extrusion,  remain  true  for 
all  variables  which  art'  in  the  same  set  :  the  second  l!itx>remB  for  all  variables  whatsoever. 
Hanoe  U  may  be  ex(>andc'd,  Atom  a  residual  equation,  in  powers  of  any  of  the  variableB. 
For  example^  auppoae 

The  general  term  of  the  development  of       baa  for  the  eoeCBcieat  of  ^if^-^ilt 
ht.  either 

in  which  u=  F{Vyyyz).  The  extension  given  by  Laplace  (Berlin  Memoirs,  1777,  p.  llC; 
Lacroix,  Vol.  I.  p.  282),  which  exhibits  the  case  of  e.\pan!>ion  of  a  function  of  u,  ci,  &cc., 
where  « •>  F{«  •¥  XIQ^  «  -  <7  (y  Y^)t  &c.,  in  which  Ac.  are  fuiict{on»  of  e,  &e., 
may  be  both  Amplified  and  extended  by  the  above  mode  of  treatment. 

A.  DE  MORGAN. 

Dtumibtt  20,  1864. 
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CllndiirOT.13,  I8S4.3 

I  HAVK  hc<»n  indticed  to  offer  the  present  paper  to  the  Society,  because  it  describes  the 
occurrence  of  the  interesting  (osaX  remains  of  ioscctft,  which  it  was  good  fortune  to 
diainter,  and  which  now  form  a  portion  of  our  noble  Woodwardina  Gutkction. 

The  occurrence  of  the  reoaiaa  of  inaecto  in  ihe  Donetshire  Purbecka  was  fint  obaerved 
in  1851,  by  my  friend  the  Rev,  J.  H.  Austen,  of  Jesus  Colligc,  who  was  then  raiiding  at 
I,anfrtc>n,  near  $«;in;im'.  IIi-  was  led  lo  search  for  them  in  DurlsioiiL-  hiiy  in  consequence 
of  liaving  read  Mr  Brudie's  work  on  fusbii  insects.  Specimens  were  subsequently  obtained 
by  the  members  of  the  Geological  Survey,  who  were  engaged  at  that  time  upon  ooe  of  tiie 
Dor§etthtrie  abeeta  of  thdr  uapa.  In  the  apring  of  18£8,  while  on  a  viait  to  "iSx  Auaten»  I 
cdlected  any  first  aet  of  specimena,  and  I  afterwards  obtained  fossil  insects  from  other 
lornlitii's  wh.r>-  the  Purbicks  appear  in  the  neighbourhood  of  Weymouth*  diatant  about 
twenty    mik-  fnjni  Diif!str»nc  bay*. 

I  believe  it  lo  be  now  the  general  opinion  that  the  i*urbeck  beds  are  an  estuary  deposit 
belonging  to  the  Oolittc  ayatem ;  and  thia  opinion  appear*  to  me  to  be  borne  out  by  tbdr 
alwaya,  aa  &r  aa  I  know,  accompanying  the  Portland  beds;  for  wherever  the  latter  occur 
they  are  found  capped  with  the  freshwater  and  estuary  limestones  and  clays  of  the  Purbeck 
series.  This  is  thf  case  in  Wiltshire  and  Rtickinrflifinishiro  as  well  .is  in  Dr)rsetshire.  Tlserc 
is  also  a  resemblance  in  litholugical  coni{>usition  between  the  Portland  imls  and  the  lower 
portion  of  the  Purbecks,  and  both  have  a  peculiar  bituminous  smell  when  rubbed  or  struck. 
Tbdr  junction  atao  in  Doraetabire  i«  often  lo  intimate  that  the  aame  block  of  atone,  aa  it 
comes  out  of  the  quarry,  containt  the  marina  fouila  of  the  Portland  series  in  tta  mass,  and 
aboutfour  intlu  s  <if  fii  >lnvatiT  !iim>ston<»  on  its  tipper  face  full  of  Cyprides  and  Cyclas. 

The  immediate  suj)LTposition  of  the  sands  and  clay^  of  the  Hustings  series  on  the  Piirbeck 
is  a  very  remarkable  fact,  shewing  that  the  same  area  which  formed  the  embouchure  of  the 
Purbeck  river  performed  atill  the  aame  office  for  the  itartinga  river.  But  the  entirely  different 
character  of  the  depoait  ihews  at  leait  that  the  aoil  of  the  oountry  drained  by  the  tatter  waa 
difiercnt  from  that  which  supplied  the  former ;  and  it  ia  evident  alao  that  in  the  diatrict  under 
consideration  the  motion  of  the  water  of  the  Hastinp<>  river  was  much  more  rnpid,  from  the 
abundance  of  6and,  coarse  quartz,  and  gravel,  with  some  pebbles  as  large  as  a  pigeoo^s  egg  io 
the  heavier  drifka. 


•  The  aMdBMw  wm  vOm^i. 
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I  am  not  however  inclineil  to  consiiler  the  Purbecks  as  a  portion  of  the  Wealdcn  scries, 
though  ill  iiiiiiieiiiate  sequence  ;  and  I  am  strengthened  in  this  view  by  the  fuct  of  never 
having  aeeo  any  of  the  bones  of  the  gigantic  Sauriane  of  the  WeaM  ttom  any  part  of  the 
Pnrheefc  bed**. 

ft  it  evident  that  in  the  Dorsetlhire  di»trict  both  the  Purbecks  and  the  Wealden  beds  are 
quite  unconformable  to  the  Cretaceous  svstcin,  which  not  only  overlaps  them  rjradiially,  as  it 
does  all  the  Oolites  in  its  extension  westward,  but  also  covers  thein  very  suddenly  at  some 
•pota.  At  Osoiington  Mills,  near  Weymouth,  we  have  witliin  less  than  a  square  mile  the 
upper  Green  sand  in  contact,  1st,  with  the  Hastings  sand,  Sdly,  with  the  Purbecks,  Sdlj, 
»itli  the  Kimmeridge  clay.  And  at  Whito  Xoso  riifl'  this  very  instructive  section  is  exposed, 
and  with  a  telescope  may  be  observed  from  Weymouth. 

(a)  Chalk. 

(6)    Green  sand.  ^  ^ "T 

(c)  Gait. 

(d)  Purbeck. 

(e)  Portland  stone. 

(f)  Portland  sand, 
(jr)   Kimmeridge  clay. 

'I'hc-  late  Dr  Mantcll  states  in  his  Wonders  of  (iculoiry,  that  he  has  never  been  able  to 
obtain  pebbles  of  any  but  the  siiialk^st  size  from  the  Wialden  strata  of  Sussex.  I  can  affirm 
the  same  with  respect  to  the  Isle  of  Wight,  and  in  Swanage  bay  there  is  very  little  that  can  be 
called  coarse  drift,  but  more  than- in  the  Island.  When,  however,  we  reach  Worbarrow  bay, 
a  few  miles  westward,  there  is  much  coarse  drift,  sometimes  assuming  even  the  character  of  a 
fine  conglomerate,  and  at  Lulworth  I  have  fimnd  pebbles  as  large  as  a  pigeon*s  egg,  with  coaiae 
grains  of  mica.  The  same  coarse  character  of  the  detritus  may  be  remarked  at  Bidgway-hill ; 
and  it  is  curious  to  observe  how  suddenly  the  coarse  drift  is  frequently  superimposed  upon 
a  line  cluy  or  i>and,  and  then  gradually  dimini.shes  in  coarseness  until  it  passes  again  into  a  fine 
sand  t  thus  rdating  as  phiinly  as  if  it  were  written  the  sudden  swelling  of  the  ancient  torrent, 
and  its  then  gradually  subsiduig  into  its  normal  state.  The  larger  grains  consist  of  quarts, 
and  the  pebbles  when  not  of  (juartz  seem  always  referable  to  crvstalline  rocks.  There  is 
also  much  micaf.  Yet  the  abunrlance  of  iron  has  sometimes  led  me  to  speculate  upon  the 
new  red  sandstone  of  Devonshire  as  the  most  suitable  deposit  to  have  furnished  the  requisite 
materials;  for  that  deposit  abounds  in  layers  of  waterworn  pebbles  from  the  older  rocks. 

The  difierenoe  thus  obeervaUe  beMveen  the  state  of  the  detritus  in  the  Hastings  sands 
of  Susses,  Hants,  and  Dorset,  seems  to  lead  to  the  conclusion,  that  the  stream  flowed  from 

the  west  towards  the  east.  This  suj)position  is  also  favoured  by  the  rapid  increase  of 
thickness  in  the  deposit  as  we  proceed  eastward.    In  the  Isle  of  Wight,  the  lowest  beds 


tttkuftt  bowmri  tiM  ^llisla  Mian  could  BM  Mng  l  the  undH  at    Bnurnmouth    derivnJ   from  the  lower  Bag. 

I  »hoti  with  tbote  mt  lihxton  or  SwMuige  fram  the  Uutiagt 
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whicli  ajijiLar  at  IJrixton  hay  arc  some  beds  of  whitt?  sandstone,  the  apparent  equivalents 
of  which  are  not  ituif  way  down  the  Swanage  section,  while  the  impression  conveyed  to 
the  mind  is,  that  the  beds  exposed  ba  the  former  locality  are  nearly  as  thick  aa  the  whole 
Swaaage  aeriea.  At  Worbarrov  b^  the  thickneaa  i»  much  lew  thao  it  is  at  Swanage; 
and  again  on  the  west  side  of  Worbarruw  less  than  on  the  east.  The  diminution  is  very 
striking  as  wc  pmn  on  tn  I.ulworth  Cove.  At  Kidpw;i\ -hill  the  fault  cuts  off  the  upper 
portion,  but  the  part  that  is  left  (about  feet)  does  not  militate  against  the  truth  of 
this  assertion*. 

It  must  be  owned,  iMwcrcr,  that  the  uncoaformable  superposition  of  the  uj^r 
green  sand  :nul  i;a!t,  vhich  form  the  superior  liniit  of  the  Hastin<;s  sand,  somewhat  lessens 

the  strenjrth  of  the  argument  drawn  from  tiu-  change  in  tini^kness.  The  diiMippenrance 
of  the  mnrine  bands  in  the  iipp  r  jijui  of  tfic  series  vhich  occur  in  the  Island,  and  at 
Punlieid  in  Swanage  bay,  is  in  :ictorJaiiee  with  either  suppoidtiou,  that  we  are  receding 
from  the  andent  sea,  or  that  the  upper  beds  have  been  cut  olF  as  we  proceed  westward 

I  am  not  able  to  give  any  information  respecting  the  part  at  the  series  in  which  the 
Igvanodon's  bones  have  been  found  at  any  of  the  localities  I  liave  mentioned  except 
KIdgway.  T-Jiere  they  oreurreil  rntlur  abiiinlantly  in  a  stiff  grey  clay  near  the  base  of 
the  series,  just  above  the  passage  beds  which  connect  these  sands  and  clays  with  the 
upper  Fuibecks. 

With  these  few  remarks  upon  the  Hastiags  sands  as  seen  in  Dorsetshire,  I  wilt  now  pro- 
ceed to  dcficrilie  the  Purbeck  bc<Js. 

The  localities  to  which  I  shall  refer  arc  Diirl-tonc  bay,  close  to  the  town  of  Swnnnge ; 
Worbarrow  forming  the  Eastern  headlimd  of  tlie  bay  of  that  name,  ten  miles  westward  ;  Mupes 
bay  and  Bacon  hole,  at  the  west  of  the  same  bay,  a  mile  and  a  half  across ;  Lulworth  Cove, 
a  mile  further,  with  Ridgway  and  Upwey  ten  miles  still  further  to  the  west.  Heooe  in  the 
whole  district  we  indude  a  range  of  about  three  and  twenty  miles.  As  might  be  expected, 
the  lithological  character  of  the  deposit  varies  considerably  within  ilu  >t  limits.  The  grandest 
development  is  tindoulitodiv  that  of  Durbtinu'  hav.  At  Worharros".  tiie  develfipmint  still 
resembles  that  at  Durlstone  bay,  but  in  crossing  to  liacon  hole  the  deterioration  of  tlit;  series 
is  very  perceptible,  and  the  development  on  the  whole  is  not  greater  thao  that  at  Uidgway — 
the  other  extremity  of  our  diattici. 

Pn)fos.sor  £.  Forbes  has  divided  the  Purbeck  series  into  upper,-  middle,  and  lower,  and 
has  found  that  these  several  divisions  are  "each  tTinrl<e(l  by  a  pwuliar  assemblage  of  orcranir 
remains  | ."  Following  his  division,  we  shall  find  that  the  upper  and  middle  divisions  are 
most  largely  developed  at  Durlstone  bay,  while  the  lower  (at  least  towarda  the  bottom  of  it) 
is  moat  developed  at  Ridgway,  and  to  a  casual  observer  it  is  striking  that  all  the  stone-quar- 
ries at  Swanage  are  in  the  middle  Purbecks  (except  the  marble  in  the  upper),  while  at  Ridgway 


*  VnlMMCurboOistSwMU^utd  Riilg  in  Mmeltsrd,  i  Mmfl-pStati  the  9Mt  at  Jane,  MSS.  Ths  Rilt  fiilhnrinz  Utc 
coaglmniiMlr-loDkinf;  band>.  |  cli^.lk  ..-la  urMn  Miid  1,  vertical,  while  ihc  IIutia,BS  aSDds  Hp 

■f  At  Punfickl  ttiere  U  undoubtniljr  a  fault  wpanting  the  I  at  a  Uinh  angle  towarda  th«  north, 
ash  Ann  the  UiniiiKs  MBd.  I  hw  it  dlidnetl^  to  •  soiall  [  4cSciiiakAt>DeiMloiiK«pms,iaNkpk|li, 


Digitizea  by  LiOOgle 


5.58 


Mb  riSHI  R,  on  the  PL'RBECK  STRATA  OF  DORSHTSHIRE. 


all  tliL"  ()iiarrie>  are  in  tlie  lower.  Thi'  f^rrnt  mass  of  the  «tone-bcds  tltir  to  aiiiiiuil  secretion, 
so  that,  somewhat  jjuradoxicnlly,  we  sIkhiM  iiavc  the  greater  depo-^it  wiure  tin  water  was  clearer, 
and  vice  ver^;  and  this  accounts  for  the  upper  portion  of  tiie  iower  Purbecks,  contrary  to  the 
g«iwnil  condition  of  that  part  of  the  Mriei>bdnj;  more  developed  at  Durlatone,  becauae  at  both 
Durlatooe  and  Hidgvay  theee  Veds  (whidi  are  in  fact  the  insect  beda)  are  a  eedinentarj  depodt 
from  water  turlnd  with  mlcnreous  mud.    In  other  words,  where  the  shelly  and  cypris  beds 

are  thinner  there  the  sedimentary  will  be  thicker. 

It  is  diflicuU  tu  obtain  a  clear  notion  of  the  thickness  of  the  upper  division  at  Swavage, 
on  aeeouDt  of  the  very  disturbed  poaitioo  of  that  portion  of  tiie  series,  and  the  want  of  a 
deep  section «  but  the  general  impression  conveyed  to  the  mind  is  that  of  a  aeries  of  bands  of 
clay  and  stone,  about  30  feet  thick,  with  very  littli  san<l  or  drift,  the  clajTS  being  chained 
with  cypii'*  ^ll:lles,  aiul  the  stone  hauil*  with  Unios  and  I'alndinas.  Mr  Austen  h.is  given  a 
detac  hed  set  tion  of  them  at  page  9  of  his  tract*,  including  about  eii^lit  feet,  hut  not  joinint^ 
on  to  any  general  section.  This  liowever  is  evident — that  they  are  far  less  sandy,  and 
contain  far  leas  drift,  than  the  same  beds  at  Bidgway.  Htm  too  there  is  a  thick  band 
of  Palodina  raarUe.  At  Bidgway  it  is  very  inadequately  rather  hinted  at  than  lepresanted, 
while  the  shells  are  individually  very  small,  the  sandy  bottom  not  having  suited  them  so  well. 
At  Mn|i(s  hay  iHis  jinit  of  the  scries  bears  a  clo<^>  resemblance  to  its  development  at 
Durlstonc,  but  is  not  so  thick.  The  marble  b«ds  are  also  thiuuer.  There  it,  howerer,  a 
greMter  variety  of  species  of  Cypris  here  than  at  Dnrlstone  bay. 

At  Ridgway  these  upper  beds  are  on  the  whole  much  oowaer  and  more  sandy  in  their 
texture,  and  contain  a  laiger  proportion  of  the  spoils  of  the  land,  in  the  shape  of  lignite 
and  plants,  !tc.  There  arc,  however,  a  few  beds  of  fine-grained  marls,  ami  some  clays 
with  Cypridcs,  but  on  the  whole  there  is  evidence  of  a  greater  transjiortiiig  j>ower  in  the 
water  than  in  the  more  eastern  locuHties  of  our  district;  aud  iA&n  (what  is  generally 
observable  at  Ridgway)  of  a  more  variable  and  frequently  changing  condition  of  it.  The 
best  specimens  of  Unios  have  been  obtained  from  this  locality.  I  have  not  been  able  to 
obtain  any  insect  remains  from  the  Upper  Purbecks. 

The  middle  divt<inin  of  the  Ptirbccks  is  verv  different  in  its  litholonn'cal  character  from  that 
which  we  have  just  cun^itk  rcd.  The  ordinary  condition  of  its  limestone  beds  is  that  of  a  congeries 
of  bivalve  shslk  (the  paving  of  Neville's  Court  at  Trinity  College^  and  of  the  Hall  of  Pembroke 
College  is  from  these  beds);  and  they  shew  several  alternations  of  fresh,  brackiih,  and  salt>water 
types.  Comparing  these  beds  at  the  same  three  localities  at  which  we  have  before  conipared 
the  upper  division-  -at  Durlstone  the  niidtlle  l)td<  attain  the  greatest  thickness,  niid  these 
form  the  most  important  division  of  the  whole  I'urbeek  >eiies.  In  them  are  situated  tlie 
extensive  quarries  for  which  the  so-called  Island  luis  long  been  famous;  and  though  the 
chief  supply  of  paving  for  the  London  market  has  now  fallen  into  the  hands  of  Yorkshire 
irtone-merchants,  large  quantities  of  this  stone  are  still  raised  for  the  supply  of  Portsmouth 
and  other  places  in  the  south.    The  iirst  bed  of  stone  is  that  to  which  Professor  Forbes 
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luu  given  the  name  of  the  "  broken  shell  limestooe.^  It  is  coiupu!>«d  of  shells  of  a  species 
of  Cyrena,  and  tMon  •  tindoMM  in  Dwrlctoiie  twy  of  bo  bw  Aan  mut  feet  Nszt  km- 
eeeds  a  tenet  of  eboiit  tweoty-fiTe  feet  of  abalee  md  dtyi,  with  Ujren  ot  erathed  Uvdve 

shells  and  cyprides.  Amung  tliesc  beds  occur  bands  of  fibroul  ciriiaoate  of  lime,  called 
locally  " beef "  and  "horseflesh."  The  crystnl  this  mineral  are  usuallv  found  shooting 
upwards  from  a  band  uf  perished  bivalves,  and  appear  due  to  a  change  in  the  condition 
of  the  shells  on  which  they  rest.  The  connexion  of  these  bands  of  "  beef  "  with  deposits 
of  biTalTe  thell*  it  moet  ttrikingly  teen  in  the  neighbourhood  of  Otniiigtoii. 

lilezt  «n  eome  upon  a.  mass  of  strata  containing  bandt  of  Mppumilj  narine  oii|^ 
interstratified  amidst  others  still  denoting  the  prevalence  of  a  brackish  condition  of  the 
estuary  •water?.  Thpw  marine  bands  abound  in  a  species  of  Corbiila,  with  at  least  three 
species  of  Melania  (or  perhaps  rather  Ceritheum),  a  Protocardium,  &c.  These  "Corbula 
hodt"  attain  the  thiekneta  of  ahout  eight  feet. 

We  now  deaoend  npoo  a  portion  of  the  dcpoiit  decidedly  marine,  at  tlie  diange  in  tlie 
very  apptavaUiO*  of  the  rocks  at  once  leads  the  observer  to  MitpeCt.  Tile  stone  becomes 
earthv,  coarser,  and  more  nibl)ly  in  its  texture,  atid  tlie  shells  arc  Peetens,  Ovster'-,  rurdiuro, 
Perna,  Modiola*,  &c. ;  and  it  is  amongst  these  that  (itul  a  marly  limestone,  sometimes  blue 
and  sometimes  olive  brown,  the  firtt  band  containing  inaect  remains, — a  remarkable  fact,  as, 
d  pnari^  I  do  not  think  we  thonld  have  aought  for  tbeie  fragile  and  ttrrettrial  ftmt,  where 
both  marine  and  fluviatile  bcdt  exist,  by  preference  amongst  the  former.  Yet  it  is  singular 
that  hitherto  all  the  chief  intect  Umeitoaet  of  the  PnilwdM  have  been  found  in  the  marine 

parts  of  the  series. 

The  rocks  of  this  part  of  the  series  are  many  of  them  ot  a  dark  greenish  hue ;  others 
brown ;  and  towarilt  the  bottom  of  then  Corbula  hands  again  ooeuTt  at  w«  approach  the  frctfa> 
water  beda  beneath.  One  of  theee  often  eziubitt  ttabe,  covered  with  a  fine  Palndina,  to 
striking  in  appearance  as  to  arrest  the  attention  of  the  qoarrymen.  Tlie  total  thiekneit  of 
these  "  Pccten  beds"  is  •Oumt  forty  feet. 

A  very  important  division  of  the  middle  Purbecks  is  the  next  in  descending  order.  It  it 
that  frmn  whidi  aU  die  beet  ttone  it  quarried,  and  in  which  the  abundant  and  interesting  fish 
and  turtle  remaine  are  chiefly  obtained.  Tim  Macrorynchui  alao  occnia  in  this  lioriaonf .  TJie 
Umestoncs  and  shales  of  this  portion  are  diiefly  of  freth water  origin,  and  many  of  the  bedt 
are  formed  of  the  shells  of  Cyclas.  Traces,  however,  of  an  influx  of  estuary  waters  are  seen 
in  the  lowest  bed  but  one,  in  the  occurrence  of  Cerithea-,  OstrcJT,  &c. ;  but  the  subdivision  ends 
with  a  purely  freshwater  deposit  called  the  Downs  vein,  and  composed  of  Cyclades.  This  is 
the  vdn  from  which  moat  of  the  fith  are  obtained.  Thete  bedi^  in  all  about  fiirty-four  feet. 
Kit  upon  a  band  of  ahale,  covered  with  the  Cypris  fiudcokta,  and  full  of  Cydbit  on  tlie 
under  side. 

The  Archieonitcttt,  which  for  many  months  eluded  all  observation  at  Durlstone  bay,  wa* 


*  I  aminfiinnd  bf  MrBriMo*  liiM  thcM  muiiit  ahdbof  ■  f  AmyflDceoUsctionaf  ibeMfbuiUiiintlitMaMnBat 
ih«iiiiM4leP<ntachsBN«r4tcMsdlf  0«ltlie9psh  j  DwAiUiT.  ft  testily  1»elm«Ml  to  Mr  Wilc«arSwsaig«, 
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eventually  fouDd  in  a  band  of  shale.  No.  59  of  Mr  Autteu's  section,  in  the  brackish  portion 
of  these  Turtle  beds. 

We  now  hwre  ariivcd  at  one  of  tbe  mott  Btiiltlag  depoMto  Mnang  dww  •lntaftlM  oyttMr 
hcd—callcd  locally  tbe  Citader/'  At  Durlstone  bay  it  is  ei  mueKai  twelve  feet  Aick,  end 
consiBte  of  three  portions,  in  the  upper  nf  which  arc  scarcely  any  shells,  except  the  Ostrea 
distorta;  in  the  middle  portion  is  a  band  not  above  a  foot  thick,  which  contains  tlie 
Uemiddaris  Furbeckensis  and  its  opines,  with  Serpulse  mingled  with  the  oysters.  The  lower 
poirtkni  aflbrdi  another  epedee  of  oyster,  broader  than  the  O.  dietovta,  and  a  Cardiuoa.  Tbe 
Cinder  it  a  rock  viueh,  although  it  eranblet  in  the  weather,  nevertlielen,  fion  its  great 
tilickneae  and  tlie  enormous  masses  of  its  blocks,  has  had  more  effect  upon  the  contour  of  the 
country  than  any  other  of  the  bed*  of  the  Furbeoka,  and  may  often  be  iound  crowning  the 
escarpments  of  the  hills. 

Leaving  the  Cinder  bed  we  deeoead  to  beda  which  are  again  of  freshwater  origin,  and  are 
fithokigicaUy  dwcacteriaed  by  the  preoAee  of  much  ailiea,  which  forma  occaeionally  thick  beds 
of  dtert.  There  it  alto  much  regetable  matter,  mixed  with  muddy  deposit,  full  of  broken 
shells,  forming  what  may  be  termed  dirt  beds,  tliese  being  iutcrstratified  with  Cypris-shak-s  and 
indurated  marls.  The  shells  of  this  portion  of  the  scries  are  Cyclas,  Physa  Uristowii 
(FtM-bea),  Plaoorbis,  Valvata,  Neritina,  Mi^iania  <Jhilioa;  but  they  are  not  found  so  well 
pteacrved  at  DurlatoDe  bay  at  at  EingMon  in  Purbeek,  at  Oantington,  and  Ridgway.  Sterna 
and  eetd-Teaadt  of  the  Chara  ^dto  abound  at  the  latter  loealitiea.  The  thickneet  of  theee 
middle  beds  i»  about  thirty  feet*. 

As  we  proowd  westward  from  Durlstone  hay  tlie  "  middle  Furbecks"  lose  their  pre- 
eminence in  the  system.  At  Worbarrow  they  retain  something  of  it,  but  at  Lulworth  they 
are  much  dimiDiabed  in  thickness,  and  atill  more  so  at  Osmington  and  Ridgway.  They  are 
not  of  auffident  importanoe  at  cither  ct  theee  plaeae  to  fae  generally  quarried,  diou^  at 
Oemington  the  broken-shell-limestone,  on  account  of  its  durability,  is  sometimet  uted  §ot  iaaadm- 
tions.  The  Cvrena;  in  tlu's  bed  are  often  in  a  much  hotter  state  of  preservation  there  than 
they  are  ever  found  at  Swanage  ;  and  at  Upwey,  close  to  liidgway,  very  good  specimens  may 
fae  obtained.  The  Archavniscus  has  never  been  found  in  the  middle  Furbecks  in  the  Oorset- 
ebire  district  anywhere  but  at  Swaoage;  but  I  am  persuaded  that  the  chief  dcpont  of  theae 
cruttaoeant  in  the  Vale  ti  Wardour,  at  well  as  of  the  insects  figured  in  Mr  Brodie's  oFonil 
Inaeetl,"  are  from  these  estuary  beds  of  the  middle  Furbecks  f. 

The  marine  bands  formin<^  the  "  Fecten  beds"  at  Ridgway-hill  consist  of  a  scries  of  sandy 
beds,  composed  of  the  casts  of  Mytilus  Spatula,  Thracia  Fisheri  (Forbes),  Modiola  Fittoniana, 
Fcrna,  Fecten,  Avicula  Dorsetensis  (Forbes),  8ic. ;  and  towards  the  bottom  two  feet  of  rippl»> 
marked  landatone,  ^tting  into  slaho,  and  lued  for  fencing  and  rough  paving.    Tbe  ri]q>le 


*  It  i.i  ^;iiim).:M  -.licM  dirt  bcdi,  No.  9S  of  Mr  Auden'H  Sec- 
lion,  (hat  Mr  W.  Brodie  ha*  found  tht  Mucllodu*  Brodcii, 
and  that  iDtereating  mammalian  fonil  the  Spalacotherium 
Tficii*|ii4ciM,  dcfoibed  hy  Pnltmna  Qwen  in  tfw  OeologiMl 
Umul  te  ]«evnAar,  IN*. 
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nwlis  tipftax  to  range  N.N.E.  nod  S.S.W.,  as  if  the  stream  had  come  from  the  W^.W.  I 
cumncd  tke  stoMV  fa  m  fbtaea  hy  Ac  nad-Mde,  and  found  Ibat  nine  Mbt  wkicb  boM  dt«r 
ripple  marka  on  both  ndw>  bad  Oe  two  Mt«  paaiallel  to  «aeh  otbar,  taf^ii^  to  ahev  tbat 
the  marks  were  due  to  tba  panBantnt  astian  at  a  emxent,  not  to  tbe  set  of  the  wfaid.  Tbcw 
sbdM  test  on  a  bed  of  brown  sand. 

The  freshwater  beds  which  succeed  next  in  order,  and  contain  so  many  remains  of  turtles 
and  fish  at  Durktone  bay,  are  comparatively  unimportant  at  Ridgway,  and  their  chief  organic 
nmahia  are  C jdadee  nndCypridce.  Tbere  ie,  however,  a  thhi  band  at  the  top  of  Ko.  7S  of  the 
Bidgway  aection,  which  contains  rimilar  fossils  to  the  chert  beds  below.  The  cinder "  is 
very  thin  at  Osminglon,  but  swells  out  again  at  Tlidgway  into  two  beds,  the  upper  of  which  is 
composed  of  oysters,  adA  the  lower  ooDtaiQa  many  Cardia,  but  I  have  found  in  it  no  traces  of 
the  Hemicidaris  Purbeckensis. 

There  it  a  lajer  of  fibrous  carbonate  of  Ibne  beneath  the  dnder  bed>  wbieb  displays  upon 
its  k>wier  surlhoe  the  inprsisioiM  of  cmke  In  the  day  beneath,  evidently  due  to  a  dcdocation  of 
the  mud  before  the  cinder  was  formed.  This  shews  that  the  bed  of  the  ancient  river  was 
laid  dry.  and  then  deeply  depressed  again,  not  under  fresli  w.^tcr  ns  before,  but  now  beneath 
the  sea,  while  the  occurrence  of  the  same  species  of  freshwater  shells  above  the  cinder  as 
below,  seems  to  point  out  that  some  portions  of  the  area  occupied  by  these  deposits  was 
not  only  not  subjeet  to  this  snbaoial  condition,  but  also  was  five  fiont  that  ineonion  of  the 
aea^water  wMch  prodnoed  die  dnder  bed. 

The  clierty  bands  become  more  dliceous  as  we  proceed  westward,  and  in  the  same 
proportion  their  fossils  are  better  preserved.  At  Lulworth  we  have  a  thick  bed  of  hard 
white  cherty  stone,  with  a  few  Valvatic  and  other  shells,  but  at  Osmington,  beneath  the  chief 
bed  of  chert,  there  occurs  a  layer  of  tabular  IHnta,  resting  on  carbonaceous  earth,  whoee  under 
sur&ee  Is  covered  with  didle  in  a  fine  state  of  pNservation.  At  BSdgmty,  in  the  same 
position,  mmc  very  beautifid  spedmens  may  be  procured,  with  Physa,  Paludina  (two  species), 
Planorbis,  Valvata,  turtle-bones,  fish-teeth,  multitudes  of  Chnrn  seeds,  ic.  The  lnvf>r  of 
purpliab  dirt  which  at  Ridgway  forms  the  upper  portion  of  these  bands,  contains  an  admixture 
of  brackish  shells,  Ostrea,  Avicula,  Modiola ;  nodules  of  black  flint  occur  in  it  which  present 
iOidfied  Cham  stems  (?)  upon  tbdr  surface. 

Next  we  come  upon  a  band  of  shaly  stooe,  ten  inches  thick,  chiefly  composed  of  Cy  prides, 
but  full  of  carlxinized  impressions  of  a  branching  aquatic  plant,  which  must  have  lived  upon 
the  spot,  i  have  placed  a  fine  specimen  in  the  Museum  of  Practical  Geology  in  Jeroiyn 
Street.  My  imprcscion  is,  tliat  this  is  the  equivalent  of  the  Zostcra-band  mentioned  by 
Pra0M8or  Forbei  in  bis  paper,  as  separating  the  middle  and  lower  Purbecks  at  Hopes  bay. 

The  last  member  of  these  middle  Purbedis,  as  developed  et  Bidgway,  is  a  band  of  hard 
stone,  eight  inches  thick,  almost  composed  of  Cypridcs,  and  containing  a  small  univalve 
(probably  Hydrobia)  It  contains  the  Cypris  iasdculate  (ForbesX  which  is  characleristtc  of 
the  middle  division  uf  the  Purbecks. 

The  following  is  a  comparative  list  of  the  principal  divisions  of  the  Middle  Purbecks, 
as  developed  at  the  extreme  pdnte  of  our  district. 
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Kt. 

....  6 

Turtle  bcfh  ••«*»**•«»•■••««»«•««  i 

161 

57 

We  now  return  to  Durlstone  bay,  and  describe  the  Lower  DivisioD  of  the  Purbecks. 
The  upper  portion  of  thcM'  bids  has  boon  (ieposifcd  in  salt  water,  but  evidently  near 
the  coast.  The  lower  part  ot  thcni  is  fresh  water.  The;  commeace  in  descending  order, 
with  a  Mila  of  marly  and  duly  bandit  •ft^  about  devco  feet  «tf  wUcb  ««  come  upon  a  Uiie 
marl,  oontaiDiag  a  imall  ipedea  of  Serpula  in  great  profiuioD.  The  inaeet  bedt  suoeeed  to 
this,  and  demand  a  more  particular  description. 

The  insect  beds  consiist  of  a  scries  of  rather  soft  marly  limestone  bands,  alternating  with 
abaly  clays.  They  are  evidently  seditueutai  y,  and  scarcely  contain  any  vestiges  of  sheila. 
I  have  indeed  never  seen  more  than  one  (Hydrobia  ?)  in  tbem  rayaelf.  This  is  remarkable 
amoog  tbe  Poibedu,  where  eo  numj  of  tbc  beds  are  endrdy  made  up  of  shoUs.  The 
stone  abounds  in  cavities  of  a  cubical  form^  with  the  sides  somewhat  bulged  inwaidsl*, 
formed  apparently  by  crystals  of  common  salt,  wliich  have  been  dissolved  out,  and 
their  places  sometimes  partially  filled  by  carbonate  of  liuie,  with  a  trace  of  sulphate  of 
barytes-{-.  They  lie  io  horizontal  layers,  and  seem  to  point  to  the  stone  having  formed  tbe 
muddy  surface  of  a  saltefn»  subject  at  times  to  be  dried  slowly,  so  as  to  admit  of  die 
erystallisaiion  of  tbe  salt  with  which  it  waa  imhoed.  I  dissolTed  a  portioB  of  the  bed  ham 
llidgway  in  nitric  acid,  and  found  the  glass  in  which  it  stood  so  much  corroded,  that  fluoride 
of  calcium  must  have  been  present.  The  followini;  !<  \  'section  of  the  upper  iosoct  beds  flf 
the  lower  Purbecks  at  tbe  most  productive  point  in  Durlsloue  bay. 

n  Ik 

Grey  marb  with  chy  interatrati6cd. 


Blue  marl  with  lerpula   1  6 

A  parting  of  yellow  clay   ....,„,♦,,,.,,.  0 

Grey  marly  limestone  in  three  beds   ,„....  0  9 

    0  6 

    0  9   Insects  (/)! 

Thinner  bands  at  marl   s  o 
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Cream-oolmiNd  marly  HuMrtone  to  three  beds  „.  l   S   Imeela  (a) 

—   —   ...  0    8    Ineeta  (<0 

 ■  ...  1    0    Insects  (o) 


Softer  and  more  clayey   0  4  Inaects 

Blue  shaly  marl    1  0 

Hard  oream-oolourrd  narlatoiie   1  8 

Rubbly  marls    8  0 

Laminated  sandj  abale  with  ebeit   0  8  Cerithea 

Rubbly  marl   S  0 

Grey  marly  limtstone  in  two  beds    2  0    Insects  (b) 


This  section  shews^a  succc&siun  of  coadidoos  of  the  ancient  surJhce^  several  times  returning 
to  a  atate  favotiraUe  to  pctaerving  theae  atraeturea.  In  aome  of  tb«  bands  they  are  mudi  more 
aharply  pvaaenred  than  io  othen, — the  naoat  delicate  Baarkhiga  being  diatioct,  aod  Che  amalleat 
arloga  perfect.  In  oCEiers  they  have  a  sodden  appearance,  as  if  they  had  been  washed  about  on 
the  surface  of  the  j^und  before  u  fresh  layer  of  mud  entombed  them.  The  clubs  of  the  antennw 
of  large  beetles  occur,  with  tiegtiients  and  other  portions*  of  the  bodies,  but  the  most  abun- 
dant remains  are  elytra  and  wings.  All  the  orders  are  represeotcd*.  The  insects  are  mixed 
with  fragmenta  of  earhodsed  matterf  $  aod  it  u  ray  unusual  to  find  the  one  without  the 
other.  They  lie  in  laoin»  throoghont  (ha  bloeka  of  marl,  aomatimaa  one^  aamadmea  aeveinl 
in  a  block ;  but  wings,  especially  the  larger  ones,  are  met  with  dispersed  throughout  the 
stone.  It  is  evident  that  the  wind's  and  other  fragments  ha%'e  been  washed  together  into 
patches ;  and,  coming  upon  such  a  patch,  the  collector  baa  a  rich  treat,  until  it  ia  exhausted, 
when  he  may  aearch  kog  eompantively  to  vato.  In  abort,  the  iawer  vdna  to  a  given 
thidmeai  of  the  marl  the  richer  they  generally  are— lepreianttog  n  longer  period  of  depo- 
aidon  (but  ttill,  as  I  oonoetvej  a  very  brief  one  for  every  vein).  If  the  particles  of  mud 
were  kept  in  a  state  of  commotion  the  insect  and  vegetable  remains  would  continue  at  the 
top  until  a  qvtiescent  moment  allowed  of  their  being  buried.  A«  might  be  expected^  the 
elytra  almoat  invariably  lie  on  their  eonvex  surfaoe(»  aod  the  Uodn  wldch  eontato  Ifae 
apeeimeos  are  from  the  upper  aide  of  the  vdn.  The  elytra  at  Durlafeooe  do  not  ahew  any 
parallelism  of  arrangement,  from  whidi  it  may  be  inferred  that  the  cuireDt  w«a  imperoeptibla. 

It  is  otherwise  at  Ritlgway. 

The  deposit  in  the  bed  marked  (/)  is  rather  peculiar.  The  carbonized  fragments  arc 
coarser,  and  the  elytra  retain  their  coloured  markings  in  a  singular  degree.  This  is  probably 
due  to  the  atone  bctog  more  alominoua  than  oanal. 

Stoee  it  is  pfobable  that  the  toiecta  were  blown  or  waahed  toto  tha  aatiuury  only  dnilng 
the  latter  part  of  the  summer  and  the  autumn,  the  veins  in  which  tliey  occur  assume  a  curioua 
dironological  value*  and  an  iutereating  queatioo  of  the  rate  of  depoAdom  of  the  beds  aiiaai^ 


•  I  fiwiid  •arianui  feMvoy  ycrfcct  kitUtopUraai  iosstt  ta  tbe  upper  llss  at  IMasur,  SoBHtiM;  it  b  ae«  in  tbe  WM- 
t  ftaftMst  Hwwtow  aiais  Au  tbrnt  iw  fct  ihs  mmi  |iwt  fuHmm  ef  lucti  la  Hmmit  iMfn  tt  issswimHlii. 
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and  this  is  none  the  less  interesting  from  the  fact  of  different  sets  of  wings  being  found  in  the 
different  veins.  The  scattered  wingt  wMeh  are  found  throughout  the  blocks  were  probably 
cmimUj  blown  or  washed  into  the  stream,  but  tlie  abundant  depodti  in  tbe  veine  seem  to 
indicate  period*  of  great  destruction  of  insect  life,  such  as  would  be  occasioned  hf  baevy 

storms  or  cold  weather  setting  in.  If,  as  might  be  exprctod,  each  autumn  were  represented  by 
its  consignment  of  these  beings  to  their  liurial,  the  miniher  of  yeiirs  indicated  by  the  upper 
insect  bed  of  the  lower  Furbccks  would  be  very  small — about  four.  But  if  the  different 
trilMs  found  in  the  diilerent  beds  were  thoee  whidi  perished  at  different  seasons  of  the  year, 
and  each  leason  were  represented,  then  the  time  heoomes  incredibly  short^-not  mote  tlian  two 
years  for  the  particular  beds  now  under  diKussion,  one  for  each  set  of  beds.  There  is  bow- 
ever  nothing  difficult  of  '•■<iu  i  j>tion  in  a  purely  sedimentary  series  of  beds  like  these  being 
rapidly  deposited,  as  there  would  be  in  tbe  case  of  strata  made  up  of*  tbe  exuviic  of  animal 
life.  The  portion  of  the  inaeet  beds  wbidi  is  the  richest  is  at  a  point  where  they  are  thicker 
than  usual,  and  lie  somewhat  hollow.  I  believe  this  to  be  their  ori^nal  Ibnn,  and  not  to  be, 
at  any  rate  not  wholly,  due  to  a  subsequent  flexure.  Such  a  form  of  the  estuary  hottoni  would 
bc'  favourable  to  the  collection  of  the  remains  into  patches,  and  wotild  aeeount  for  the  same 
locality  being  rich  irt  s  vi  ral  %eins  in  the  snme  vertical.  The  quarrymen  maintain  that  they 
usually  find  fish  m  similar  huUows  io  the  strata. 

Bdow  these  upper  uisect  beds  of  the  lower  FuriMcks  tiiere  follow  about  fifky>five  feet  of 
shaly  days  and  marl*  containing  estuary  shdls,  and  in  this  part  of  the  series  then  ooeur 
blocks  of  gypsum,  which  are  quarried  for  plaster.  The  strata  are  much  disturlied  where  the 
gj'psum  occurs:  but  the  disturbance  appears  connected  with  the  chemical  change  which 
produced  the  gypsum,  the  limestone  beds  above  the  gypsum  retaining  their  regular  arrange- 
ment. We  then  meet  with  another  bed  of  cream«Goioured  marly  limestone  (a),  containing 
insect^  asaodated  with  layers  of  small  Gaidia  and  Hydroh&e.  It  was  from  diis  bed  (ll6  of 
Mr  Austen's  se^ion)  that  the  very  beautifully  preserved  hemipterous  insect  in  the  Wood- 
wardian  Museum  was  obtained.  This  is  the  lower  insect  beil  of  tlie  lower  Purhecks,  but 
elytra  and  small  wing?  associated  witli  vegetable  matter  continue  to  occur  occasionally 
whenever  the  strata  are  of  a  texture  favourable  to  tlieir  preservation.  Tbe  Arduuoniscus 
baa  been  finmd  in  this  last-mentioned  stratum. 

About  shc^  feet  of  maris,  Cypri»-«bales,  and,  at  the  bottom,  more  ealeaieou*  and  sandy 
shales,  complete  the  series  as  displayed  at  Durlstonc  bay.  There  is  a  bed  of  olive-brown  and 
blue  indurated  marl  about  the  middle  of  these,  in  which  the  Archaoniscus  is  tolerably 
abundant.  It  also  occurs  in  the  Cypris-shales.  The  junction  of  the  l'urbeclv^»  with  tbe 
Pordand  beds  is  not  well  shewn  in  this  locality.  In  the  middle  of  tbe  bay  a  fault  cuts  off 
the  seriss  before  the  bottom  of  the  Purhecks  is  quite  reached.  The  beds  are  then  repeated 
from  the  middle  Purbecks  to  the  Portland,  but  at  the  southern  end  of  the  bay,  where  the 
Portland  oolite  appears,  there  is  so  mtich  disturbance  that  it  is  impossible  to  carry  the  section 
through  satisfactorily.  The  disturbance  is  a  general  one  affecting  the  Portland  as  well  as  the 
Purbeck  beds,  and  is  not  solely  an  example  of  the  peculiar  condition  in  which  the  lower 
beds  of  the  Furbeeks  appear  at  other  places  in  our  district.  But  that  broken  state  of  the 
strata  is  very  wdl  seen  in  the  ClilF  b«aeath  Bound  down,  about  a  mile  to  the  west.  The 
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well-known  Portland  dirt-bed  is  tliere  also  very  distinguishable,  but  is  not  carbonaceous,  and 
I  could  perceive  no  trees  or  C^'cadea;.  Tiie  freshwater  Btratu  bcnealli  it  are  thiu — uot 
Moeediog  about  a  fbot  Tbero  Is  hiue  mi  st  WodNvnnr  a  singular  bed  «f  dark  date' 
colound  CjpriMliale^  Toy  thh,  and  ooDtmting  xenuurkaUy  iritb  the  graj  limcatooM  of  tUi 
part  of  the  series. 

We  will  now  agnin  pass  to  the  western  extremity  of  the  district,  and  examine  the  lower 
division  of  the  Purbecks  at  Eidgwaj-biU.  The  characteristic  difference  of  their  development 
from  thai  at  Duilttona  bay  oondsta  in  tbeir  being  here  much  mm  cdcaNaus  and  lights 
aolmired.  They  alao  afford  many  bade  of  good  workable  UmaMooe;  and  the  dark  ahaly  eUyi 
which  constitute  thu  cbief  thickness  of  the  lower  division  of  the  series  at  Durlatone  are  entirely 
absent.  After  about  three  feet  of  marly  limestones  with  clay  partings,  we  come  upon  the 
insect  beds.  These  are  much  harder  and  thinner  than  at  Diirlstonc  bay,  and  contain  a  much 
smaller  variety  of  species*.  In  some  spots,  however,  the  individual  elytra  are  fuUy  as  abundant 
ae  at  Dnrbtone.  A  prerailiiig  pareUdiim  of  the  wbg^aeet,  which  lia  N.N.W.  and  S.S,E., 
mdieatea  a  particular  direction  in  the  current.  In  a  specimen  in  which  there  are  two  biyers 
of  elytra,  about  an  inch  and  a  lialf  apart,  tlie  direction  is  the  same.  The  direction  indicated  by 
these  remains  is  therefore  46"  more  to  the  north  than  that  indicated  by  the  ripnle-markcd 
sandstone  of  the  middle  Purbecks.  At  Worlwirrow  there  are  two  beds  with  ripple  marks, 
nearly  at  the  bottom  of  the  lower  Purbeeks,  Indicating  a  north  and  south  cmtenl.  If  the 
depth  of  water  and  dietanee  from  the  shoie  were  sufflciently  great  §ae  any  condorion  to  be 
drawn  from  these  obcerTatioos,  it  would  be  that  the  stream  of  the  Purbeck  estuary  trended 
more  from  the  north  towards  the  west  as  time  rolled  on.  Perhaps  the  lithologicel 
structure  of  the  beds  may  be  thought  to  be  in  accordance  with  this  supposition. 

The  association  of  a  minute  Serpula  with  these  beds  is  in  accordance  with  what  has  been 
befbre  observed  at  Durlstone,  and  shews  that  the  water  was  ptcbeUy  brackiab.  On  descending 
lower  we  come  upon  a  series  of  softer  beds,  still  of  an  estuary  character.  At  about  ten  feet 
lower  down  a  Corbula  and  Cardium  make  their  appcaraooet  and  six  feet  lower  stiU  are  many 
delicate  shells  of  Leda,  I^Iodiola,  Ostrea,  Cardium,  &c. 

We  have  now  about  tail  feet  of  clays  and  sands  in  layers,  the  fossUs  being  still  the  same, 
with  an  abundance  of  Cytherte  (for  such  they  must  be,  associated  with  Cardium  and  Serpula,) 
and  then  we  eome  to  the  most  Taluable  bed  of  stone  in  the  hill,  which  is  a  semieryatslline 
mam  of  Cardia  about  four  feet  thick.  This  is  a  beautiful  white  stone,  and  is  much  used  for 
quoins  and  other  jiurposes.    It  will  stand  well  even  when  set  against  the  bed. 

Three  ftvl  beneath  this  is  what  I  have  called  the  lower  insect  bed  uf  the  lower  Purbecks. 
It  contains  a  great  Tariety  of  wings,  perhaps  more  than  an  aTsragn  number  of  them  being 
orthi^eraus.  In  tbis  bed  too  is  found  not  unfrequently  a  small  chrysatis,  and  also  a  small 
aquatic  insect  allied  to  Notonccta.  It  appears  to  accord  with  the  inj^eet  })ed  1 16  of  Mr  Anstcn^s 
section  at  Durlstone,  where  Cardia  occur :  but  there  is  no  actual  cardiuuHwck  there 


*  ThcM  bed*  at  Tettooi  "Um"  Uaiekiln,  in  the  Vale  of  Wantonr,  m  lithologicaUj  xay  »lm>lar,  but  oooutn  CjytiAti  and 
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Beneath  this  insect  bed  we  have  four  feet  of  cl&yt«  and  sands,  and  with  them  the  estuarj 
ooodition  seems  to  give  place  to  one  of  freshwater  beds. 

In  tbii  freshwater  portion  of  the  lower  Parbeekt  tb«  beds  •!  RidgwayJiiU  are  abnoat 
entirely  calcareous*  with  lercfal  beda  of  utefid  atone,  whereas  at  Durlatone  bay  th^  are 
chiefly  argillaci^oiis,  without  any  beds  of  stone  until  wp  nach  the  (sn  culled)  •<  broken  bands'^ 
which  cover  the  Portland  dirt-bed.  Of  these  "  broken  bands"  I  must  soon  speak  more 
particularly.  At  Ridgway-hill  the  beds  are  not  broken,  but  on  the  other  band  wholly 
midistarbadt  and  conaiit  of  ratbcr  soft  calcaraoua  ibalca  splitting  into  tbto  laniiMe  like  biaeuit, 
and  containing  impreaiiona  of  wings  of  ioiacta  and  tbe  aealea  of  6$b ;  but  as  far  as  I  know  no 
shells.  There  is  a  Moiewhat  remarkable  bed  not  seen  in  tbe  Ridgway  section,  but  ooettrring 
in  Mr  Roper's  quarry,  m  few  yard*  off,  which  is  very  variable  in  its  thickness,  and  answers  to 
a  singular  bed  at  Lul worth,  to  which  I  shall  refer  in  speaking  nf  tbe  broken  bands.  Its  place 
in  the  section  would  be  below  196. 

Tbe  Portland  dirt-bed  is  seen  at  Bidgway«  but  is  thin.  Yet  it  eontains  the  remains  of 
tbe  trunks  of  large  trees,  as  large  as  I  bate  seen  at  any  of  the  nnmerous  points  where  this 
curious  siib.icn'al  bed  h  sbewn.  Tlic  trcc$  at  tliis  locality  have  the  appearance  of  being  asueh 
decayed  external! v,  and  I  liave  not  seen  any  with  their  hark  preserved. 

The  surface  seems  to  have  been  covered  with  fresh  water  before  it  was  a  forest,  and  just 
beneath  the  ancient  mould  is  a  band  crowded  with  tbe  scales  of  fish  (HistionotttB  brerioeps.) 
Its  thickness  is  only  fiiur  indies.  The  fish  may  periiape  have  died  suddenly  when  their 
habitation  became  dry.  Then  we  have  another  four  inch  band,  equally  abounding  in  the 
remains  of  a  verv  larjre  species  of  Archwonisciis,  but  few  tolerable  specimens  can  be  got. 
This  bed  at  a  sjtut  six  miles  to  the  east  (Upton)  is  full  of  casts  of  a  small  Paludina. 

Our  section  ends  with  six  indies  of  hard  rtone,  himiably  attached  to  the  blocks  of 
Portland,  and  thus  affording  remarkable  hand  spedmens^  one  aide  of  which  is  frsdiwater 
Purbeck  limestone,  with  Cypridea  and  Cydaa,  the  other  Portland  oolite,  oontaining  Peotens  or 

other  marine  sheik. 

A  comparison  of  tlic  principal  divisions  of  the  lower  Furbccks  at  Durlatone  and  at 
Ridgway  will  be  somewhat  thus  :— 

DorUtOoe.  Ridgway, 

Inaeet  beds,  to  fault         1«S  ft.       Ditto,  to  bottom  of  aeetion         gs  ft. 

Before  concluding  i  must  not  omit  to  describe  the  broken  bands"  to  which  I  bare 
several  times  already  alluded. 

The  ftcahwater  ealearaoua  ahdea  which  cover  the  Porttand  dirt-bed,  and  occupy  at 
Lulworth  the  places  of  the  beds  numbered  in  tbe  Ridgway  section  from  135  to  I  AS,  but  at 

other  points  do  not  extend  quite  so  high  up,  are  in  the  eastern  parts  of  our  district  invariably 
broken  into  fragments,  and  recemented  (one  cannot  say  consolidated)  by  a  sort  of  ataUctitic 
deposit. 

The  cause  of  this  appearance  has  not,  I  bdieve,  been  expbined.  To  find  in  a  series  of 
sedimentary  rocks  a  thicknem  of  some  thirty  feet  or  more  in  a  stale  of  ruin,  while  the  beds 
both  above  and  below  are  undisturbed,  is  certainly  very  singuUr. 
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At  Portland,  Ridgway,  OsuuDgton,  Upton,  aud  Kingstead,  this  broken  condition  of  the 
beds  in  quettioii  it  not  found,  but  >t  Lnlwortli  Fig.  (s).* 

it  U  ytry  remarkabk,  and  alio  at  Bound  down  -=^-1  1  ■■    .  .  ji 

and  Durlttone  bay. 

The  result  of  an  examination  I  made  of 
these  beds  at  Lulworth  was  as  follows ; — 

The  stumps  of  the  trees  sometimes  remain 
in  a  aiHdlied  atat^  bat  more  frequendy  tiiej 
have  disappeared.  The  spot  where  each  stood 
is  surrounded  by  a  dome-shaped  swelling  of 
the  bed  of  porous  limestone  which  covers  the 
dirt-bed.  These  domes  have  generally  a  pit  io  the  centre  where  the  trunk  protruded,  but 
aonw  have  not  Such  perhaps  may  have  oovtred  Zamiaa.  Other  awtUinge  of  the  bed  are 
kog  and  tzoo^i-abaped,  having  accttmnlated  about  faUen  trees.  The  surface  of  this  bed  of 
stooe  is  very  irregular,  and  it  has  much  the  character  of  the  deposit  from  a  petrifying  spring 
on  moss.  No  carbonaceous  matter  in  present,  except  in  the  ancient  soil  beneath.  Above 
this  uneven  bed  all  the  strata  are  broken  up  until  we  reach  the  cardium-bed,  No.  134  of  the 
Ridgway  section,  ithich  is  undisturbed.  The  disturbance  appean  to  diminish  in  intensity  as 
we  approach  this  limit 

Among  the  broken  strata  occasional  horizontal  bands  of  chert  occur,  apparently  due  to  s 
subsequent  solidification  of  some  samly  beds  amongst  them. 

It  is  clear,  therefore,  that  the  fracture  of  these  beds  took  place  before  the  cardium-l>ed 
was  deposited,  and  that  suiBcient  time  elapsed  for  them  to  become  solidified  before  their 
fracture.  I  would  suggest  the  JbUowiag  explanation  of  the  phenomena. 

The  ground,  continuing  to  sink  after  the  subaerial  condition  in  wbidi  the  Ibrest  grew, 
became  swampy,  and  mosses  grew  ov?r  it,  which  crept  up  the  stems  of  the  trees,  and  formed 
hollow  cones  around  them,  and  were  encrusted  with  carbonate  of  lime.  The  trees  then 
died,  and,  their  branches  falling,  formed  a  layer  of  wood  and  twigs  over  the  ground.  The 
surface,  gradually  saturated  with  wet,  became  a  lake  or  riverbed,  and  eakareous  mud  and 
sand  were  spread  out  in  layers  over  the  vq[etable  stratum.  The  latter  not  becoming 
UtundniBed,  but  continuing  to  decay  slowly,  gave  way,  but  not  equally,  the  stems  of  the  trees 
perhaps  standing  longest,  Honcc,  as  the  upper  beds  fell  in  iifWH  the  vacuity,  they  did  not 
settle  regularly,  but  were  broken  up.  The  upper  beds  are  more  disturbed  than  the  lower 
ones,  which  would  agree  with  this  hypothesis.  A  stratum  of  day  immediatdy  beneath  the 
cardium-bed  dips  down  among  the  inequalities  of  the  broken  bands,  and  aflbrds  a  levd  surface 
tat  the  cardiuni4ied  to  repose  upon. 


(a)  FortlMul  "dirt"  bed.  |  i  C'Uy  on  which  rcposn 

(b)  Porous  b«d  (M>ftcai>)  ;  »hie»;n^'  ihi:  )hj1Iuws  Ui'i  by  I  (e)  Canlium  bed  undiftuibcil. 

the  trunk,  of  trets.  I  (/)  CMcmOM  ikllti. 

(c)  Braltcn  bandi,  with  •  kniicuUr  Ujrcr  of  chert  io  mimL  | 
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Since  the  above  paper  waa  read,  Mr  Westwood's  most  interesting  paper  on  the  Insects  of 
the  Dorwtiliire  PurbcvU  has  apprand  ia  the  Quarterlj  Jounial  of  the  Gedogieal  Society, 
VoL  X.  p.  S78.    The  edketioii,  from  which  the  figures  were  drawn,  doei  not  appear  lo  have 

l)eeii  (juitc  so  good  an  one  aa  that  whicli  is  in  the  Wood wardian  ^luseiim.  Some  of  the 
species  figured  we  have  not,  but  tfiurc  are  one  or  two  ot"  interest  wliich  w  e  possess  that  differ 
from  anj  described,  especially  a  fine  wing  of  Myntitlcon  (ant  lion),  a  wing  of  Termes  (white 
ant)*  c«taill  large  elytra,  apparently  of  the  sanac  species  as  a  spedmeii  ncaily  two  mehea  loi^ 
vUeh  I  depottted  in  the  British  Miiaeum,  and  which  is  now  in  one  of  the  taUe-caaea  theit'. 
There  are  also  some  orthopterous  wing-case«,  which  are  unlike  anything  figured  in 
Mr  Westwood's  pnpcr.  I  Relieve  some  of  thene  rpmain*  miiit  have  belonged  to  insects  of  n 
more  tropical  type  than,  with  the  exception  of  one  or  two,  Mr  Wcstwood  allows  to  the  cUnuite 
of  the  Purbeck  oouatry. 


SWANA6E  BAT. 


ChMcicrorBMli. 

ThUtmm. 

Oiaiah  Wwiilss 

A 

1 

B 
& 
C 

D 

Gypris  shales 

Comminuted 
shell 
lioiettone 

TTfpse  PtraBSCKB. 

Thill  bedded  stone 

Clay  and  thin  »halc 

Calcareous  shale 
Coane  iiaaile  atone 
Shales 

Marble  rag 

Shaly  clay 

Coarse  stone 

Shales  (covered)  aaj 

Rag 

Shales 

Marble  rag 

Clay  covered  by  beach 

Thick  stone,  Iwttom  not 
aeen 

fL  in. 

0  2 

1  6 

1  10 
1  0 

1  6 
0  8 
6  0 
0  s 

2  0 

0  4 

1  6 

0  6 
? 

? 

Poludina  elongata 
(The  shale  is  oon- 

1  posed  of  Catidone 
Perished  Faludime 
UntoB 

Pnludina 
Cypris 

Unio 
Cjrena 

The  above  section  is  taken  from  cast  to  west  on  the  south  side  of  Swanage  bay. 
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SECTION'  OF  I'lmUECK  STRATA,  UURLSTONE  RAY. 


I 

i 

A 

Cypris  shales 

1 

Blue  shalj  clay 

ft.  in. 
1  10 

B 

1 

Marble 

! 

n 

Marble 
Sbaly  clay 
Marble 

BrowB  riialis  (mj) 

2  2 

y  0 

S  0 
8  0 

Paludina 

M  Mi*  jioiii^  ^kere  it  a  FtuUt,  vnd  tke  Striet  fwmmmet*. 

A 

Cypris  shales 

B 

Marble  bandB 

2 
S 

Maibla 

Marl 

1  6 

5  0 

C 

Unio  bads  - 

4 

5 

6 

7 
8 

Cypris-shales 
Sandy  marl 

Crocodikbed 

Lanoinntod  marl 
Unio  bed 

2  % 
0  4 

0  6 

1  0 
0  9 

Uaioit  Coprolitea? 

fPalndioa  elongata, 

I  Unio,     Teeth  of 
\  Crocodile,  Scales  of 
|Fjah 

D 

Comminuted- 

sliell  Lime- 
stone 

1 

MlDSbS. 

Sandj  stone  composed 
chiefly  of  broken  dieUs 

—  Cyrerm 

y  6 

ReoMUM  of  Turtle 

palatal     teeth  of 
Fi^,  Faludina 

Marble 
rag. 

E 

Beefbedt 

10 

11 
12 
18 
14 
15 
16 

17 
18 

19 

ao 

SI 

22 
S3 

Shales  witti   bauds  uf  ti- 
bruus  carbonate  of  lime 
Hard  grey  limestone 
Soft  shalj  band 
Hard  blue  dudea 

Soft  shales 
Alum  shales 

Soft  ahaks  with  bands  of 

fibrous  carbonate  of  lime 
Hard  blue  limestone 
Soft  &hales  witli  bands  of 

fibrous  carbonate  of  lime 
Shelly  limestone 
Soft  shales 
Alum  abdea 

Shellv  linu'stone 

Soft  shales  with  bands  of 
conminuted  sbdltt  end  of 
£bronK  cvbonirte  of  Ifane 

1  9 

0  7 

0  4 

1  6 

3  0 
1  0 

3  0 

0  5 

1  2 

0  9 

1  0 

0  9 

1  a 

About 
7  « 

79—8 
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Chanwter  of  Kock. 

Thkknesn. 

Organic  RcmatDi. 

QaMTLbL 

Reof  beds 

Si 

Hard     greenish    shales  : 

/'• 

in. 

Palatal  and  other 

(cofUiniied) 
< 

pink  and  blue  bands  of 

teeth   of  Fish, 

85 
26 

Corbula  limestone 
Soft  and  hard  shales  with 
bands  of  Bbroiu  car- 
bonate of  lime 

Pink  Corbiil;»  limestone, 

I 
1 

10 
0 

Corbula 

^eritlicuni,  5  species. 

Toad's 

F 

x7 

with  band  of  indurated 
marl  fn  the  centre 

Dark  shales  with  a  band 
of  comminuted  ahells 

0 

0 

10 

l6 

Neritioa 

Eye. 

88 

Blue  indurated  marl. 

Bivalves,  Vegetable 

 111  

rubbly 

I 

0 

remains 
'  Corbula,  Cyrena, 

29 

J'ink  Corbula  limestone 

1 

7 

&c..  Univalves, 
^  Teeth 

SO 

Hard    greenish  rubbly 

Pecten  Furbedcensis, 

rock,  full  of  shells- 

1 

0 

Cardium,  fcc 

Green 

SI 

Blue  and  cream-coloured 

Insects 

Itag. 

indurated  marl  without 

shells  except  at  the 

bottom 

I 

3 

38 

Soft  dhalet  and  commi- 
nuted sliell  limestone 

1 

3 

S3 

Dark  slmlos  and  band  of 
hard  grej  limestoQe 

8 

0 

34 

Green  ahdij  roek 

9 

0 

35 

Soft  sha1c<;  with  bands  of 
•laty  and  hard  limestone 

3 

6 

36 

Blue  and  eream-coloured 

G 

1 

Pecteo  beds 

37 
38 

39 
40 

indurated  maiijfimeatone 
Shales 

Green  thelly  rock 

iSoft  and  hard  shales 
jOrey  marly  rock,  weathers 
[vertically  m  zig-zag  lines 
Shalea  with  bands  of  shell 

limefifone 

1 
3 
S 

3 

1 

5 

6 
0 
0 

3 

0 

0 

v/uruuia  umcsione 

0 

8 

Ceritheum 

48 

Green  shelly  rock  with  a 

thin  band  of  Corbula, 

Teeth    of  Fisli, 

and  a  band  of  hard 

Pecten,  Paludina 

shales  in  the  centre 

5 

0 

43 

Soft  shales 

0 

4 

Corlntlrt   limestone  with 

Slabs  of  Paludina 

White 

Paiudina 

1 

9 

with  Cyclas 

Roach. 

Digitized  by  Google 


Us  FISHEB,  ON  THB  PURBEGK  STRATA  OF  DORSETSHIRE.  571 


ChmcttrsfReck. 

ThickneM. 

Organic  Remaiot. 

Qnury  Llit. 

I 

H 

Pcctcn  beds 
{continued) 

Turtle  beds 

45 

46 
47 
46 
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60 

51 

Si 

68 
54 

65 

56 

57 
58 
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60 

61 
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6S 
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67 
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Thew  bed»  are  hidden 
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ahelle 
Black  fhaly  marl 
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shells 

Black  marl   with  thin 

bands   «if  commintited 
shells  and  fibrous  car- 
bonate 4»f  lime 
Soft  blue  sandy  bed  IwTing 
a  bituminoiia  sindl 

Blue  sandy  rock 
Sbaly  blue   and  brown 
marl 

Rubbly  bed 

Light-coloured  compact 

limestone 
Rubbly  band,  compoeed 

of  shells 
Compact  limestone 
Hard,  bldab  Hmeatone 
Cream-coloured  ditto 
Compact  limestone 
Hard  and  aoft  ahales 
Blue  marl 

Bands  of  shell  limestoneand 
shalealternating;  the  latter 
hairing  a  faituminotia  aniciU 

//.  II.. 

4  0 

Here  is  i 
let  do 
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6  0 

5  0 
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2  4 

1  4 
4  6 

0  10 

0  9 

1  0 

3  3 

1  S 

3  0 

1  a 

1  0 
%  4 
1  10 

1  6 

8  0 

Slabs  of  Cyclos 

1  fault,  the  beds  being 
wn  seven  feet. 

Turtle  bones,  Co- 
prolites 

Paludina 

Teeth  &  spine*  of  fish 

Coprolites 

Sbdis,  Vegetable 

remains,  Archsco- 
niscus,  small  scales 
offish 

Paludina,  Mclania 
Ostrea  distorta 

Vegetable  remains 
Planorbia 

Slabs  of  Cyclas.  Ser- 
pulitcs.  Teeth,  Cy- 
prides 

Laoeiog 
Vein 
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Red 

Rag,  & 
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'  Lead 
i  bed  & 

Shed 

bed. 
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"!  Under- 
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"■""^ 
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Cluntctci  of  Rocki. 

Thicknct*. 

Organic  Remaini. 

Quariy  LtM. 

— 

A 

in. 

Turtle  beds 
(cmitinued') 
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6 

Cyclas,Turtle,Fish,Co- 
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70 
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1 

0 

Melania  chilina,  Cy- 
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I 
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71 
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12 

0 
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74 
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76 
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7S 
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79 
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80 
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ThidcneM. 

Quarry  I<I»t. 

— 

/'■ 

in. 

Marly  bed* 

Shaly  marl,  cummiDuted 

{continued) 
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6 

Dirt-bed 

0 

11 

Planorbis,  Hydrobia. 
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4. 

98 

Cherty  band 

0 

4 

Serpala 

99 

Rubbly  marl 

6 

0 
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Limestone  shale 

0 

10 
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101 

Grey  rubbly  marl 

1 
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Ditto  harder 
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Serpnla 

Yellow  clay 

0 

oh 
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0 
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/ 

Ditto 
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9 
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105 

Thinner  bands  of  marl 

2 

0 

c8rtx>naceous  specks 

e 

Creara-coknired  marly 

106 

limestone 

1 

s 

Insects  (wing  bed) 

a 

Ditto 

0 

8 

Insects  (beetle  bed) 

e 

.Ditto 

1 

0 
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Softer  marl 

0 
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107 

Blue  shaly  marl 
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Rubbly  marls 
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with  chert 
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Ceritbeum 
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Grey  marly  limestone  in 
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0 
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Cypria 

cxv 

Hard    crystalline  marly 
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1 
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Insect  beds 
(continned) 


Lover  loiect 
bed 


i  Broken  bands 


cxvi 
cxvii 
cxviii 

cxix 

czx 

cxxi 

CKXU 

cxxiii 

cxxiv 
cxxv 

cxxvi 


Cbanetrr  of  Rock. 


Thiekncu, 


CXXVIl 

(116) a 
lexxviii 

cxxix 
cxxx 
cxxxi 

(12S) 
cxxxii 


Olive  shales 
Hard  slialy  band 
Kubbly  bed 
:  Laminated  green  day  witli 
some  sharp  white  sand,  say 
Rabblj  cokareouft  uiari, 

sandy  at  bottom 
Brown  marly  stone,  con- 

eboidal  fracture 
Blue  and  brown  shaly  clay, 
someftand  and  cherty  nodules 
Cream-coloured  marly 

stone  streaked  with  sand 
Blue  and  brown  shaly  clays 
i  Browuishrubbly,i)andraarl 

and  cUy  witb  herd  bends 
Blue  clay,  streaked  with 

■and  aad  marls  (inac- 

eenible,  eay) 
Cream-coloured  marly 

limestoae 
Blue  shales,  with  occa- 
sional hard  bands 
Ditto  harder 
Blue  cypris  shales 
Olive  brawn  marbtone 

Hard  ycllowiah  calcareous 
ebales,  about 


2 

6 

« 
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1 

6 

u 

g 
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0 

8 

0 

6 

a 

0 

3 

• 

IS 

0 

S 

0 

2" 

(» 

8 

0 

13 

0 

* 

0 

16 

0 

Organic  Rrmuni. 


Quairy  I.u 


Serpula 


Carbonafieous  spedts 


Small  Carditim,  vege- 
tables and  inaecU 


Cypris,  ArchaHiniscus 


Cypris,  Elytra 


Plaster 


NoR^ne  Anbte  Nuinerah  stand  before  fbe  beds  as  distinguished  hj  Mr  Aasten,  tbe  Bomau 

where  the  section  is  mine.  Froin  ;»y  to  U3  the  beds  uro  diviUed  according  to  Mr  Austtn.  l.ut  described 
somewhat  differently,  partly  to  »uh  the  labels  upon  the  specimeos  in  tbo  Museum.  I  am  obliged  to 
Mr  Auston  for  tho  uso  of  his  soetion. 


SECTION  OF  PURBBCK  STRATA,  RIDGWAY  HILL. 

Upper, 


1  Paludina 

Passage  of  Hastings  sands 

days 

into    I'urbeck  strata. 

band  with  lignite 

1 

Rubbly  rock  with  iron  stain 

1  6 

S 

Fale  green  day 

1  0 
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8 

Palndtna  marl 

1  6 

4 

Alum  shale  parting 

0  6 

Fisb>teetb 

5 

Pale  green  paludina  marl 

0  10 

6 

Sandy  shale 

Cypris 
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OhttMWoirJUck. 

ThlekneH. 

ITmnIr  Itsmilni 
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in. 

Upper  Cypris 

7 

Dark  blue  clay 
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0 

alulesfcclays 

8 

Band  of  eoane  brawn  rtome 
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4 

Torde,  P!ib.eeales 

9 

Clay 

0 

10 

10 

Band  of  coarse  sUme 

0 

6 

Turtle,  Flsb-sGalea, 
Uniok  Fdudinn 

II 

Claj  parting 

0 

3 

12 

Same  stone  ns  the  last 

0 

4 

Marl 

0 

4 

Unio 

u 

Stone 

0 

3 

Turtle 

15 

Paluilina  marl 

0 

7 

Palodinn 

16 

Blue  claj  based  on  saod 

1 

4 

17 

Stone 

0 

« 

18 

Miirl  find  isiintlstoiie 

0 

10 

Paludina 

19 

Blue  clay  aod  sand  lami- 
nated 

s 

0 

SO 

Greenish  bard  sandy  rock 

0 

4 

21 

Hard  greenish  marl  with 
green  specks 

1 

Paludina,  Cypris, 
stales,  &c.,  Ill  a  band 

n 

Clay  and  sands  with  much 
drift  wood 

1 

3 

at  the  bottom 

Hard  sajid  rock  full  of 
remaint 

1 

10 

Wood,  Cypris,  Palu- 
dina,Cyela>?,  Fbb- 

24 

Alum  clay 

2 

scalcs,  Palates,  See. 

Hard  brown  sandy  rock 

0 

4 

Unio,   Fish -scales, 

many  Coprolitee 

2() 

Clay 

0 

10 

27 

Similar  rock  to  last 

0 

4 

Ditto 

Unio  beds 

2% 

Nodular   brown  earthy 

This  is  the  equiva- 

«9 

limestone  embedded  in 
blue  clay,  at  times  com- 
posed of  Paludina 
Laminated  days  and  sands, 

nuR-h  drift  at  bottom 

3 
1 

0 

0 

lent  of  the  "  naar- 
ble"  of  Purbeck, 
Paludina 

• 

30 

Hard  sandy  stone  "  Uoio 
bed" 

Unio,  two  species. 

t 

0 

•ome  exodlent  spe- 
cimens may  be  ob- 
tained 

31 

Laminated  clay 

0 

3 

M 

Soft  brawn  eandy  radi 

0 

a 

Unio 

33 

Alum  clavs 

1 

0 

34 

Hard  brown  sandy  rock 

0 

6 

85 

Ofive  clays  and  aandf 

laminated  (say) 

0 

36 

A  sandy  dirt-bed  full  of 
perished  ahdlBi  railing 
on  n  line  of  dny 

1 

0 

Unio,  Paludina, 
Fiabi.tnedi 
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Thickneu. 

Qigiaic  Biniiiw. 

/'• 

in. 

Unio  beds 

37 

Saod  full  of  Unios 

0 

S 

Uok) 

(conHnued) 

Yellowlili  brown  Muidyrodc 

0 

9 

Unio 

Ditto  ilner  and  hwder 

1 

0 

Unio  and  enudl  bi- 

valve 

MiSDLB. 

rv            I  1 

Upper  broken 

Hard  irrey  aiarlatonc  con- 

slidl  lime* 

choidal     fracture  in 

stone 

brown  sand,  with  nar- 

row lines  of  "  beef,"  (fi- 

bnniB  e«rbooate  of  lime) 

s 

a 

(41) 

(Drift  with  flint  gravel) 

0 

1 

48 

Cxtrcmelj  haid 

uerl  J  rock 

1 

0 

43 

Coarse  drift 

0 

6 

• 

4-1 

Extremely     turd  mey 

Hiurly  rock 

0 

8 

Sandy  partioff 

45 

Hard  limestone  composed 

of     bivalves  (like 

Svuuige  paving  stone) 

0 

4 

46 

Ditto 

0 

10 

47 

Fine  bard  limestone  of 

camiDinntcd  ahdlR.  Uue 

towards  centre 

1 

0 

Shcllv  parting;  1  incfi  beef 

0 

.s 

49 

Gouiuiiu  utcci  ^licll  lilUiSt-UIiC 

0 

4 

1 
t 

50 

Rotten  shelly  earth 

1 

0 

51 

limestone 

i 

0 

Ch»r  be<f 

9» 

Beef 

0 

» 

bed* 

5S 

Compressed   bi  valves  in 

ribbony  layers 

0 

10 

54 

Irregular  bed  of  extremely 

hard  great  crystalline  no- 

dules of  marl,  with  beef. 

clay,  shells,  and  limestone 

1 

0 

55 

Limestone  of  eomninated 

shell 

1 

H 

Corbula  bed» 

56 

Reddish  brown  sand  and 

f 

eertii 

1 

0 

57 

Frown   sandy  rack  of 

Crystalline  bands 

Cyrcna 

2 

0 

with  shellB 

M 

Send  vitli  mcten  UrnlTe 

1 
i 

■hdle 

ft 

0 
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1  nic 

kncys. 

1 

Organic  R^nRins. 

QuAiry  List. 

A 

Corbuia  beds 

59 

Rotten  dark  greenuhnndj 

Ostrca 

(continued) 

rock,  with  small  OitrMC 

and  bivalves 

1 

0 

60 

Irregular  clay  and  rock 

S 

0 

4 

61 

Extrmitly  Imrti  crystalline 

nodular  rock  in  alum 

shale  with  slulls 

9 

0 

62 

Hard  shelly  rock  of  irre- 

Teeth, Turtle  ? 

gular  tlrickiMM,  beef 

1 

0 

63 

Coarse  slu'lly  shale 

1 

0 

6« 

Band  of  stone  composed 

of  bivalves 

0 

6 

IntenDarins 

65 

Coarse  brown  sandy  rock 

Thrada 

composed  of  castsof  Tliracia 

I 

2 

66 

Ditto  hardtjr,  ftwer  sliells 

1 

6 

Thracia,  Modiola, 

67 

Ripple-marked  sandstone. 

Peroa.  Pecten,  frc 

8plitt!n<T  into  slabs 

2 

0 

68 

Brown  sand 

1 

4 

FKihw«t«r 

Marly  white  rock 

1 

6 

Cypris,  sheila 

70 

Shaly  whitish  cypris  stone, 

parting  of  beef^  sand,  &c. 

0 

10 

(71) 

(Gravel) 

0 

6 

7« 

CAaytVottcnsbdl  and  beef  in 

layer?,  olive-green  and  white 

1 

6 

73 

Hard  grey  slnily  limestone, 

with  green  specks,  the 

shells  not  bedded 

1 

6 

7* 

Hard  white  marl  with  yellow 

specks,  ooDcb.  fract. 

0 

6 

75 

Crushed  bivalves 

1 

0 

76 

White  line  with  broken  oy- 

sters, washed  out  of  cinder 

0 

1 

Giiider  bed 

n 

Cinder.composed  of  oysters 

Ostrea  distorta.  Car- 

and  marl 

0 

dium  at  tbe  bottom 

78 

Lower  cinder  of  commi- 

nuted shell 

2 

0 

79 

Beef  with  impressions  of 

cracks  from  drying  of 

the  next  bed 

0 

s 

Cherty  middle 

80 

Laminated  clays,  brown  and 

Cydaa 

freshwater 

yelIow,compreaeed  Cydas 

0 

10 

SI 

PurpUsh  dirt  fuU  of  ahells 

1 

6 

Cypri8,Cyclas,Phy8a, 

Paludina,  Planorbis, 

Valvata,  Melanopsis, 

Pinna,  Bones  of  sau- 

rians,  Turtlt,  Chara 

74— « 
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1 

TbickncM 

Vflsny  Utt> 

A 

tn. 

Cherty  middle 

82 

Chert,  containing  the  same 

freshwater 

shells,  better  preserved 

1 

4 

(AMiljntMd) 

8$ 

Lenticular  lumps  of  dark 

Excelknl  fiir  sped* 

1 

chert,  containing  tlic  f.anic 

mens  of  tbesuuller 

shells,  with  Chara  seeds,  & 

shells 

testing  upon  a  layer  of 

carbonaceous  matter 

0 

4 

84 

Sand 

0 

3 

B6 

Laminated  light-coloured 

Large  impreinooe  of 

clays  and  sands,  somewhat 

vegetal)Iei»  branching 

indurated  (shaly) 

0 

10 

86 

Brown  clay  parting 

0 

1 

87 

Band  with  Cyclas 

0 

4 

Cydasi  Fbyn 

Marly  middle 

88 

Coarse   marly  limestone 

freshwater 

with  yellow  stains 

1 
1 

u 

Cypris 

89 

Beef  and  day  alternating 

I 

0 

Oft 

0 

10 

v/y|NnBf  nyanNna 

91 

Marly  limestone,  white 

and  fine-grained  conch. 

fracture 

1 

10 

9t 

Laminated   yellow  and 

Cypris 

brown  day 

0 

10 

98 

Ydkwleh  Gryprie-itooe 

0 

8 

Cypris,  Hydnfaia 

Fitdibig 
■tone 

Ii«wBa. 

9* 

Olm-green  elay 

0 

6 

95 

Marly  limestone  weather- 

ing into  vertical  splin- 

ters, with  vertical  stripes 

of  yellow  etnin 

0 

10 

Fucdds 

96 

Clay  parting 

0 

1 

97 

Pale  salmon-coloured  lime- 

stone of  comminuted 

sheU  and  Cyprit 

1 

0 

98 

Clay  parting 

0 

6 

99 

Shdy  limestone 

0 

10 

100 

Hard  blueish  grey  marly 

limestone,  concb.  fracture 

0 

6 

Upper  InMCt 

101 

Laminated  green  and  brown 

bed* 

day  pelting,  with  carbo- 

naceous specks 

0 

I 

102 

Laminated  calcareous  marls, 

Cypris  Purbeckensis 

■ 

CMbonaoeoue  qiecki 

0 
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TbickntM. 

Qwwiy  Lilt. 

in. 

Tipper  Insect 

Hard  grey  mibt  CODcIi. 

Elytra  and  bodies 

bed* 

fracture 

0 

9 

of  beetles 

(eontinued) 

I  Ol- 

Hard ffrey  marlt  with 

carbonaceous  sj)0ck8  oc- 

cnsionally  large 

0 

6 

* 

ios 

Parting    of  yellowish 

cream-oolouml  marl 

0 

S 

106 

Hard  cream-coloured  marl 

Elytra   of  beetles. 

with  carbonaceous  specks 

occasionally  very 

and  elvtra 

0 

6 

•buodaDt 

107 

Ditto,  with  no  randn* 

0 

5 

108 

DittO)  softer 

0 

8 

Tdlaw  day  paarinf  into 

Eljtn  of  beetles 

marlstonc,  carbonaceous 

specks  and  elvtra 

1 

0 

110 

CrcKiD-colouTCd  mariataae, 

Llytnof  bccdiss 

carb.  specks,  &  elytra 

0 

4 

Soft  cockle 

III 

Olive  brown  Inminftted  clay 

Cypris 

beds 

with  bivalves  aiiU  car- 

bonaceous specks 

0 

4 

lis 

Yellow  Cypris-stone  shew- 

Minute S^pula 

ing  the  bedding 

1 

4 

118 

Dark  day 

0 

10 

lU 

Greenish  grey  marlltone 

1 

0 

11$ 

Ocbreous  clay 

0 

4 

m6 

Soft  ooIido-lookingCypris- 

stonc  with  CMldj  vdns 

6 

6 

117 

Marly  rock 

1 

6 

Corbula,  Cardium, 

small  Scrpula  at 

the  bottom 

lis 

Ribbony  clays  and  MHids 

0 

10 

A  bivalve,  Cypris 

•r'  I 

119 

Marly  stone 

0 

10 

Small  Cardium,  Ser- 

pula,Modiola«Cyiiris, 

1«0 

Hard  crystalline  rock  of 

Serpula 

comminuted  shelis.  marly 

Blue 

at  the  bottom 

1 

4 

Stone 

lil 

Green  and  brown  lami- 

Cypris* carb.  specks 

nated  clavi>,  puli:ihcd  sur- 

faces  as  in  stickcn-slide 

0 

6 

m 

Marly  stone  veined  with 

Serpula,  Cypris 

Cypris,  and  comminuted 

abdla 

9 

6 

123 

Browti  laminatL-d  clay 

0 

4 

Cypris,  carb.  specks 

124 

Hard  marly  rock 

2 

0 

Lcda,  Mo>diola„  &&, 

near  the  top 
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GhMMlar«rBock. 

Cli«Hiti  RmhIm, 

in. 

Soft  cockle 

125 

Dnrk  laniiiiatc-d  clay,  con- 

beds 

taininir  a  band  of  com- 
o 

minuted  abelb 

1 

6 

Slichtly  indurated  Cypri»- 

Cypris,  small  Car- 

clay    not  laminated 

dium,  Serpula 

(ifTcy) 

0 

6 

127 

Ditto,  laminated 

0 

6 

128 

Ditto,  sandy 

0 

3 

129 

Ditto,  passing  into  cal- 

careous Randstonc 

0 

8 

ISO 

Kihhony  clays  end  white 

sandstones 

4 

0 

Hard  cockle 

191 

Rotten  limeetoiie)  oonipoeed 

Gerdinm,  Riiemi 

beds 

of  casts  of  Cerdium, 

Cypfia 

&c. 

0 

8 

Laminated  brown  day- 

0 

S 

133 

Hard  mttJitMie,  eoneh. 

Cypris 

fracture 

1 

0 

l^* 

Hard  cryslaHine  rock  of 

Cordium,  Cypris 

Hard 

shells  (quarried  for) 

3 

6 

rock 

135 

Laminated  calc.  sand  and 

soft  sandy  rock 

3 

6 

Lower  Inieet 

1S6 

Hard  nurly  rock  with 

A  dtrysdn  common. 

bed 

stieakj  bedding 

1 

9 

wings  of  libellula. 

dipterous,  hemi- 

pterous,   and  or- 

thupterous  insects, 

i 

Elytra  of  Beetles, 

corb.  specks 

1S7 

Ribbon  days  and  sands, 

Rdinetiint's  indurated 

4 

0 

138 

Dense  Cypris-stone  (quar. 

Fiab-scales 

Top 

ried) 

1 

6 

lock 

Cypris  free- 

139 

Rihliony  clavs  and  sands 

1 

Carbonaceous  specks 

stone 

140 

Soft  Cyprivstone  (quar- 

Middle 

ried) 

n 

0 

rock 

141 

Sandy  limestones  shale  (say) 

a 

0 

142 

Cypris-stone  (quarried) 

2 

0 

Bottom 

143 

Harder  ditto  (quarried) 

2 

0 

rock 

U4 

Fissile    white  limestone 

Carlmnaceous  specks, 

shales   having  a  hitu- 

Fish-scaleSf  Cypris 

minouB     smell  wbeo 

struck 

5 

0 

14.5 

ITardi>.li  Cypris-rock 

S 

6 

146 

Brown  day  parting 

0 

I 

147 

Sandy  limestone  shales 

4 

0 
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CiMMCHrarSack. 

ThlckacM. 

Orgaoic  RenuiiM. 

Qiur;  LUt. 

m. 

Cypris  free- 

148 

Sett  white  aaodj  rock 

2 

0 

■tooe 

149 

Oitio,  more  friable  (nine 

(continued) 

ooarst-  !?;in(l  occasionally) 

1 

0 

Broken  bauds 

150 

151 
15S 

153 

15* 

Chert;  marl  with  flint  at 
the  bottoiD 

SbaJy  limestone 
Argillaceous  shale  of  vari- 
able tliicknegs 
Band  of  indurated  rubbly 

shale 

Clay  parting  with  thin 
chert 

1 

S 

I 
0 
0 

3 
0 

6 

4 

9 

Valvata  helicoides, 
Lymneus  pbysoides 

155 

Indurated  calcareoiu  mud 

0 

Cypria,  Valvata  heli- 
coides, Vegetable 

specks  diaaemiQated 

Hard  and 

1S6 

Rubbly  calcareous  shales 

•oft  cap 

with  some  chert 

1 

6 

157 
1«S 

ChertjSaccharine  limestone 
Calcareous  shales 

1 

s 

0 
0 

159 

"Portland  dirt-bed" 

1 

u 

Foi5sil  wood 

160 

Band  with  Fish 

0 

4 

Uistioootus  breviceps 

tut 

DUQ  WIID  ATCDBODISCIW 

0 

4 

I  ragmcira  ok  a  turgu 
Archteoniseus  veiy 

abundant 

162 

Hard  cap 

0 

6 

Cypris,  Paludtna 

Total 

190 

9 

Portland  Sloue. 

Digrtized  by  Google 


XXIV.  On  Phto'8  SurfB^  <^  <ib  Seiaiees.  By  W.  Wbewsu^  D.D. 

Mailer  nf  TMltg  OoUefft, 


CRead  April  33»  laSO-J 

A  SURVEY  by  Flato  of  the  stale  of  tlie  Sciences,  as  existing  in  his  time,  tnaj  l>e  regarded 
a»  hardlj  leak  iatereidng  thtn  FnncU  Baoon'c  Review  of  the  eondidon  of  the  SeiencM  of 
Me  time,  oontained  in  the  Adaaneement  af  Laammg,  Such  a  surv^  ve  bavep  in  the 
Mventh  Book  of  Plato's  ReptMie  {  atld  it  will  be  inrtruettve  lo  exemine  what  the  Sciences 
then  were,  and  wliMt  Plato  »<rirer]  to  hnve  tbem  become;  uding  otindres  hj  the  light 
afforded  by  the  suhscrjuent  history  of  Scietice. 

In  the  6nt  place,  it  ie  interesiiug  to  note,  in  the  two  writen,  Flito  lod  fiaeoo,  the  iiow 
deep  oonvietioii  that  the  large  and  prafoond  philoaopfay  which  thejr  recooimeiidcd,  liad  not, 
in  their  judgement,  been  punued  in  an  adecjuute  and  worthjT  manner,  by  those  who  had 
pursued  it  iit  all.  The  reader  of  Hacon  will  roiuUcct  tlu-  pa«'^ng(?  in  the  3<^ovum  Or g anon 
(Lil).  1.  Aphorism  SO)  where  lie  sjieaks  with  indignation  of  the  wav  in  which  philosophy  had 
lieen  degraded  and  perverted,  by  being  applied  as  a  mere  instrument  of  utility  or  of  early 
education ;  *'  So  diat  the  great  mother  of  the  Scienoei  is  thrust  down  with  indignity  to  the 
offieee  of  a.  Imndmaid; — is  made  to  mmister  Co  the  labours  of  medicme  or  matbcnuitics;  or 
again,  to  give  the  first  preparatorj  tinge  to  the  immature  minds  of  youth*.* 

In  thi'  like  spirit,  Plato  <tays  (Rep.  vi.  ^  Jl,  Hckkir's  rd.) 

"  Observe  how  boldly  and  fearlessly  I  set  about  my  cxplanatioa  of  my  assertion  that 
philoiiophers  ought  to  rule  the  world.  Fot  I  begin  by  saying,  that  the  ftate  ntoit  bi^  to 
treat  the  study  of  pbikeophy  in  a  way  opponte  to  that  now  practised.  Now,  those  who 
meddin  at  all  with  this  study  are  put  upon  it  when  they  are  children,  between  the  lessOOS 
which  tliey  receive  in  the  farm-yard  and  in  the  shopf ;  and  as  soon  as  they  have  been  intro- 
ducetl  to  the  hardest  part  of  the  subject,  arc  taken  off  from  it,  even  those  who  get  the  most 
of  philosophy.  By  the  hardest  part,  I  mean,  the  discussion  of  principles — Dialectic^.  And 
in  their  succeeding  years*  if  they  are  wiUing  to  listen  to  a  few  lectures  of  tlioee  who  mnke 
pbihwaphy  their  busioess*  they  tlunk  they  have  done  great  thmgs,  as  if  it  were  something 
foreign  to  tlte  business  of  life.   And  as  they  advance  towards  old  age*  with  a  vety  few 


■  Acccdlt  «l  HOoA  4|umI  ■•tandit  pliH«M|dtU  in  ii«  ipsii  [  deiruu  nt ;  qu*  oMiliciM  MM  wiflfnirfda  ayftui  mlidi. 

viiit,  qui  d  ineabaetuiii,  ira4!Mic«ii  at  inte^m  homlncm,  ;  trat,  ct  lunus  qiua  tflalfliriiirtiisi  Imeiattta  tantaiia  lant  m 

prrMitim  htn  receniinhbu*  tmiporibui,  vix  nacta  lit;  nisi  ,  imbuat  velut  tinctura  qiudam flina,  «t  •llm  psNW  ftBdw 

forie  qui*  monachi  alicujui  in  ccllula,  aut  nobilia  in  vtUula  j  ct  coramoditu  cxcipianL 

luculiiantis,  cxciviplum  ad Juxeiit ;  Mil  facta  e*l  deinum  natu-  +  iitra!^!.    i . mm  i>,uiac  xai  x^inum«|iai,  bttMIB  feSON- 

rali*  philoMiphia  instar  tniiiitiu  cujiudam  e(  pootisieinii  ad  |  keeping  and  moacy-gctting.  ' 

alia,  Aif ■•  nacna  isia  acindwm  maiw  ad  aaria  andlte  I     %  f*  «Ml  -nH  Aiym 
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e]tc«pti(iDB»  philoiophy  in  then  n  extingait1i«d :  extioguished  for  more  complctelj  than  the 
Heraditcm  aun.  Cor  tbetn  U  not  lighted  up  i^n,  as  that  i»  every  momiag:"  alluding  to  the 
opinioD  whieb  wu  propounded,  by  way  of  carrying  the  doctrine  of  the  ui^tmty  of  sensible 

objects  to  an  extreme;  thnt  the  Sun  is  cxtinfjuishcn!  ovrry  night  and  lighted  Hgain  in  the 
inurninrr.  In  oppo><ition  to  thi^t  practice,  Pluto  holds  that  pliiloaophy  should  be  the  esp«cial 
employment  of  men's  minds  when  their  bodily  strength  fails. 

Whit  Fkto  oiMDS  by  DUdte^  which  he»  in  tlie  next  Book,  c«ll»  the  highest  part  of 
philoeoidiy,  and  which  ik,  I  thinic,  what  he  here  meanc  by  the  iiardeet  pari  of  philoeophy,  I 
may  liereafter  consider :  but  at  present  I  wish  to  pass  in  review  the  Sciences  which  he  speaks 
of,  as  lending  the  way  to  that  highest  study.  Thete  Sdences  are  Arithoiette*  Plane  Geometry, 
Solid  Geometry,  Astronomy  and  Harmonics. 

The  view  is  whieh  Hato  here  regards  the  Scteneea  !§»  as  the  inatramenta  of  Aat  culture 
of  the  phtkNophteal  epirit  which  is  to  make  the  phiknapber  the  fit  and  natand  ruler  of  the 
perfect  8tale— lha  Platooie  Polity.  It  is  held  that  to  answer  this  purpose,  the  mind  must 
be  instructed  in  something  more  stablt'  tlian  ihv  knowledge  suppHe<l  by  xhc  senses  ; — a  know- 
ledge of  objeclH  wiiicli  are  constantly  changing,  and  whicli  therefore  can  be  no  real  permanent 
Knowledge,  but  only  Opinion.  The  real  and  permanent  Knowledge  which  we  thus  require  is 
to  be  found  in  certain  edences*  which  deal  with  tnUk»  waeeMgry  and  univaiwi^  at  we  ahould 
m>w  deacribe  them:  and  which  therelbre  are,  in  Plato's  language,  a  knowledge  of  that 
which  really  in*. 

This  is  the  object  of  the  Sciences  of  which  Plato  speaks.  And  hence,  when  he  introduces 
Arithmetic,  as  the  first  of  the  Sciences  which  are  to  be  employed  in  this  mental  discipline,  be 
adds  (vii.  ^  8}  that  it  moat  he  not  mere  common  Arithmetic,  but  a  sdenea  whieh  leads  to 
speculative  tnitlisf,  seen  by  Intuition^;  not  an  Arithmetic  which  is  studied  for  the  sake  irf 
buying  and  aeiling.  aa  among  tradaamen  and  shopkeepers,  but  for  the  sake  of  pure  and  real 

Scicrue  5. 

I  shall  not  dwell  upon  the  details  with  which  he  illustrates  this  view,  but  proceed  to  the 
other  Sciences  which  he  mentions. 

Gffometiy  i«  then  ipoken  of,  as  obTbusty  the  next  Sdaoee  in  order;  and  it  is  asaerted 
that  it  really  does  ansarer  the  required  eondition  of  drawing  the  ndnd  fivm  viaflde,  mutable 
phenomena  to  a  permanent  reality.  Geometers  indeed  speak  of  their  visible  diagrams,  as  if 
tbdr  problems  were  certain  practical  processes  ;  to  erect  a  perpendicular ;  to  construct  a  square : 
and  the  like.  But  this  language,  though  necessary,  is  really  absurd.  The  figures  are  mere 
at<U  to  their  cea»oning&  Their  knowledge  is  really  a  knowledge  not  of  vinble  objects,  but  «f 
permanent  realities  t  and  thus.  Geometry  is  one  of  the  belpa  by  whieh  the  mind  may  be  drawn 
to  Truth ;  by  which  die  pMloaophical  qiirit  may  be  formad,  which  looks  upwards  instead  of 
downwards. 

Astronomy  is  suggested  as  the  Science  next  in  order,  but  Socrates,  the  leader  of  the 
dialogue,  remarks  tha:  there  is  an  intermediate  Science  first  to  be  considered.  Geometry, 


*  Th«  tcicnca  arc  to  draw  the  mind  from  ih«t  which 
and  pcrishei  to  thai  which  mUr  ii :  ^Sq^ta  ^fXV*  sXcdv 

^  ciri  Tiff  Tt^v  dfittif^tpif  ^itftmf* 

Vol.  DC  Paei  IV. 


I  Uo  aadR  "  Mid  for  dis  mdt»  at «« ;**  Alt  point  I  hatw 
pMi«d  bj.  PImo  do«i  not  icsllj  ■scribe  DMcb  wei^t  to  iMs 
uM  of  Srienes,  as  «•  sw  Is  vbM  Iw  wys  ti  QsiuisBj  ua 
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tmit*  of  plana  fignvM;  Aitranomy  traits  of  aolids  in  motion,  tbat  is,  of  ■pben*  in  niotion ; 
ibr  the  aacnmoroy  of  Plato's  time  wm  maioly  the  doctrine  of  the  sphere.  But  he/ton  ticBth^; 
of  soh'ds  in  motion,  we  must  have  a  science  which  treats  of  solids  simply.  After  taking  space 
of  two  dimensions,  we  muni  take  space  of  three  dimensions,  length,  breadth  ami  depth,  as  in 
cubes  and  the  like*.  But  buch  a  Science,  it  is  remarked,  has  not  jet  been  discover<Mi.  Plato 
"notts  as  dslident"  this  bnmdi  of  knowledge;  to  use  the  expression  employed  by  Bacon  cm 
the  like  occarions  in  his  Beview.  Plato  goes  on  to  say,  that  Htn  cultivators  of  stieh  a  adcnee 
have  not  reeeiTed  due  enooungeoisnt;  and  that  though  scorned  and  starved  by  the  puhUe^ 
and  not  recommended  by  nny  obvious  uttlt^,  it  has  stiU  made  gnat  progress,  in  virtue  of  its 
own  attractiveness. 

In  fact,  researches  in  Solid  Geometry  had  beeu  pursued  with  grrat  zeal  by  Plato  aod  his 
friends,  and  with  ranarkaUe  sncosss.  The  five  Regoiar  Solidsb  the  Tetrahedron  or  Pyranrid. 
Cube,  Octahedron,  Dodecahedron  and  leosahedron,  had  been  diaoovered;  and  the  curious 
theorem,  that  of  Regular  Solids  there  can  be  just  so  many,  these  and  no  others,  was  known. 

The  dcictrine  of  these  Solids  was  already  app1i<^d  in  a  way,  fanciful  and  arbitrary,  no  doubt, 
but  ingenious  and  lively,  to  the  theory  of  the  Universe.  In  the  TiouBus,  the  elements  have 
these  Iwms  asdgnad  to  iiieni  rsspectivdy.  Earth  ins  the  Cnbet  Fire  has  the  Pyramid: 
Water  has  the  Octahedron :  Air  has  the  leosahedron :  and  the  Dodecahedron  is  the  plan  of 

the  Universe  itself.  Tllis  appHeatioti  of  the  doctrine  of  the  Regular  Solids  shews  that  tfie 
knowledge  of  those  figures  was  already  established  ;  aiul  that  Plato  liad  a  right  to  speak  of 
Solid  Geometry  as  a  real  and  interesting  Science,  And  that  this  subject  was  so  reeonditc  and 
profound, — that  these  five  Regular  Solids  had  so  little  application  in  the  geometry  which  has 
a  bearing  on  man's  ordinary  thoughts  and  actions,'  "made  it  all  the  more  natural  tat  Plato  to 
suppose  that  these  solids  had  a  bsariog  on  the  coostitntiflin  of  the  Universe;  and  we  shall  find 
that  such  a  belief  in  later  times  found  a  ready  acceptaiMe  in  the  minds  of  mathematicians  who 
followed  in  the  Platonic  line  of  speculation. 

Plato  next  proceedK  to  consider  Astronomy  ;  and  here  we  have  an  amusing  touch  of 
philosophical  drama.  Glaucon,  the  hearer  and  pupil  in  the  Dialogue,  is  desirous  of  shewing 
that  he  has  profited  by  what  his  instructor  had  said  about  the  real  uies  of  Sdenoe.  Be  says 
Astronomy  is  a  very  good  branch  of  education.  It  is  such  a  very  umful  sctenoe  for  timmm 
and  llll^bandmen  and  tlie  like.  Socrates  says,  with  a  smile,  as  we  may  suppose:  "You  are 
very  amusing  with  your  zeal  for  utility.  I  suppose  you  are  afraid  of  being  condemned  by  the 
good  people  of  Athens  for  diffusing  Useless  Knowledge. "  A  little  afterworda  Glaucon  tries  to 
do  better,  but  stSl  with  no  great  sooeees.  He  says,  "  you  tdamed  me&r  pimsing  AstroDomy 
awkwardly :  but  now  I  will  fotbw  your  lead.  Astronomy  is  one  of  the  sdences  which  you 
require,  because  it  makes  men's  minds  look  upwards,  and  study  things  above.  Any  one  can 
see  that."  '■'Well,"  says  Socrates,  "perhaps  any  one  can  see  it  except  me — I  caiinot  sec  it." 
Glaucon  is  surpriz-ed.  hut  Socrates  goes  on:  "Your  notion  of  'the  study  of  things  above'  is 
certainly  a  very  magnificent  one.  You  seem  to  think  that  if  a  man  btnds  his  head  back  and 
looks  at  the  ceiling  he  'looks  upwards*  with  his  mind  as  wdl  as  his  ejes.   Yuu  may  be  right 
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ttnd  I  may  be  wronjj :  but  T  hnvp  no  notion  of  any  stiencn  which  makes  the  mind  look  upwards, 
except  i\  science  wiiich  is  about  the  jiernianent  and  the  invisible.  It  makes  no  difference,  as  to 
that  luaittT,  whether  a  man  gapes  and  looks  up  ur  shuts  bis  moutli  and  loukit  down.  If  a 
■m  nNidy  look  op  and  itare  at  leiMiUe  objeett*  U<  mind  does  not  look  upwards^  eyen  if  lie 
vew  to  pursue  hit  itudiet  ewiuRiilag  on  bi«  bnclc  in  tlie  Ma.** 

The  Aitronomj,  then,  which  merely  kioka  aft  phenomena  does  not  satisfy  Plato.  He  wants 
something  more.     Whut  is  it  ?  as  Glaucon  very  naturally  asks. 

Plato  then  descril>es  Astronomj  as  a  real  science  (|  11).  "  The  variegated  adornments 
which  appear  ia  the  sky,  the  vjaible  lunmiariea,  we  most  judge  to  be  the  most  beautiful  and 
die  most  perfect  thinp  of  their  kind :  but  linee  tbej  are  mere  visible  figures,  we  must  suppose 
tbeu  to  be  &r  inferior  to  the  true  objects;  namely,  those  spheres  wbicb«  with  their  real 
proportions  of  quickness  and  slowness,  their  real  number,  their  real  figures,  revolve  and  carry 
luminaries  in  their  revolution*.  These  objects  are  to  be  ajiprelicnded  by  reason  and  mental 
conception,  not  by  vision."  And  he  then  goes  on  to  say  that  the  vaiied  figures  which  the  akinb 
present  to  the  eye  are  to  be  used  as  diagram  to  assist  the  study  of  that  higher  truth ;  just  as 
if  any  one  were  to  study  geometry  by  means  of  beautiful  diagrams  construeted  by  Ikedalus  or 
any  other  consummate  artist. 

Here  then,  Plato  points  to  a  kind  of  astronomical  science  which  goes  beyond  the  mere 
arrangement  of  phenomena:  an  astronomy  which,  it  would  seem,  did  not  exist  at  the  time 
when  he  wrote.  It  is  nataral  to  inquire,  whether  we  can  determine  more  precisd^y  what  kind 
of  astronomical  sdence  he  meant,  and  whelber  audi  scienee  has  been  brought  into  existence 
«lnfie  bis  time. 

He  gives  us  some  furtlicr  features  of  the  philosophical  astronomy  which  he  rcquire«i.  '*As 
you  do  not  expect  to  liiul  in  the  most  exquisite  ^geometrical  diagrams  the  true  evidence  of 
quantities  being  equal,  or  double,  or  in  any  other  relation :  so  the  true  astronomer  will  not 
think  that  the  proportion  of  tlie  day  to  the  month,  or  tlie  ncoth  to  the  year,  and  tlie  Itke,  are 
real  and  immutable  things.  He  will  seek  a  deeper  truth  than  these.  We  must  treat 
Astronomy,  like  Geometry,  as  a  series  of  problems  suggested  by  vinble  things.  We  must 
apply  the  intelligent  portion  of  our  mind  to  the  subjecL" 

Here  we  really  cone  in  view  of  a  class  of  problems  which  astronomical  speculators  at 
certain  periods  have  proposed  to  themselTcs.  What  is  the  real  ground  of  the  proportion  of 
the  day  to  the  month,  and  of  the  month  to  the  year,  I  do  not  know  that  any  writer  of  great 
name  lias  tried  to  determine :  but  to  ask  tlie  reason  of  these  proportions,  namely,  that  of  the 
revolution  of  the  eartf  on  its  axis,  of  the  moon  in  its  orbit,  and  of  the  earth  in  its  orbit, 
are  questions  just  of  the  same  kind  as  to  ask  the  reason  of  tlie  proportion  of  the  revolutions 
of  the  planets  in  their  orbits,  and  of  the  proportion  of  the  orbits  tbemM^lvcs.  Now  who  has 
attempted  to  assign  such  reasons  P 

Of  course  we  sbaU  answer,  Kq>1er :  not  so  much  in  the  Laws  of  the  Planetary  motions 
which  bear  his  name,  ai  in  the  Law  which  at  an  earlier  period  he  thought  he  had  discovered, 
determining  the  proportion  of  the  distances  of  the  several  Planets  frotn  the  Sun.  And, 
curiously  enougii,  thisi  solution  of  a  problem  which  we  may  conceive  Plato  to  have  had  in  his 
mind,  Kepler  gave  by  neans  the  Five  Kegular  Solids  wtiich  Plato  had  brought  into  notice, 
and  had  employed  in  tin  theory  of  tbe  Universe  given  in  the  T^mmu. 

15—9 
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Kepler's  apeciilations  on  the  subject  just  mentionLxI  were  given  to  the  world  in  the 
My»terium  Cotmograpkicum  published  in  1596.  In  his  Preface,  he  says  "  In  the  beginning 
of  the  year  15^  I  Imaded  with  the  «hd«  energy  of  my  mind  oo  the  eulgeet  of  the  Copernieui 
tyeteni.    There  were  three  tblogs  in  pertiettlar  of  whidi  I  pertiiMGiouily  aooK^t  the  cameei 

why  they  are  not  other  than  they  are :  the  number,  the  size,  and  the  motion  of  the  or])its." 
We  see  how  strongly  he  had  his  iin'tul  impressed  with  the  fnmo  thoiifjhl  which  Plato  had  so 
confiilcntly  uttered :  that  there  must  be  wme  reason  for  those  proportions  in  the  scheme  of  the 
Universe  which  appear  casual  and  vague.  He  was  coniideDt  at  tbia  period  that  he  had  solved 
two  of  the  three  queatioae  which  haunted  him  ;<~that  he  omild  aoeount  fat  die  nuoiher  and 
the  size  of  the  planetary  orbits.  His  account  was  given  in  this  way. — "  The  orbit  of  the 
Earth  i>  a  circle  ;  rounc]  the  splu  re  to  which  this  circle  belongs  describe  a  dodecahedron  ;  the 
sphere  inthiiliiifj  this  will  jrivt-  the  orbit  of  Mars.  Itouncl  M;irs  inscribe  a  tetrahedron ;  the 
circle  including  this  will  be  the  orbit  of  Jupiier.  Describe  a  cube  round  Jupiter's  orbit; 
the  drde  including  this  will  he  the  ovhit  of  Saturn.  Now  inietihe  in  the  Earth**  orbit  an 
ieoeahcdron:  the  dtele  inaerihed  in  it  will  he  the  orhit  of  Venue.  Inacrihe  an  oetahedron  in 
the'Wbit  of  Venus;  the  circle  inscribed  in  it  will  be  Mercury's  orbit.  Thil  it  the  rcaaon  of 
the  number  of  the  planets and  also  of  the  magnitudes  of  their  orbits. 

These  proportions  were  only  approximations ;  and  the  Rule  thus  asserted  has  been  shewn 
to  he  unfiMadcd,  by  the  dtteoverj  of  new  n«n«t«.  Una  Law  of  Kepler  hat  been  tefMidiBtBd 
by  auGceediqg  Astrooooiers.  So  far,  then,  die  Aatvonomy  which  Phlo  icquinai  a»  a  part  of 
true  philoeophy  has  not  been  brought  into  bang.  But  are  we  thence  to  oonelode  that 
the  demand  for  such  a  IiinJ  of  Astronomy  was  a  mere  Platonic  itrtngination  ? — was  a  mistake 
which  nmrf  reci  iit  and  sounder  views  Iiavc  corrected .''  We  can  hardly  venture  to  say  that. 
For  the  questions  wiiich  Kepler  tiius  asked,  and  which  he  answered  by  the  assertion  of  this 
ervooebus  Law,  are  queitioos  of  exactly  the  lanie  kind  aa  thow  which  he  atked  and  answered 
by  meane  of  the  true  Law*  irhich  stiil  faaten  hia  name  upon  one  of  tie  epochs  vf  astronomical 
history.  If  he  was  wrong  in  assigning  reasons  for  the  number  and  size  of  the  planetary 
orbits,  he  was  right  in  assigning  a  reason  for  the  proportion  of  the  motions.  This  he  did 
in  the  Marmonice  Mundi,  published  in  l6l9:  where  be  established  that  the  squares  of  the 
periodic  timea  of  the  different  Planets  are  as  the  cubes  of  their  mean  distances  from  the  central 
Sun.  Of  this  discovery  he  speaks  with  n  natural  exultation,  which  succeeding  astronomers 
have  thought  well  founded,  lie  says:  <*What  I  prophesied  two  and  twt  nt  v  years  ago  as  sooQ 
a-?  I  had  discovered  the  fivi  solidN  among  tliL-  heavenly  bo<!ie< ;  what  I  firnilv  Inlieved  before 
I  had  '^een  the  Ilfinntttili-'i  of  I'tokii  v  ;  what  I  jiromised  my  friends  in  the  title  of  this  \xk>U 
{On  the  perfect  Harmony  of  the  celestial  mo/omo),  which  I  named  before  I  was  sure  of  my 
discovery ;  what  sixteen  years  ago  I  regarded  as  a  thing  to  be  sot^bt ;  that  for  whidi  I 
Joined  Tycho  Brahe,  for  which  I  settled  in  Prague,  for  which  I  devoted  the  best  part  of  my 
life  to  astronomical  contemplations;  at  length  I  have  biougfat  to  ligl  t,  and  have  recogiiiied 
its  truth  beyond  my  most  sanguine  expectations."     (Harm,  Mnndi.  T.il).  \ .) 

Thus  the  Platonic  notion,  of  an  Astronomy  which  deals  with  d<»ctrine8  of  a  more  exact 
and  determinate  kind  than  the  obviona  relations  of  phenomena,  may  be  ftMmd  to  tend  either 
to  error  or  to  truth.  Such  aspirations  point  equally  to  the  five  regular  sdids  which  Kepler 
imagined  as  determining  the  planetary  orbits,  and  to  the  Laws  of  Cepler  in  which  Newton 
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det£CU'd  the  effect  of  universal  gravitation.  The  realities  which  Plato  looked  for,  as  somethiug 
incomparably  more  real  than  the  visible  luminariea,  are  found,  when  we  find  geometrical 
iiguTei,  epicycles  «id  eowntrin^  laws  of  motioa  and  Uvt  of  tone,  whkh  exjdalii  tlw  appear- 
ancM.  Hn  BaditiM  «ie  Thnriet  wbicb  aeoount  for  tha  Fhsnoama,  Idcai  whidi  comaMt  tlw 
Facts. 

But,  is  Plato  right  in  holding  that  such  Realities  as  these  are  more  real  than  the 
Phenomena*  and  constitute  an  Astronomy  of  a  higher  kind  than  that  of  mere  Appearances  i 
To  tliii  we  shall,  of  aouna^  laply  Aat  Theories  and  Facts  have  each  their  rodity,  but  that  • 
these  are  Mslities  of  diflhreni  kinds.    Kcplcf's  Lavs  are  as  real  as  di^  and  ni^t;  the 

force  of  gravity  tending  to  the  Sun  is  as  real  as  the  Sun ;  but  not  more  SO.  True 
Theories  and  Facts  are  equally  real,  for  true  Theories  are  Facts,  and  Facts  are  familiar 
Theories.  Astronomy  i«,  as  Plato  says^  a  series  of  Problems  suggested  by  visible  Things; 
and  the  Thoughts  ui  our  own  minds  irfiidi  bring  the  solatkms  of  these  Problems,  have  a 
radHy  in  the  Things  whh^  sqggest  then. 

But  if  we  trjr,  as  Plato  does,  to  separate  and  oppose  to  each  other  the  Astronomy  of 
Appearances  and  the  Astronomy  of  Thiories,  wc  attempt  that  which  is  impossible.  There  are 
no  Phenouieiia  which  do  not  exhibit  some  Law;  no  T.nw  can  be  conceived  without  Phenomena. 
The  heavens  offer  a  series  of  Problems;  but  however  many  of  these  Problems  we  solve,  there 
remain  stilt  inaitmenUe  of  them  unsolved  t  and  these  unsolved  Praldems  have  sdutions*  and 
are  not  different  in  kind  fttim  those  of  which  the  extant  solution  is  most  complete. 

Nor  can  we  justly  distinguish,  with  Plato,  Astronomy  into  transient  appearances  and  per- 
manent truths.  The  th(n>rio>i  of  Astronomy  arc  permanent,  and  are  manifested  in  a  series  of 
changes:  but  the  change  is  perpetual  just  becauae  the  theory  is  permanent.  The  perpetual 
change  it  the  penoanent  theory.  The  perpetual  chuiigei^  in  the  positions  and  movements  of 
the  planets,  lor  instanee,  manifest  the  permanent  machinery :  the  machinery  of  cydes  and  cfn- 
cyck'S,  ai  Plato  would  have  said,  and  as  Copernii  u)^  would  have  agreed  ;  while  Ke|der,  with  a 
profound  admiration  for  both,  would  have  asserted  that  the  motions  niii,Mit  be  represented  by 
ellipses,  more  exactly,  if  not  more  trulv.  The  cycles  and  epiryelrs,  or  the  I'llipses,  arc  as  real 
as  space  and  time,  in  which  the  motions  take  place.     Uul  we  cannot  justly  say  that  space  and 

time  and  motion  are  more  real  than  the  bodies  whiefa  move  in  qmce  and  time,  or  than  the 
appearancce  which  tieae  bodies  present. 

Thus  Plato,  with  his  tendency  to  exalt  Ideas  above  Facts, — to  find  a  Reality  which  is  more 
real  than  Phenomena, —  to  tnke  hold  of  a  permanent  Truth  w  hich  is  niort  true  than  truths  of 
observation,— attempts  what  is  impossible.  He  tries  to  separate  the  poles  of  the  Fundamental 
Antitliesisi  which,  however  antithetical,  are  inseparable. 

At  the  same  ttne,  we  must  recollect  that  this  tendency  to  find  a  Beality  which  is  some- 
thing beyoiiil  appearance,  a  permanence  which  is  involved  in  the  changes,  is  the  genuine  spring 
of  scientific  discovery.  Such  a  tendency  has  been  the  cause  of  all  the  astronomicnl  science 
wliich  we  possess.  It  appeared  in  Plato  himwlf,  in  Hipparchii?,  in  Ptolemy,  in  ('opi-rnicus, 
and  must  eminently  in  Kepler ;  and  in  him  perhaps  in  a  manner  more  accordant  with  riato''s 
aspirations  when  he  found  the  five  Begular  Solids  in  the  Universe,  than  when  he  found  there 
the  Comic  Sections  which  determine  the  form  of  the  plsnetary  orbits.  The  pursuit  of  tMs 
tendency  has  been  die  source  of  the  mighty  and  successful  labours  of  succeeding  astronomers : 
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and  the  anUdpatioQB  of  FUto  on  this  head  wer«  more  true  than  he  himadf  could  have  oon- 
ceived. 

When  the  shove  Tietr  of  the  nature  of  true  aitranoaiy  hat  heen  proposed,  GUuieon  lajrs: 
**  That  would  he  a  taik  nneh  moie  laborious  than  the  astronomy  now  eultivated.**  Soentes 
replies:  "  I  believe  so:  and  such  tasks  must  he  undertaken,  if  our  nseacchesare  to  be  good 

for  anything" 

After  Astronuaiy,  there  comes  under  review  another  Science,  which  is  treated  in  the  same 
manner.  It  is  pre&euled  as  one  of  the  Sciences  which  deal  with  real  abstract  trutli ;  and 
which  are  therefore  suited  to  that  devdopement  of  the  phQoBophie  insight  into  the  highest 
truth,  which  is  here  Platens  main  object.  This  Science  is  HamomiSe$t  the  doctrine  ctf  the 
mathematical  relations  of  musical  sounds.  Perhaps  it  may  be  more  difficult  to  exfdakl  to 
a  peneral  audience,  Plato's  views  on  this  than  on  the  previous  subjects :  for  though  Harmonics 
is  still  acknowledged  as  a  Sdence  including  Uie  oiathematical  truths  to  which  Plato  here  refers, 
these  truths  are  lem  generally  known  than  dmse  of  geometry  or  astRmomy.  Pythagoras  is 
reported  to  have  been  the  discoverer  of  the  cardinal  proposition  in  this  Mathematics  of  If  unc : 
— namely,  that  the  musical  notes  which  the  ear  recognizes  as  having  that  deflnite  and  harmonious 
relation  which  we  (.ill  an  octave,  a ^fth^  a  fourth,  a  third,  have  also,  in  some  way  or  otlier,  the 
numerital  rclatioa  of  2  to  1,  to  2,  +  to  3,  5  to  4.  T  snv  "some  way  or  other,'"  because  the 
statements  of  ancient  writers  on  this  subject  are  physically  inexact,  but  are  right  in  the  essen. 
tM  point,  that  those  simple  numerical  ratios  are  characteristic  of  the  most  marked  harmonie 
rdations.  The  numerical  ratios  veally  represent  die  wte  of  vibratbn  of  the  air  when  diose 
harmnnicS  are  produced,  Tliis  perhaps  Pinto  did  not  know :  but  he  knew  or  assumed  that 
those  numerical  ratios  were  cardinnl  truths  in  harmony:  and  ho  conceivwl  that  the  exactness  of 
the  ratios  rested  on  grounds  deeper  and  more  intellectual  than  any  testimony  which  the  ear 
could  give.  Tins  h  the  main  point  in  his  mode  of  applying  the  subject,  which  will  be  best 
understood  by  translating  (with  some  abridgement)  what  he  says.    Socrstee  proceeds : 

(|  II  near  the  end.)  Motion  appears  in  many  aspects.  It  woold  take  a  very  wise 
man  to  enumerate  them  all:  but  there  are  two  ohvious  kimU.  One  which  appears  in  astro- 
nomy, (the  revolutions  of  the  heavenly  bodies,)  ;iiui  another  which  is  the  e:ho  of  that*.  As  the 
eyes  are  made  for  Astronomy,  so  are  the  ear*  made  for  the  motion  which  produces  Harmony-f: 
and  thus  we  have  two  sister  sdenees,  as  the  Pythagoreans  teach,  and  we  asteat. 

(|  19.)  *•  To  avoid  unnecessary  labour,  let  us  first  learn  what  tkeg  can  tell  us,  and  see 
whether  anything  is  to  be  added  to  it;  retaining  our  own  vi  on  such  auljects:  namely 
this  : — that  tho^e  whoM  education  we  nre  to  superintend — real  ])hilos()|iher«i — are  never  to 
learn  any  imperfect  truths: — anything  which  does  not  tend  to  that  point  (esact  and  permanent 
truth)  to  which  all  our  knowledge  ought  to  tend,  »  we  sdd  concerning  astronomy.  Now 
those  who  cultivate  music  take  a  very  dilFcrent  course  from  this.  You  may  sse  them  taking 
immense  pains  in  nieasuring  mudcol  notes  and  intervals  by  the  car,  as  the  aMronomos  measure 
the  heavenly  motions  by  tlie  eye. 

"  Yes,  says  Glaucon,  tluy  apply  their  ears  close  to  the  instrument,  as  if  they  could  catch  the 
note  by  getting  near  to  it,  and  talk  of  some  kind  of  recurrences^.   Some  say  they  can  distinguish 
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an  interval,  and  that  thit  it  the  smallest  possible  iatervsilt  by  wbicb  others  are  to  be  measured; 
while  othef B  saj  that  the  two  Mtes  are  identical ;  both  particB  aHke  judgjiig  bj  the  ear,  not  by 
the  ioldleGt. 

"You  mean,  says  Socrntcs,  those  fine  musicians  who  torture  their  notes,  and  screw  their 
pegs,  and  pinch  their  strings,  and  speak  of  the  resulting  sounds  in  grand  terras  of  art.  We 
will  leave  them,  and  address  our  inquiries  to  our  other  teachers,  the  Pythagoreans.'*'' 

The  expressUmt  about  the  aaaaH  ioterval  in  Glauoon's  apeeeh  appeu  to  ma  to  refcr  to  a 
curiotta  qaestion,  which  we  know  waa  diaeuaied  aaaoDg  the  Greek  matheiDatieiam.  If  we  take 
a  keyed  imtrameDt^  and  atcend  from  a  key  note  by  two  octaves  and  a  third,  (say  from  Ji  to 
Ct)  we  arrive  at  the  same  nominal  note,  as  if  we  ascend  four  times  by  a  fifth  (A^  to  E,,  E, 
to  j?,,  to  Ft,  Ft  to  Ct).  Hence  one  party  might  call  this  the  same  note.  But  if  the 
Octaves,  Fifths,  and  Third  be  perfectly  true  intervals,  the  notes  arrived  at  in  the  two  ways  will 
not  be  really  the  same.  (In  the  one  CBae»  the  note  is^^^^^^f;  indie  other  f  x  f  x  |  x  ^; 
which  are  ^  and  or  in  the  ratio  of  81  to  80).  Thia  amail  hitenral  by  which  the  two  notes 
really  differ,  the  Greeks  called  a  Comma,  and  it  was  thtj  smallest  musical  interval  which  they 
recognized.  Plato  disdains  to  see  anything  important  in  this  controversy;  though  the  con- 
troversy itsef  is  really  a  curious  proof  of  his  doctrine,  that  there  is  a  mathematical  truth  in 
Harmony,  higher  than  iaBtrumental  exactneaa  can  reach.   He  goea  on  Co  aay : 

The  nwsical  teachers  are  defective  in  the  same  way  aa  the  astrooomieal.  They  do  indeed 
seek  numbers  in  the  harmonic  notes,  which  the  ear  perceives:  bnt  they  do  not  ascend  from 
them  to  the  Prubk-in,  What  are  harmonic  numbers  and  what  are  not,  and  wliat  is  the  reason 
of  each"?*    "  That,  says  Giaucon,  would  be  a  sublime  inquiry.** 

Have  we  in  Harmonics,  as  in  Astronomy,  anything  in  the  succeeding  history  of  the  Science 
which  illuitratiea  the  tendency  of  Plato's  tbooghts,  and  the  value  of  such  a  tendeney  ? 

It  is  plain  that  the  tendency  was  of  the  same  nature  as  that  wiuch  induced  Kepler  to  call 
his  work  on  Astronomy  ITarmwiicf  Mundi;  and  which  led  to  many  of  the  speculations  of 
that  ^^ork,  in  wliicli  hirmonical  are  mixed  witli  grniiietrical  doctrines.  And  if  we  iirc  disposed 
to  judge  severely  of  such  speculations,  as  too  fanciiul  fur  sound  philosophy,  we  may  recollect 
that  Newton  himadf  leema  to  have  been  wiDing  to  And  an  analogy  between  batmonie  nnmben 
and  the  different  coloured  spacea  in  tlie  ^MCtrum. 

But  I  will  say  jhinklyj  tliat  I  do  not  beUeve  there  really  exists  any  harmonical  relation  in 
cither  of  these  case>.  Nor  can  the  problem  proposed  by  Plato  be  considered  as  havinfj  been 
solved  since  his  time,  any  further  than  that  the  recurrence  of  vibrations,  when  their  ratios  are 
so  simple,  may  be  easily  eonedvad  aa  affecting  the  ear  in  a  peculiar  UMWier.  The  impetfee- 
tion  of  muaical  ecales,  which  the  oo«iii0  indioatee,  baa  not  been  removed;  but  we  may  aay  tbatt 
in  the  case  of  this  problem,  as  in  the  other  ultimate  Platonic  problems,  the  duplication  of  tile 
cube  and  the  quadrature  of  the  circle,  the  impussihility  of  a  solution  has  heen  already  esta- 
blished. The  problem  of  a  perfect  musical  ^aXc  is  imposMblc,  becatise  no  power  of  'i  can  be 
equal  to  a  power  of  3;  and  if  we  furtlier  take  the  multiplier  uf  course  it  also  cannot  bring 
about  an  exact  equality.  This  impossibility  of  a  perieet  loate  being  recogniied,  the  practical 
proUem  ia  what  la  die  ^atem  of  tmpemmettf  whidi  will  make  the  scale  beat  suited  for  musical 
purpmea;  and  this  problem  has  been  very  fully  diaeuised  by  modern  writers. 
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The  survey  of  the  sciences,  arithmetic,  plane  geometry,  solid  geometry,  astronomy  and 
harnoiiics— 'Wbidi  u  contaiiied  in  tbe  •erctith  Book  of  tlie  Republic  (§  6 — 12),  and  whidi  has 
been  dncuHed  in  the  preeeding  paper*  reprewnt*  tlien  as  iDstninwots  in  ao  educatkm,  of 

which  the  end  m  ainnething  much  higher — bs  steps  in  a  progression  which  is  to  go  further. 
"Do  votj  not  know,"  says  Socrntei,  \'2)  "that  all  this  is  nicrnlv  a  prohiclf  to  the  strain 
which  we  have  to  learu?"  And  what  that  strain  is,  he  forthwith  proceeds  to  indicate. 
*'  That  these  sciences  do  not  suffice,  you  must  be  aware :  for— those  who  are  masters  of  such 
adenees — do'tliey.  eeem  to  you  to  be  good  in  didectie?  (janm  iutKuenm  cTwu;) 

*<  III  truth,  sajs  GlaucoD,  tb^  are  not*  with  very  few  ezception^  ao  &i  a*  I  have  faUeo 
in  with  them." 

"And  yet,  said  I,  if  persons  cannot  give  and  receive  a  reason,  they  caoQOt  attain  that 
knowledge  which,  as  we  have  said,  men  ought  to  have." 

Here  it  i»  evident  that  **  to  give  and  to  teoeive  a  reason,*  is  a  phrase  employed  as 
coinciding,  in  a  general  way  at  least,  with  being  "good  in  dialectie;"  and  aocordioglyr  this  is 
soon  after  asserted  in  another  form,  the  verb  being  now  used  instead  of  :he  adjective.  '*  It  Is 
dialpcHc  diwussion  (to  tioKeyfaBai^  which  executes  the  strain  wliich  we  have  been  preparing". 
It  is  further  said  that  it  is  a  progress  to  clear  intellectual  light,  which  corrwponds  to  the  progress 
of  bodily  vinon  in  proceeding  from  tbe  darkened  cave  described  in  tbe  boguKimg  of  tbe  Book 
to  the  li^t  of  day.    This  progren,  it  b  added,  of  course  you  call  Dialectie  (SiaXcrnnfV). 

Plato  further  sayi,  that  other  sciences  cannot  properly  be  called  sciences.  Tbey  b^;in 
from  certain  assumption';,  and  give  us  only  the  consequences  wincli  follow  from  reasoning  on 
such  assumptions.  But  these  assumptions  they  cannot  prove.  To  do  so  is  not  in  the  province 
of  each  science.  It  belongs  to  a  higher  science:  to  the  science  of  Real  Kxstcnccs.  You  call 
the  own  DbdeetieaU  who  requires  a  reason  of  the  esaenee  Af  eadi  thing*. 

And  as  Dialectie  pves  an  account  of  other  real  existences,  so  does  it  of  tiiat  most  impmrtant 
reality,  the  true  guide  of  Life  and  of  Philosophy,  tbe  Real  Good.  He  who  cannot  follow  this 
through  all  the  winditif^s  of  the  battle  of  Life,  knows  notliinf»  to  any  pivpoee.  And  thus 
Dialectic  is  the  pinnacle,  the  top  stone  of  tbe  edifice  of  the  sciencesf. 

INalectic  is  here  defined  or  described  by  Plato  according  to  the  Mt$l^tet  mbich  it  treats,  and 
the  defect  with  whidi  it  is  to  be  pursued :  but  in  other  parts  of  the  flatonie  Dudogues, 
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Dialectic  appears  rather  to  implv  fi  certain  method  of  investigation; — to  dcscriVic  the  form  rather 
than  the  matter  of  discussion ;  and  it  will  perhaps  be  worth  while  to  compare  these  different 
MsooaDti  cf  Diiketie. 

(Pknimt.)  On*  vt  the  cardliid  {MMages  en  this  point  h  in  llie  Vh«dras»  «nd  may  he 
briefly  quoted.  Phsedrui,  in  the  Dialogue  which  been  Ini  name,  appears  at  first  ai  an  admiier  of 

Lysias,  a  celebrated  writer  of  orations,  the  contemporary  of  Plato.  In  order  to  expow  this 
writer's  style  of  poniposition  as  frigid  and  shallow,  a  specimen  of  it  is  given,  and  Socrates  not 
only  criticizes  this,  but  delivers,  as  rival  compositions,  two  discourttes  on  the  same  subject.  Of 
thcae  diiooiine%  given  ee  the  inejiiration  of  the  momeat*  the  firet  ie  animated  and  vigoroae ; 
the  eeeoad  goce  etlll  further,  and  dothca  ite  meaini^  in  a  gorgeeua  dxeee  of  poetical  and 
mythical  images.  Phiedrus  acknowledges  that  his  favourite  is  outshone;  and  Socrates  then 
proceeds  to  point  out  that  the  real  .superiority  of  his  own  discourse  consists  in  its  having  a 
dialectical  structure,  heoeatb  it*  outward  aspect  of  imagery  and  enthusiasm.  He  says: 
(§  109,  Bekker.  It  ia  to  be  remenbered  tbet  the  subject  of  aU  the  dieooones  wn  £eei» 
under  certain  enppoaed  eonditioiM.) 

'*  The  rest  of  the  performance  may  be  taken  as  play:  but  there  wore,  in  what  was  thoa 
thrown  out  by  a  mndom  impulse,  two  features,  of  which,  if  any  one  oould  reduce  the  eiFect  to 
m  ert,  it  would  be  a  very  arjrceable  and  useful  task. 
What  are  they  ?  Fbseiirus  asks. 

fn  the  fint  place,  Soemtes  replies^  the  taking  a  connected  view  of  the  scattered  dements 
of  a  subject,  so  as  to  bring  then  into  one  Idea;  and  thue  to  give  a  definitiiHi  of  the  anhjeet^  so 

as  to  make  it  clear  what  we  are  speaking  of;  as  was  then  done  in  regard  to  Love.  A 
definition  was  i^ivcn  of  it,  what  it  is :  whether  the  definition  was  good  or  bad,  at  any  rate 
there  was  a  definition.  And  hence,  in  what  followed,  we  were  able  to  say  what  was  clear  and 
eonsiatent  with  itself. 

«  And  what,  Phsdrus  asks,  waa  the  other  ftature? 

"  The  dividing  the  subject  into  kinds  or  elements,  aooording  to  the  nature  of  the  thing 
itself : — not  breaking  its  natural  members,  like  n  bad  carver  who  cannot  hit  the  joint.  So  the 
two  discourses  which  we  have  delivered,  took  the  irrational  part  of  the  mind,  as  their  common 
subject ;  and  as  the  body  two  different  sides,  the  right  and  the  left,  with  the  same  names 
for  its  ports ;  so  the  two  disoouraca  took  the  irratiooal  portion  of  man ;  and  the  one  took  tlie 
left-hand  portion,  and  divided  tins  again,  and  again  subdivided  it,  tiD,  among  the  subdivisions, 
it  found  a  left-handed  kind  of  Love,  of  which  nothing  but  ill  was  to  be  said.  While  the 
discourse  that  foUoweil  out  the  right-hand  side  of  phronzy,  (the  irrational  portion  of  man^s 
nature,)  was  led  to  something  which  bore  the  name  of  Low  like  the  other,  but  which  is  divine, 
aad  was  praised  as  the  source  of  the  grealeet  Ueasfai^." 

**  Nov  T,**  Soeratas  goes  on  to  eay,  am  a  great  admirer  of  tliese  pnoessee  of  divMon  and 
comprehension,  by  whidi  I  endeavour  to  speak  and  to  think  correctly.  And  if  I  can  findanj 
niip  who  i»  able  to  se»e  clearly  what  is  by  nature  reducible  to  one  and  manifested  in  many 
elements,  I  follow  his  footsteps  as  a  divine  guide.  Those  who  can  do  this,  I  call — whether 
rightly  or  not,  God  kuova— but  I  have  hitlierto  been  in  tlia  habit  of  caUing  them  dialeetieat 
men." 

Yoi.  BL  Past  17.  76 
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It  is  of  no  consequence  to  our  present  purpose  whether  either  of  the  discourses  of  .*t>crate« 
in  the  Pha-iiru?,  ur  the  two  together,  as  is  here  assuioed,  do  contam  a  ju»t  ditriaiou  and  subdi- 
vision gf  that  part  of  the  faunuuk  MMil  vhieh  ii  dlftiiigttithBUe  from  Bmmni,  uid  do  thiu 
csddUt,  It  its  trae  velatiom,  the  diktdm  of  Lov*.  It  u  orldrnt  that  divisbn  and  lubdiTirion 
of  tbis  kiad  is  here  presented  as,  in  Plato^s  opinion,  a  most  valuable  method :  and  thow  iHw 
could  successfully  practige  thif  method  are  tboee  whom  he  admiiet  as  dialeetieal  mea.  Thi« 
is  here  bis  DiaUetic. 

{SophUtes)  We  are  naturallj  led  to  ask  wfaedisr  tUs  method  of  diridiDg  &  subject  as  the 
best  way  of  eiaminiRg  it.  be  in  any  other  part  of  the  Platonic  Dialoguce  more  fiiUy  explained 

than  it  is  in  die  Plimdrus ;  or  whi  thcr  nuy  rules  are  given  fiir  this  kind  of  Dialectic. 

To  this  wc  may  reply,  that  in  the  Dialogue  entifl.  d  The  Sophist,  a  method  of  dividing  a 
8ubject,  in  order  to  examine  it,  is  explained  and  cxeuipliiied  with  extraordinary  copiousness  and 
ingenuity.  The  object  proposed  in  that  Dialogue  is,  to  define  what  a  Sophist  is;  and  with 
that  view,  the  principal  speaker,  (who  is  repreaeotcd  as  an  Eleatic  stranger.)  liegins  by  ftrat 
exemplifying  what  is  his  method  of  framing  a  definition,  and  by  applying  it  to  define  an  Jmgltr* 
The  course  followed,  though  it  now  reads  like  a  burlesque  of  philosophical  methods,  appears  to 
have  been  at  that  time  a  fconn  /ft/f  attempt  to  he  philosophical  and  methodical.  It  procee<l«  thna  r 

"We  have  to  inquire  concerning  y<n^i«^.  Is  it  nn  Art  i*  It  is.  Now  what  kind  of 
art?  An  art  is  an  art  of  making  or  an  art  of  getting:  (Poiefte  or  JEMie.)  It  is  Ktntie. 
Now  the  art  of  getting,  is  tlie  art  of  getting  by  exeliange  or  by  capture:  < Jf«la6ietfo  or 
Chi  rode.)  Getting  by  capture  is  by  contest  or  by  chase  :  (Agonistic  ar  7*A«iBitCsai>)  Getting 
by  chase  is  a  cliase  of  lifi'le?**  or  of  living  things  :  (the  fi"*-»  Ims  no  name,  the  second  is 
Zootheric.)  The  chase  of  living  things  is  the  chase  of  land  animals  or  uf  water  animals. 
(Pezotkeric  or  EnygroUteric.)  Chase  of  water  animals  is  uf  birds  or  of  (ish  :  {Ornithot/tereuiic 
and  M^eutte.)  Chut  of  fish  is  by  inelosing  or  by  striking  them :  (JSTerdotAeras  or  FkeHe,) 
We  strike  them  by  day  with  ptdnted  iaaramettts»  or  by  mght*  usfaig  torches :  (hence  the 
division  Ankistreutic  and  Pyreutic.)  Of  Aukistreutic,  one  kind  consists  in  spearing  the  fish 
downwards  from  al>ove,  the  other  in  twitching  them  upwards  from  hclow  :  (these  two  art<?  are 
Triodontic  and  Aspalieutic.)  And  thus  we  have,  what  we  sought,  the  notion  and  the  descrip- 
tion (tf  angling:  namely  that  it  is  a  Ktetie,  Chifotie^  Thereutict  Zoothcric,  Knygrotbcric, 
IIalientic»  Plectic*  Ankistreutic,  Aspalieutic  Art." 

Several  other  examples  are  given  of  this  ingenious  mode  of  definition,  but  tliey  are  all 
introduced  with  reference  to  the  definition  of  the  Sophist.  And  it  will  further  illuatrata  ttus 
method  to  shew  how,  according  to  it,  the  Sophist  is  related  to  the  Angler. 

The  Soplustiesl  Art  is  an  art  of  getting,  by  capture,  living  things,  namely  men.  It  is  thus 
a  Etetic.  Chirotic,  Thereutie  art,  and  so  far  agrees  with  that  of  the  Angler.  But  here  the  two 
arts  diverge,  since  that  of  the  Sophist  is  Pezotheric,  that  of  the  Angler  Enygrotheric.  To 
determine  the  Sophist  still  more  exactly,  oliserve  that  the  chase  of  land  animals  is  either  of  tame 
animals  (including  man)  or  of  wild  animals:  illemerothfrie  aiil  A^iolheric.)  The  chase  of 
tame  animals  is  either  by  violence,  (as  kidnapping,  tyranny,  and  war  in  general,)  or  by 
pennasion,  (as  by  die  arts  of  speech;)  that  is»  it  is  Biaiatitrie  or  FSAnmrgie,  The 
art  of  persitasion  Is  a  private  or  a  public  proceeding :  (/djotikerenlie  or  DsmeeAilAersMfte;} 
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The  art  of  private  penuaston  is  accompaDieil  with  the  giving  of  preaeatSt  (a«  loven  do,)  or  with 
th* rweiviDg  of  pay :  (thus  k  ii  ItoropAoHo  or  MiUkmimeutie»)  To  nedvo  poj  m  die  ntok  of 
pevMiaiioa,  ia  tbe  conne,  eitbar  of  theae  iHki  OMnely  cam  thdr  breMl  hj  anpplying  pleaawe, 
nanely  flatterers,  vhoae  art  is  Hedyntic  ;  or  of  those  wlio  proft-ss  for  pay  to  tcacli  virtue.  And 
who  are  they?  Plaitilj  the  Sophists.  And  thus  iVo/jAMrtc  is  thnt  kinl  >f  Kti  ti  ,  Cliirotic, 
Thercutic,  Zootheric,  Pczotheric,  Henierotheric,  Pithanurgic,  Idiothcreutic,  Mistbameutic 
art}  which  professes  tu  tt^ach  virtue,  and  taJ^es  money  on  that  account. 

The  Maie,pirooeM  is  pursued  aloM^  aeVM«l  other  lima  of  inquiry :  and  ot  the  end  of  each 
of  them  the  Sopbiat  ie  ^tectad,  iaTohncd  fai  a  number  of  lomewhet  olmoximis  ehanettiMei. 
Thia  process  of  division  it  will  be  observed,  is  at  every  step  bifurcate,  or  as  it  is  called, 
diehotnmou9.  Applied  as  it  is  in  these  examples,  it  is  ratlur  the  vehicle  of  satire  than  of 
pbilotiuphy.  Vet,  I  have  no  doubt  that  this  bifurcate  method  was  admired  by  some  of  tbe 
philosopben  of  Plato^a  tinte,  ea  a  dercr  and  ai^eetive  )»hiliiaapbieel  inTendoii.  We  may  the 
more  readily  bdieve  tl^  inainiach  aa  one  of  the  moat  aeute  peraona  of  our  own  time, 
who  has  come  nearer  thao  any  other  to  the  ancient  beads  of  aeets  in  tbe  submission  with 
which  his  followers  have  accepted  his  doctrines,  has  taken  up  this  Dichotomous  Method,  and 
praised  it  as  the  only  philosophical  mode  of  dividing  a  subject.  T  refer  to  Mr  Jeremy 
Bentbam'a  Chrestomathia  (published  originally  in  1816,)  in  which  (his  exhaustive  bifurcate 
method,  aa  he  ealla  it,  wae  applied  to  daaaify  aeieaioea  and  arta,  with  a  view  to  a  adieme 
of  education.  How  exactly  the  method,  as  reoomoModed  by  htm,  iigreea  with  the  method 
illustrated  in  the  Sophist,  an  examination  of  any  of  his  examples  will  shew.  Thus  to  take 
Mineralogy  as  an  example :  according  to  Bentham,  Ontology  is  Coenoscopic  or  Tdioscopic :  the 
Idioscopic  is  Somatoscopic  or  Fneumato.scopic ;  the  Somatoscopic  is  Pososcopic  or  Poioscopic  : 
Poiowopic  ii  Phytiurgoscopic  or  Aatbropurgoscopic :  Physiurgo!>copic  ia  Uranoeoopie  or 
"BtfigBtueo^t  Ep%eoaGopie  ia  Abioseopic  or  Embioaeopic.  And  thua  Minendogy  it  the 
Science  Idioscopic,  Somatoscopic,  Poioscopic,  Physiurgoscopic,  £pigeoscopic,  Abio&copie : 
inasmuch  as  it  is  the  science  which  n';r  u  (ls  budiea,  with  reference  to  tbeir  qualitica,  bodtca, 
namely,  the  works  of  nature,  terrestrial,  lifeless. 

I  coooeive  that  this  bifurcate  method  is  not  really  philosophical  or  valuable :  but  that  ia  not 
our  faanneaa  here.  What  we  have  to  eooaider  ia  wbeAer  tbia  ia  what  Plato  meant  by  the 
term  Dialectic. 

The  general  description  of  Dialectic  in  the  Sophi'jttea  agrees  very  closely  with  that  quoted 
from  the  IMuedrus,  that  it  is  the  separation  of  a  subject  according  to  its  natural  divisions. 

Thus,  see  in  the  Sophist  the  passage  j  83 :  "  To  divide  a  subject  according  to  the  kinds  of 
things,  ao  aa  neither  to  make  die  aasw  Itind  diArent  nor  diflerent  kbda  identical,  i«  the  oflke  of 
theDialeeticat  Scienee.**  And  diia  ia  illoatrated  by  obeerviog  that  it  iathe  offloeof  the  adcneeof 
Grammar  r  I  tcrmine  what  letters  may  be  conUaed  md  what  may  not;  itii  the  office  of  tbe 
adence  of  Music  to  determine  what  sounds  differing  as  acute  and  grave,  may  be  combined,  and 
what  may  not:  and  in  like  manner  it  is  tbe  office  of  the  science  of  Dialectic  to  determine  what 
kindt  may  be  combined  in  one  aubject  and  what  may  not  And  tbe  proof  is  still  further 
fsplained. 

In  nrniy  «f  tbe  Plalooie  Dfadognaa,  the  Dialeetie  wkkh  Socrataa  is  Ihm  npreiented  aa 
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approving,  appears  to  laclude  the  form  uf  Dialogue,  aa  weU  a«  the  aubdiviston  of  the  subject 
Into  it*  rtnom  brnadiM.  Socnici  ia  praMotad  m  attaoliiDg  aa  wauA  inporm«ft  to  tUa  Ibm, 
that  in  the  Protagonn  ($  he  fiaea  to  depart,  beoauae  hia  eppmeot  will  Mt  ca»rorai  to 
1Mb  practiee.   And  geDcrally  in  Flatty  Dialectic  b  oppeaad  to  ]lhcuirie»  aa  a  atring  of  ahort 

qaeatioDs  nnd  answers  to  a  continuous  dissertation. 

Xeuuphuu  also  seems  to  impiy  (Mem.  iv.  5,  11)  that  Socrates  included  io  bia  notion  of 
Dialectic  the  form  of  Dialogue  as  well  as  the  diriaioD  of  the  subject. 

But  that  the  method  of  doae  Dialogiie  waa  not  called  JDiakeUe  bj  the  author  of  the 
Stj^M$tt  ne  have  good  crideooe  in  the  work  itself.  Among  other  notiooa  wbieb  are  analysed 
by  the  bifurcate  division  here  exhibited,  ia  that  of  getting  hy  contest  {Agonistic,  previously 
given  as  a  division  of  KUtie.)  Now  t'l  tting  by  contest  may  be  by  {Hjacel'ul  trial  of  stiporionty, 
ur  by  fight :  {HamUMie  or  Machalic.)  The  tight  may  be  of  body  against  body,  or  of 
mwds  agaioat  wordk  i  theie  may  be  called  KatHe  and  AmphUbttk.  The  fight  of  vocda 
about  right  and  wrong,  majr  be  by  long  diaeounea  oppoeed  to  each  other,  ae  io  judiehd  caaea; 
or  by  short  questions  and  answera ;  the  iMWWr  flHtj  be  called  Dieamc,  the  latter  Antilogie.  Of 
these  colloquies,  about  right  and  wrong,  some  are  natural  and  spontaneous,  others  artifieial  und 
studied  :  the  former  need  do  special  name;  the  latter  are  commonly  called  Eristk.  Of  Erii&tic 
ooUoqniei,  toine  are  a  source  of  expense  to  those  who  hold  them,  some  of  gain  :  that  is»  they 
are  ChrtmaiopkiUtoHo  at  CAremoMalte;  the  former,  the  occupation  of  thoae  who  talk  for 
pleasure's  and  for  company^*  sake,  is  Adoleiehic,  wasteful  garrulity ;  the  latter,  that  of  thoae 
who  talk  for  the  sake  of  gain,  is  Sophhtic.  And  thus  Sophistic  is  an  art  Eristic,  which  is  part 
of  Antilogie,  which  is  part  of  Amphisbetic,  which  ia  part  of  Agonialic,  which  is  part  of  Chirotk, 
which  is  a  part  of  Ktetic  (|  iS.) 

We  mmj  notice  here  an  indkatran  that  aatire  rather  Aan  eiact  leaaon  directa  theae 
anaiyiea;  in  that  Sophiacic,  whicfa  wa*  before  a  part  of  the  <ftei«t(fje  braadi  of  oiUroMff  and 
ieittict  is  here  a  part  of  the  other  branch,  agtmiitie. 

Bill  tile  remark  which  I  especially  wish  to  make  here  is,  that  the  art  of  discussing 
points  of  right  and  wrung  by  short  questions  and  answers,  being  here  brought  into  view, 
ia  not  called  MHaMhf  which  we  might  have  expected;  but  Antikgie.  It  would  teem  there- 
fore that  the  Author  of  the  Sophiat  did  not  nnderatand  by  Diakefie  ancb  a  prooew  aa  Soeratea 
deeeribca  in  Xcnophoo;  (Mem.  it.  5,  ll,  IS;)  where  he  says  it  was  called  JKakeUe, 
because  it  was  followed  by  persons  dividing  things  into  their  kinds  in  conversation : 
(rofvfi  (iov\eve<T0at  ^taXeyovru^ :)  or  such  as  the  Socrates  of  Plato  iiT-i«,t(  <(  upon  in  the 
Protagoras  and  the  Gorgias.  Of  the  two  elements  which  the  Diaieciicai  Process  of 
Socrates  implied,  Diviaion  of  the  8ttb}ect  and  DMlogne,  the  author  of  the  Sophitttt  doea  not 
daim  the  name  of  Hiolaefid  for  cither,  and  meme  to  r^eet  it  for  the  eccawL 

But  without  insisting  upon  the  name,  are  we  to  suppose  that  the  Dichotomous  Method  of 
the  Sophittes  Dialogue,  (I  may  add  of  the  Foliticut,  for  the  method  is  the  same  in  this  Dialogue 
also,)  is  the  method  of  division  of  a  subject  according  to  its  natural  members,  of  which 
Plato  q>eaka  io  the  Pbadrua  ? 

If  the  jSqiMrtif  be  the  work  of  Plato,  the  aoewer  ia  diiBeult  either  wa/.  If  thie  oivthod 
be  nato'e  INoAMtfe,  how  eame  he  to  omit  to  wj  ao  thoef  how  came  he  even  to  leem  Io  deny 
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it  ?  But  OB  the  other  hand,  if  tliis  dicliotomouB  diviidon  be  a  different  process  from  the  division 
called  Diaiectie  in  the  Phaedrus,  had  Platu  two  methods  of  division  of  a  subject  ?  and  ^et  has  he 
twT«r  •pokeD  of  tlma  «•  two,  or  natlMd  tbelr  distinodoo  ? 

Thh  dUteultj  wmU  Im  itnoTCd  if  wc  wen  to  odopt  di«  opiiiioD,  to  wUeh  othcn.  on  ollwr 
giounds,  have  been  lad  that  the  Sophistea,  though  of  Plato's  tiBe,  h  not  Plato's  work.  The 
grounds  of  this  opinion  are, — that  the  doctrines  of  the  Sopbittes  are  not  Platonic  :  (the  doctrine 
of  Ideas  is  strongly  impugned  and  w«aklj^  defended  :)  Socmtea  is  not  the  principal  speaker*  but 
■n  Ekatie  stranger  :  nod  tbtrt  in  the  INalogue,  none  of  tlw  dnunntw  dmnetcr  whieh  «e 
geacnlljr  ham  in  Flnto.  Tlw  Dialogue  leeme  to  be  the  work  of  tonie  £kntie  opponent  of 
Plato,  rather  than  hit, 

( Ri'j-  K.  VII.)  But  we  can  have  no  doubt  that  tiie  Phasdrus  contains  Plato's  real  view 
of  the  nature  of  Dialectic,  as  to  its  form  ;  let  us  sc>e  how  this  agrees  witli  the  view  of 
Dialectic,  as  to  its  matter  and  object,  given  in  the  seventh  Book  of  the  Republic. 

Acoording  to  Pieto,  Bcal  Exiitenma  are  the  ol^eGta  of  the  enact  adencee  (as  nttmlMr  and 
l^ture,  of  Aritbnetie  and  Geometry).  TiM  tbioga  which  are  die  d^ecta  of  aoMe  are 
transitory  phenomena,  which  have  no  reality,  because  no  permanence.  Dialectic  deals  with 
Realities  in  a  more  general  manner.  This  doctrine  is  everywhere  inciilcHted  by  Plato, 
and  particularly  in  this  part  of  the  Bepublic,  He  does  not  tell  us  how  we  are  to  obtain  a 
▼iew  of  the  higher  reelitiea^  which  are  tbe  ohgecte  of  Dialectic  t  only  be  here  aammee  that 
it  wtQ  reealt  firon  the  educatko  which  be  eojoine.  He  taye  (§  18)  that  the  Diakdic 
Process  (q  htaXtKTtK^  tieOo^)  alone  leads  to  true  science :  it  malMa  no  anumption%  but  goes 
to  First  Principles,  that  its  doctrines  may  be  firmly  grounded  :  and  thus  it  purges  the  fve  of 
the  soul,  which  was  immersed  in  barbaric  mud,  and  turns  it  upward ;  using  for  this  purpose  the 
aid  of  the  sciences  whieh  have  been  mentioned.  But  wbeo  Glauoon  inquires  about  the  details 
of  this  Dialectic,  Soeratee  lays  he  will  not  then  answer  the  inquiry.  We  nwy  venture  to  aay, 
that  it  doet  not  appear  that  he  had  any  answer  ready. 

Let  us  consider  for  a  moment  what  is  said  about  a  philosophy  rendering  a  reason  for  the 
Firet  Principles  of  each  Science,  which  the  Science  itself  cannot  do.  That  there  is  room  for 
such  a  branch  of  philosophy  in  some  sciences,  we  easily  see.  Geometry,  for  instance,  proceeds 
thm  Axioma,  Definitions  and  Poatulates;  but  by  the  very  natoin  of  these  tevnu^  does  not 
prove  tbeee  Firat  Prindpkt.  Thesfr^be  Asioma,  Dellnitioosand  POetulatea^are,  I  conoeive» 
what  Plato  here  calls  the  Hypoth^M  upon  which  Geometry  proceeds,  and  for  which  it  is  nut 
the  bi)sine«;sof  Geometry  to  render  a  reason.  According  to  him,  it  is  the  business  of'*  Dialectic*' 
to  give  a  just  account  of  these  "  Hypotheses."    W  bat  then  is  Dialectic  f 

{AtUMU.)  It  is,  I  think,  well  worthy  of  remark,  that  Aristotle,  giving  an  account  in 
many  respects  dilTerent  from  that  of  Plato*  of  the  nature  of  DieleetiCi  le  still  led  in  tbe  same 
manner  to  oonaider  Dialectic  as  the  branch  of  philosophy  which  renders  n  reaaon  far  First 
Principles.  In  the  Topics,  we  have  a  distinction  drawn  between  reasoning  demonstrative,  and 
reasoning  dialectical:  and  the  distinction  is  this: — (Top.  x.  l)  that  Demonstration  is  by 
syUogisms  from  true  first  principles,  or  from  true  deductions  from  such  priociples :  and  that  tbe 
IMde^eal  Syllogism  is  that  whidh  syllogizes  from  probable  propositions  (e^  tfio^wv).  And  he 
adds  that  prclMblepropoeitiona  are  those  which  are  aooeptad  by  all,  or  by  the  grsntest  part,  or  hy 
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thr-  %vi  Tn  the  next  chnpter,  he  »p«iakii  of  the  uses  of  Dialectic,  whicli,  he  says,  are  three, 
mcDUi  discipline,  debates,  and  philoac^ical  science.  And  be  adds  (  Top.  i.  2,  6)  that  it  is  also 
useful  with  rdbmiee  to  the  Fint  PriodplMin  eidi  Sflunae :  fiir  tnm  the  appropriate  Prindplci 
of  cadi  adence  we  camiot  deduce  uiythiiig  conoeniDg  Fint  Prindplei,  dncc  theae  pr&id|^  aie 
the  bcKinning  of  reasoning.  But  from  the  probable  principles  in  each  proviDce  of  science  we 
must  reason  concerning  First  Principles* :  and  this  is  either  the  peculiar  office  of  Dialectic,  or 
tbe  office  most  appropriate  to  it ;  for  it  is  a  prooeas  of  ioveatigation,  aad  must  lead  to  the 
Prindples  of  aU  methoda. 

That  a  demonatrative  adence,  as  such,  doea  not  expfadn  the  oriniii  of  ita  own  Fint 
Ptiodples,  is  undoubtedly  true.  Gcomctrj  doM  uot  ttodertaketogiTearMaooforthtAxmna, 
Definitions,  and  Posttilatefi.  Tliis  has  been  attempted,  both  in  ancient  and  in  m<^crn  times, 
by  the  Metaphysicians.  lint  the  Mernphvsics  employed  on  such  subjects  has  not  commonly 
been  called  Dialectic,  'i'he  term  ha&  certainly  been  usually  employed  rather  as  describing  a 
McCbod,  than  a*  detenninDg  the  auljeet  of  inveadgatjoii.  Of  the  Faculty  vbidi  appre- 
benda  Firat  Priodples,  both  aeeordiog  to  Plato  and  to  Ariatode,  I  vill  bcnafter  aay  o  few 
words. 

The  object  of  the  dichotomous  process  piirsiietl  in  the  Snphiste«,  and  its  result  in  each  case, 
is  a  Definition.  Definition  also  was  one  of  the  main  features  of  the  inquiries  pursued  by 
Socrates,  Induction  bdng  the  other;  and  indeed  io  many  caaea  Induction  was  a  series  of  steps 
whidi  ended  in  DeBnitioo.  And  Aristotle  also  taught  a  peculiar  method,  the  object  and  result 
of  vMcb  was  tbe  construction  of  Definitions  : — namely  his  Categories,  This  method  is  one  of 
division,  but  very  different  from  thi-  divisions  of  the  Sophistcs.  His  methwl  begins  by  dividing 
the  whole  siibjert  of  possible  inquiry  into  ten  heads  or  Categories — Substance,  Quantity, 
Quality,  Relation,  Place,  Time,  Position,  Habit,  Action,  Passion.  These  again  are  subdivided: 
thuB  Quality  is  Habit  or  Dbpodtion,  Power,  Al&etion,  Fono.  And  we  have  an  example  of 
the  application  of  this  method  to  the  conatruetion  of  a  Definition  in  tbe  Bthics ;  where  be 
determines  Virtue  to  be  a  Habit  with  certain  additiond  limitations. 

Thus  the  Induction  of  Socrates,  the  Dichotomy  of  the  Eleatics,  the  Categories  of 
Aristotle,  may  all  be  considered  as  methods  by  which  we  proceed  to  the  construction  of 
Definitions.  If,  by  any  method,  Plato  oould  proceed  to  the  eomtructton  of  a  Definition,  or 
rather  of  an  Idea,  of  the  Absolute  Redities  on  which  Firat  Principles  depend,  aucfa  a  ncdiod 
would  correspond  with  the  notion  of  Dialectic  in  the  Sepublic.  And  if  it  was  a  method  of 
division  like  the  Eleatic  or  Aristotelie,  it  would  correspond  with  the  notion  <^  Didectic  in  the 

Plwwirus. 

That  Plato's  notion,  however,  cannot  have  been  exactly  either  of  these  is,  I  thhik, 
pldn.  The  colloquial  method  of  stimulating  and  testing  the  progress  of  the  student  in 
Didectic  is  implied,  in  the  sequel  of  this  discussion  of  the  eflWt  of  sdentifie  study.  And 

the  method  of  Dialogue,  as  the  instrument  of  instruction,  being  thus  supposed,  the  continuation 

of  the  account  in  the  Republic,  implies  that  Plato  expected  persons  to  be  made  dialectical  by 
tbe  study  of  the  exact  sciences  in  a  comprehensive  spirit.  After  insisfinp  on  Geometry  and 
Other  sciences,  be  says  (Rep.  vii.  §  iC) :  Tbe  synoptical  man  it»  dialectical ;  and  he  who  is 
not  the  one^  is  not  tbe  other.^ 
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Butt  niay  ask,  does  a  knowledge  of  sciences  lead  naturally  to  a  knowledge  of  Ideas,  as 
absolute  rcalitiea  fram  whidk  Vint  Prineiiilei  llov?  And  supposing  this  to  be  tmck  the 
Ptatottie  PhiloMphy  fii|ipoMi,it  the  Idea  of  the  Good,  as  the  iource  of  moval  tnitbt,  to  be  tfatie 
attained  top  That  it  ia,  it  the  teaching  of  Plato,  here  and  elwwbere:  but  have  the  specula* 
t'lons  of  subseqaeDt  pbiloeophen  io  the  same  diteetion  given  any  coDfirmatioD  of  thta  lofty 
ossuuipiion  ? 

In  reply  to  this  inquiry,  I  should  venture  to  say,  tlmt  this  assumption  appearfe  to  be  a 
remnaoc  of  the  Soeratie  doctrine  from  which  PUito  began  his  speculationst  that  Virtue  Ja  a  kind 
of  knowledge;  and  that  all  atteiD|rt«  to  verify  the  MWinptian  have  fittled.  Whet  Plato  added 
to  the  Soeratie  notion  wa>»  that  the  inquiry  after  The  Good,  the  Supreme  Good,  was  to  be  aided 
by  the  analogy  or  suggestions  of  those  sciences  which  deal  with  necessary  and  eternal  truths  ; 
the  supreme  good  being  of  the  nature  of  those  necessary  and  eternal  truths.  This  notion  is  a 
atrikingone,  as  a  suggestion,  bat  it  bae  always  finled,  I  think,  in  the  attenpta  to  work  it  out. 
Thoae  who  in  modem  tinea,  aa  Cudworth  and  Samuel  Gierke,  have  auppoaed  an  annlqgy  between 
the  neoeiMrj  tnttha  of  Ge<)metry  and  the  truths  of  Morality,  tlumgh  they  have  uaed  the 
like  expressions  concerning  the  one  and  the  other  elnss  of  truths,  have  failed  to  convey  clear 
doctrines  and  steady  cooTictioos  to  their  readers;  and  have  now,  I  believe,  few  or  do  followers. 

The  reautt  of  our  inveit^atjon  appaace  tp  he,  that  thou^  Plato  added  mudi  to  the 

matter  by  means  of  which  the  mind  was  to  be  improved  and  disciplined  in  its  research  after 
Principles  and  Definitions,  he  did  not  establish  any  form  of  Metho<!  accordin^r  to  which  the 
inquiry  uiust  be  conducted,  and  by  which  it  might  be  aided.  The  most  definite  notion  of 
Dialectic  atill  randned  the  aame  with  the  origmal  informal  view  which  Socratee  had  taken 
of  it«  aa  Xeno|rfioa  tella  ua,  ")  when  he  aeya;  ■*He  oaid  thai  Diakctie  (W 

itnKSywa^at)  was  so  called  because  it  is  an  inquiry  pursued  by  persons  who  take  counael 
together,  sejmrating  the  subjects  considered  accordinpf  to  their  kinds  {t^itiXeyovrat).  He  held 
accordingly  that  men  should  try  tu  be  well  prepared  for  such  a  pruce»t>,  and  should  pursue  it  with 
diligence  :  by  this  means,  he  thought,  they  would  become  good  men,  fitted  for  responsible  oiBces 
of  command,  and  truly  dialectical  **  ( jiaA«KrwarraTODf ).  And  tbia  ia  I  concave  the  anawer  to 
Mr  Grote's  interrogatory  exclaniuiiun  (Vol.  viti.  p.  577):  Surely  the  Etymology  here  given 
by  Xenophon  or  Socrates  of  the  word  (ciaXfyeadai)  cannot  l>c  considered  as  satisfactory."  The 
two  notions,  of  investigatory  Dialogue,  and  Distribution  of  notions  according  to  their  kinds, 
which  are  thus  asserted  to  be  connected  iu  etymology,  were,  among  the  followers  of  Socrates, 
oonneetedin  fhet;  the  dialeotie  dialogue  waa  auppoaed  to  involve  of  coorw  the  dialectie 
divirion  of  the  aubjcet 

Trinity  Lodor,  AprU  4,  1855. 
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Iir  tb«  S«v«Dth  Book  of  Pl«(o*f  J2|MiiK^  «•  hftn  vtKimt  wimoM  dcMirilMd  at  the  uutnimeBli 
«f  s  philoMpliiMl  mud  btoUeetiial  sduoatioiD «  and  we  hftTe  a  «ertabi  other  inteilleetiial  enpUiif' 
niont  epokcn  of,  namely,  DiabotiOf  sa  tho  moans  of  carrying  thu  mind  iMyeiMl  thoBo  soienoee, 

and  of  enabling  it  to  see  the  eourccs  of  tlioso  truths  which  tho  sciences  assume  -ah  their  first 
principles.  'I'hoso  point<<  liave  been  discus-sod  in  the  two  preceding  papers.  But  this  scheme  of 
the  highest  kind  of  philoAophical  education  procee<U  upon  a  certain  view  of  tho  nature  and  degrees 
4if  knowlejgei,  and  of  tho  powen  by  vhidi  we  know;  whidi  view  had  been  pniented  in  ft  greet 
meawire  in  tlia  Sixth  Book ;  tiiia  view  1  alian  now  attempt  to  fllwtnte. 

To  analyfie  the  knowlnc  {towers  of  man  is  a  task  so  diflRcuIt,  that  wo  need  not  bo  surprized 
if  there  is  much  obwurity  in  tliis  portion  of  Plato's  writings.  But  as  a  reason  for  examining 
what  he  has  said,  we  must  recollect  that  if  there  be  in  it  anything  on  this  subject  which  was 
tine  than»  it  ia  traa  atill  s  and  alaoi,  tiiat  if  we  know  any  trath  on  tliat  anbjeet  now,  we  ahali 
find  aonietiiing  eonaapondiiig  to  that  tnith  in  the  beat  epeemlationa  of  aigaeiouB  ammnt  wiiten, 
like  Plato.  It  may  therefore  be  worth  while  to  discuss  the  Platooie  dootffinea  on  thii  nutter, 
and  to  inquiro  how  they  are  to  bo  oxpressod  in  modem  phraseology. 

Plato's  doctrine  will  perhaps  be  most  clearly  understood,  if  we  begin  by  conrndtiring  the 
Hagnm  by  wfaiob  he  ilhialratee  the  diflbrent  degrees  «f  knoirie^ga*.  He  sets  out  from  the  di»> 
tinetion  of  etWlb  and  UaOHfikU  things  There  are  viriUe  olgeela,  aqnaraa  and  triangka,  Ibr 
inatanee ;  but  tlieee  are  not  the  squares  and  triangks  about  which  the  geometer  neeoDs.  The 
exactness  of  iiis  reasoning  does  not  depend  on  the  ex:tctnee.s  of  hie  diagrams.  He  reasons  from 
certain  mental  squares  and  triangles,  as  he  conceives  and  understands  them.  "Thus  there  are 
visible  and  there  are  intelligible  thin^.  There  is  u,  visible  and  an  intelligible  world | :  and  there 
are  two  diflbrent  rogibna  about  whieh  our  knowledge  is  oonoenied.  Now  tdce  » Ibe  divided  into 
two  unequal  segmcnta  to  repreeent  tlieie  two  regiona:  and  again,  divide  each  eegmeot  in  tlie 
same  ratio.  The  parts  of  each  segment  are  to  represent  differences  of  clearness  and  distinct- 
ness, and  in  the  vinbie  world  these  parte  are  tkin^  and  i$nagn.    By  Mi^$wt  1  mean  ahadowi^ 


*  Pol.  VI.  S  IS.  I  hMMVCMMrionwiA  amumOy  Iwsva,  tbat  I  mi?  nM  be 

f  flsaM*,<*nb«ralMt,lMsTUUe««U,IwiUwiHy  I  ■ceuNdorrMBc«fsa«g>db.** 
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waA  frfboCioM  in  mtw,  and  inpolnlied  bodiw;  and  hj  tUt^  I  mem  that  of  wUdi  Umm  imagM 

are  the  reeemblancee ;  as  animals,  plants,  things  made  by  man.  This  difference  corresponds  to 
the  difference  of  KnovMigt  and  mere  C^ptiMOii;  and  th«  C^piaoM*  i«  to  tlie  Kmowaibh  m  tha 
Image  to  the  Reality." 

Una  analogy  is  lanntod  to  \($  GlaoaoB;  Mul  tlm  Hiara  k  awmaed  •  gnund  far  a  fiirllMr 
eoDBtmotion  of  tba  diagnuo. 

**  Now,"  he  says,  "  we  have  to  divide  the  segment  which  flvproMllts  Intelligible  TUqga  m  the 
Ntme  wav  in  which  wo  have  divided  that  which  represftita  Visible  Tilings.  The  ono  part,  mnst 
represent  the  knowledge  which  the  mind  getn  by  dealing  as  it  were  with  images,  and  by 
reasoniiig  downwards  from  Principles ;  the  other  that  which  it  has  by  dealing  with  the  Ideas 
thaniNlvai,  and  going  A»  Fiml  PriaoiplM. 

The  one  part  d^Moda  npon  aatumptiona  or  hjpokhaaai*,  the  other  ia  nnhTpothatieal  or 
absolute  truth. 

•'Onii  kind  of  Intelligible  Tliiiiga,  thtn  is  Conceptions;  for  instance,  geometrical  ooooeptiona 
of  figures,  by  means  of  which  we  reamn  duwiiwards,  assuming  certain  First  Principles. 

"Now  the  other  kind  of  Intelligible  Tbioge  ia  thiti^that  whieh  the  Reaaoa  indadea  in 
virtue  of  ita  poww  of  reaeoniag.  when  it  regards  the  aMimptiona  of  the  Seiencea  aa,  what  tliey 
are,  assumptions  only ;  and  uses  them  as  occasions  and  starting  points,  that  flnom  these  it  nuij 
ascend  totho  ahiolntn.  {avt-TroBfTcn'.  unhypothrtical)  whieh  dors  not  depond  upon  assumption,  but 
is  the  origin  of  H^ientiiio  truth.  The  Reason  takes  hold  of  this  first  principle  of  trutli ;  and 
availing  itself  of  aU  the  connections  and  relatioBS  of  this  principle,  it  proceeds  to  the  conclusion ; 
using  no  sensibk  image  in  doing  this,  but  oontan^latbg  tbe  Ideaa  alone ;  and  with  tlieee  Ideaa 
tbe  process  begins,  goes  on,  and  terminates." 

Tliis  arennnt  of  the  matter  will  proli.iljly  ^^epm  to  require  at  lexst  further  eXfllanation  ;  and 
that  aco(>niin<:ly  is  ;K-knowit,'dgrd  in  the  Dialogue  itself,     (ilancon  sayi? : 

"  I  apprehend  your  muaning  in  a  certain  degree,  but  not  very  clearly,  for  the  matter  ia 
aomewhat  abstniaa.  Yon  wiah  to  ptovo  tiiat  the  Imowiedge  whieh,  1^  the  Raaeoiki  w«  aoqoira, 
of  Real  Existence  and  IntoUigiUe  Ihmgsb  ia  of  a  h^^ier  degree  of  eertamtf  than  the  knowledge 
wUoh  belongs  to  wliat  ato  oooHnody  called  Sdenoes.  Such  sciences,  you  say,  ha««  oattain 
assumptions  for  thi  ir  b.-iji(>s;  and  these  assumptions  are,  by  the  students  of  such  sciences,  appre- 
hended, not  by  Sense  (that  is,  the  Bodily  Senses),  but  by  a  Mental  Operation, — by  Conception. 
But  inaanmoh  aa  aueh  atudenti  aaaend  bo  t^jhar  than  the  aasnmptiona,  and  do  not  go  to.  the 
First  Prindplee  of  Troth,  they  do  not  seem  to  yon  to  hare  true  knowledge— -intnitive  imn^it— 
Nous — on  the  subject  of  their  reasonings,  though  the  subjects  are  intelligible,  along  with  their 
principle.  And  you  call  thi.^  h.aMt  and  {.lactice  of  the  Geometers  and  others  by  the  name  Con- 
cept*<*n,  not  IiituUiun  +  ,  taking  Conceptbn  to  be  something  between  Opinion  on  tbe  one  side,  and 
Intuitive  Insight  on  the  other." 


*  ll  ii  plain  thut  Plato,  by  tljfpolhnet,  in  thU  place,  mmnii 
the  utual  foniMiatianf  of  Arithmetic  and  Otometr;  ;  namciy, 
I>cfinilioD*  ud  Po>luUce».  > I  c  ray%  that  "  the  arithmeciciant 
•nd  gMNBCtcn  tska  n  h^poibeim  (i>mO<Vciwi  i  odd  and  even. 
•MltlltllMMleMtsrasajM^  (right,  acute,  and  obtuM;)  and 
Kgarrs(a»n  fi:tic1r.  s  >4)uare,>  andthtliks.*  ItSf  hia*'hj9». 

Vol.  IX.  i^ART  IV. 


arc  ih<-  rti'fiiiiliiiin  imil  Pci-iuUti-H.  iioi  iIil- A  xiom*  :  tor 
(he  Axiom*  oC  Arithmetic  atkU  Cieoiueiry  belong  to  ihe  Higher 
twuSKf,  irilMl  MCWidn  to  Fimt  Principlea.  But  thia  Faculty 
vpemiea  ndicr  in  maag  tbiM  malmns  than  in  «Macl«la(  tlttm. 
Ii  Jowwa  ihHB  tmpUeiiljr  nthsr  due  sspiiiisilliiai  w^&Mf. 
t  Mmm»  JXX'  oi  Mmr. 
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<«Yoii  hftw  opUned  16  iveO,  nidi.  And  now  raorndtr  llw  fear  MeOoM  («€ tin Bm)  «r 
iriadi  «e  haw  apokan,  M  oomqHMiding  to  fm  dl^^  InluitMNi,  ilie  b^m*; 

CMlMptioD.  the  next;  the  third,  BeUef;  and  tlM  fourth.  Conjecttm  (from  Ukeneasee);  and 
arran;cre  tliein  in  on)er,  ao  tliftt  thej  may  have  moi*  w  leas  of  oertaiDfy,  aa  tiieir  objaeta  ham 

more  or  leas  of  truth*. 

'*  I  undeFBtuid,  s»id  be.    I  agree  to  iriiat  you  say,  aad  I  arrange  them  as  you  direct." 

And  ao  dw  Sixth  Book  «nda;  and  th«  Sovanth  Book  opena  with  th«  oeMmfed  inu^  of 
tha  Oavo,  in  which  men  are  confined,  and  see  oU  external  objects  only  by  the  aha/dowa  vAmIi 
they  oast  on  the  walls  of  their  prison.  And  this  imperfect  knowledge  of  thin^  is  to  the  true 
^«ion  of  thcni,  which  if*  attaincfi  !)y  those  who  ascend  to  tiie  light  of  day,  m  the  ordinary  know- 
ledge of  men  is  to  the  luowludge  uttaiuablu  by  those  whose  minds  are  purgod  and  lUuminated 
hj  •  tarn  philosophy. 

ConJIiihig  oonnlraa  at  proaant  to  tha  part  of  Pbto*a  apeouktioiia  whkb  w»  ha«»  hhni- 

tioned,  namely,  tho  dagvoaa  of  knowledge*  aad  the  division  of  our  knowing  faculties,  we  m&y 
understand,  and  may  in  a  ercat  degree  accept,  Plato's  scheme.  We  have  already  (in  the 
preceding  papers)  seen  that,  by  the  knowledge  of  roal  thii^  he  moaoa,  in  the  iirst  place,  the 
knowledge  of  nniranal  and  neaeaaaiy  traiha,  audi  aa  Oeomatry  and  the  other  exact  scieiu^ 
deal  with.  Thaae  aw  eall  actemwa  of  Demonatiation ;  and  we  are  in  the  habit  of  eootnwting 
the  knowledge  wUcb  oonatitntes  sueh  si'Ieno  tf  with  the  knowledge  obtained  by  the  Senses,  by 
Experience  or  raero  ObsorN'.ition.  Tins  distinction  of  Demonstrative  and  Kmpirical  knowledge 
is  ii  cardinal  point  in  Pljito'e  ucheme  also ;  the  former  alone  being  allowed  to  <lc»er\o  the  njinie 
of  KnowUdf/t,  and  the  laitt>r  being  only  Opiahn.  Tho  Objects  with  which  Demonatration  deals 
may  be  termed  Conc^itm,  mi  the  oljeota  with  whieh  Obeertatioo  or  Senae  baa  to  do,  how- 
ever rnndi  speoidattoa  may  reduce  them  to  mere  Senaationa,  are  oommonly  daeoribed  as  Tkit^. 
Of  tbeae  Things,  there  may  bo  Shadows  or  Images,  as  Plato  says;  and  aa  we  may  obtain  a  certain 
kind  of  knowledge,  namely  Opinion  or  Belief,  by  seeing  tlie  Things  thomsolvps,  wo  may  obtain  an 
inferior  kind  of  Opinion  or  Belief  by  seeing  their  Images,  which  kind  of  opinion  we  may  for  the 
mooMnt  eall  Cmjecttm.  Whether  then  we  leigaid  the  diatinetiona  of  knowledge  itaalf  or  of  . 
the  olgeela  of  it,  we  bnfe  three  tema  before  na. 

If  we  eoneider  the  kinds  of  Knowledge,  thej  are 

Demonstration  :  Belief :  Conjecture  : 

If  the  objeets  of  thiri  knowledge,  they  are 

Conceptions  :  Tilings  :  Images. 
But  in  each  of  these  Series,  tho  first  term  is  evidently  wanting:  for  Demonstration  supposes 


IrUrlliijihU  \y-rl,l. 

VifMe  World. 

iDtuitlea. 

Ganceptisa. 

Plato  luppoM*  tb«  wbols,  and  each  of  the  two  pant,  to  be  dinded  in  the  tame  nuo,  ut  unla  thai  tbt  anahgy  ot  tb* 


Digitized  by  Google 


ACCORDING  TO  PLATO. 


601 


Principiw  to  reason  from.    Coaceptions  suppose  some  bam  ia  the  mind  which  gives  tfaem  their 
vnkam.   WhtttbM  » lfe«  lint  iwm  in  «Mb  ofthM  two  Shim! 
The  PraiciplMof  Demnoitntioii  murt  be  aaen  bj  IntnilkiL 

Conoeptioiw  derive  thetr  pvopertMi  ftwn  eertein  powen  or  attribatei  at  the  mmd  whioh  we 

nay  term  IdMs. 

Therefore  the  two  aeries  are 

Intuition:  DefnomtratioD :  Belief:  Conjecture. 
Idoes:  Coneeptiom:  Thiogi:  Imegee. 

^eto  Anther  teedue  ihet  tiie  two  former  term  ia  eaeh  Series  bdkHigto  the  loteiDignile,  tiie  two 
btter  to  the  Visible  World :  and  ho  suppoeee  thet  the  ratio  of  then  two  piimuj  eegmente  of 
the  lioe  is  the  same  as  tho  ratio  in  which  each  weprK'nt,  Is  diviiKni  *. 

In  using  the  term  Td«ag  to  deecribo  the  mental  Murces  from  whioh  Conceptions  derive  their 
validity  in  demonstration,  I  am  employing  a  phraseology  which  I  have  already  iotroduoed  in  the 
PUlm^  ^  a$  Indued  Soimiat,  But  independently  eltt^ether  of  thie,  1  do  not  eee  whet 
other  term  could  be  employed  to  denote  the  mental  oliijeota,  ettributes,  or  powers,  whatever  they 
()c  n-oni  \\]nch  Cr>nceptione  derive  their  evidenee.  ee  Demonitretive  Tmthe  derive  then-  evidoioe 
from  intuitivo  Truths. 

That  the  Scheme  just  presented  is  Plato's  doctrine  on  this  subject,  I  do  not  conceive  there 
e»n  be  «ny  dmbt  -  There  ie  » little  went  of  predeion  m  hie  pbrnaeology,  arising  from  hie  mixing 
together  the  twoseriee.    In  ftet,  hie  final  eeriee 

JTeentt.'  Dianoia:  PigtU:  Mkasia; 
is  made  by  puttinir  in  the  second  place,  instead  of  Demonstration,  which  is  the  proceu  pursued, 
or  f^chincfi,  wIiilIi  is  llio  knmcMm  obtained,  ComepttOH.  which  is  the  object  with  which  the 
mind  deals.  Sucli  deviations  from  «-xact  aymmetry  and  correlation  in  «peaiung  uf  the  faculties 
of  the  mind.  «re  elmoet  anavoidable  m  every  language.  And  there  ie  yet  another  aovree  of  audi 
inaooaradee  of  language;  for  we  hnve  to  epedc,  not  only  of  the  prooem  of  aequiring  knowledge* 
and  of  the  objects  with  which  the  mind  deals,  but  of  tho  Faculties  of  the  mind  which  are  thus 
emploYod.  Thus  Tntuitlm  i?  the  Proccps ;  [dea$  are  the  Object,  in  the  first  term  of  our  series. 
The  Faculty  also  we  may  call  InlaitioHi  but  the  Orook  offers  a  distiootion.  Noi-»i»  is  the  Pr»- 
«m  ef  Intuition ;  but  the  Faculty  is  iVeM.  If  we  widi  to  j^reaerve  thia  diatinekton  m  English, 
«^  mvat  we  eaO  the  Faentty !  I  eoneeive  we  mvat  eaU  it  Me  JnAiiriee  JZmn*,  a  term  weB 
known  to  our  older  philoaophical  writers  f.  Again :  taking  the  second  term  of  the  senee,  Dtnwn- 
stration  is  the  process,  Science,  tho  result;  and  Conceptions  are  the  objects  with  which  the  mind 
deals.  But  what  is  the  Faculty  thus  employed  ?  What  is  the  Faculty  employed  in  Demon- 
strstion !  The  same  philos(^bioal  writers  of  whom  I  spoko  would  have  answered  at  once,  tA« 
DSaamm  Bmm ;  and  I  do  not  know  that»  even  now,  we  oan  auggaat  any  better  term.  The 
Fnenhy  employed  in  aoqanring  the  two  bwer  kiads  of  knoeMge,  the  Faealty  whioh  deala  with 
Thinga  and  thdr  Imm|ee  ia,  of  eeuae,  iSami  or  SmtaHm 


*  The  four  \ejzwent\  nii^ht  b«iu4:2:8:lj  S^IS 
11  :  6  i  9  :  t;  m  gcocraUf ,  aa  a  :  or  i  «r  t  mt*. 


Ueocc  the  tatal 
Imsitiv*  or  UuMMivt. 


Utttev. 
77—1 
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The  aasertioti  of  a  Faculty  of  tbe  mind  by  vvhiuii  it  apprehentU  Truth,  which  Faculty  i« 
h^lNT  tb«n  the  DiMNirBfa  Benoo,  a*  (h*  Thitb  apprelNindMl  by  it  w  UglMr  tlm  unco  Dmhoik 
■timtive  ^tfa,  agraM  (m  it  will  at  «iae  oeoar  toMvenl  of  my  readen)  villt  tlw  doetrina  taught 

and  iuButcd  upon  by  the  Iat«  SaOMMl  Taylor  Coleridge.  And  bo  far  as  he  wan  thv  means  of 
inculcating  this  doctriue,  which,  as  we  see,  is  tlip  doctrine  of  Plato,  and  I  might  aiid.  «f  Aristotle, 
and  of  many  other  j^hiloBophers,  let  him  have  due  boflour.  But  ia  bis  deaire  to  impress  the 
doBbriaa  upon  tnan**  loinda.  ba  oomhiiiad  it  witii  aareral  otlier  taoata,  whieh  will  Mt  baar 
aaiaminatioa.  He  beU  that  tlw  two  Faotdtiaa  by  wbioh  tbeaa  two  Uodi  of  truth  ara  appre- 
hendfil,  and  wliidli  as  I  have  said,  our  philosophical  writers  call  tha  IniuUivt  Btatom  and  ih^ 
iJucurtivii  lUason.  m.iy  be  callod,  and  tm^ht  to  bo  called,  rcsptK:t!v<  !v  The  Rtatcn  and  Tfie 
Undentandmtf  i  and  tliat  tht»  seoond  of  these  is  of  the  nature  of  the  Jnstinct  of  animals,  m  m 
to  bo  something  intermediate  between  Reaaoo  and  lustinot.  Theae  opinions,  I  may  venture  to 
aayt  are  altogether  anoneoiM.  Tiie  InAoitive  Baaaon  and  the  Diaennrive  Raaaon  are  not,  by 
any  Engliah  writera,  called  the  Reason  and  the  Understanding ;  and  acoordbgiy,  Coteridge  baa 
bad  to  alter  all  the  paseagcs,  namely,  those  taken  from  Lt  ighton,  Harrington,  and  Bacon,  from 
which  his  exposition  proceeds.  The  Understanding  ih  bo  far  from  being  especially  the  Discursive 
or  Keasouiug  Faodty,  that  it  is,  in  uuivers&l  usage,  and  by  our  best  writera,  ogpoted  to  the  Dia> 
eaiHfa  or  RuaiiTniiig  Faaolty.  Thus  thia  ia  expressly  deolarad  by  Sir  Jehu  Da? ia  in  hia  poem 
Ona»  lmmtrtaiU!f^tk$  S«tU.   He  aaya,  of  the  aouL 

WIiNk  dia  ntfM  things,  and  moves  from  jpvund  to  ground. 
The  name  of  Retuon  (Baiio)  site  acquires  fioin  this: 

But  when  bjr  rauoii  abe  troth  hath  found. 
And  ■laodeth  tat,  die  UndavtuMig  k. 

loatead  of  tlie  Ruaaoo  beiqg  fixed,  and  the  Undeiatandi^g  diaeurriTO,  aa  Mr  Cokridge 

aayi,  the  Reaaon  ia  diatinctively  discursive ;  that  ia,  it  obtaitM  conchi^ion^  by  runtiiiig  from  ooe 

point  to  another.    This  if*  what  ifi  meant  by  Dimirtrif ;  or,  taking  tlie  full  term,  Dlj:curtus 

IlatloHU,  Bitcouritg  o/  lUit$oH.     UiiderBtandiitg  m  iixed,  tliat  is,  it  dwelie  ujioii  one  view  of  :* 

subject,  and  not  upon  the  stepe  by  which  that  view  is  obtained.  The  verb  to  roanon,  implies  the 

aubatantive,  tfe  Jbaws,  though  it  ia  not  eoextenaive  with  it :  for  aa  I  have  aaid,  there  ii  the 

Inbaitiva  Reaaon  aa  well  as  the  Discursive  Reason.  But  it  ia  by  the  Faoolty  of  Reaaon  that  aw 

are  capable  of  reasoning ;  though  uudoubteilly  tho  practice  or  the  pretence  of  reasoning  may 

be  carried  m  far  as  to  seem  at  variance  with  reiu<ou  in  the  more  familiar  sense  of  the  tenu  t  aa 

i«  the  case  also  in  French.    Moliero's  Crisale  says  (in  tho  Fmntm$  SawtnUt) 

BsitaUMr     remiiloi  da  taote  ma  tmuHm, 
■t  b  iriMnasmiBA  ca  haanit  la  Rabon. 

If  Mr  Colaridga*a  aiaartion  ware  true,  that  the  Undecatanffing  ia  the  diMunive  and  the 
Reason  the  fiud  fiMmlty,  we  should  be  justiBod  in  saying  tliat  The  Underttaadinff  it  the  /«mlfy 
by  vhieh  tee  reaton,  and  the  Reaton  u  tAs  fucullj/  hri  which  we  uruhrttand.     But  this  is  not  so. 

Nor  is  the  Understanding  of  the  nature  of  Instinct,  nor  does  it  approach  nearer  than  the 
Reaaon  to  the  nalmu  of  InaUnet,  hut  tlia  oontniy.  The  InaUnota  of  animala  bear  a  teiy 
obaanre  raaamblaneo  to  any  of  num'a  apeedatiTe  Faeultiea  t  but  ao  6r  aa  there  ia  any  anoh 
wamManefi  Inatmet  ia  an  obaanre  imaga  «f  Reaaon,  not  of  Undantanding.   Anhnab  are 
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«u4  to  aofc  M  if  tb«f  iMMDAd,  lAthor  tiiaa  if  Ihsj  nnderatood.  The  mrb  Midtovftmf  » 
oipMiaUf  appUdl  to  inw  «i  diiUnfoiihed  <km  Mr  Col0ri4gB  tdls  « tale  from  Hnbor, 

of  certain  bees  whioh,  to  prarent  a  piece  of  honey  from  falling,  balanced  it  by  their  weight,  while 
they  built  a  pillar  to  pupport  it.  They  diil  thin  by  Inntinct,  tint  undeniandinff  what  they  did  ; 
men,  doing  the  snirn,  would  have  UHtiertUtod  what  they  were  doing.  Our  Translation  of  the 
Scriptureii,  iu  making  it  the  special  distinction  of  nun  and  animals,  tbftt  he  keu  UndenUrndk^ 
and  tbe^  have  not,  speaka  <|Dito  ooxwifteatly  wiUt  good  phihwophy  and  good  Engiiab. 

Mr  Cokridge^  ohjoot  in  bii  apooidationa  is  nearly  the  same  as  Plato**;  namdy.  to  deolai* 
that  there  is  a  truth  of  a  higher  kind  than  can  be  obtained  by  mere  reasoning;  and  aUo  to 
claim,  as  portions  of  this  higher  truth,  certaiu  fundameiUal  dtjotrines  of  Morality,  .\mong  those, 
Mr  Coleridge  places  the  Authority  of  Conscience,  and  I'luto,  the  Supreme  Good.  Mr  Coleridge 
tko  holda,  aa  Plato  hdd,  that  the  Reaeoa  of  man,  in  its  highest  and  most  flomprehenatre  fbmi»  it 
•  portion  of  a  Supreme  and  Univwaal  Beaaon;  and  leada  to  Truth,  sot  in  virtne  of  ita  apedal 
attributes  in  each  penoo,  but  by  its  own  nature. 

Many  of  the  opinions  whirh  are  combined  with  these  doi'triiies,  both  in  Plato  .«ind  in  Colt  ridge, 
aie  such  as  we  should,  I  ihtiik,  iind  it  impoasiblo  to  accept,  upon  a  careful  philosophical  examina- 
tion of  them ;  but  on  these  1  ehall  not  here  dwell. 

I  will  only  fiirther  obeerve,  that  if  any  one  were  to  donbt  whether  the  term  Noi^  i*  rightly 
rendered  Jntml/bo$  Beaton,  we  may  And  proof  of  the  propriety  of  such  a  rendering  in  the  remark- 
able diflcu.^sion  conceriiiiij^  the  Tntpllwtiial  Virttns,  whicli  wo  have  in  the  Sixtti  Rm  k  of  t!:c 
Nifornac-iifan  Etliics.  It  can  hardly  be  questioned  that  Aristotio  had  in  liis  uiiud,  in  writing 
tiiai  pa^ge,  the  dootriut»  ol  Plato,  as  expounded  in  the  passage  just  examined,  and  similar 
passages.  Afiitotlo  there  aaya  that  there  ai«  ftvo  Intelleetual  Virtoea,  or  Faenltaea  by  «Ai«h  the 
Mind  atne  at  Truth  in  aaaerting  or  denying:— namely.  Afi,  Seime$i  Fndmett  fTMm,  ilTottf. 
In  thu  enumerati<Mi,  passing  over  Art,  Prudence,  and  Wisdom,  as  virtues  which  are  mainly 
concerned  with  practical  life,  »  »■  have,  in  the  region  of  speculative  Trutli,  a  distinction  propounded 
between  Sdmoe  and  Nom :  and  this  distinction  is  further  explaniea  (c.  6)  by  the  remarks  that 
Soienee  reaaons  from  Prindplei ;  and  that  theae  Piinoiplfle  cannot  be  given  Ijf  Sdenoe,  beeauee 
Sdenee  reaeena  Jhm  them ;  nor  by  Aii,  nor  Prndeooe.  for  tbeoe  are  eonvemant  with  matten 
oonttngent,  not  with  niatterti  demonstrable ;  nor  can  the  First  Prineiples  of  tlie  Ueasoninga  of 
Science  be  j;ivoii  bv  Wiwdom,  for  Wisdniii  hersi'lf'  hi'  often  to  roaaon  from  Principles.  Therefore 
the  First  Principles  of  Demonstrative  Keasomng  niusl  be  given  by  a  peculiar  Faculty,  2ioug. 
As  we  have  said,  JniuUivt  BtauM  i«  the  most  <4>propriate  English  term  for  this  Faculty. 

The  view  thoe  given  of  that  h^er  kmd  of  Knowledge  whioh  Plato  and  Arlatotie  plaoe  above 
ordinary  Semnee^  ae  being  the  Knowledge  of  and  Faculty  of  learning  First  Principles,  will  enaUe 
us  to  explain  some  expretaiona  whicli  nu>.dit  otherwise  be  misunderstood.  Socrates,  in  the  con- 
cluding part  of  thi«  .Sixth  Book  of  the  liypuhUc,  ^ays,  that  tlii.^  kind  of  knowledge  is  '  that  of 
which  the  Reason  ^Xo-yor)  takes  hold.  »»  virtat  of  iU  power  of  reasoning*."  Here  we  are  plainly  not 
to  nnd««tand  that  w«  arrive  at  Tmk  Principles  6y  rMsoiditg :  for  the  very  oppoiite  ii  tme,  and 
is  here  taught  ^^^namoly,  that  Firet  Prindplee  are  not  what  we  reaaon  fr^  hut  what  we  reaaon 
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Jrom.  Th«  mraaiiig  of  this  passage  pUinly  i«,  that  Fint  i'rinoipks  are  those  of  which  the 
RoMOQ  Xlim  boM  m  mrim  of  ib  pauxr  tf  fm»m»ig ; — tbef  an  tin  oonditioiiB  iiliiab  moife 
«iiit  m  Older  to  mike  uy  nmmang  ponibb : — tiisgr  ww  the  propowtione  vidoh  the  Setew 
must  involve  im^iaiUj*  in  efdw  thet  wa  may  raMon  espBoitly; — ^bay  wn  tlie  intmtive  voote  at 

the  dialectical  power. 

1q  aooordanco  with  the  views  now  explained,  Plato's  Diagram  may  be  thiu  further  expanded. 
The  tern  jjni  ii  nab  aaaA  m  tlu  perl  of  llie  EtpvAlie ;  but,  as  ie  iPeO  known,  oeeon  in  ite 
peodiir  Flatooie  eenae  in  the  Tenth  Book. 


ImelUgible  Wertd.  «wrron 

ViaiMe  World;  i^t^p^ 

Object  . . . 

Comcepdona 

Things 

Images 

Proet$t  . . 

Intuition 

DemriTv^t  ration 

Belief 

Conjecture 

Faeattg. . . 

Intuitive  Reason 

MlVt 

Discursive  Reason 

Sensation 

TeiNiTT  I^DOS,  3/0^  ^2,  18S5. 
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XXVIL  Benuxrks  m  the  FundamenkU  Principle  of  the  Theory  ^  Probab&iHtt. 
By  R.  L.  Elus^  M.A.  late  FeUan  cf  Trini^  Colkge. 


[Rewl        la^  1054.] 

I  wiiH  to  ttid»  m  •ddition  to  tbe  ma«riu  on  the  iMmdatioii  of  die  theory  of  probalnlltin  • 

vhich  were  offered  some  years  since  to  the  notice  of  the  Society*.  My  intention  in  doing 
so  is  to  consider,  in  what  way  the  proposition,  which  I  concoivp  to  he  the  fundamental 
priaciple  of  the  theory,  may  be  the  raost  clearly  and  conveniently  exprts&cd.  This  principle 
flMj  for  the  moRMnt  be  thus  lUted :  **  On  a  long  ruo  of  dnUar  trials,  every  pos^e  evoDt 
tendt  ultioMtely  to  reeor  in  a  deBnite  ntrio  of  flvqacney."  Our  ooovictioii  of  the  truth  of  this 
proposition  is,  I  think,  intuitive, — the  word  being  used,  as  in  all  similar  cases,  with  refcn  tu  o  to 
the  intuitions  of  a  mind,  wliich'has  fully  and  clearly  apprehended  the  subject  before  it,  and 
to  which  therefore  to  have  arrived  at  the  truth  and  to  perceive  that  it  has  done  so  are 
imepMriUe  dement*  of  the  aane  act  of  thought.  If  we  endeavoiiT  to  timnatate  the  propo- 
^on  just  stated  into  ordinaiy  pHiioiophical  language,  we  maj  in  the  iint  piece  lemarlt  that  the 

phrase  "similar  trials,**  expresses  (lie  notion  of  a  grouji  or  genus  of  phenomena  to  which 
the  difli'reiit  results  are  subordinated  as  distinct  species.  If  the  trial  is  the  throwiun;  of  a  die, 
thi.i  may  In;  regarded  as  the  generic  character;  the  occurrence  of  ace,  deuce,  &c.  consti- 
tuting different  species.  Thus  much  is  clear ;  but  it  is  le&s  obvious  how  the  idea  expressed 
by  a  **loDg  run  of  trials"  in  "dcBnite  leriss  of  experiments^*  and  the  like^  is  to  be  expressed, 
so  as  to  make  the  analogy  between  the  fundamental  principle  of  the  tlieory  of  probsbiUtieB 
and  those  of  oilier  sciences  more  obvious  thun  it  liaii  hliliorto  been.  The  idea  in  question 
is  not  readily  expressetl  iti  auv  wav,  because  in  its  own  nature  it  is  nen;ative  and  indefinite. 
The  phrases  I  have  just  quoted  imply  merely  the  absence  of  the  limitations  inseparable 
firom  individual  cases,  or  from  any  finite  number  of  such  cases,  wbetiier  contemplated  as 
actually  eaiiteot  or  as  about  to  be  developed  within  definite  limits  of  space  and  time. 

When  individual  cases  are  considered,  we  have  no  conviction  that  the  ratios  of  frequency  of 
occurrence  depend  on  the  circumstances  common  to  all  the  trials.  On  the  contrary,  we  recog- 
nise in  the  determining  circumstances  of  their  occurrence  au  extraneous  elemeot,  an  element, 
that  !■»  extraneous  to  the  idea  of  the  genus  and  its  species.  ContingeDcy  and  Umitadon  none 
in  (so  to  epenk}  together ;  and  both  alilce  disappser  when  we  consider  the  genus  in  its  entirety. 
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or  (which  ii  the  (wme  thin{()i  in  what  may  be  celled  an  ideal  and  praeticalttr  impoeiiUe 

realization  of  all  which  it  potentially  contains.  If  this  be  granted,  it  i^eems  to  follow  that  the 
fiindnmental  principle  of  the  tluorv  of  probabilitieR  may  be  repardid  n«  ii)cliK?oH  in  the  fol- 
lowing statement ; — "  The  conception  of  a  genus  implies  that  of  numerical  relatioDs  among 
the  species  suboriliDated  to  it.** 

(S)  Bvt  in  what  relation,  it  may  be  aelted,  do  theae  coneefMions  ataod  to  oatward 
realitiett?  How  can  they  he  um(]c  the  foundation  of  a  real  ttcienoe,  that  is,  of  a  science  relatlBg 
to  things  as  they  really  exi-.t  ?  ^Vl>  are  bv  sucli  (questions  led  Ijuck  to  what  was  lonij  the  great 
controversy  of  philosophy  I  mean  the  contest  hetwmi  the  realists  and  the  nominalists. 
The  former  in  asserting  the  reality  of  univei&ak  did  not  maintain  that  what  we  think  of  when 
we  oae  a  general  term  is  an  actually  exiating  thing.  Like  eeery  one  dae  tliey  admitted^  that 
in  one  waae  nothing  can  exist  but  the  indwidual,  nevertheles*  they  held  that  univertals  are 
not  mere  figments  of  the  mind,  but  that  they  have  a  reality  of  their  own  which  is  the  founda* 
•  tion  of  the  truth  of  general  propositions.  To  assert  therefore  that  the  theory  of  probabilities 
has  for  its  foundation  a  stnlement  touching  genera  and  their  species,  and  is  at  the  same  time  a 
real  ecienee^  ia  to  take  a  rraliatic  view  of  it»  nature.  And  thia  I  heBeve  is  wha^  on  oonndcratioo, 
we  cannot  avoid  doing. 

If  it  be  aaid  that  the  grouping  phenomena  together  is  merely  a  mental  act  wholly  diaeoB- 
nected  from  outward  reality  snd  aUnjjcther  arbitrarv,  it  may  be  replied  that  no  mental  act  can 
be  so.  Why  and  huw  facts  and  ideas  correspond  is  no  doubt  one  of  the  great  questions  of 
philosophy;  but  the  answer  to  it  is  surely  to  be  developed  fr6m  the  ountideration,  that  man  in 
telation  to  the  universe  is  not  wpectotor  tA  ecAw*  but  in  aome  aort  a  part  of  that  which  he  con- 
templates, and  that  the  rehtis  amUa  ratio,  which  is  in  truth  the  fundaniental  postulate  of  nomt« 
nalism,  is  therefore  iiiconecssible.  The  thoughts  wc  think  are,  it  is  true,  ours,  but  so  far  as  they 
are  nnt  mert^  error  and  confusioH,  so  far  as  they  iiave  anytbitig  of  truth  and  sotindnes-:,  tliey  are 
Momething  and  much  more.  The  Veritas  eauendi  (to  recur  to  the  language  uf  the  schoolmtn) 
is  the  fountain  from  whence  the  earifoe  e^imotetmdi  it  derived.  Tlie  meaning  which  theae 
phrases  were  iatended  to  convey  ia  expreaaed  in  more  modern  language  by  Leibnita  in  the 
paasage  which  I  have  cited  in  the  note*.  In  ever}'  science  the  fact  and  the  idea  correspond 
because  the  former  is  the  rt  idization  of  the  latter,  but  as  tbi"?  realization  t«  of  necessity  jiartial 
and  incomplete — or  niiher  because  in  the  same  fact  are  simultaneously  realizeci  a  variety  of 
separate  ideas,  separate,  that  is.  as  we  concdvc  them — ^tlria  correapondeoee  ia  but  imparfS^  and 
approximate.  It  ia  only  when  in  thought  we  remove  the  action  of  disturbing  causea  to  an 
indefinite  di.<itance«  tlwt  we  can  conceive  the  absolnte  verification  of  any  a  priori  law.  Only  On 
the  hoi  i/i)ii  of  our  menfn!  prospect  earth  and  sky,  the  fact  and  the  idea,  are  seen  to  meet, 
though  in  reality  the  atnmsphcre  is  everywhere  present.  Everywhere  it  surrounds  and  inter- 
penetrates the  717  fxeXaiva  on  which  we  stand ; — making  it  put  forth  and  sustain  all  the 
numberiess  forms  of  organiaation  and  of  life.  The  indefinitely  prolonged  series  of  trials,  which 
enters  mto  the  ordinary  atatement  of  the  fundamental  prindpte  of  the  theory  of  probabilitiea. 


rennslmwrtc  4s  DiCH  b*<i1  fta  vsiat  le  |>rinet|ic  dm  ndciMSi,  I  tllci  Is  philiiMphie,  que  dm  fhtis  cnnlw  Ma  taiMMis  d»  ]■ 
^  isn  Hiwiw  at     vabmtf  wiBt  1m  pnamftt  dw  Ctns.  I  fintiiBsdM sitHlMts d« IN«u. 
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is  analogous  to  the  iD6mte  and  iafinitdjr  smootb  horizontal  plane,  which  would  enable  us  to 
verify  tlw  tfnt  law  of  motion. 

(S)  The  almple  iMfithr«  notioB  of  the  •bMDoe  of  diMwUng  Ibrew  k  pMpctudly  eon- 
founded  vith  that  of  « tanideiM]r  bdiateilt  in  a  aeries  of  succcssivdy  developed  results  to  neitore 
the  balance  of  frcquenny  of  cwciirrence,  when  this  has  been  by  accidental  circumstances  tem- 
porarily deranged.  It  is  commonly  thought  that  this  notion,  which,  as  we  know,  is  the  founda- 
tiM  of  many  amuooeHful  attampte  Co  dreumvent  fertana^  ii  wflkieiidy  icfuted  by  saying,  th«t 
what  is  post  can  exert  no  inBoenee  on  whet  Is  yet  to  cone.  But  in  tceKty  the  peit  influences 
the  future  in  a  thousand  different  ways ;  and  it  is  only  in  idea  that  we  can  secure  the  ponihOity 
of  an  indefinite  series  <>f  trinls,  of  which  those  which  we  rcf^jird  as  the  permanent  circumstances 
are  not  progressively,  however  slowly,  undergoing  alteration.  The  dice  box  for  example  wears 
smooth,  and  the  edges  of  the  die  are  rounded;  and  though,  in  this  example,  we  cannot  say  what 
neutt  is  fecflitated  by^e  cbonge,  yet  thie  b  not  always  the  ceee.  Sudi  progressive  allen- 
Cions  may  tend  so  to  alter  the  ratio  of  frequency  of  occurrence,  as  to  restore  the  balance  which 
the  result  of  past  trials  has  disturbed.  There  is  thus  nothin::  ribsurd  ui  tlie  notion  of  a  restora- 
tive and  balancing  tendency,  though  the  grounds  on  which  it  is  <  njiuunly  assumed  indicate 
much  confusion  of  thought.  It  would  for  instance  be  perfectly  reasonable  tu  inquire,  whether 
in  tlic  sooossiion  of  seasom  liot  years  aie  not  oAener  fiiUowed  fay  cold  and  cold  by  hot»  'thaR 
•iee  oer«/L  8udi  qneilions  indieate  a  Imndi  ct  the  tfaeoiy  of  methods  of  observation  to 
which  hitherto  but  litde  otteniioik  bae  been  peid. 
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XXYIII.  On  the  Sinrjular  Points  of  Curves,  and  on  Nmloiis  Methtd  of  Co- 
ordinated Erponents.  Bji  Al'gustus  De  Mohgan,  of  Trinity  Collene,  Viee- 
Preiident  nf  the  Roiial  Asirotwmical  Society^  and  Pn^fessor  qf  Mathmalict 
in  University  CoUe*je,  London. 


[BMd        21,  1855.] 

MaVY  €f  die  critical  points  of  Algebra  have  first  boon  brought  to  notice  in  the  treatnwot 
of  ctirres:  and  all  have  been  usefully  ilIuAtratc<l.  The  subject  also  lias  its  controversies. 
Some  of  these  might  have  been  avoided,  if  writers  had  distinctly  stated  what  they  meant  by  a 
curve,  and  by  a  eingular  poitit.  In  algebraic  Geometry,  or  geometry  investigated  algebraically, 
m  com  diould  be  cither  tibe  inlenectiioB  of  two  lurfiuea,  or  m  cootiouoiit  line  deeoibed  bj  « 
point  moviDg  under  one  permanent  law.  But  in  geometrical  Algebra,  or  dgebn  repicienied 
in  space,  a  curve  ought  to  bo  defiiud  as  the  collection  of  all  points  whatsoever,  and  howsoever 
connected,  wliose  co-ordFtii^: -  iti-fy  n  i^ivi  n  equatiuti.  The  present  paper  is  on  algebra,  and 
on  real  valuer  only,  su  far  as  intcrprutaiion  ig>  concerned. 

Aeeording  to  Cnmer,  singular  points  are  those  «  qui  ont  quelque  choie  qui  let  diftJagoe 
dee  Mtree.**  IMt  is  goroewbat  too  genend :  the  point  at  wbtdi  •  -  «,  y  >  4^  faae  aonething 
which  distinguiihetitfrom  all  others;  namely,  that  x  mS,  y*  Dr  Peacock,  in  the  heading 
of  a  chapter,  speaks  of  •*  singular  or  remarkable"  points,  in  which  the  disjunctive  particle 
appears  to  have  a  defining  force.  According  to  M.  Ceuchy,  singular  points  are  those  which 
preaeot  tome  remarkable  pecuUarity  tDherent  in  the  our? e,  and  indepenknt  of  the  poaitioo  of 
the  axesk  I  siioiild  prefer  to  divide  angular  pointa  iritb  reference  to  potMiM  and  to  cMreafure, 
A  point  of  singular  po$Uio»  is  one  which  has  a  notable  property,  such  as  no  oontinuous  are  of 
the  curve*,  however  small,  can  liavi-  at  all  its  points,  and  which  ha«  reference  to  the  axes: 
a  point  of  singular  curvature  has  such  a  property  independently  of  all  reference  to  the  axes. 
But  tince  tlic  point  is  especially  taken  into  consideration  a»  a  point  in  a  curve,  «e  must  under- 
stand  that  refearence  to  a^aeent  points  is  intended  in  both  eases:  that  is^  the  sbguhur  property 
must  either  involve  soma  use  of  differential  coefficients,  or  some  other  reference  to  adjacent 
points.  In  truth,  wc  arc  rather  concerned  with  ainguhu-  dmeiUtt  infinitdy  smsU  arcs,  than 
with  singular  fointe. 


"  Otthtttmi  thus  y'-O  given  a  point  of  linguUr  poiition 
on  all  curve*  except  y  =  c<Nitt.  I  cannot  fiml  a  ili  lirunnti  tr<  c 
from  the  idea  of  omabilit;',  irliich  con  lain*  tuatisr  ul  i.  jjiaiun, 
.  .-jrving  iicC'irdinK'  id  i-ir\-um«ianrc?(  Wlirn  we  think  of  a  curve 
ja  the  tabulation  of  y  in  temu  of  r.  maxima,  contrary  flekute*, 
•nS  psiais  «f  Mgmdio,  in  wtn^  and  aatsUi:  Bm  let  a 


I  curve  be  unetl  ta  txtpflf  directing  data  for  the  fonnatiaB  it 
of  the  most  ordinary  character  raay 

'  be  [icrfecily  single,  j.nl  c-pccially  notable.  Uw  •  curve  ya^ 
t'.ir  rhf  (Ictcnv.inniiiin  v'  i.'t,  ■/  ■Jh,'' r,  ftBi,  SbA  lh>  fSlM  tC 
whicl)  y  =>  T  i»  the  moAt  luMablc  of  anj. 
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Tlw  old  word*  unAwnl  and  tqubMo^  nay  be  vemnl,  tiboiigli  not  precisely  ia  tlwir 
old  auaaiDgi*  to  s^gmff  ftinetiou  «l  om  value  eolj,  and  foMtioiia  giviag  ckaiee  of  move  llum 

one  value.  Thus  is  univocal  or  equivocal,  according  to  the  value  of  «.  A  univocal 
function  whieh  it  alwaje  contiDuoa*  and  finite  haa  a  differential  ooeffident  of  the  eame 

qualities. 

Let  y  strictly  denote  the  limit  of  dy :  dx.  When  dx  and  dy  are  iofinitely  ttutall,  I  do  not 
My  diet  dp  m  ffda,  hat  tkat  djf  m  fida»  wbeie  p  h  iafiaitdy  near  to  jf^.  Thcte  aie  eaaes  m 
i^iidi  ff  ii  real*  and  p  imaginary,  of  the  form    •^  odto*  +  bd^^  -  I. 

Let  the  words  before  and  after  relate  to  value  progressing  from  -  so  to  +  ee  :  thiie 
.r  is  -  8  before  it  is  -  7.  Let  the  phrases  'just  before'  and  *juet  after'  relate  to  infioitdy 
small  diiferenoes  of  value. 

Let  tbe  axes  of  m  and  ff  be  called  AerMOntof  and  wrHeal,  And,  ip  i^x,  y)  >  0  hmg  tbe 
equatkn  of  a  corvCp  )etdl^:(le>iO«r  ^,"9,  and  0,  *  0,  be  called  tbe  boriaootal  and 
vertical  jMftewiingfai  of  ^  «  0.  When  a  curve  meets  one  only  of  its  «iifierdlitatM»  ita  tangent 
is  of  the  same  name  with  that  subordinate,  ehhvT  horizontal  or  vertical. 

l.H  ({)  (x,  y)  be  a  function  wliich,  for  all  real  and  finite  values  of  a?  and  y,  is  rcnl,  finite, 
and  umvucal,  and  such  ttiat  ^  >  0  docs  not  always  give  «  0,  0,  as  would  happen, 
ibr  tnatance,  if  ^  were  a  podtive  power  of  anotber  audi  fnoetiao.  Tbe  eurre  0^0  tben 
(fividea  the  wbole  filane  of  ooKirdinaIca  into  legiona  in  wbieb  ^  ia  alwaya  pontiv^  and  legiana 
in  which  ^  is  always  negatiTe.  And  every  passage  over  0  >  o  is  a  change  of  sign  in  0, 
unleea  it  be  also  a  passage  over  one  of  the  subordinates.  Thus,  if  (.r,  »/)  he  a  point  of  0  =  0, 
y  —  dy)  and  ip^  («,  y  —  dy)  differ  in  sign,  and  ^  (x,  y  -t-  dy)  and  <p^  («,  y  -f  dy)  agree  in 
e|gn,  if  dy  be  positive:  wbenee  either  <p  or  0^  changes  sign  in  passing  through  («,  y).  Again, 
m  being  oonatant,  y  cannot  cbange  from  one  point  to  tbe  neat  neareit  of  ^  a  0,  without 
pmblg  over  a  0  in  the  interval.  Accordingly,  when  ^^  —  0  is  not  i  rj  ;rat  ir  i  f  positiv  e 
and  ncgfitivc  regions,  as  when  0^  =  (.t  +  yf,  it  follows  that  one  value  of  x  gives  to  ^  »  0  only 
one  real  value  of  y,  at  most.  A  curve  which  is  not  a  separator  must  be  regarded  as  having 
ita  brandies  repeated  an  even  number  of  times :  and  tben  we  may  say  that  y  (or  rather  the 
eurre  m  ■  comt.)  doea  not  pern  from  one  point  of  ^  *  0  to  tbe  next  before  or  after  without 
crossing  0^  «  0  an  odd  number  of  times. 

When  y)  and  (ar  +  t/x,  y  +  dy)  are  both  on  0  0,  we  know  from  <p^dm  +  ^^dy 
+  i  ((pij'^-^  +  •••)  +  •••  ^  ^  ^^^^  (p,dx  +  (p^dy  is  of  tlie  second  order,  at  lowest  Hence  the 
cloiiebt  Btruight  line  to  the  curve  is  lliat  on  whicli,  {x+dx,  y  dy)  being  on  the  straight  line, 
<p,dx  +  (^fdy  ia  absolutely  zero:  and  thus  we  get  the  tangent  and  tbe  araal  forma  conneeted 
with  it.  Of  tbe  two  regions  divided  by  tbia  tangent,  dar  -  0  and  t^y  >  0  point  out  the  one  in 
which  <p^dx  +  <p^dy  has  the  sign  of  <p^,  or,  just  after  (x,  y),  the  sign  of  <p.  Proceed  to 
(ar  •«■  do,  y  4*  djy)  on  tbe  tangent.    Then  <p,  at     +  dx,  y  +  dy)  has  tbe  sign  of 

0«  +  2^>^y'  +      S'^  or  of  -  ^, .  y", 
unless  this  last  vanish.    That  is,  dy  Ix-ing  >ci,  rp  agrees  with  (p^  at  (.r,  ;/  +dff),  and  with 
—  <P^.y"  at  {x  +  dx,  y  +  dy)  on  the  tangent  If  then  (p^  and  -  <p^ .  y"  agree  in  sign,  and  if  («,  y) 
be  not  a  multiple  point,  tbe  curve  ^  «  0  does  not  fall  between  tbe  poAive  COOtinnation  (er 
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rilroenmn^,  if  y  be  negatire)  of  y  md  the  tngMit:  if  ^  and  -  i^j^y'  differ^  the  edntnry. 
That  ii,  y  beiiig  meMund  pondrelj  npwaidt,  the  conovrity  is  wpward*  or  downwiida, 

according  as  y"  \%  podtive  or  negative.    Again,  a  poittt  on  die  lingent,  jiial  after  eontaet, 

abuts  on  convexity.  Hence,  a  point  close  to  the  curve  abuts  on  convexity  or  concavity 
acccircling  as  ^  at  the  point  and  <pg-y"  at  the  contiguous  points  of  the  curve  diSer  or  agree  iu 
sign.  Hence  mother  proof  of  the  criterion  of  flexure:  for  if  a  point  be  a  little  neaoer  the 
axis  of  m  than  («,  y%  ^  nd  agree  or  dilfo-,  according  aa  y  ia  n^gatlTe  or  pondve «  ff  the 
point  abut  on  convexity,  <p  .  fp,'y"  is  negative,  so  that  y"  agrees  in  sign  with  y. 

The  point  of  contrary  flt  xiirc,  at  wliich  y"  changes  sic^ii,  stands  apart  from  other  points  of 
singular  curvature,  and  seems  to  form  a  class  by  itself :  but  only  because  it  belongs  to  a  class 
in  whkh«  though  all  the  eases  are  nngufnr,  it  is  the  ooly  one  remarkable  to  sight.  Attempts 
imve  been  made  to  give  name  and  charaieter  to  the  pobts  at  wUdi  y'"*s^,  kc  ^ange  agn,  init, 
though  ^  -  0  may  from  the  ezistenoe  of  such  points  be  properly  called  a  singular  ones  of 
0  =  const.,  the  points  themselves  are  not  remarkable  points  of  0  0.  It  seems  that  our 
senses  are  not  capable  of  fading  anything  beyond  second  differential  coefficients.  In  geometry, 
wc  recognise  direction  and  flexure,  and  change  of  direction  simultaneously  with  flexure : 
in  medMUiieS)  velocity  and  pressure,  and  diange  of  velocity  atniultaoeously  with  pressure.  But 
diange  in  the  quantity  of  flexure,  or  of  preesurei  presents  nothing  which  the  oommon  sense 
of  mankind  embodies  in  a  separate  notion ;  so  that  the  third  dilfierential  Ooeffldent  is  not 
presented  to  us  in  the  form,  as  it  were,  of  a  separate*  idea. 

Let  two  points  of  ^  «>  0  be  called  timilar,  when  a  line  drawn  fn»n  one  to  the  other 
cuts  ^  «  0  an  even  or  an  odd  number  of  timet,  aoeoiding  aa  it  heguu  and  ends  with 
the  same  or  different  abntments:  otherwise,  let  the  points  be  called  djaslnijibr.  It  follows 
from  the  preceding  connexion  between  (p^-y"  at  («,  y)  and  (p  just  after  iMving  («,  y}* 
that  points  are  similar  or  dissimilar  according  as  their  valuei;  of  fp^.t/"  a^ree  or  differ 
in  sign.  Also  points  are  similar  or  disbiiniilur,  according  as,  in  passing  from  one  to  the 
other,  we  pam  over  the  eorve  ~  St^^^^^^  +  ^/'^yy  -  o  tn  even  (O  uieluded) 

or  an  odd  number  of  times.  A  change  on  the  curve  to  points  of  a  diflS»rent  duuacter 
takes  place  ^  lien  there  is  a  change  of  vertical  flexure  (flexure  with  respect  to  the  axis  of  jt, 
or  which  depends  on  the  sign  of  t/")  or  passaf»e  over  the  vertical  subordinate  with  change  of 
ngn,  but  not  both.  And  the  equation  fp^y"  -  <p»x''  «  0  connects  the  criteria  with  respect 
to  the  two  axes,  and  justifies  one  from  the  other. 

Hence  no  curve  in  which  y)  is  stiictlj  real,  univocal,  and  flnite^  can  have  an 
abrupt  termination :  for  in  this  case,  the  same  two  points  would  be  pronounced  similar  or 
dissimilar,  according  as  the  line  of  progress  fdl  just  on  one  side  or  the  other  of  the 
abrupt  termination. 


•  Vdtalnfs  Srtutiiiii^  wlw  tod  onlf  tvm^jjon  •nns 
lamated  the  pswny  of  hli  famnim  wMan  taita*  8MaA,wbo 
kai  a  ibgwHA  I  tat  ths  Sbtia  nplM  thst  dw  MBit  complslBt 
«M>  mails  Us  own  pfamt.  Both  tat  Mam,  tetta  tnda 
at  dURmmU  cocfRctentt  b  tBtcmdmble.  V«lt«fN  cstdd  not 
■mk*  thei'i^  Hnrihiet  ulk  \Mt  ovti  mimii.  ir  we  had  anoiher 
Bade  of  peiccpuon,  of  which  neitlMr  twieb  dot  ai^fat  would 


^TB  any  oMiav,  anil  which  weaU  aaiartaw  wlA  pHwaw  tta 

idaa  of  to  cmae,  ia  tto  scdm  in  which  wa  ssj  thai  praMOK 
aaaiM  aaralaiatiiaij  wa  ihoald  protmbly,  aa  now,  kwk  upon  the 
«aMN  of  a  aiMi^aBd  dut  cauM,  laitol^iihlo(oooat  and  altat  s 

tat  wa  a]to«1d,  ta  auodadog  the  csiim  and  cAct  of  aa  1bMv» 
tnedlaie  cti'sr-,  pa^^  over  ihr  iliird  side  of  ftti  inicllcctuAl  trian- 
gle of  whicb  at  pretent  we  cam  oalji  paa  over  the  oihct  two. 
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The  iBult^[ile  poiiit,  the  cup,  mod  the  leolated  point,  muit  be  looked  for  only  in 

plicee  where  <p,  ■  0,  <Pf  -  0,  or  where  both  the  ittbordinates  meet  the  curve  and  eeeh 
other.  The  following  proof  applies  with  case  to  a  muItiplL"  puitit  of  real  branches,  a  cusp 
which  is  not  in  any  uther  branch,  and  an  iiiolated  point  whicli  is  Dot  ul»o  on  a  real 
branch  of  the  curve.  At  a  multiple  point,  either  co-ordinate  being  constant,  the  other 
MMj  pM»  ftom  ^  ■  0  to  ^ « 0*  inflnitdj  neer  the  multiple  point,  end  during  ibii 
puM^  ^  sod  change  sign ;  hence  0,  « o  and  ^  «  0  et  the  multiple  point.  The 
same  of  any  cusp  near  which  are  small  deflexions  parallel  to  boili  axes.  But  where  such 
deflexion  can  only  he  parallel  to  one  a\\s,  as  where  y  is  a  maximum  or  a  mininuim  at  a 
cusp*  uf  contrary  flexures,  we  see  that  points  on  different  sides  of  the  cusp  are  similar, 
while  y"  hta  one  ogn  for  both,  whenoe  ^  hu  one  eign.  Nevertlieless,  <p^  vantihea  «t 
die  cmp,  since      ie  infinite,  and  -      i>  not.   As  to  the  isolated^,  or  conjugnte 

point,  we  kamr  that  ehangee  dgn  in  passing  through  the  point,  while  <p  does  nut 
change  sign,  as  mav  he  proved  by  going  round  it :  hence  iftg  changes  sign  at  the  point, 
or  <pf^O  passes  through  it.    And  similarly  for 

A  cusp  is  an  evanescent  loop;  and  an  isolated  point  is  aa  evanescent  oval,  or 
hovnded  portion  of  the  curve.  In  one  view,  it  is  so,  or  is  not  so,  at  our  plensuin.  It 
is  always  poasflile  to  make  ^(«,  y)  a  particular  case  of  xf,  (.r,  y,  «),  say  when  n  >  0, 
in  such  manner  that  x^(j,  y,  0)  antl  yf/^x,  y,  da)  shall  both  have  cusps,  or  Ixith  isolated 
points.  But,  looking  at  the  fact  that  in  our  present  subject  wc  are  only  concerned  with 
the  relations  between  ^ «-  O  and  its  subordinates  »  0  tp^  —  O,  it  seems  obvious  that 
we  are  only  cooosnied  with  as  being  one  of  the  haSly  ^(c,  y)  «  o,  belonging  to 

the  pair  of  anbordinatea  ^«  •  0  <>,  which  are  eonmian  to  alL  This  benig  granted, 
the  assertion  fdlows.  Let  ^  ■•  0  have  an  isolated  point  («,  y).  Let  e  be  infinitely  small : 
then,  since  y)  is  always  real,  we  cannot  proceed  in  any  one  direction  through  point;; 

{m    da,  y  +  dy)  without  <p(<x  y  +  dy)  pas^iog  through  e  in  value.    If  the  isolated 

peine  be  not  on  any  real  branch,  eo  that  ^  has  one  sign  in  all  parts  of  the  neiglibnnrfaood, 
it  is  clear  that  the  isolated  point  marks  the  passage  from  a  real  oval  to  an  imnginary 
branch,  as  e  changes  sign  through  0.  But  if  the  isolated  pmnt  be  on  a  real  branch, 
so  that  (p  has  difTerent  signs  in  different  regions  of  the  ncighbotirhood,  it  is  indicated 
that  (p  "  c  has  one  or  more  ovaU  (according  to  the  branches  which  pass  through  the 
point)  when  «  bat  cither  m<jii.    And  sindhr  reasoning  f>r  die  evaneaoent  loop  of  the  cusp. 

It  baa  been  asserted  that  if  the  isolated  point  were  always  an  evanescent  oval, 
ff  woald  admit  an  infinite  number  of  values.   Now  first,  this  does  not  happen  eacfdidtlj 


*  A  caspiBiirbsisUi>bs«f  riadluOTMMmjrinniiw, 
MWwItafMihaimtJgwass  ar  Amb  divida  dw  tsaeclus. 

I  bstelMt  ciBNi  *■>  ti*  »«">*T  ^li*^  i*  ^ '"■P 
•rilM><tf  Uad,SBd«U«barihtM«Mi4ktaa.  Martol 
■Jmft  ito  unwurtt  twrnw  ewnlliM  —4  ramfheUf  fat  Aa  euip 

called  Tunphold  i«  u  much  like  the  point  of  ■  hotn  u  that  of  • 
beak,  and  the  ciup  called  coatoid  U  not  the  poiiU  of  a  bora  at 


t  Tb«  idnt  loiptfed  in  the  word  emjuffal*  b  dtat  Ac  fStot 
la  ■Igabniollir  eaiuaiiMd  «»  iIm  vmt,  Imi  bm  gwwolcslly 
psnaflt.  la  aewsweteil  iJailii^  <hi  weed  iwlsiwf  fa  ywftr- 
•SHiiKib  b7ds6aUiaa,dn  fata*  mOr  «,«  part  of,  the 
Mim.  Nar  Is  U  asjr  st^MiioB  dut  w  taafailsd  point  ma/ 
ba  SB  s  ml  bnach  tt  lha  curre;  we  meiB  ikw  a  point 
an  staal  tmacb  aaf     liw  aalr  real  point af  an  iBtafiaai/ 
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wbeo  wc  contrive  a  conjugate  or  isolated  point  which  it  on  evanescent  oTal;  at  when  we 
obtdn  -  1)  from       0  in  Nmt,  1  bftve 

no  doubt  tfant     Am  on  Infinite  nuuiber  of  ▼iJum;  not  eqtwtoeal  values,  bet*«en  wUcb 

there  is  choice,  but  simuttaneoujt  values,  between  which  there  is  no  choice  :  the  sense  being 
that  in  which  1  —  1  +  1  —  ...  is  0  and  l.  And  here  the  principle  of  mean  values,  on 
which  my  reliance  iocreaaes  with  every  new  case  in  which  I  try  it,  may  place  the 
maaning  of  jf^  at  an  iaolated  point  in  m^Uhttarj  coDnevioa  othar  Maulta»  nilli 
wliich  it  nrnat  ataod  or  fUL  I  maj  pariiapa  be  able  to  meet  tba  powciAd  objc^ 
tion  which  can  be  ui^ed  against  aaj  nppSention  of  this  principle  taken  alone,  in  a 
future  communication.  From  examples,  it  sooms  that  y'-a  +  fc^^-l,  at  an  isolated 
point,  means  that  JlanOdQ  :  ^dQ  ^  a  ^  by/  -  i,  where  Q  is  the  angle  made  by  the 
tangent  of  tba  kfinltaly  naU  oval  vitb  Ae  ndi  of  m,  Tbe  intigrnb  aw  taken  tbrough 
all  the  fendulion  of  the  tangenti  «Hb  dtAnent  ugna  for  tbe  contrarj  revolutio08»  if  anj. 
And  it  aeems  further  that  when  i  ■  o,  either  (periia{M  always  both)  of  two  tUaga 

may  happen.  Either  the  passage  of  tan  d  through  eo  may  h<-  made  the  swme  number 
of  times  in  each  direction  of  revolution,  so  that  the  discontinuous  constants  put  together 
give  kijniriy  -  1  -  mir^/  -  1),  or  0:  or  else  axes  perpcndioiilar  to  tome  line  (y  ■  m) 
are  iniinicdy  small,  so  that  y'  is  always  infinitely  near  to  a»  axeept  at  points  wiildi» 
compared  with  the  extent  of  tbe  oval,  are  infinitelj  near  those  at  which  y  =  -<t~\  That 
an  isolated  point  may  lie  on  a  real  branch,  was  noticed  by  D'Alcnil>ert :  but  the  remark 
is  seldom  repeated  in  miHiern  w  ritings  :  D.  F.  Gregory  alludes  to  it  in  his  Example. 

Two  raetliods  have  been  adopted  of  treating  the  inquiry  into  the  singular  points 
of  ctmres.  The  first,  of  wbicb  the  foUeit  dordopment  ever  given  is  b  tbe  well-known 
and  higU7.vaIaed,  but  (as  I  siiall  sbow)  little  read  work  of  Cramer  Analyt*  4t$ 
Lignea  Courbet  Algihriquea,*  Geneva,  1750,  4to,  reduces  the  question  to  dependence  on 
the  theory  of  equations,  nsing  differential  coefficients,  if  at  all,  onlv  as  convenient  aids 
to  development  The  second  endeavours  to  present  canonical  criteria,  expressed  in 
terms  of  differential  ooeffidentt.  This  second  method  never  was  sueeessfii],  and  never 
wiU  be,  in  tbe  full  determination  of  potnta  of  stngntar  curvature.  No  given  nnmbsr  of 
differentiations  can  in  all  cases  discriminate,  for  instance,  a  cusp  from  a  multiple  point. 

The  real  dependence  of  the  second  method  upon  the  theory  of  equations,  when  the 
method  is  carried  far  enough,  lies  hid  uitder  an  attempt  to  make  the  investigation  one 
of  ord!«%  cxmaining  first  tbe  dependence  on  0,  and  0^,  then  that  on  <p^  and 
and  so  on.   When  tbe  whole  progression  is  looked  into  at  onoek  the  reduction  to  tbe 
theory  of  equations  is  easily  seen. 

Let  (x,  y)  and  (« dr»  jr  dg)  be  points  on  ^{ftt  y)  •  0,  and  let  ■■  fd».  We 
have  then 

9(»  -f*  dlor,  y)  -I-        -f  d»,  y)  .fdn    ^^(«  -f  da,  9)^-^  +  ...»  0. 

Expand  in  powers  of  dx\  in  each  expansion  prsaerve  the  lowest  power  of  dm  wimae 

coefficient  has  value,  to  determine  the  limit  of  p,  or  y  at  (r,  y) ;  and  also  the  lowest  iMlt 
one,  to  aid  in  examining  the  neighbourhood  of  («,  yj.    Suppose  we  thus  obtain. 
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where  o  is  not  <  1,  since  ^  y)  -  0 ;  h  m  not  <  1 ;  c  is  not  <  2 ;  and  so  on.  Let  the  lowest 
poww  «f  <i»  in  the  wlule  expudon  occur  Ibr  die  lint  tinie  with  and  for  the  hnt  dme 
with  ^\  thii  loweet  power  must  have  one  of  the  unaooMited  expooentB.    We  then  determine 

the  finite  values  of  j^,  which  are  the  values  of  p  in  Kp*  +  ...  +  Lp  >  0.  But  p  may  have 
infimte  values.  Suppose,  for  instance,  that  the  lowest  power  of  dx  is  dx',  occurring  for  the 
time  in  the  coefficient  of  p*.  It  is  only  by  casual  vanishing  of  coefficients  that  p^,  p*,  and  are 
wanting  in  the  final  equadoo :  the  powen  of  d»  are  not  neoeenrily  above  the  7th,  and  thdr 
cffiwte  do  not  ncoessarily  vanieh  in  the  final  result,  nntil  we  have  passed  j^.  The  final  equation, 
tbeOi  it  JT]^  +  ...  +  £pl*  +  O.p*  +  0.J^  +  0 'P*—  0.  In  coniirmatinn,  observe  that  if  tlu'  lowest 
terms  be  of  the  seventh  order,  and  Ld-^di^  be  the  last  of  them,  then,  d.v  being  'fdy,  [.(f  will 
be  the  lowest  lemt  of  the  equation  for  determining  j/"'.  Hence,  the  lowest  power  of  deter- 
mines the  number  of  values  of  y' :  the  final  equation  determines  the  number  which  are  not  infinite. 

If  the  final  eqnatHNi»  which  write  4>1^'(- 2.0p*-0,  have  no  equal  roots 

whatsoever— and  infinites  here  count  as  equals,  so  that  S  must  not  have  more  tbao  one  term — 
or  if  all  equal  roots  be  sets  of  imaginary  pairs,  the  probtein  is  solved.  If  w  of  tiie  roots  be 
real,  and  /J  imaginary,  the  point  (.r,  y)  is  m  n  ways  on  a  real  branch  of  the  curve,  and  in 
^fi  ways  au  isolated  point.  There  is  no  need  to  introduce  the  terms  .^'dir'^,  &(c. :  for  infinitely 
snail  dtetatioos  in  the  eoefikisnta  of  an  equation  do  not  afiect  die  diaraeter  of  its  siaifls 
roots.  But  if  two  or  more  roots  be  equal,  tile  elTect  of  the  second  terms  saay  lie  of  cither  of 
a  threefold  kind.  First,  a  pair  of  roots  may  become  real  and  unequal,  for  both  signs  of  tfjr: 
this  gives  a  pair  of  branches  with  contact  passing  through  {x,  y).  Secondly,  a  pair  of  roots 
may  become  real  and  unequal  for  one  sign  of  dx,  and  imaginary  for  the  other  sign  :  this  gives 
a  cusp,  Thirdly,  a  pair  of  roots  may  beoome  imaginary  Ibr  both  signs  of  dmi  this  gives  an 
isolated  pdnt  wiib  n  real  tangent. 

The  curve  0  y)  "  o,  c  being  infinitely  small,  adjacent  to  the  point  (.r,  y),  is  defined 
by  A'dr*"*rfv' +  ...  +  I'<iiP*"'dy'*=  c,  dj"  being  the  lowest  power  of  dr  already  mentioned. 
Let  c  :  dj/"  —  H,  where  B  may  be  any  quantity   whatever.     Then  p,  derived  from 

+  ...  +  Lff  >  Ht  indioates  all  the  directions  in  which  0  (x,  y)  »  e  h»  branches  cutting 
the  vertical  at  a  distance  dm  from  (»,  y>.  Let  JTp*  +  ...  4-  Lp*m  fjp,  Tbsn  for  every  real 
TOO^vSfp  •■  0  for  which  fp.f'p  is  positive,  there  are  values  of  limited  or  unlimited  as 
th^  eas<>  may  be,  between  whii  li  imaginary  roots  of  =  0,  have  corresponding  real  roots 
in  fp  -  H  m  0,  And  hence  may  be  detected  the  character  of  the  parts  of  <^  («,  jf)  —  c,  which 
vanish  in  the  iacJated  points  of  ^{x,  <■  o.  The  ewe  in  whiek  fp»0  bsn  equsi  roota  nmy 
lie  sfanilarly  rsasonsd  on. 

It  thus  appears  that  the  theory  of  equations  is  the  proper  instrument  Ibr  considering  the 
iingutar  piints  of  curves.  A  few  months  ago,  I  saw  in  the  notes  to  the  second  edition  of 
M.  Serret's  excellent  Algibre  Supirieur«,  an  account  of  a  process  for  eliminating  between  two 
equations,  attributed  to  Mr  Minding,  with  a  reference  to  the  sixth  volume  of  LiouviUe's  journal, 
into  which  it  was  trsnalated  from  Crdle's  journal  This  process  of  elimination  depends  upon 
an  elegant  and  powerful  theorem,  wbidi  is  demonstrated  at  full  length  by  M.  Senet,  without 
the  slightest  hint  of  any  other  author  except  Mr  Minding.  Perodving  tlie  importance  of  this 
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theorem,  and  also  some  siinpliiication  uf  thu  demonstration,  I  wrote  a  short  account  of  it  for  the 
^•rfsrfy  Jwmal  «f  JfelAMiofiM,  giving  the  audionUp  to  Mr  IfiadiDg.  Happening  to 
fall  in  with  the  volume  of  LiouviUe'i  jounial  above  dted>  I  was  iuipfiaed  to  find  that  no 
aueb  theorem  is  cither  enunciated  or  proved,  bat  that,  on  the  point  of  wbkk  It  tlMti,  refercooe 

iR  maf^e  to  I.ncroix,  Vol  I.  p.  2?S.  This  reference  shews  nothing  to  the  purpose ;  hut  lakintr 
it  as  a  bint  to  examine  the  whole  volumet  I  found  at  page  10-2  uf  llu'  introduction,  a  somewhat 
prolix  voA  itnlDviting  accoant  of  the  veiy  theoreOkt  erKiah  it  appears  was  given  bj  Lagrange 
in  the  Berlin  Hemoira  tat  1776.  How  completely  it  haa  dropped*  out  of  light  will  appear 
from  the  naea  which  can  be  W»i»  of  it»  and  which,  it  seems  to  me,  must  have  been  most 
ohvTous  to  nny  writer  on  riirves,  or  on  the  theory  of  equations,  who  had  really  obtained 
possession  of  it.  The  theorem  determines  the  initial  and  terminal  branches  of  a  curve,  and 
the  character  of  its  ringular  points,  with  much  more  ease  and  power  than  any  method  given 
by  dementary  writers.  It  also  dctennioes  the  elKct  of  infinitely  soudl  chaoges  in  tba 
coefficients  of  an  equation  npoo  its  equal  roots.  But  there  is  something  still  more  nnatltablo 
about  its  history  :  it  wa<»  suggested  to  I.agnmgf  by  n  metliod  of  Newton  wliich  is  now  totalh' 
lost  sight  of,  though,  as  will  presently  appear,  it  is  difiicult  to  8€€  bow  any  reader  of  Taylor, 
Stirling,  ur  Cramer,  could  have  passed  it  over. 

Mr  Senet  has  only  adverted  to  the  mode  of  finding  deseending  series  for  die  roots « 
but  Aa  dieorem  applies  equally  to  asoendBng  seriea.  In  both  the  fonns*  it  ia  as  fisllowB 
Given  functions  of  x,  such  as  A.,  of  the  form  jr''(a  +  A'),  where  A'  vanishes  with  x,  or 
vanishes  with  J*"',  and  a  is  indeperdent  of  .r,  nnd  finite-f  both  ways :  this  is  the 
definition  of  a  function  of  the  lower  degree  a,  or  of  the  higher  degree  a.  Let  there  be 
an  cqnatfam 

-iy*  +  Jl/ +  ...  +  Jijr  +      +       +  ...  +  2^  -  0 
where  J«  B%  fcc.  are  functions  of  «  of  the  lower  degrees  <^  A,  itc^  and  a,  /3»  flto.  asoend ; 

or  else  A,  B,  &C.  are  of  the  higher  degrees  a,  h.  Sec,  and  a,  /3,  &c.  descend.  It  ia 
required  to  determine  the  degrees  of  the  values  of  y  in  terms  of  x.  The  decrees  a,  b,  ttc, 
a,  fit  &c.  may  be  integer  or  fractional,  positive  or  negative:  the  only  diii'erence  made 
ia  that  if  «,  /3»  be.  differ  bj  fraction^  it  will  require  fovUier  proeesa  to  datennine  die 
nnmher  of  roots  of  each  kind.  Let  y  -  tfiu  +  U),  and  write  «*(a  -i-  jt),  &e.  fiir  J, 
which  j^vea 


*  I  dare  venture  tbe  tuppo«it(on  that  Ligrangc  himiclf  bad 
for|(ouea  it  before  the  Prairial  of  An  V.  It  inu»i  be  rcmem- 
bered  that  erery  direct  uic  ot'  itic  thinrie  licr  sxiiirs  uss  tit  ^irablt 
in  the  differential  calculus  prncntnl  u  ilie  Thtt/ne 
Funetiont :  the  direct  tnitmrnt  of  ^mpxhit  point!  bj  seriei 
alone  would  ha»e  been  no  mean  triumph  of  the  principle.  The 
raider  «li<i  ri'fcrn  to  tlii«  work  (Krst  edition,  i;t<l — IIII!; 
•eoood  edition,  pp.  lUl  — lUo)  sill  sec  ttiut  L:i^'iiiiig^  rvoaona 
onljon  theform  y  Js,  omitting  ull  con^idcrntion  of  ^(j',y)>>0, 
and  then  abandona  tiie  aioguiar  pointa  antter  refertoce  to 
Ciamer:  he  himself,  iwentx  yean  before,  having  given  the 
meant  of  tinding  a  mode  of  deTeUl|niMiK  lina  Ihs  implicit 
cqoation  of  a  fiu  more  easy  cbaracur  thSB  AM  wUdi  Im  hid 
jntt  spitUtd  M  ths  cspiidt  cquatkB. 


Lagrange**  paper    1778  is  ndlled  Sitr  Futaffe  itt  frac- 

tiotu  continuet  dans  It  mkut  imtfgraL  The  theorem  'a  ran- 
•micted  upoo  an  application  to  differential  eqnatiocu  only,  aa 
a  meant  of  abutininx  continued  fhMtiona.  |4icrmji  preMnia  it 
applied  "o  !he  iinpUfil  form  rp  iJ'.ji;  0. 

■f  This  short  phra»c,  which  is  much  wanted,  serves  (o 
indirAte  thai  thr  q'.i.mtity  i^  ncitlicr  inliiiUely  «njal]  nor  infi- 
nilely  great.   VVliea  writers  of  a  hnite  quaatity,  tooie 

mean  only  that  it  ii  not  inKnitc,  olhen  that  it  ia  ncldur 
infinite  nor  nothing  and  1  think  the  6nt  meaning  it  the  mot* 
common.  Thai  '  a  point  at  a  finite  dittance  from  the  origia' 
usually  indiidM  tiM  ariain  itMlf.  AndltaqglttiolieMk  I<or 
finiu  an4  li(|IMi»  sttgiht  (•  be  cMHnriiBt  m '  ~ 
vtoie.  alwafs  nsHs  lafahrfj  . 
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(a  +  ^)  (»  +       f      + ...  +  (Jfe  +  iT)  (u  +  ^')^r*«'  +  ...  +  (/  +  T)  (tt  +  Uya^  +  ...  •  0. 

We  have  then  to  find  in  how  many  and  what  ways  r  can  be  so  taken  that  two  or 
more  of  the  set  a  -f-  ar,  h  +  fir.  See.  shall  be  equal,  and  lo««r  iha»  dl  the  rest,  or  higher 
than  all  the  reat,  aceordiog  as  we  are  aedcing  lower  dimenaioni  or  higher  dimcDrionB. 
Theae  caaes  both  come  under  one  rule,  the  difference  of  arrangement  making  all  the 
dUFerenoe  required.    For  the  denonatnitiaii  I  refer  to  the  paper  in  the  QuarUrlif  JounuU 

(No.  I.  p.  1}  already  dtad.    Take  the  eucoBarioo     ^          and  frain  it  form  the  fraetiona 

h—u   c—a         k—a        <— a  m-a 
«  —  ^3  a  -  7  * «  —  K  ******  a  -  r  ***"'  «  -  ^* 

take  the  gmttaat  (the  furtheat  fWma  -«>)  or  if  aaveial  be  equal  and  greater  than  all  the 
rest,  taJte  the  laat  of  the  equal  nnninia.    Let  It  be  ^  ■  (t  -  a)  :  (a        and*  to  shew 

the  case  of  equal  maxima,  say  that  p  =  {e  -  a)  :  (a  -  e)  also.    Then  there  arc  roots  of 

the  form  y  =  +  U),  and  n  is  derived  froiti  uu"  +  e»*  +  liu"  =  0,  every  value  of  n 
finite  both  ways  giving  one  form,  and  the  final  equation  being  always  derived  from  the 
first  term  of  the  succession,  with  all  the  terms  which  contribute  to  the  equal  maxima. 

k  ...  I  ... 

The  next  step  is,  to  treat  the  succesaiou  in  the  same  way ;  and  so  on  until  the 

<        T  ... 

last  maximum  contains  ^.  If  all  the  sot  a,  /3,  &c.  he  integer,  the  number  of  solutions 
is  «  -  ^  or  ^  -  a,  the  whole  number  of  roots  wliicli  are  not  in  »/  =  0 :  the  forms  obteined 
having  their  multiple  character  duly  augmented,  if  a,  h,  Sic,  or  any  of  them,  be  fractional. 
And  the  successive  ralues  obtained  for  r  ate  alwnys  deseanding  in  algebraic  magnitude. 

Having  thus  obtwincd  y  •  tf(u  +  U),  substltuthni  givas  an  equation  for  delennining 
f',  which  may  thus  be  found  as  st''{u^+  U^t  and  so  on.  Confining  ourselves  to  integer 
data,  rt,  a.  See.  I  mny  rcmrtrk  that,  when  r  is  fractional,  must  be  interpreted  tinivocally, 
the  equivocahty  of  «  supplying  the  requisite  multiplicity  of  forms.  For  if,  n  being  a 
proper  root  of  ],  we  use  itiV  for  df,  thia  is  equivslent  to  assuming  y  «  {fixy  {u  +  U), 
which  substitntes  pFu  for  «  in  the  final  equadon,  and  all  the  comhinatioos  are  bnt 
tepetitiona  of  iboK  which  we  obtain  from  y  «  «'  (u  +  (f)-  Next,  since  there  can  only  be 
^—  a  or  o  -  ^  values  of  y,  the  process  for  determining  f/^,  U^^^  &c.  is  bound  to  shew 
tills:  and  the  mode  in  which  it  succeeds  is  an  instructive  example  of  the  use  of  the 
theorem. 

Havii^  obttdned  a  value  of  r  with,  say  att*  + ...  -f  kti^  -  0  for  detennhnng  «»  write 
:fu  in  place  of  y>  and  collecting  powers  of  «  amngsd  aoeording  to  the  praUeoi,  let 
iiji*  +  ...  bewnne  ;i«  .      +  ifj/  .  .r'     wit .      +        where  /iTt  =  0  determines  n. 

The  equation  for  U  is  found  by  substituting  u  +  U  for  «  in  the  last.  And  m  is  k  +  kt, 
where  h  and  k  are  iotegers  from  the  data,  while  n,  p,  &c.  are  of  the  same  form,  with 
intsgers  usually  not  found  among  the  data.   We  have  then,  stnee  « »  -  0, 

{vu.x" ■i^wu.a^  +  ...)  +  Oi'u.jr"  +  v'u.jf  -^tr'u.:^ -^^ ...)  U  +  («  u.*" +  ir  'M.a^  +  w"u.a'  +  •••)  — 

+  ...  -0. 
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To  fix  our  thoughts,  let  us  luppoee  lower  degree  is  in  question.   Let  m-t-  ngnifjr 
or  mof^:  thus  ttie  dimeasbm  of  the  first  tenn  is  n+t  ivMeh  b  ii  wiIms  Mf«Ob 
sod  is  tben  p  unless  iru  also  -  0,  &c.    And  first  let      ■  0  bare  no  otiicr  mote  oqoil 

to  the  one  sclictirl  for  trial ;  tl)at  is,  k  t  fx'u  have  value.  Remark  that  we  must  exclude 
negative  and  zero  tlimensions  of  U  as  irrelevant;  preceding  processes  having  obtained  » 
only  as  derived  from  U  =  0  when  x    0.    Using  the  general  theorem,  we  examine 

(n-t-)  -  m  (n  +)  -  (wi  +)   (n  +)  -  (m  +) 
1-0  «-o  s-0 

where  n  +  is  of  one  meaning  throughout.  The  greatest  of  these  must  be  the  first ;  there 
b  tboi  «M  mot  of  the  positire  dimendon  (is  +)  —  m  which,  if  finetioml,  is  of  the  Ibnn 
k^'KTf  aa  that  its  denominator  is  that  of  r  or  «  fivtor  of  it.    Bcipmiing  with  as  and  1, 

we  find  in  the  next  succession  of  fractions  nothing  but  xeros  or  negatives,  hence  the  next 
form  of  U  (and  nil  which  foUow)  must  be  rqected.    The  value  of  r,  is  then  (n  4- )  -  m ; 

is  determineii  from 

(file  first  liaving  value  of  vu,  •ar",         +  ?/«  .  «  =  0. 

And  in  the  subgcc|ucut  processes,  that  is,  in  writing  x'-u^  for  C7,,  and  then  4-  for  u^,  &c. 
it  wiU  easily  appear  that  faeeauee  j/tt  has  valae,  and  the  first  term  of  the  first  tem  vaoishes, 
Iht  diaMmaion  of  the  second  term  is  always,  throughout  tlie  processes,  lower  than  that  of  the 
first,  and  at  least  as  low  as  any  one  whidt  fisUows.  The  remlta  are  ihm  nnivocat  throughout, 
if  we  remember  that  y  anr!  its  integer  powers  are  taken  univooally,  and  we  have  a  univocal 
!>eries  for  y,  belonging  to  the  value  of  u  chosen.  Moreover,  if  u  be  real,  so  in  this  case  are 
u,,  u^,  > ... ,  being  obtained  from  equations  of  the  first  degree. 

Nexti  let  there  be  $  roots  of  equal  value  in  ^  •  0,  one  of  which  is  taken.  Striking  out 
the  termi  which oertsioljr  vaniab,  we  havc^  to  detemino  17,  denoting  1 .8. a ...  a  [a], 

JJ9-1  fj$ 

(««.«''+  ...)+  (»-'».«•+  ...)  U+  ...  +  (►(»-i)tt.ir"  +  ...)  - — +  (mWi#.«»+  ...)^ 

♦  « .     ♦  ...)  ^^-j-^  +  ...  -  0. 

wliere         does  not  vanish.    We  proceed  to  examine  the  fractions 

(« H-  )  -  (n  +  )     (m-)  -  (n  +)      (n-H)  -m     {n  Jr)  ~  {m  +  ) 
1-0      *       e  -  0      "■    6-0    '     (f^  +  g  -0  * 

in  which  the  first  (n  + )  in  the  numeraturs  means  the  same  throughout. 

Hero,  since  (n  +  )  -(rr7+)  is  not  greater  than  (n+)-in,  and  since  the  denominators 
increase,  there  must  be  a  maximum  at  or  before  {(»  +  )  —  ffl}  :  Q>  Siiould  it  happen  before, 
a  repetition  of  the  process  produces  the  same  result,  until  a  mazintum  at  laat  has  (n  +  )  •  « 
in  the  nuttarator,  diongh  not  the  same  (n  +)  with  which  wo  began.  And  1^  dda  time  we 
have  obtained  9  solutions,  all  of  positive  degrees :  for,  in  tlic  g*.  ncral  theorem,  by  the  time 
the  maximum  involves  the  use  of  k  in  the  numerator,  the  number  of  solutions,  after  giving 
each  result  due  multipUcity,  amounts  to  x  -  a. 
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In  the  next  process,  the  numcnton  are  aU  of  the  form  m  -  (m  +  ),  zero  or  negative!  the 
next  Httttioiii,  and  all  wbicb  fSdIoir,  are  therefiire  loadiniBBiblei.   We  have  then  9  tomn  of  U, 

and  no  more.  The  valtiaa  of  real  or  imaginary,  are  obtained  from  one  or  more  equations, 
whose  united  degrees  amount  to  9.  And  the  fact  of  ft^^ht  having  value,  as  before,  detcriuinea 
£/,  8tc.  univocally,  urilc-s  in  lt  *'d  some  of  the  values  of  should  be  equal,  in  whicli  c^ise  the 
phenomena  just  dc.scni>cd  are  repeated.  This  appearance  of  equal  roots  may  continue  to  any 
extent :  thtt%  having  only  two  valuet  of  in  equal,  the  two  valnek  of  may  be  equal,  and  eo 
oot  laj  up  to  w^,  the  two  valne*  of  wludt  are  diflerent;  giving  for  y  a  douUe  form  endh  a* 

t     t     r  t      f    K"  1"..^+*''' •••  in >>>> 

*       *'      *  *      *  **  K-'iv^+^^'f ••>  +  ... Hi 

is  wMeh  the  illustration  hardly  requires  different  symbols  for  the  two  values  of  si,^  &e. 

Before  applying  this  to  an  example,  for  the  determination  of  singular  |K>intB,  I  take  the 
explicit  problem  of  infinitely  small  alteration  in  tlir>  r-fif.ffic!cnts  of  an  equation  havinrr  i^q'Tnl 
roots.  Let  A  ff"  +  ...  =  0  be  an  equation  having  &  equal  roots,  with  a  for  their  common 
value;  and     t  us  consider 

Substitution  of  ^  +  o  for  y  will  convert  this  into  C„j/"  +  ...  +      =  0  where  Q      ...  are 

infinitesimals,  and  possibly  some  of  the  others,  but  not  Cg.     Lagrange's  theorem  of  J 776  gives 

an  aooount  of  the  roots  iilneh  replace  the  equal  roots,  and  an  approximation  to  their  valuee, 

by  oxpreasion  of  jr  in  ascending  powers  of  dk.  For  example,  suppose  the  only  change  made 

is  that  of  Jg  into      +  dx.    The  transformed  equation  is  C,«"  +  ...  +CoJr*  +  d.v  =  0 ;  where 

Ca  -  Ja,  C«  does  not  Tanisb,  though  intermediates  may  vanish.   The  9  roou  under  inquiry 

I 

are  of  the  form  y  {dx)«  (u  -f  U),  where  Cf  4>  1  -  0 :  and  not  more  than  two  can  be  real 
As  another  case,  let  the  two  last  terms  be  changed  into  Ai  +  Bidd^  and  B,cf«'»,  so  that 
the  transformed  equation  is 

CaiT  +  C.>,ff-»  +  ...  +        +  Bid^^y  +  (a  ff,dx^'  +  J?ad**»)  -  0. 
The  results  are  as  followB 

(1)  K  <l'i,  0  (ho  -  6i)  >  6«.  One  real  root  y  =  «fjr*^-^  (u  +  IT),  where  Ba  +  BiU^O. 
And  $  -  1  roots  of  t'lt  f  rm  y  -  !(•->)(«  +  £7),  where  fi|  +  C«tt*~'  »0.  Not  more  than 
three  of  the  altered  ruoia  ean  he  real. 

(2)  6,<t,,  0(6o-M-V     There  are  G  roots  of  the  form  y  -  £ir*« -*!(«  + 
where  B,   Biv  -t-  C%'vf  •»  0.    Not  mors  than  two  ean  bo  reaL 

(a)  2b<6|,  0(ih-iO<'h>  There  are  0  not*  of  the  Ibrm  dn**'<'(ii  +  {7),  where 
B,  ■¥  C^jfi  -  0.   Not  more  than  two  can  be  real 

(4)  6,«or>»,.  There  are  9  roots  of  the  fonn  y « dn*i > *(w  +  I7)>  where 
uBi^Bv^Ct  u*  B  0,  or  a  01  •!>  C«tt'  -  0.    Not  more  than  two  can  be  rsnL 

When  singular  points  are  to  bo  determined,  we  first  examine  0  (<r,  y)  =0,  (p,  =  0,  0,^  =  0, 
and  having  ascertained  the  umuluuieouft  solutions,  if  any,  of  the  three,  it  will  generally  be 

79—2 
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conveDimt  to  remove  the  origin  to  the  point  under  exammacion.  Suppose  the  resulting 
equation  to  be 

di0  dMwcter  of  irliich  it  to  be  deienmned  both  Ibr  infimtdy  mall  md  infinitely  great  value* 
of  «.  Beginoing  with  the  Ibrmer  cant,  we  write  down  the  lower  degrees  at  to  jr  and  y,  and 
Ibnn  the  fint  iuoeeaiioD  of  fractions,  as  ibUows : — 

IS    11    8  7  4  0  1  14 

0      1    2  3  4  6  f)  13 

14  5  8  12  11  -2 

1    2  3  4  ¥  9  Ts* 

Three  equal  maxima,  12  :  6  the  last.  Six  roots  of  the  form  y  >  («  f  where  u  is  to  be 
determined  from  1  » -n^  +  i^*o,  of  which  the  mots  are  l,  + 1»  - 1,  - 1,  ^y/"  i.  Pro- 
ceeding fhini  0  and  6,  we  have  » 1 1  S  and  •  14  :  7;  so  that  there  are  three  aaludmiB  of  the 
fomn  y    x"i  (m  +  C7),  where  «  is  determined  lij  1  —       ■  0. 

Lastly,  beginning  with  T  aiul  f),  we  have  -  IS  :  4^  giving  four  stdtttiims  of  the  form 
y  —  *■?  (it  +  £7),  where  -  3  +  t**«»  o. 

To  examille  the  origin  as  a  sextuple  point,  write  for  y,  and  reject  the  factor  :  we 
have  then 

For  <»  write  U't-Ut  pnaerve  onlj  the  oocflkients  of  CT*,  IP,  ond  only  the  tower 
dimensions  of  these,  whidi  gives 

17" 

(99  +  ..,)  +  (?•  +  ...)  CT-*-  (16  +  ...)  —  +  ...-  o, 

when  ««=  +  !.  The  fractions  are  0  :  !  and  1  :  2,  and  there  arc  two  solufioiis  of  the  form 
U  «  *i  (•*!  +  <7i),  where  3  +  8»i*=0.  This  pair  of  branckes  gives  only  an  isolated  point, 
the  vertex  of  a  common  parabola.   But  writes  (-Sff-f...)  for  (S» +  ...),  deter- 

mines «]  from  —S  +  SMi',  and  gives  two  veal  branebee  of  the  form  *  «i  (U|  +  Cf,),  or 
y  -  r'  \  l  +  si  (Ut  +  U,)\.  These  two  branches  form  a  cusp  with  similar  flexures,  and  the 
axis  of  J7  for  a  tangent.  Lastly,  y  ■»  ±  ^ —1 .  «*  gives  an  isolated  point.  The  sextuple  point 
coDuats  of  two  isolated  points  and  a  cusp.  The  axis  of  y  is  an  asymptote  to  three  braachea, 
two  on  the  positive  side,  and  one  on  the  negative. 

To  find  the  ultimate  duuaeter  of  the  branches,  we  proceed  witli  higher  dimensions,  and 
examine 

14     1     0     4     7     8     n  14 

13     9     fi     *     3     2      I  (» 

which  shews  at  once  13  solutions  of  the  form  y  =  -r  U)  where  1  +  a''=  0.  There  is  then 
one  real  case,  approaching  to  the  asymptote  y  -  -  i,  eonsutiag  of  two  infinite  branches 
approadiing  the  asymptote  on  opposite  sides.  This  will  arise  from  the  solution  which  begins 
as  y  =  j>~^  (u  +  U)i  tlie  other  infinite  branches  will  terminate  at  finite  values  of  m,  and  the 
branches  which  begin  at  a  cusp  will  give  a  bounded  figure. 
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The   two  curves    ^(>t,  y)»0,    ^(<ir~^,         « 0,  the  latter  equation  being  cleared  of 

f  nctioni,  have  the  AimI  bnaehet  of  cither  oonnected  with  the  ioitiil  brancbee  of  the  oclicrt 
in  a  inaiiiicr  whidi  the  preeeding  theorem  reedilj  pojnte  oat.    TUs  connexion,  when  its  ttudy 

»hall  be  called  for,  will  elucidate  a  point  to  which  little  attention  has  been  given,  the  relation 
of  0  to  0 .  Y/'-  T,  and  of  so  to  »  1.  If  «  »  0  give  y-O  +  O.^/-',  we  admit  the 
origin  as  an  isolated  point  But  if  «  •  oo  give  y  «■  ce  +  eo  1*  we  do  not  admit  a  real 
branch  at  an  infimte  distanoe:  when  an  imaginary  bnndi  terrainatee  in  an  itolated  point  at 
the  origw,  we  admit  the  point ;  but  in  the  rectppocal  eurve  we  do  not  adroit  that  imagioarj 
brandiea  begin  to  be  real  At  x  •^as  .  For  this  I  hold  we  have  full  reason  in  the  true  meaning 
of  cc  ,  as  used,  which  is  the  reciprocal  of  an  inflnitelv  sniall  (jiiantity,  and  not  of  0.  The 
in/inUe  among  injinitea  which  is  properly  represented  by  ^  is  not  yet  a  recognised  notion,  as 
distioguisbed  fimm  any  one  <^  the  eneeewiTe  Jfofiw  Aroogh  wfawh  it  is  approached. 

This  aimpk,  powerftil,  and  fnndanental  theorem  Mens  liitherto  to  have  been  diminated 
between  the  theory  of  equations  and  the  differentiaL  caleulut:  it  belongs  to  the  first,  but 
elementary  writers,  without  whose  help  no  theorem  can  ohtfiin  due  notoriety,  have  referred  the 
points  in  which  it  is  most  useful  tu  the  second.  That  it  has  fallen  quite  out  of  notice  might 
be  shewn*  in  many  ways.  But,  remarkable  as  this  may  be,  it  is  still  more  remarkable  that 
Newton's  panttdoffrtmt  or  method  of  eo-erdNialnl  eepeneM^r,  as  I  shall  call  it,  has  still  more 
eooipletely  fallen  into  oblivion.  This  method  bas  not  dropped  baeanse  it  was  contained  in  a 
part  of  Newton's  writings  little  known  or  seldom  cited  ;  for  it  occupies  a  proniincni  place  in  the 
second  epistle  to  Oldenburgh.  Any  one  who  has  turned-f  over  the  pages  of  that  memorable 
letter,  while  passing  from  uue  of  the  unogram^^  to  the  other,  must  have  been  struck  by  a 


*  Fof  instance,  writent  deteloping  y  in  deMending;  power* 
of  .r,  fnuii  ^(j-,y)  =  0,  an  algcbrkical  equation,  alniml  univer- 
aally  obtain  only  the  developmentii  which  give  the  rectilinear 
uyinptotes  of  the  curve.  M.  S^crrel  himaelf  has  got  no  further 
in  his  Jirtt  edition :  and  he  is  a  writer  who  ihewa  abundant 
acquaintance  with  hl«  predeccMon.  Again,  D.  F.  (iregorjr,  a 
teal  mdtr  of  ths  tMu  worka,  aad  wpaetaUr  of  Lsen&gc's 
IMIn  iiMBOlM,  M  ao  laowltdge  of  Ait  thMnm,  iImii^ 
wdl]ncpHidtoi««ltsiN%tf  ttlwil  am  CHf^kii  itoi  lar 
Iw  ahiadoBs  ika  dBbnatial  Ibrante.  when  tta  point  Is  mow 
than  douUe,  "no  CMifUoaMA la  Iwof  much  use."  But 
the  fbllowinf  is  ttiU  anow  TanuiltaUa.  Orrgorjr  prcfen  Stir- 
ling's method  of  finding  asymptotes  by  expanding  y  In  descend- 
ing  puwet*  of  r,  and  ciiei  the  Litutm,  &c.  p.  48.  The  very 
first  example  which  Stirlini;  fjivo  obli^'c*  him  m  rcl'rr  h«cls  to 
p.  18,  in  which  the  n;«cicr  of  the  rrlrri'tice  i>  a  of  co- 
ordinaii^tl  cxpdncni.i.  Hut  Gregory  nukes  un  allusion  w  any 
method  of  espamioa  a*  found  in  Stirling,  though  he  ap- 
pears, in  this  and  other  places,  to  be  well  acquainted  with  the 
lAnew,  Ike.  This  it  the  only  proof  I  have  found,  in  no  small 
■mount  of  search,  that  any  writer  of  oar  own  day  haa,  while 
thinking  of  conrea,  cast  his  eye  upon  any  case  of  co-ordinated 
fltptmenu. 

t  Hardly  anything  has  been  dona  with  thaaa  lettan  ftc 

ibadiipaMabaatiwdMS.  HaMwIa,  hi  Ms  aapid  «raiaam- 
Mta  gT  ilw  gaama  of  tba  Meaiid  laliar,  iadiiAM  "l^aaaga 
4o  am  fuUltptaow  pwr  la  MMatfOB  4m  ^vntati" 


ffeieton't  para/lelogram  tan  beea  Risntioncd  by  several  writer? ; 
but  I  suspect,  with  Stirling,  that  the  mrsniiig  of  it  has  not 
been  understood.  Parbapa  aganj  hava  passad  it  oirer  with  the 
impreiilaB  thai  k  was  mibb  Und  of  oaiAaMifiea/  irianglr 
wbieb  mast  aacds  hare  been  supemeded  by  soma  Uod  of 
ttoaaif«><*aaf»ai.  Bat,  as  it  happens,  the  algebralaal  MM-' 
Mia  eomataiMcd  kf  lOTcnl.  aad  coaapletcd  by  l^gMoga,  Jua 
bacaaqail^  D«i|i(cisdwiikiiapndacHaaE. 

Lacaanga  UiaMtf  did  not  laCir  to  No«nea,  bol  to  T^rior 
aad  SiltUag,  of  wiiom  bo  aaya  «,«Ja  oidtbada  do  paaniiar 
demande  une  espcc«  dc  constrvctiaa  gdlindlri40S,ai».<|]|c4o 
second  ddpend  du  paralldlogramma  dO  Nctitoa,  Ct  par  OOUad' 
queiit  ne  pcut  cue  rcgud^e  i)uc  eoatmeOM  DiAbodaindlnniqQO.* 
This  is  not  a  correct  criticism  tho  imAadt  ti  both,  than(|h 
foundrii  wi  thi'  ^'>.xinietrK-:i|  idea,  are  algabtalcally  applied. 
Insomuch  iha'  ;i>  ].af,'riiii^'tr  himself  was  left  only  the  digention 
of  the  thcnri'iM  which  luMh  Tivlnr  lual  Stirling  had  used.  I 
fully  adiiut  that  (he  rvinc-itiun  ot  »  iltL-orcm  which  \iw  only 
existed  in  combits:>'.ujn  with  other  '.htugr  is  a  great  step,  and 
one  for  whkh  wu  have  mnittitiits  lo«g  to  waits  but  due  *c- 
kivowledgmtm  must  he  iti»de  to  those  who  fumis!iL'd  he 
combined  niatcri&i.  Stirling  (p.  22)  da«s  wlthn~2,  n-i-1,  and 
I,  and  TayUw  (p.  »2)  doas  wiOidi-l,  2»  t-J,  ic.  priiclsely 
•llBt  Ijogrange  doe*  with  m  >■  na,  n'.f  ii'a,  &c.  To  L«gfaogt 
bdoaga  that  canonical  exhibition,  the  want  of  w^Msli  *a«M 
baw  ymmisd  Taylor  at  Srttlii^  tom  tteatfav  a  Wf  ttm- 
ylkawd  OMipla  wlihoi  lafamut  <e  Nawian'a  panUdapm 
iiRBiaduokal  bdp. 
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couple  of  diagrams,  nde  by  lidet  the  one  oontaining  terms  of  the  form  «"y*  arranged  ia 
■qaam  plaenl  in  rmk  and  file,  tiw  other  exhibiting  etart  whidi,  had  there  been  but  one  mora^ 

might  have  passed  for  a  repmentation  of  the  Great  Bear,  very  badly  figured.  Had  this 
epistle  ever  been  rearl  hv  any  one  of  our  time  whose  mind  was  not  full  of  the  controversy  on 
fluxions,  tiu'  niuthoil  wnicii  I  shall  protctd  to  dt-vtlope  woald  have  l)cen  seen,  briefly  but 
clearly  indicated  in  its  leading  step.  The  cognate  application  to  expansion  from  difierential 
eqoations  appears  in  dioee  lettere  to  Wallie  of  l<i9S»  which  Willb  ineavparated  in  Me  eeeond 
volnme  of  worke:  end  alio»  but  much  leae  elcarly,  in  the  ^Madhrtnro  Gmanutk  StirliBg^  in 
his  Linece  Tertii  Ordima,  &c.  (l6)7)  has  given  a  good  and  full  account  of  the  method,  "quae, 
quamvis  a  phirimis  qui  earn  hand  iiitellexerunt,  ut  Meiliodus  Mechanica  dtu  ncgleeta  jacuit, 
est  omnium  quam  quis  excogitare  potest  generalisaima  et  elegantissima."  In  this  opinion  I 
fully  Goindde,  even  up  to  pot$tt,  Taylor,  ia  M^tiutim  JnerWMWlemwt  (iCi5>  had  given 
a  very  eufllGient  aeeount  of  the  application  to  diiCerential  equations.  De  Chia  (ee  I  leem  fiom 
Cramer  and  Lacroix)  adopted  this  method  in  his  Usage  de  I" Analyse  de  Detcartet.  John 
Stewart  explained  it  fully*  in  his  commentary  on  the  Analysis  per  JEqnatinnes,  he.  And 
lastly,  Cramer  has  made  it  the  leading  method  of  hia  weU*known  work  on  curve  lines,  in 
whidi  dme  who  have  eenrohed  for  exaoiplee  or  efatwficatione  h«ve  probably  passed  it  over  as 
MMie  fanciful  fbnn  of  a  tentative  method.  But  all,  tiom  Newton  to  Cramer,  Iwve  rather 
dwelt  upon  the  meaning  of  the  separate  sides  of  the  polygon  than  taken  the  polygon,  a>  a 
whole,  in  its  relation  to  tl)e  equation,  as  tlio  containing  form  of  all  its  sohitions:  to  this  point 
Stewart  comes  far  the  nearest.  I  cannot  doiiht  that  both  Newton's  method,  and  I>agTange's 
arithmetical  translation  of  it,  will  henceforward  find  that  place  in  elementary  systems  which 
they  ought  long  ago  to  have  occupied. 

The  method  of  eo-vrdmaitd  tapommk  eonnecte  every  equation  of  the  form  SJi^jT  ■  €1,  or 
which  takes  that  form,  quam  proximi^  when  «  is  infinitely  small,  or  infinitely  great,  with 
a  convex  rectilinear  polygon,  from  one  part  of  the  contour  of  which  wc  read  the  ultimate 
relations  between  y  and  a  when  a  is  infinitely  small,  and  from  the  other  part  the  ultimate 
relatione  when  m  ie  infinitely  great. 

Let  the  czponent  of  y  in  any  one  term  be  made  an  abedaia,  end  Aat  of  «  an  ordinate,  an 
that  every  poMdble  cam  of  hae  what  wa  may  call  h»  ex|>onent  point  (n,  n»).  When  none 
but  integer  exponents  occur,  the  exponent  points  will  all  be  found  at  the  corners  of  squares  of 
integer  sides.    Lay  down  all  the  exponent  points  belonging  to  the  terms  of  an  cquatioo,  and 


•  'Sir  laaac  Newton's  two  Trcati'ie'i  ..ex[ilAintc)....JJy  John 
Sawart,  A.M.  ProfeMor  iif  .'Mnt^icniatickii  in  th«  Mariichal 
College  njcd  Ifn-vrrsitjf  of  Aberdeen.*  ttondon,  I74S,  4u>. 
Thiv  r>n  ;nva!u>!i  ftxm  Scotluidof  >  Terj  nerlouii  character : 
it  omtmiiia  the  Quadralura  Curtvi rum an<l  AnalgtU  ptrJEfua- 
Honet,  &c.  in  Gnglbh ;  65  ptga  of  Newioo,  and  4Mfa|M«r 
expUnaticm.  It  waa  publiaiieil  a  'iiodatjrliv  lb*  mMHIge. 
Bieni  of  Learning'  (on  which  lee  Nielwlll  if  MuMNh  VoL  ii. 
f.  WJ,  to  wliicb  mowc  bath  Tmmf*  JVMWa  Mmmlka  mA 
MsMUmMcm.  lDtlMifM%M<(,*B.N«wtBailM«s»deeldfld 
tMMft  at  whM  be  sAarwards  mtsMiwA  lahfb^  fmaUrh 
fPMWr  tr  widdb  Minpt  Simittilns  iinMi|iiBlaiioda«« 
a wty fljl  maBBt «f  lbs  swlnimniit  neMfu  HalMflvn 


ibc  theorem,  which  i  call  Lagrang«'»,  to  nearljr,  that  nothing 
but  a  repetition  i>  wanted :  he  obtain,  only  the  Jlr$t  of  the 
maxitna  from  which  dimention*  are  deriTed.    For  the  lower 

dimcniian,  the  equation  being  f '(-X.i'y  =:0,  he  direcn  w 
"run  over  the  acTeral  terR'.s.  and  nhserve  white  the  tsIii^  of 

U  gnatctt:*'  but  be  lay*  it  down  that  ocJy  one  dimeniton 

orMihttiott  sTMdikbid  anbsbudhiAhwiyi  ndwhrn 
■II  ■■«  wanted,  kc  ha*  weauM  w  lb*  folygiB  (y|k4IMMX 
iUMl«rR|inM4«c1iintilsnaf  tbcncecMltf  orMMbatH)^.  Aid 
from  thia,  leokblf  at  the  bet  that  Stewart  wa*  well  acquainted 
with  tb*  mMtt  Nawmniin  sdiaol,  1  derive  mj  final  mwonuiet 
tint  the  (MiyMs  thstnn  ^im^  m  Ii^nass^ 
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cbooM  frooi  amoog  them  the  caroert  of  a  oommi  pdygon  whioh  cmtMiis  kH  the  mt  within  it: 
any  aide  of  that  polygaa  heing  praduefld,  all  the  pojnts,  exoept  the  two  or  Baore  which  lie  in 
that  sirlo,  arc  cither  all  above  the  line  of  the  aide,  or  all  bdow  It.    To  determine  this 

containing  jxjlyguti,  take  the  lowest*  value  of  n,  and  the  lowest  corresponding  valuo  of  m, 
and,  drawing  linfs  from  (n,  tn)  thus  i.-iken  to  all  tlie  other  points,  proceed  upon  the  lowest  of 
those  lines,  that  is,  upon  the  line  ot  greatest  blupe  downwards,  or  of  least  slope  upwards. 
Thus  ia  detenained  the  lint  eide  of  the  lower  pert  of  the  polygon.  Proceed  upon  the  cide 
determined  to  its  end,  that  ia,  to  the  last  of  the  points,  if  more  than  two,  which  lie  upon  it. 
From  this  last  point  repeat  thn  process,  ncgli-ctinn;  all  the  points  which  have  been  passed,  that 
is,  through  whose  values  of  n  we  have  jjassed.  We  thus  ci  f  a  -iccond  line,  and  soon:  in  time 
we  must  arrive  at  a  point  having  the  greatc«t  value  of  n,  and  the  lowest  value  of  m  which 
goes  with  it  We  haw  ihua  completed  the  lower  omtour  of  the  polygon.  Prooeeding  from 
the  laat  point  obtained,  whidi  iun  the  lugiieat  value  of  n,  draw  a  ▼ertical  from  the  loweat 
value  of  m  to  the  highest,  if  more  than  one  value  of  m  belong  to  this  highest  value  of  n :  this 
vertical  is  one  of  the  sides  of  the  polygon.  Proceed  from  this  highest  yioint  backwards,  and 
draw  lines  to  ail  the  others,  retaining  only  llie  line  of  greatest  slope  upwards,  or  of  least  slope 
downward*  I  reveree^in  fiict,  the  preceding  proceci.  We  thus  obtafa  the  higher  contour  of 
the  polygon,  and  finally  reach  the  point  we  began  from,  reaching  it  at  laat  by  a  vertical  aide 
downward!,  if  necessary. 

The  process  of  Lagrange's  theorem  will  be  easily  seen  in  the  above.  If  (n,  m)  be  the 
iirst  point,  and  (n,  m')  another,  the  downward  slope  of  the  joining  line  is  more  or  less 
according  as  (m'  -  m)  :  (n  -  n)  is  lownr  or  higher,  that  ii^  aeeording  as  (m  -  m')  :  (n  -  n) 
ia  bi^er  or  lower;  and  the  rule  for  finding  the  grrateet  slope  downwards,  in  prooeeding 
farwards,  is  also  the  rule  for  finding  the  greatest  slope  upwards,  in  proceeding  backwards. 

The  external  jioitits  of  the  containing  polygon,  whether  they  terminate  sides  or  lie  within 
sides,  are  the  exponent  points  of  the  essential  terms  of  the  equation  ;  meaning,  the  terms  on 
whicn  the  characters  of  the  solutions  of  y  in  terms  of  »  depend,  or  on  which  the  initial  and 
terminal  characters  of  the  branehea  depend.  The  lower  contour  of  the  polygon  settles  the 
expanaloBs  in  ascending  powers:  the  upper  contour  in  descending  powers.  To  shew  this,  let 
(4l,ni),  (Wftn*),  (n",  m")  lie  on  a  side  of  the  lower  contour:  we  can  then  take  p  so  that 
tn  +  np  m  m'  n'p  ^  m"  +  n"p.  Kvery  other  point  is  above  the  line  passing  through  these 
three  points:  bo  that,  (n'",  »«"')  being  any  fourth  point,  m"'+n"'p  is  higher  than  m  +  np^  &c. 
Conticqucntly,  y  -  xi"  (u  +  U)  substituted  in'  tile  equation,  gives  three  terms  of  the  degree 
m-t-npf  and  all  the  others  of  higher  degree.  And  similarly  Ibr  any  aide  of  the  upper  contour. 

Cramer  (and  the  same  may  be  said  of  his  predecessors)  does  not  grapple  with  the 
whole  pfilvgon,  but  takes  one  or  nnother  side,  as  wanted  •  t!ie  sidesf  being  obtained  tenta- 
tively by  help  of  a  ruler.    This  method  pervades  the  whole  of  his  book,  and  constitutes  its 


•  Bjtomr  uid  hiffher  I  mean  alKebrainll;  leu  and  Kretts:  |  Midt  IttVtf  tnAUglMr  ntghtlMIISCd  wbM  9t  ■tSCCsA  ftm 

thoi  -  10  11  In«er  than  - 1.    It  would  pcrliapt  be  coiiTenieot  |  _  ee  to  +  « ,  while  jiriMilotM  nd  minfHtmt  Btght  bs  WSd, 

if  lower  »ncl  higher  were  rtMrred  for  thU  purpoM,  and  greattr  \  us  conTcnient,  «tlM»  when  »*  jnocMd  ftom  —  «B  tQ  4-  0^  «r 

und'if/^  were  allowcii  to  retain  tht:r  ariihuiciicsl  meaning.  from  +  es  to  —  ofc 

whith,  for  the  mow  part,  they  do.  Thua  when  we  say,  Let  .r  i      +  TbJa  nU«r  waa  wanted  bMuue  the  tqaares,  or  coMi,  of 

bi  lafttfMl^lsss  due  g^^mtm  gsssa;  Let  #       .  The  I  Nswtga'sfanlUsym  Msasappsiid  mkcliUidapwiibsIl 
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great  pecttliarity.   He  himielf  feek  that  it  u  Idi  mdn  point.    I  aliiidat  ttupect*  hSm  to 
ioMgined  that  his  aiuljrtial  triangle  and  niler  have  a  power  to  which  algdMiieal  proeeis 

cannot  i^iipply  an  equivalent :  I  can  in  no  Other  way  explain  the  question  asked  in  ibo 
cited  below,  as  ooming  from  an  algebraist  aoeuatomed  to  the  ignotum  per  ignotum. 

T 


•>  U  It     t  H  If  U  IT 

In  the  diagram,  the  points  PQRSTrVWX  are  the  rxponeot  points  in  the  cquatiaD 
previnii'ily  disfiissfd  :  the  essential  pnu^t^  nrc  PQSUFWJC.  In  the  vertical  side  PQ,  P  OOUQtS 
on  the  lower  contour,  and  Q  on  the  iiigher. 

Given  the  lower  or  higher  solutions  of  an  equation  ^  (x,  y)  ■>  o,  as  to  the  character  of 
thehr  kadhig  terms ;  that  is,  given  rinymif(u  +  U),  where  U  vanishes  with  m,  or  with  «'* ; 
or  given  both;— required  all  conditions  of  compatibilitj,  and  the  essential  tarms  of  the 
equation.  A  side  of  the  polygon  drawn  from  (n,  m)  to  (>*',  m  )  denotes  solutions  of  tlie 
deffree  (m' -  tti)  :  («  -  n  ),  higher  or  lowt  r.  :iccording  as  the  side  is  on  the  higher  or  lower 
contour :  this  may  be  denoted  by  —  i\m  :  An.  Where  integers  are  in  question,  the  number 
of  solutioDs  is  It  or  n'-n,  whichever  is  positive.  Hence  tides  which  when  prodmied, 
would  cat  a  right-angled  triangle  out  of  tlie  region  in  which  m  and  n  are  poBitive»  denote 
solutions  of  positive  degree;  other  sides,  negative.  The  degree  must  be  given  so  that  the 
denominator  exprcsscK  the  number  of  roots  wanlsd :  thus  12  roots  of  the  d^ree  ^  must  be 
demanded  as  of  the  degree 

This  being  premised,  let  it  be  required  that  when  «  is  infinitely  small,  we  tiuiSl  have  2,  4, 
S.  I,  S,  1  branches  of  the  dimensimis  1,  ^.  Q,  1,  - 1,  -  a.  Write  the  dimensions  down  in 
descending  order  of  magnitude,  with  the  proper  denominators : 

280-1  -3-2 
2   4   2     1       2       1  * 


the  vaiieiieii  of  t"v*.  I  Mnprri  that  th-.n  ronviT«lon  of  (he 
plane  of  c"-<)rilinati">  into  a  v)ri  of  ahai  us  v  a>  out:  j^cai  cauic 
of  ihc  gradual  diiin:is.->al  of  iht-  nicihiNl.  The  Lt^i  nir.irc  tli.-it 
I  c»n  find  of  ii  l>  in  the  l-'.nriicliiji.  4ir  M •  thi'iinjMi ,  in  which 
O'AlcmkKrt,  who  is  of  all  writer*  tl.u  one  lu  bt  rclxd  upon  for 
■tpHmtinx  the  kernel  from  lb«  ihcll,  requiret  the  term  x*y*  to 
te  bnagioed  at  the  ccMfS  <f  SSdl  Sfuan.  ud  pmerres  the 
Hnm  in  which  the  mhm  sit  icppmJ  i» !»  writwn.  Under 
,  b  vaaU  of  Mans  not  t*  vifjrcsv  to  sij, 


in  iiH  rnM'«,  i>':..t)icr  thi-  ruler  WOOid  pSH  SB  4M  ad*  W liW 

other  of  iht  i-c'trrc  of  a  fijUiirc. 

•  Quel  nioyfii  )  aur^i-t-il  done  ponr  dlicerner  le»  plus 
grandi  tcrnic-"  d'unc  Kiiuation,  puisqu'il  aemble  qu'on  ne  lc» 
peut  reconnoitre  uni  sjivolrde  quel  Ordrce»ty  parruppori  i  *. 
el  •(u'lrn  he  peut  dt'courrir  ee rapport  de  y  Ii  #  uni  avoir  utftit 
An  Huttc>  lc>  |>lu<  grand*  termet  de IVqiuthaf  QmIUsom 
Goadttira  dan*  c*  Labyrintbc  ?  (p  ISS). 
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Begin  from  any  point  B,  and  taking  the  rule  for  the  signs  given  above,  shew  the  numerators 
and  denominators  in  the  vertical  and  horizontal  projectionB  of  liCy  CD.,  J}M,  EF,  FG,  GTI. 
We  are  at  liberty  to  add  the  points  p,  and  r,  which  affect  no  dimension,  but  only  the 
valttM  of  «,  Hm  MMBtial  terms  of  tbe  equatioo,  for  Mtufactbni  of  th«e  lower  conditioDe, 
«re  tbe  tcnns  whoee  esponeot  points  sre  A  p,  C»  A  ***  ^*  FtOtBi  but  in  csttimtiiig  the 
terms,  the  origin  should  be  removed  to  ^ ,  to  avoid  branches  of  the  form  «  «•  o,  y  0.  We 
ma}'  add  terms  to  the  equation  from  any  or  all  the  points  on  or  within  Bb,  HK  produced 
upwards  ad  ii^thtm,  without  affecting  the  character  of  any  root.  We  may  now  ask,  in  what 
iMimer  are  w«  Umlted  ts  to  the  iidgnmeat  of  superior  oonditioM.  Write  the  deebvd  dinen- 
iioiM»  widi  properly  modified  dcDomiiiatoTS,  slso  in  deseendiDg  order.  Then  the  sums  of  the 
numerators,  with  the  signs,  must  be  equal  in  the  two  sets»  end  tbe  sums  of  the  denomioators, 
taken  positively,  must  be  equal  ;  and  further,  there  must  be  ascent  from  the  last  of  the 
inferiors  to  the  first  of  the  superiors,  and  also  from  the  last  of  the  superiors  to  the  first  of  the 
inferiors.  Thus  l,  2,  S.  S,  8,  1  solutions  of  tbe  superior  dimensions  S,  ^,  0,  -  j^,  -  l,  -s 
will  do;  Imt,  writing  dnwn  the  two  sets  toigetber 

*  ^  ^  zl  zJL  zl.  I  *  i  ^  zl  zl  zL 

«4ii     9     1         Tiis  t 

8    -2  a  -a 

8+2+0-1 -3-8 -3  4-1  +  0-1-2-3,  8+4+ 2 -fl  +  2+1-1+8  +  JJ  +  3+8+1,  ->  ,  -  >  

1       19       1  • 

Proceeding  as  before,  the  essential  terms  are  derived  from  H,  I,  K,  L,  M,  N\  to  which 
«,  t,  u,  may  be  added.  We  may  further  !idd  any  terras  derived  from  points  inside  the 
polygon  ;  and  the  equation,  aud  the  fullest  equuiiun,  which  satisfies  the  conditions,  is  obtained 
by  supplying  any  numerieol  coeAdeots  we  plcoso  wbieb  are  finite  both  wajs  to  tbe  under- 
marked  termi  (sr  *,  be.)  of  the  foUowIng^  and  finite  or  leio  eoeflidnts  to  (ho  rest ; 

+  (a;  +  ...  +  a*")    +  (*»  +  ...  +  »"')  y  »       +  ...  y»  +  (*+...+  j*)  j» 

+  («,+.,. +  «*)y«  +  («»  +  ...  +  «•*)  y»  +  (x*  of)  y*  +      +...+  «,')  y  +  -0. 

By  invcrfint'  the  polygon  we  obtain  what  we  may  properly  cal!  the  inverted  curve,  in 
which  the  initial  and  terniinal  characters  are  interchanged:  that  is,  fruoi  (p{-r,y)  -  0,  we  get 
jT*)'^*  •Bd  by  properly  shiftiog  the  origin,  we  dear  the  second  equation  of 
ftnerions.  Hks  may  alt  be  done  at  once,  by  shHIting  the  origin  to  a,  and  dianging  tbe  order 
of  signs  on  both  axes.  By  taking  Z  fbr  an  origin,  and  reading  ZA  pmitiTdy,  we  ahtaiR 
<p  («»  y~')  —  0,  in  which  all  the  dimensions  simply  change  sign.  By  taking  z  for  an  origin,  and 
reading  »A  positively,  we  interchange  initial  and  terminal  characters,  and  also  make  all  dimen- 
sions change  sign ;  as  in  ^  y)  « <k  Hence,  by  throwing  one  of  two  given  singular  points 
to  an  infinite  distance,  it  m^^  be  settled  whether  the  two  can  coexist  in  an  algebraic  corrc;. 

By  loddng  at  the  polygon  flmn  the  axis  of  m,  we  see  that  if  y  have  j3  nwt^unctloaa  of  « 
of  the  degree  n  :  ft,  x  has  «  root-functions  of  y  of  tbe  degree  /3  :  a.  This  seenfs  to  follow 
very  easily  from  an  obvious  mode  of  algebraical  proof,  which,  however,  contains  either  much 
assumption  on  the  inversion  of  ezpaniions,  or  some  prolixity  of  operation. 
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The  values  of  the  coefficients  being  written*  at  the  exponent  points,  we  see  imme- 
diatt'ly  how  to  write  down  the  cquatio.is  for  the  determinalifm  of  w.  This  question 
remains ; — The  roots  determined  by  the  upper  contoitr  being  identical,  each  to  each, 
with  thoce  detnuliMd  by  the  lower  ooniour,  how  ire  we  to  equate  themP  Denote 
the  roots  hj  the  «ide>  of  the  polygon;  thue  we  nay  aay  there  ii  one  root  IS  and  three 
roots  Jf£.  If  we  can  take  off  a  slice  from  either  end  by  a  ▼ertkal  diagonal  joining  two 
eft"n»ntia!  points,  it  neetn^  c?cap  that  the  roots  thrown  away  above  and  below  are  identical. 
Bound  the  polygon  by  G/,  instead  of  Gil,  HI',  eleven  roots  arc  untouched  in  dimension, 
and  in  T«iiie  of  w:  the  root  GB  ia  identical  with  HL  Carrv  on  this  prooeM,  aod  we 
see  that  the  roots  in  FG  are  those  in  Jt/,  that  In  EF  is  that  in  eJT,  those  in  L8  are 
those  in  DE^  those  in  CD  are  those  in  ttAf  and  ML,  pC  is  ATv,  and  BP  is  BN.  This 
sccmf^  clear,  and  many  simph-  instances  cunfirm  it  sf>  far  as  they  go :  but  it  is  not 
proved,  and  certainly  is  not  true  in  redurihif  fuiutions.  If  the  polygon  admit  of 
formation  into  two  or  more  polygons  by  use  of  sides  e(|ual  and  parallel  to  the  several 
sides  (that  is,  if  the  system  of  balancbg  forces  be  camposed  of  several  such  systems)  we 
have  the  case  which  may  give  ^(«,  y)  reducible  into  rsal  fiustor*,  and  without  wbidi 
it  cannot  be  so.  Take  forms  of  ^(.r,  y)  from  different  polygons  and  multiply  them 
together,  the  sides  of  the  simple  polyjTons  will  Ik*  intermixed  in  the  compoiintl  polygon,  and, 
since  each  simple  polygon  contains  two  sets  of  roots,  identical  each  to  each,  the  theorem 
cannot  be  universally  true  for  radutSMa  equations.  And  since  an  infinitdy  small 
alteration  in  a  constant  will  diange  a  reducible  expiesnon  into  an  irreducible  one,  it 
seems  proved  that  the  theorem  cannot  be  universally  true  even  for  irreducible  expressions. 
The  mode  of  priirin<:,'  the  rootK  of  the  upper  and  lower  contour  seems  to  depend  upon  all 
the  routs,  at  least  with  exception  of  certain  cases. 

When  we  multiply  two  expressions  togeitser,  essential  terms  in  the  product  are 
pradncts  of  eaaeotial  terms  in  the  factors;  but  the  converse  is  not  true.  Having  paper 
ruled  both  ways,  the  simplest  plan  of  clctccting  the  essentia)  part  of  the  product  will  be 
to  write  down  dinien.siii7i8  onli/  of  the  coefficients  in  .r,  in  columns  devoted  to  the  powers 
of  y,  substituting  some  sign  of  blankness  for  missing  powers,  since  0  is  appropriated 
to  the  function  of  no  degree.  The  form  of  aigebraic  multiplication  may  then  be  used, 
the  OMopment  -prooeBses  being  only  additions  (.of  exponents].  Essential  terms  only  are 
retained  in  the  factors,  and  in  tlie  partial  multiplicatioDS  only  highest  and  lowe»t  powers 
need  be  retained  :  while  ilie  final  |)rooess  is  selection  of  lowest  and  highest  in  tlie  columns. 
Thus,  having  to  multiply  together 

(a»  +  «•)  ^  +  (»'  ^  d^)  9*  -I-     4-     y*  -f-  (41*  -H        +  (« -f-  a*)  y*       -I-  **)  y  -I- 


*  This  is  done  in  OMof  iha  diaipaini.  If  Ui*co«0cknM  be  i 
ibw  vriitcn,  ihe  whak  avuttiaii  U  written  down,  sod  il  would 
■Mm  Hue,  ior  muijr  v«rpm«s,  that  is  m  my  m  food  of 
vHllng  down  an  c^vMtak  NoiliiDg  is  irautd  but  •  aafflj  at 
pfiper  rated  both  wafu  And  httt  k  mtu  be  rcnuiktd  that  for 


all  matteri  connei-ted  wtUi  istcncctioM,  aognlar  gttdMloBS 
(no(  rr^ugni lades)  and  geoenl  figure  of  cnms,  ihtlftparMad 
DM  be  niled  in  •tuwcs:  equal  netuglM.  at  awn  equal  obUqne 
fsnUstogiiMi^  will  do  as  mil. 
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we  pick  otit  the  essential  terms  by  belp  of  tb«  polygent,  end  prooMding  «■  above  directed, 

we  have  the  following; 

*     1  +  5       7       1+7        -        -  1+2 
a        -        9  1        -  l-f-0 

5  +  8  S  +  10  9  +  l«  3+tS       -        -        5  +  7 

11      9*18    15       9+15    -         -  9+10 

IS       10  +  14    16       10+If)      -         -  10+11 

s     a+6      8     2+8     -        -  a+s 

4  +  9     2  +  11    8+13     2  +  13      -         -       2  +  8 


5  +  8    S+11    9+13   S+15     3  +  15   2+l6     3-».l6  2  +  11    8  +  13     S+n    -2  +  <       -      ?  +  8 

Beckoning  from  the  lowest  left-hand  corner,  the  sides  of  the  hrst  polygon  may  be 
•IgQififd  by  J  (horizontal),  £,  C  +  D  (in  one  straight  line),  E,  F,  G  (vertical) :  and  thoae 
of  the  eeeond  by  I  (horiaonlal%  11,  III  (vertied),  IV,  V,  VI,  VII  (▼ertical).  The 
polygon  belonging  to  the  product  has  then  14  sides  as  follows;— ^+  I  (in  one  straight 
line),  II,  B,  III,  IV,  (C  B),  V,  E.  VI,  F,  (VII  +  G).  This  ortier  is  pliiinly  detcnnined 
by  the  slopes  of  the  sides.  Through  one  point  draw  lines  equal  and  parallel  to  all  the 
sides  of  both  polygons  in  tlie  ditections  in  which  we  pass  over  the  several  sides  in  making 
the  cirouits:  the  order  of  intermixtttre  thya  cstabliibcd  shews  the  otder  of  the  aides 
in  tlw  oooi pound  polygon.  This  would  be,  on  ruled  paper,  the  eaakat  way  of  makiiig 
the  multiplication.  Also,  by  taking  note  of  the  projections  on  both  axes,  in  the  pennl 
of  the  polygon,  we  may  facilitate  the  inquiry  whether  a  p»iven  expression  is  retiuciblc : 
if  it  be  !>u,  the  pencil  can  be  divided  into  two  systems  of  rays,  in  each  of  which  the  sum 
of  both  projectiaas.  is  acvo.  It  depends  on  the  coeffieiients  whether  the  reduction  can  be 
completed:  bat  in  every  ease  in  which  the  polygon  is  ledudble  into  other  polygons, 
there  must  be  a  certain  reducibility  of  form  in  the  fttoctiao,  and  a  certain  divarieation 
of  the  roots,  which  does  not  belong  to  expressions  in  general. 

Returning  to  the  original  question,  if  in  the  product  we  destroy  the  hi^iest  term  by 
iotrodne&m  of  a  eoelRdeiit  0^  we  lose  ooe  mot  B  on  the  lower  oontoor,  and  one  root  IV 
on  the  higher:  these  are  certainly  not  the  same. 

In  treating  of  the  roots  of  an  equation,  of  a  degree  Mgber  than  the  fourth,  whatever 
we  ntay  think  probable,  we  have  no  right  absolutely  to  assume  that  the  i-oots  fonnulise. 
My  meaning  is  as  follows; — Let  there  be  an  equation  of  the  second  degree,  one  coefficient 
of  which  is  a,  and  the  roots  m  and  n.  Alter  a  into  A,  which  changes  the  roots,  say, 
into  M  and  N.  We  can  lay  our  hand  on  one  of  the  two,  M  wr  N,  and  say,  this  b  the 
root  into  which  change  of  o  into  J  has  converted  m.  But  if  we  pretend  to  say  as  much, 
or  to  suppose  as  much  must  be  predicable,  in  the  case  of  an  equation  of  the  fifth  degree, 
we  nssiinic  tin  qualities  of  formidar  expression  to  belong  to  results  of  which  we  know 
nothing  except,  at  most,  that  algebraic  formuitc  do  not  exist. 

When  an  equation  has  irrational  terme,  the  whole  process  is  in  no  respect  altered. 
If  no  cxponenta  enter  except  definite  fractions,  the  essential  polygon  of  the  cuire  will 
have  some  or  all  of  its  points,  not  on  the  intersections  of  the  squares,  but  on  the  inter- 
sections of  rectangles  made  by  subdividing  each  bortsontal  side  into  some  one  6xed  number 
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of  parts,  and  each  vertical  side  ioto  some  other  fixed  number.  Let  this  polygon  be 
augmeotod  is  size,  without  altemtioo  of  fono,  ao  as  to  b«  the  smallest  wbicb  can  Iwt« 
all  itft  pointa  on  the  iotentietiou  of  the  aquaKt,  and  we  have  the  MMOtial  polygoo  of  the 

ratimialized  equation  of  which  the  given  imtiooal  equation  was  one  of  the  irrational 
forms.  Or  thus: — Let  all  iIk-  fractional  exponentH  be  reduced  to  a  common  denominator 
k ;  divide  each  &ide  of  all  the  square**  into  k  equal  parts,  and  thus  construct  other  squares. 
Dtaw  the  essential  polygon  of  the  irrational  equation,  and  then  read  each  iith  part  as 
unity:  we  have  thus  all  the  enential  terms  of  the  rationalized  equadon.  And  thus  the 
character  of  all  the  solutions  of  an  equation  can  he  determined  from  any  one  of  its 
irrational  form^,  auA  certain  a  priori  limitations  plaoed  upoQ  the  number  and  cbaiader 

of  the  terms  of  the  raticmai  o<iiiati(>n. 

In  an  inverse  question,  sucii  as  above  described,  it  depends  partly,  but  not  entirely, 
on  the  numerical  coefficients  intnidooed,  how  many  of  the  required  branebea  are  renl( 
and  how  many  imaginary.   But  the  criteria  tat  initial  and  terminal  branehet  are  wholly 

distinct,  no  one  essential  term  for  the  former  hring  necessarily  an  essential  term  for  the 
latter;  it  is  even  impossible  that  one  t.rni  ■^^liuuld  be  essential  in  both  cases,  except  the 
highest  and  lowest  powers  of  y,  when  tiiey  Imve  only  one  power  of  x  in  their  coefficients. 
I  do  not  lengthen  this  |>aper  by  suggestions  which  arise  relative  to  the  elassificatioo  of 
curves, — ^the  mode  of  dependence  of  »  expressed  in  terms  of  y  upon  jr  expressed  in 
terms  of  jr,  on  which  every  square  within  the  polygon  must  tell  something — the  manner  in 
wli!c>i  the  introduction  of  a  non-essential  term  peculiarly  affects  the  roots  to  the  aquase  cf 
wJiicli  the  new  exponent  point  is  a  comer,  &c  &c. 

To  ibrm  the  |)olygons  for  <p^  <p^,  &c,  we  have  but  to  advance  the  axis  of  m  one  interval 
for  each  dilfereotiation,  rejecting  at!  the  exponent  iwints  left  behind:  and  similarly  for 
<p„  kc.  Thus,  taking  the  first  instance  in  the  diagram,  has  SRX  for  its  lK>undary 
instead  of  SP(}X,  anil  all  the  higher  forms  change  dimension  at  once.  The  lower  forma 
of  the  ruot8  are  lost  or  modified  in  descending  order :  the  higher  forms  in  ascending  order. 

The  application  of  tiiis  method  to  surfaces  is,  so  far  as  I  have  examined  it,  of  very 
dose  analogy  with  the  preceding  results:  but  as  I  can  now  give  nothing  which  would 
not  easUy  suggest  itself  after  what  precedes,  I  will  here  only  recommend  it  to  the  notice 
of  those  who  tnko  partictilar  interest  in  the  subject.  It  will,  I  tliink,  demand  a  special 
inquiry  into  the  theory  of  polyhedrons,  considered  as  having  triangnhir  faces  only  or 
else  three-angleil  corners  only;  a  face  of  more  than  three  sides  being  looked  upon  as  a 
casual  degeneracy  of  two  or  more  triangles  into  the  Hune  plane. 

It  remaina  to  notice  the  pointtd  brauek,  or  knmek*  potntUUg.  Writers  are  much 
divided  on  the  question  of  admitting  this  {wrt  of  a  curve :  but  their  controversy  is  one 
of  definition  of  terms.  In  ^enmetrtf,  it  may  be  exchtded  :  in  nfijebrn,  it  must  be  admitted. 
Fully  to  represent  y  •  e*,  we  must  admit  every  point  contained  in  .r  -  (2p  +  1)  :  2q, 
y  >  the  nq^ve  value  of  {g^*^''^)i.  In  fact,  being  the  teal  and  positive  value  of  e% 
we  see  that  «/ |cos£wiiur 'i- sin  Swmsr .  ^y/^ll  m  being  any  integer,  positive  or 
negative.  The  condition  sin  Sirm-r  =  0  includes  a  branch  all  points  of  which  arc  not  admi^ 
!;ible,  but  vThich,  nevertheless,  contains  an  infinite  number  of  pointa  of  either  character 
between  any  two  of  the  other. 
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To  avoid  the  pointed  branch,  we  are  at  perfect  liberty  to  iovent  a  symbol :  we  may  wj* 
let  ««  be  undenlood  aa  e  (cos  0 -i- liii  0.  v^- 1)^  ft  peifeetly  diitinct  thing  from  9t  or 
c(ooaSx4-8in  Sir.v^-l)*  fce^  Such  a  dbtinctlmk  I  not  only  admit,  but  upon  occaaon 
contend  for  :  but  granting  y  =  tg'*  to  be  fully  represented  by  one  continuous  branch  ;  y— by 
a  system  of  isolated  jKiints  having  f  =  ^p;  y  •=  by  another  system  having  ,r  =  ^p,  &c.;  p 
being  any  integer,  positive  or  negative — the  curve  y  »  e,'  (cus  ^irmx  -t-  sin  Hirnut .  l)i  or 
y  >  c*  in  tfae  or^naiy  aenw.  edlccts  all  the  eaaei,  in6nite  in  number,  and  adda  the  pointed 
Ivanch  to  the  eontinomia  eurve. 

The  discovery  of  equivocal  value  in  the  inverse  functions  of  common  algebra  was  accom- 
panied by  what  is  but  the  expression  of  the  result  in  another  way,  the  discovery  of  equivocal 
form  in  the  direct  fuuctions.  Thus  the  double  square  root  of  x  implies  the  double  form  of 
a;)-  and  (-  The  triple  diitinotion  of  -f*  0,  — ,  ie  oonneeled  with  the  aimakr  dia- 
tinetion  of  ezptoHiooe  into  logerithmie,  oonmon  nlgehmical,  and  t^|onomeirieal,  in  whichever 
Older  we  rend  diem.  Each  has  its  direct  and  inverae  forms,  as  in  «'  and  log  m,  «"  and  jrB> 
tan  Jf  and  tan"'jr.  If  uoivocal  character  be  the  proper  attribute  of  a  direct  function,  as 
opposed  to  an  inverse  one,  then  .r"'  {m  integer),  and  tan  *,  are  direct.  But  both  e'  and 
(ogx  arc  equivocal,  and  c'  has  an  equivocal  character  resembling  that  of  while  logc,  in 
diie  retpect,  reaemUee  tan^'v.  Moreover,  the  neture  of  the  equivocal  valnei  of  lege  end 
»*  dependa  apon  the  value  of  «:  in  other  tespeet^  log  at  ia  analogous  with  the  afmple  power 
of  X,  it",  and  e' with  ,tm  ;  while  log  is  analogous  with  tan  and  e'  with  tan  «.  Thus, 
X  being  the  positive  vahie  of log  x  logo,  ID  it*  real  value,  whUe  »  Mid  —  » 
are  the  two  values  of  the  exponential. 

In  order  fully  lo  trace  the  curve  e**,  s**,  It^  «  0,  we  must  first,  without 

attending  to  eonditlooe  of  punetnation,  allow  nil  the  nultiplieity  of  branches  which  would  be 
given  by  F  («,  ^-y/P,  ^v/Q,  B^,  ,..$)^(it*ad  then,  selecting  the  branches  in  which  one  or 
both  of  —  y/P,  —  Y^Q,  are  usctl,  puncUiate  them  by  only  allowing  y  to  exist  when  one  or 
both  of  (p.r  and  \p,T  have  the  forms  (2p  -f  1)  :  '■^f/.  If,  by  the  general  proci  ss,  we  desire 
to  ascertain  the  singular  points,  then,  rationalizing  F  {x,  <^ P,  \i'  Q, .-.)  •  0  into /  (j,  y,  P, 
Qt  B^f.-.y)  =  0,  we  mnit fully  eaoertMn  the  ringular  pointa of /(ar,  a***,  log  ^x, ...  y)  m o, 
and  then  aieertain  the  painted  brandiea  by  reference  to  the  ori^nal  form*  having  pceviou8l7  taken 
only  positive  values  of  and  e**',  and  considered  log  (-a)  as  log  a.  When  is  negative, 
the  branch  thence  arising  is  punctuated  by  the  conditimi  v-r  =  t"'' The  so-called  ahntpt 
termination  is  always  the  point  of  union  of  a  continuous  and  pointed  branch ;  and  the  talient 
jniM  where  two  tnogenti  can  be  drawn  to  one  point,  ia  hot  •  double  point  at  which  two 
mixed  hmndiea  meet. 

The  rejection  of  the  pointed  branch  is  an  abandonment  of  geometrical  algebra,  and  a 
return  to  algehraic  geometry  :  but  the  stand  is  made  too  late,  and,  in  fact,  the  place  at  which 
it  shall  be  made  is  a  matter  of  taste,  unless  it  be  made  upon  a  definition.  A  system  which 
ndndta  an  Mated  point,  any  given  number  of  them,  any  nmlfaicM  of  ^anoe  between  isolated 
pointa,  certainly  drawa  upon  nigebrn  for  ita  deftnitiow,  and  mait  end  with  the  pointed  branch. 
An  application  of  the  Homtian  pitdilbrk  to  $mj  ajmbolic  reault  will  only  he  another  fulfilment 
of  the  UoraCiao  prophecy.  A.  DE  MORGAN. 

Vftnamt  Cauam,  Lonoon,  J^fHl  19,  liu. 
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Solar  Sifstm,  Bg  W.  HopKma,  Esq..  VUl^  ^  St  Poa^a  CoOege,  F JLSl,  and 
VU»-Pr$ndent  i/1he  Society. 


[Read  J%  31.  1865.3 

1.  GuAT  interatt  hai  noentlj  been  excited  mpectiog  the  phyaieel  etote  of  tlw  differeot 
planete  whieb  eanpoee  the  Sohr  Sjrtem,  and  more  etpedatty  reipecting  thorn  physical 

conditions  by  which  their  surfaces  may  severally  be  characterised,  and  to  which  the  consti- 
tution of  any  nrfjfinic  l)rin<i;«  existing  on  each  particular  planet  must  ik  ressarily,  as  we  conceive, 
bear  a  direct  and  intimate  relation.  Of  these  external  conduiom,  as  we  may  tertn  them,  such 
as  lieaty  li^t,  nicnstnre,  be.,  I  now  propose  to  eumine  that  of  tempentttrt.  We  hwe  not,  it 
U  tni^  niffident  data  to  dderniine  the  superficial  tenperatnre  of  any  planet  bendcs  our  own. 
We  know,  however,  that  it  must  mainly  depend  on  the  temperature  of  the  planetary  space, 
and  on  the  direct  heat  which  the  nearer  planets,  at  least,  must  rocpive  directly  fruirt  the  Sun, 
but  modified,  aud  possibly  in  a  far  greater  degree  than  has  been  generally  supposed,  by  the 
particular  dfcnmetancee  by  which  each  planet  may  be  characteriBed.  The  modifying  cicenm. 
alanoea  to  wUeh  I  ahall  nore  particularly  direct  attention  in  tliia  paper,  are  the  exiatence  of 
atmospheres  surrounding  tin  |  1  i  >  '  tlic  |)ositions  of  their  axca  of  rotation,  and  the  con- 
ductivity imil  sppcific  heat  of  the  itubstances  forming  the  outer  crust  of  each  planetary  body 
of  our  system.  No  astronomer,  I  suppose,  judging  from  the  appearances  which  Mars  and 
Jupiter  prexent  to  us,  would  cnteruin  any  serious  doubt  as  to  the  existence  of  atmospheres 
sorrounding  those  planets,  and  the  pmbability  would  seem  to  be  almost  equally  strong  ot 
Saturn  being  likewise  enveloped  to  a  uniilar  manner.  The  obliquity  of  the  axis  of  rotation  is 
known  with  consideralilc  accuracy  in  the  cases  of  Mars  and  Jupiter,  and  also  in  that  of  Saturn 
if.  at  least,  it  coinddL  witli  the  a\is  of  rf»tation  of  his  rtn».  Venus  presents  great  difficulties 
to  the  observer,  on  account  of  the  (iazzluig  quantity  of  Hgiu  which  she  reflects  to  us,  and  the 
absence  of  well-defined  permanent  dark  spots  on  her  diac.  This  led  formerly  to  considerable 
doubts  as  to  the  period  of  her  rerolotion  about  her  own  axis,  which  apiicars  now,  however,  to 
be  pretty  satisfactorily  determined  to  be  nearly  the  same  as  that  of  the  Earth.  The  position 
of  her  axis  presents  a  corresponding^  difikiiltv  in  its  determinatinn,  hut  the  most  generally 
received  opiniou  is,  .1  believe,  that  the  obliquity  is  large,  amounting,  in  the  opinion  of  some 
astronomers,  to  as  much  as  about  75*.  This  must  [Hodnee  an  extraordinary  diiTereooe  between 
(he  changes  of  onmui^  temperature  in  that  planet,  and  those  which  we  experience.  I  have 
endeavoured,  in  this  paper,  to  estimate  numerically  the  elitect  of  this  anomalous  obliquity. 
The  indications  of  an  atniosphcrr  about  Venus  are  not  perhaps  so  distinct  as  those  in  Mars 
and  Jupiter,  but  siill  the  opinion  of  its  existence  is  sanctioned  by  such  observed  facts  as  bear 
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OD  the  quMlioD*  nor  ain  I  aware  of  any  |inotieal  aatronomer  kacnag  entertained  an  oppodte 

opinion.  Of  Mercury  we  know  too  little  by  direct  observation  to  form  any  opinion  on  these 
points  founded  on  observed  facts,  and  the  same  remark  will  apply  to  the  remoter  planets 
beyond  Saturn;  but  in  the  absence  of  any  such  direct  testimony  respecting  these  planets, 
KDaliigy  woald  aeem  to  throw  the  balance  of  probabilities  far  in  &Tour  of  the  opinion  of  the 
exittenoe  of  atmoqifMiea  in  these  casea  at  well  aa  in  that  of  the  Earth,  or  in  the  eaiee  of  ttune 
nther  plnncts  whiiA  cflbrd  U8  more  direct  e¥ideiloe  on  the  aulqect.  Meet  aEtronoiners  probably 
feci  mucl)  the  same  conviction  that  Mercury,  Urantis,  and  Ni»ptune  have  atmosplieres  of 
greater  or  less  extent,  as  that  tbey  revolve  round  their  own  axes  with  greater  or  less  angular 
vdodty. 

It  is  not  my  object,  however,  to  ndjnst  the  balaoee  of  probabili^  for  particular  bypotheiee 
in  favour  of  planetary  atmospberea,  or  a^^nat  them  ;  but,  assuming  their  existence,  to  estimate 

their  fffi'tts  on  the  planetary  temperatures.  Anil,  in  like  manner,  I  sliall  point  out  the 
induence  which  must  be  exercised  by  a  greater  or  le»s  conduetivity  and  specific  heat  in  the 
superficial  matter  uf  a  planet,  without  professing  to  discuss  the  pmbability  of  such  properties 
being  materially  difibrent  in  the  dilFerent  planets.  We  aie  sure  that  there  are  powers  in 
Natoie  by  which  the  great  Author  of  Nature  baa  adapted  the  conditions  of  each  planet  to  the 
purposes  for  which  Hia  wisdom  haadotiMd  it;  Wd  my  object  is  to  shew  that,  however  limited 
our  knowledoe  of  cosmical  causes  may  be,  we  are  still  uble  tu  rfcojjnisc  certain  natural 
agencies  by  which  the  effects  of  beat  derived  immediately  from  the  8un  and  from  stellar  space 
may  be  largely  modified,  and  tha  randting  planetary  temperaturM  adjusted  to  any  purpoaes 
for  which  each  planet  may  be  intaided. 

2.  Before  I  proceed  to  tlie  particular  points  wijich  the  subject  embraces,  it  may  be  well 
to  premise  a  few  general  remarks  on  the  luanner  in  which  heat  may  be  transmitted  through 
different  media.  This  may  take  place  (l)  by  complete  radiatioti,  {i)  by  conduction,  (S)  by 
parthl  raHatloa  and  eonduetiiMi,  or  (4)  by  oonwelioft.  The  trsosmiasion  through  tweMmn,  or 
ratlier  through  space  in  whioh  we  conceive  no  other  matter  to  exist  than  the  thermaniferoos 
medium  itself,  is  by  complete  radiation.  Heat  also  passes  through  perfectly  diathermanous 
medifi  in  tlie  same  manner,  precisely,  as  light  passe?!  through  perfectly  transparrnt  media.  In 
such  cases  no  portion  of  the  incident  heat  is  absorbed  by  the  constituent  particles  of  the 
diathermanous  medium,  the  temperature  of  which,  consequently,  remains  entirely  anaffceted  by 
the  transmission.  This  may  be  regarded  aa  one  extreme  case;  (be  other  is  that  in  whidi  heat 
is  transmitted  entirely  by  conduction.  In  such  cases  the  whole  of  the  incident  heat  is  absorbed 
by  the  particle!*  on  which  it  first  falls,  and  is  then  emitted  by  them  to  the  next  particles,  and 
w  on  successively  till  emission  takes  place  from  the  opposite  boundary  of  the  medium.  Such 
media  can  only  transmit  beat  when  the  temperature  of  the  surbce  on  which  it  is  incident  is 
higher  than  that  from  which  it  is  finally  emitted.  Again,  the  incident  heat  may  be  only  partly 
absorbed  by  the  particles  which  form  tlu  external  boundary  of  the  medium,  ^^liile  other  parts 
penetrate  to  a  j^rrater  or  less  di  pth  within  it  before  they  are  completely  absorlicd,  pn  ciscly 
as  light  penetrates  to  a  certain  depth  in  im{)erfectly  transparent  media.  If  this  medium  be  of 
sufficiently  small  thickness,  a  portion  of  the  incident  light  will  be  transmitted  entirely  through 
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it,  and,  under  similar  circumstances,  a  portioa  of  tile  incidcot  heat  may  pnt  in»tantancously  by 
radiation  through  an  imperfectlj  diathernuiKNU  medioDi,  while  the  reuMUkder  is  dMorbed  bj 
the  particles  of  the  medium. 

It  would  appear  improbable  tfut  the  abioffptioB  of  light  ibould  take  place  without  pro- 
dodng  KHM  physieal  effiiet  on  the  abeorbiDg  nedium*  though  there  are  &w  caaea  id  which  we 
can  form  any  distinct  conception  of  what  that  effeet  nay  be;  but  we  know  that  light  once 
absorbed  is  finally  extinguished.  In  like  manner  heat  when  nh'^nrht^l  may  be  destroyed  as 
regards  its  power  of  affecting  any  thermometric  instrument,  while  it  produces  other  effects  which 
the  Dynamical  Theory  of  heat  has  taught  ua  bow  to  appreciate ;  and,  monover,  hnl  Ana 
abiorhed  ia  iwproductble  aa  thennowetric  heal.  When  heat  ia  lint  hiddent  on  aay  mcdiuaip  a 
portion  of  it  may  be  employed  in  producing  lootion  in  the  particlea  of  the  medium  or  cbangM 
in  its  molecular  state;  but  wlien  the  |)urticlcs  are  again  reducetl  to  rest,  or  hare  assumed  a 
state  which,  in  refi^ri-nro  oither  to  tluir  motion  or  the  molecular  condition  of  the  medium,  may 
be  termed  steady,  ail  il>e  iieat  incident  on  the  medium  will  be  propagated  through  it  at  beat^ 
wliate?er  may  be  the  mode  by  which  die  trattnaiialaM  iMty  tiS»  pleee.  It  ie  thia  aooduaigii 
wludi  aaaurca  ua  diat  whatever  maj  he  the  iMan  rate  at  whidi  heat  is  supplied  from  the 
Earth's  surface  to  the  lower  strata  of  the  atmosphere,  the  name  must  be  the  mean  rate  at 
which  the  heat  must  be  trnnsmittctl  from  the  upper  portions  of  the  atmosphere  into  surround- 
iug  space ;  because  the  mean  ttnte  of  the  general  atoio^pliere,  whatever  may  be  the  amount  of 
locel  or  periodical  changes,  muat  have  been  permanent  for  eome  indefinite  period  of  time,  and 
eonaequentlj  no  heat  can  evw  be  penuanently  abaorhed  in  producing  permanent  change  in  the 
atate  of  the  atnioaphere. 

The  transmission  of  heat  by  the  last  mode  above-mentioned,  cmvpction,  consists  in  the 
ascent  of  the  hotter  and  descent  of  the  colder  particles  of  a  medium  in  which  the  particles  are 
enaily  moveahle  inler  aCi  In  the  caae  of  the  atmosphere,  thii  ia  one  of  the  dynamical  eitecta 
of  the  heat  wliicAi  enters  it  hem  tiie  Earth^a  surface ;  but  since  the  mean  amount  of  the  vie  piaa 
due  to  thiN  motion,  referred  to  a  period  of  a  few  yearSf  most  be  the  same  for  consecutive 
periods,  tlie  remark  at  the  end  of  tha  previons  paragraph  will  he  iqpplicable  to  it  equally  as  to 
other  periodical  atmospheric  changes. 

It  must  also  be  recollecied  that  the  particular  manner  in  which  heat  is  transmitted  does 
not  depend  merely  on  the  nature  of  the  transmitting  medium,  hut  also  on  that  of  the  heat 
transmitted.  Glass  and  atmospheric  air,  for  instance,  are  diathermanous  for  the  direct  solar 
rays  of  heat,  but  not  so  fur  the  same  heat  after  it  has  been  aijsorbed  and  again  emitted  bv  any 
terrestrial  bo<!v.  It  is  this  jiroperty  of  the  atmosphere  which  renders  it  so  important  an  agent 
with  reference  to  itie  Earth's  superficial  temperature. 

Alt  the  aboveHnentioned  modes  of  transmitting  hsnt  are  onlkd  into  action  in  tin  atmo> 
sphere.  It  is  almost  entirely  by  direct  radiation  that  the  solar  heat  reaches  the  EartVs 
surface,  when  the  atmosphere  is  pure,  though  a  small  quantity  may  even  then  be  absorbed  by 
the  atmospheric  particle?.  A  considi  t  ably  greater  quantity  will,  of  course,  be  absorbed  when 
the  atmosphere  is  laden  with  clouds  and  vapour.  In  the  transference  of  the  beat  Iwck  again 
from  the  £arth*a  aorfaoei,  all  the  other  modea  of  tmnsndsdon  mart  be  more  a»  less  ^ectivet 
but  we  are  altogether  ignorant  of  their  rclativn  degrees  (rf  elBdenqr.  For  our  preeent  purpoee. 
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however,  it  it  tulBdent  ftr  m  to  Itnvw  that  none  of  them  can  be  eflectivc  uulefts  the 
tenjMVatitre  of  the  atiiMeplwrB  decietM  oontinnally  m  we  aioend  from  its  lower  to  its  upper 
regions. 

Having  made  these  general  remarks,  I  will  now  proceed  to  the  brief  consideration  of  two 
or  three  hypothetical  cases,  which  will  lead  U9  immediately  to  the  questions  which  form  the 
more  especial  objects  of  this  communication. 

*> 

3.    Conceive  a  hollow  spheilcil  ihel],  or  envelope  the  inlerior  of  wfaidi  contdne  nothing 

but  the  thermaniferous  medium.  It  will  be  convenient  with  reference  to  our  ultimate  object 
to  suppoise  its  dimensions  indefinitely  largo.  If  the  temperature  of  the  interior  snrf»H  P  f»f  the 
shell  were  maintained  at  a  uniform  temperature  (^J,  a  thermometer  placed  at  any  point  within 
the  enveiope  wouM  indicate  the  tMopeimture  ^  whidi  would  alao  bo  that  finiUy  amtoied  by 
any  body  placed  within  the  sheU,  provided  the  body  were  not  perfectly  diadierouiioas  for  the 
kind  of  heat  praeecding  from  the  ihdl.  It  will  be  conveoient  to  designate  the  particular  kind 
of  heat  here  supposed  to  radiate  from  the  envelope  by  //,.  Again,  let  us  conceive  heat  of  n 
difienmt  kind  {Hi)  to  radiate  uniformly  over  the  interior  space,  and  in  such  quantity  as  to 
devate  the  temperature  at  every  point  to  -f  /, ;  but  suppose  the  body  (which  I  will  call  J), 
plaoed  within  the  envelope  to  be  perfectly  diathermanous  for  thn  particular  kind  of  beat  (J7|). 
Its  partides  would  absorb  none  of  this  heat,  and  therefore  would  not  have  their  own  proper 
temperature  (f,)  at  all  affected  by  it,  but  a  thermometer  pkcpH  w  idiin  the  body  would  not 
now  indicate  that  temperature.  For,  its  bulb  not  being  diatheriuauuus  for  either  kind  of  heat, 
the  temperature  indieated  by  it  would  beiaiaed  above  t„  by  the  beat  of  the  kind  Hi  absorbed  by 
its  bulb,  till  this  quanti^  should  be  equd  to  that  emitted  by  the  bulb  to  surrounding  parttdes 
of  the  body.  Tlie  iiulicated  temperature  would,  therefore,  be  bitemediate  to  t,  and  t,  4-  fp 
A  Himilar  eflect  would  be  produced  by  the  body  A  on  the  tbermoUMtar  ptaced  without  it,  but 
sufficiently  near  to  be  within  the  sphere  of  its  cooling  influence. 

4  Taking  another  imaginary  case»  Suppose  the  generd  temperature  of  the  envdope  to 
be  derived  as  in  the  first  instaoee  from  alone;  and  eooedve  the  body  to  be  a  spherical 
shell,  the  center  of  which  may  be  supposed,  for  greater  distinctness,  to  coincide  with  that  of  the 
general  envelope.  Conceive  also  the  center  of  J  to  be  a  source  from  which  heat  (7/J  emanates 
uniformly  in  all  directions,  and  such  that  it  can  be  transmitted  through  the  matter  of  the  shell 
only  by  condmHanh  in  the  nme  manner  aa  T^Mt  tempnatune  (rj  of  the  internal  surfoce 
of  the  shdl  will  rise  till  its  emess  over  the  temperature  (ti)  of  the  outer  surfoce  of  the  shdl 
shall  be  iufieient  to  enable  the  ahdl  to  tranimit  in  a  given  time  a  quantity  of  beat  equd  to 
that  which  falls  on  its  inner  surface  in  the  same  time  from  the  central  source ;  while  t,  must 
exceed  the  temperature  (I,)  of  the  external  space  sufficiently  to  enable  the  same  quantity  of 
beat  to  rai&ta  In  the  same  time  into  aumundiog  space.  In  this  state  tiie  temperaluie  will  be 
tteadgt  decrcadng  from  ti  to  ts  at  a  rate  depen^g  on  the  quanti^  of  heat  tramnnittad  in  a 
given  time,  and  on  the  conductivity  of  the  matter  of  the  shell ;  and  since  the  rate  of  decrease 
111  !  hi'  independent  of  the  thickness  of  the  shell, it  is  manifest  that  the  greater  that  tiiidcncss 
the  greater  must  be  the  excess  of  ri  aiwve 
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Under  tbeie  draumtUDCM  a  theraometer  placed  bejond  tbe  aennU*  inflaeaee  flf  the  body 
{J.)  would  indkate  a  tenperatttre     but  woidd  riie  a»  it  appvoaehed  the  outer  aurfaoe  of  J, 

in  consequence  of  radiation  from  that  suiftoet  luppoeiog     sensibly  greater  thau        At  that 

surface  the  instrument  would  indicate  the  tpmpcrattirc  ;  and  if  t  donoto  the  temperature  at 
any  point  witliin  the  shell,  t  wotdd  be  the  temperature  indicated  at  that  point,  and  would 
coDtiouaiiy  increase  in  approaching  the  lower  surface  of  llie  ohell,  when  it  would  bccooie  Tf 

6.   Let  ue  now  praoMd  a  atep  furtber  in  our  bjpotbetieal  caie.    Inetiod  of  fapporiog  tbo 

interior  of  tbe  shell  (A)  to  be  hollow,  conoeiTa  it  filled  with  homogeneouB  matter.  Also 
suppose  the  envelope  to  send  forth  heat  uniformly  of  the  kind  IT^  as  previously  nipposed 
(Art.  S)  in  addition  to  tbe  heat  H^i  the  beat  Hi  having  the  property  of  permeating  the  matter 
of  tbe  abell  {J)  by  radiation*  and  ooowquently  witliout  eomoiunieatiDg  any  heat  to  tbe  otw- 
atttttflot  panidea  of  tbe  dicll.  Soppoae  all  the  heat  of  this  kind  whidi  falls  upeo*  and  thus 
panes  through  the  abdl»  to  be  absorbed  by  the  interior  nudeuft  of  the  shell.  The  quantity 
thus  absorbed  by  the  imclctis  in  a  given  time,  when  the  t«*mporf»t»re  has  l>ewnte  nfmdy 
throughout  tbe  nucleus  and  shell,  must  necessarily  pass  out  of  it  in  the  same  time ;  and  if  we 
«Mime  the  bent  tims  vmttted  from  tbe  nudeus  to  have  lost  its  power  of  radiating  hank  through 
the  ahdl,  it  will  return  through  it  iy  eofMitMiion  ;  and  since  the  beat  fft,  when  inddeot  from 
without,  passes  through  A  without  affecting  in  any  degree  tbe  thermal  state  of  its  particleSi  it 
not  aiFcct  the  eonduction  of  the  Iieat  (//[)  back  from  /?  through  the  shell  into  the  sur- 
rounding space,  and  therefore  x,,  t^,,  and  r  may  be  considered  precisely  the  same  in  this  case 
as  in  the  case  of  tbe  previous  Article. 

But  here  it  must  be  carefully  remarked  that  t  is  tbe  temperature  of  tbe  constituent 
partidea  of  tbe  body,  at  any  proposed  point,  but  not  that  which  would  be  iodieated  by  a 
thermornctrr  of  which  the  bulb  should  be  placed  at  tliat  [xiint.  I-et  tis  again  consider  what 
wovilil  be  the  indications  of  a  thermometer  in  different  |)ositioDs.  If  placed  beyond  the 
induence  of  A  it  would  give  the  ttiiipcrature  4  +  'i.  (derived  from  the  radiating  beat  and 
H|)  aa  that  of  tbe  general  surrounding  space.  Tbe  temperature  (r,)  of  the  outer  surfisee  of 
the  shell  (J)  would  be  tb«  same  as  in  tbe  pre? ious  case,  and  under  ordinary  oonditiooa  would 
not  much  exceed  we  may  therefore  suppose  +  ti  to  exceed  T;  as  much  as  we  please.  If 
we  suppose  this  excess  to  be  considerable,  the  thermometer  will  be  depresssed  below  t^^  t^ta 
it  approocbes  A  by  radiation  from  tbe  surface  of  and  this  effect  wilt  increase  till  the 
instrument  rsaehct  that  ittrfiwe,  the  indicalod  tempernturs  bdag  always  intermediate  to  and 
%t-¥ti.  If  the  instrument  be  then  placed  within  the  shdl  {A^  at  a  pdnt  where  tbe  temperature 
of  its  constituent  partidea  ■  t»  tbe  instrument  will  still  be  equally  aOeeted  by  the  radiating 
heat  //,,  and  the  temperature  indicated  will  be  between  +  t,,  and  t;  i.e.  it  will  be  higher 
than  at  the  exterior  surface,  and  will  manifestly  continue  to  rise  till  tbe  instrument  reaches  the 
interior  surface  of  tbe  didl. 

I  have  here  supposed  tbe  dendty  of  the  didl  uniform,  in  whidi  ease  the  greatest 
depression  of  tbe  thermometer  would  take  place  when  it  canw  in  contact  with  the  coldeat 
particles,  «.  e.  at  the  external  surface  of  tlie  bhcll,  m  aljove  represented.  If,  l.trjirerer, 
tbe  density  of  the  shell  decrease  in  ascending  from  tbe  interior  surface  till  it  becomes 
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sufficiently  rare  near  the  outer  surface,  the  number  of  particles  of  the  shell  with  which 
tlie  tfacmoaMter  viU  be  io  contMt  vhm  placed  tliere,  will  be  imiUcr  thao  at  knrcr 
poiats  withio  the  ttull,  knd  cojuequendy,  their  nmiaram  elPeet  in  depKenng  tbe  ther- 
mometer may  be  at  some  point  within  the  shell,  and  not  at  itfl  outer  boundary.  But 

whatever  may  be  the  point  at  whicli  the  instriiment  may  indicate  it"*  lowest  temperature, 
it  will  rise  continually  as  it  proceeds  from  that  point  till  it  reaches  the  interior  surface 
of  the  fhell,  or  external  nirfaee  of  the  nadeos. 

6.  It  has  been  already  remarked  that  the  excess  of  r,  above  t,,  and  also  that  of  t., 
above  must  be  such  as  to  admit  of  the  transmission  of  a  certain  quantity  of  heat  from 
the  iiiDer  to  the  outer  aurfaca  of  tha  abell  in  a  given  dme,  that  beat  bdng  derived  from 
the  oeoter  of  the  ahdl  in  the  hypothetical  caae  of  Art.  4,  and  by  radiation  titm  the 
external  envelope  and  through  the  ahdl>  in  the  present  case.  The  diflWaince»  tiien, 
between  n  and  ^  will  depend  in  the  preaent  ca»e  on  the  following  drcuroatancet; 

(0  The  quantity  of  heat  (//,)  which  radiatef?  from  the  external  envclnpe,  and 
for  which  the  shell  (A)  is  perfectly  diathcnoaDous,  and  which  is  entirely  abaorbed  and 
given  out  agnin  by  the  iiiteriial  nucleus. 

(S)  The  conductivity  of  the  inniter  of  the  itliell,  through  which  the  heat  given 
oat  by  the  nndens  ie  here  supposed  to  paaa  endrely  by  conduction. 

(s)    The  emissive  power  of  the  outer  surface  of  the  ahdL 

(4)    The  thickness  of  the  sbelL 
The  fourth  condition  ia  manifeatly  independent  of  the  three  preoeding  once,  and  it 
followB  that  if  the  thieknest  of  the  iheil  be  enfltcieDtly  great*  the  exeeaa  of  r,  above  ^ 
may  tie  increased  to  any  amount,  and  may  thus  become  greater  than  #|,  although  this 

latter  temperature  is  derived  directly  from  the  radiant  Ti'-i^t  'H}  from  whuh  the  heat 
of  the  nucleus,  or  ti,  is  derived.  But  this  heat  produces  the  temperature  in  the  bulb 
of  a  thermMDeter  from  which  the  heat  radiates  again  freely  into  surrounding  space,  whereas 
the  tenpemture  T|  is  pn>daced  by  heat  radiating  on  the  nudeui,  fi»m  whidi,  instead  of 
agaitt  radiating  freely,  it  can  only  pass  away  by  the  dower  process  of  conductlC0f  and  conse* 
quently  accumulates  till  t,  ■sufliciently  exceeds  to  maWe  the  heat  to  pass  as  rapidly 
through  the  shell  by  conduction  as  it  first  passes  through  it  to  the  nucleus  by  radiatioo. 

• 

7.  The  general  tnakgy  between  the  case  now  coasfdeved  and  Aat  of  a  phnet,  as  a 

nucleus  enveloped  by  its  atOMMpbera^  fonniog  a  spherical  shell  around  it,  is  obvious;  but 
to  make  the  analogy  complete  with  the  case  of  the  Earth,  or  that  of  any  planet  Bufficiently 
near  the  Sun,  we  must  consider  the  thermal  condition  of  such  planet  independentlv  of  the 
beat  received  from  a  particular  focus  like  the  Sun,  leaving  the  influence  of  that  luminary 
lipr  aepamte  constdention.  The  heat  teoalvcd  by  the  remoter  planets  fion  aolar  ndiathm 
must  be  too  small  to  vender  audi  separate  oonaideration  eMendaL  Ito  tlie  greater 
distinctness  we  may  here  limit  oundvea  to  the  case  of  dM  Batdi>  eoDstdeiing  it  independendy 
of  iolar  radiation. 

81^ 
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Supposing,  then,  the  Sua  to  be  removed,  the  heat  which  the  Earth  would  receive 
from  external  sources  would  be  that  which  radiates  from  all  turrounding  bodies  io  space, 
of  which  we  maj  regard  as  the  moat  importanl  the  Ased  atan* 

The  diadtemiaDoaB  property  of  our  attnotphere  with  lefcrenoa  to  direct  solar  h«C 
has  already  been  mcDtioned  (Art.  2).  We  have  no  means  of  ascertaining  by  cxpenment 
whether  it  possess  the  same  property  with  regard  to  heal  which  radiates  from  the  fixed 
stars,  but  the  analogy  between  the  two  canes  is  such  that  it  would  seem  extremely  diiiicult 
to  auppoae  this  property  not  to  exist  with  respect  to  stellar  as  well  as  solar  radiating 
heat  I  shall  here  aoppoie  it  to  do  so  equally.  It  is  Aom  this  stellar  radiation  that 
the  temperature  of  general  stellar  space  is  derived,  but  what  may  be  the  amount  of  the 
heat  thus  rftdiating  to  any  particular  spot,  as  our  own  planet,  it  i*  impossible  to  say, 
because  we  can  form  uu  idt;a  of  what  would  be  the  temperature  of  stellar  space  if  stellar 
radiation  were  entirely  to  oeaie.  The  qitantity  of  heat  thus  received  by  the  earth  may, 
for  oiigiit  we  know,  ha  much  greater  than  that  which  we  reoeive  from  solar  radiation. 
With  respect  to  .the  uniformity  of  stellar  radiation  in  different  directions  upon  the  Earth, 
we  cnn  only  assert  that  it  must  be  nearly  uniforni  from  those  regions  of  space  towards 
which  the  north  and  south  poles  of  the  Earth  are  almost  permanently  directed;  for  if  it 
were  otherwise  there  would  necessarily  be  a  greater  diilerence  between  the  temperatures 
of  the  northern  and  soutbeni  hemispheres  of  our  globe  than  is  shewn  by  observation  to 
exist. 

The  same  conclusion  will  not  necessarily  apply  to  the  equatorial  regions  of  the 
heavens,  bince  nearly  the  whole  of  the  Earth's  surface  is  presented  to  them  in  turn. 
It  will  suffice,  however,  for  our  purpose,  to  suppose  that  stellar  radiation  upon  the  Earth, 
or  any  other  point  within  the  solar  system,  is  the  same  in  every  direetioo,  ao  as  exactly 
to  resemble  the  radiation  which  I  have  supposed  in  our  hypothetical  cases,  Io  proceed 
fSrom  a  uniformly  heated  spherical  envelope  of  indefinite  extent. 

8.  In  our  hypothetical  case  I  have  supposed  the  heat  to  return  through  the  shell 
from  the  central  nucleus  entirely  by  conduction.  There  is  no  doubt,  however,  but  tht 
all  the  modes  of  transmission  heretofore  specified  (Art.  S),  except  that  by  f*B«plBte 
radiation,  are  efficient  in  the  case  of  the  Earth's  atmosphere.  The  conclusion  arrived 
at  above  will  still  be  etiually  true — the  excess  of  r,  above  will  increase  cceteris  jtnrihut^ 
with  the  extent  of  the  atmosphere,  though  not  in  the  same  ratio  as  if  the  transmission 
were  effected  by  the  slower  proceM  of  conduction  alooe.  The  temperature  must  now 
he  OMMidered  as  that  to  which  if  the  atmosphere  were  reduced  ndiation  fimn  it  into 
external  space  would  entirely  cease.  We  have  no  knowledge  whatever  of  its  value,  except 
that  it  must  doubtless  be  exceedingly  low. 

We  may  also  remartt  that  when  radiation  tai(es  place  between  particles  of  the  medium 
within  a  certain  limited  rang^  the  radiation  into  mctemal  space  will  not  take  place 
altogether  from  those  particles  which  form  the  extreme  boundary,  but  ftom  all  those 
situated  within  a  oettaiu  distaaee  of  that  boundary ;  bat  this  will  not  render  a  ^ttenninatg 
relation  the  less  necessary  between     and  #«. 
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9.  It  has  alreadj  been  stated  (Art.  5),  tbat  if  the  density  of  the  shell  (J)  in  our 
lijpodictleil  cue  were  euActcntljr  mall  at  its  outer  bouodaty,  tbe  sMudmimi  dPcet  in 
dapreidng  a  thernMHiMter  entering  tbe  upper  r^on  of  the  shell  fruin  the  surrounding 

space  would  not  necessarily  be  at  the  extreme  boundary  of  the  shell ;  and  since  the 
density  of  the  atmosphere  must  he  extremely  small  in  its  upper  regions,  if  is  very 
possible  tiiat  the  point  of  maximum  depression  of  a  thermometer  moved  graduaiiy  from 
etdlar  a|nee  to  tbe  Eardi^a  8ttrfbee»  wouU  be  femid  at  n  eoBNdierable  diatanca  iritbin 
tbe  upper  limit  of  the  ataaoapherei  afame  tbe  cflfeet  ob  tbe  thermometer  will  depend  on  the 
number  of  atmospheric  particles  within  a  certain  ilistance  of  the  bulb,  as  well  as  on  their 
proper  temperature.  Thus  if  the  thickness  of  an  atmosphere  like  the  Earth's  were 
smaller  than  the  distance  of  the  point  of  maximum  thermometric  depression  from 
the  eitemol  boundary  of  tbe  atmosphere,  an  inenaee  of  the  quantity  of  atmoepbere  might 
dcprem  the  temperatuio  of  the  planefa  eurfSuie.  oo  the  cootraiyp  the  tUckneN  of 
the  atmeephere  be  greater  than  the  above-mentioned  distance,  an  increaie  of  atmoqiheiie 
must  necessarily  produce  an  increase  in  the  planet's  Buperficial  temperature.  We  are 
utterly  ignorant  respecting  the  lowest  temperature  which  might  thus  be  produced,  or  the 
•mount  of  ataMMpbere  wlueb  might  h«  fcqimcd  foe  die  purpoae.  Wo  are  eartem,  however, 
that  the  point  of  maximum  thermometric  depreiaion  in  tbe  Eerth^a  atnaosphere  must  be 
at  n  great  distance  above  the  Earth''s  surface,  and,  therefore,  that  the  quantity  of  atmoepbere 
which  would  produce  the  minimum  temperature  at  that  surface  muet  bo  TCfy  mwsb  ICH 
than  that  which  actually  envelopes  our  own  globe. 

to.  It  i^ipeara  then  tnm  tU*  general  reaaooing  tlwt,  aasuming  tbe  abaenee  of  the 
Stm,  the  atmosphere  in  which  a  planet  is  enveloped  may,  according  to  its  extentt  either 

depress  the  superficial  temperature  of  tbe  planet  hclow,  or  raise  it  above  that  of  surrounding 
space.  We  have  no  means,  however,  of  determining,  even  in  the  case  of  our  own  planet, 
which  of  these  effects  is  produced,  on  account  of  our  imperfect  acquaintance  with  the 
condoellng,  ndiatfaig,  and  absorbing  powers  of  the  atmoepliere«  our  igoonmoe  of  the  atate 
in  which  it  exists  in  its  upper  regions,  and  of  tbe  temperature  ef  apace  beyond.  But 
whatever  may  he  tlio  actual  effect  of  tlic  cxistin*^  atmosphere  of  our  globe,  we  are  sure 
that  an  increase  or  diiiiiiuition  of  its  quantity  woLild  jjroduce  a  corresponding  increase  or 
diminution  of  the  existing  superficial  terrestrial  temperature,  because  we  know  that  the 
temperature  indicated  by  the  thermometer  desoends  aa  w«  aaeend  ftom  the  Eartb*a  aurihee; 
and  this  is  tlm  important  point  as  regards  our  olyeet  of  aaeertaining  what  may  he  the 
influence  of  an  atmosphere  enveloping  any  other  planet  according  ae  that  atmoepbere  may 
be  greater  or  less  than  our  own. 

11.  If  tbe  mdiation  of  heat  upon  die  Earth  or  other  planets  from  dhftvent  portions 
of  apace  ihouhl  be  very  diifarent,  the  aame  general  nasMting  would  be  aptdicabfe,  and 

would  lead  to  similar  conclusions.    Whatever  may  be  the  quantity  of  beat  which  haa  to 

be  transmitted  back  into  surrounding  space  through  the  atmosphere,  and  whatever  may 
be  its  original  source,  tbe  greater  tbe  thickness  of  the  atmosphere,  the  greater  must  be 
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its  tMapaifttiWB  at  the  planet's  euHhoe,  that  it  naajr  be  enabled  to  traMnit  a  ^vea  quantity 
of  bent  in  a  given  time. 

The  effect  of  solar  radiation  i-  thr  mmc  as  if,  instead  of  proceeding  (nm  a  ^^fVt, 
it  procetded  generally  from  siirmuiuluig  ^pace,  flic  intensity  of  radiation  on  any  point  of 
the  Earth's  surface,  omitting  daily  variation-i,  lx:iog  a  function  of  the  latitude  of  the  place 
and  the  tuna  vt  the  jear.  It  will  be  my  ubjcct,  in  the  latter  patt  cf  tbU  paper,  to  cxainiaa 
the  data  which  we  paeena  fir  detemiittng  ninnefically  what  would  be  the  eihet  ef  an 
increase  or  diminution  of  our  atmosphere  on  terrestrial  temperature,  and  also  what  ia  the 
actual  effect  of  the  sun's  heat  on  that  tempL'ratvire.  We  shall  then  be  able  to  judge  what 
may  be  the  probable  influence  of  similar  cauaes  t>u  the  temperature  of  the  other  planets. 
Bat  he&n  I  proceed  to  dicee  points,  I  ehall  make  tome  temmka  oo  tbe  mathematical 
tfaataent  of  Ae  piobkm  whicb  baa  Ibr  iti  dject  the  deteminatiaii  of  tbe  aetnal  peeHue^ 
lenpeiatiiK,  and  dendty  of  the  Earth'a  atnoqihefe. 

12.  Conceive  a  cone  of  which  the  angle  at  the  apex  is  indefinitely  small,  the  apex 
coinciding  with  tbe  center  of  the  Earth.  If  this  cone  be  produced  through  the  Earths 
atmoepbefOt  the  eame  quantitj  of  bent  muit  pass  upwards  in  the  Mme  tinw  throi^  eveiy 
tranevene  seedon  of  the  eone  eompriesd  within  the  atmosphen!,  die  tenyeiatare  bdng 
ddered  as  steady.  T^ct  7  denote  the  quantity  of  heat  thus  transmitted  in  a  unit  of 
thnNigh  any  section  at  tbe  height  «  above  tbe  Earth's  suriacei  then  must  we  have 

 -••  (•)• 

If  tbe  traosoaiseioa  take  place  by  cooduction,  we  have 

where  ^  is  the  temperature  at  the  height  p,  and  k  tbe  conductive  power,  probably  some 
function  of  the  density  p.  If  the  tiansmisslon  take  place  by  radlatioa  within  certam  finite 
distances,  or  by  convection,  or  by  all  three  modes  conjointly,  it  is  manifest  that  q  must 
depend  on  the  diflSeccnce  cf  temperatures  at  the  pcint  wboee  height  is  m  and  at 


points,  and  the  expreision  for  it  most  therefore  involva  die  difiieffeiitial  eodBctoat 


so  that  equation  (1)  will  neeesMrily  be  a  diflhrenlial  equation  of  die  aeeovd  otdcr.  Another 
equation  must  give  us  a  reUtion  between         and  «.    If  the  atmoapbeie  be  at 

equation  is 

dp  ^ 

dz'-^JTi^yp  

where  r  e  radius  of  the  Earth.    A  third  relation  between  p,  p,  and  ^  depends  merely 
the  property  of  air  and  not  on  the  particular  conditions  under  which  it  exists  as  ao 
sphere  surrounding  a  particular  plaact.    \Vc  have  a&  the  result  of  experiment* 

p-oV(l  +a^)    (S), 
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where  n'  i*^  ('onstant.  This  law  is  known  lo  hold  within  wide  limits  of  the  density,  though 
it  might  not  be  safe  to  conclude  that  it  would  be  true  for  the  extremely  small  density  and 
low  temperalura  of  the  air*  at  the  upper  boandary  of  the  atouMfiliere. 

The  last  of  the  above  equations  combined  with  the  integrals  of  the  two  former  (or  more 
strictly  the  equivalent  exact  equations,  if  they  were  known)  would  give  the  values  of  p, 
and  1^  u  fitoctiona  of  «,  the  reqwivd  coDditiooa  being  given  for  the  determination  of  the 
oomtanta.   The  integnl  ef  equation  (1) 

q  «  ooDM.  •  o, 

Dutt  invfllTe       and,  thevefoM^  if  the  rale  of  deeveeae  of  temperature  be  fptm  iar  anj 

given  height*  or  when  »  •  4V  the  Telue  of  e  maj  be  determioed ;  or  it  will  be  immediately 
known  if  the  quantity  q  be  given.  The  other  two  omitante  may  alao  be  oooceiTed  Co  be 
determiiied  from  given  valuet  fh  and    of  the  prewure  and  temperatttte  when  s  •  Oi 

YariooB  other  condidone  may  manifeetly  be  amigned  for  die  determination  of  the 

eonstants,  but  we  may  observe  that  if  we  suppose  gravity  constant  throughout  the  height 
of  the  atmosphere  (as  we  doubtless  may  without  sensible  error)  that  our  three  fundamental 
equations  will  not  involve  x  explicitly,  and  consequently  the  results  immediately  deducible 
from  them,  while  the  constants  introduced  by  integration  remain  arUtrary,  muat  be  inde- 
pendent of  the  poiition  of  the  origin  from  whieh  m  w  meaeured.  Hence  if  9  be  given, 
and  pt  and     be  alio  abiolutcly  given  quantitiea,  the  eonetanta  determined  by  the  above 

conditions  will  necessarily  have  the  same  values  whether  the  origin  of  .;■  he  at  tlie  surface 
of  the  Earth  or  at  any  assigned  height  above  it.  Thus  if  there  were  two  planets  for  which 
g  was  the  same,  and  for  one  of  which  the  pressure  and  temperature  should  be  p,  and 
at  the  aurface,  and  ahould  have  the  aame  valnea  for  the  other  at  a  height  A  above  ite 
aurfacep  then  the  preeaure,  temperature,  and  denrity  in  the  former  at  the  hdj^t  »  would 
be  the  same  as  in  the  other  at  the  height  h  +  sr,  and  the  height  of  the  atmosphere  in  the 
one  case  being  //,  that  in  the  other  would  be  A  +  //.  In  the  <;eeond  caw  tlie  temperature 
would  manifestly  increase  in  descending  below  the  (Mint  at  the  height  h,  according  to  the 
law  whieb  Ae  final  equations  would  detersdne^  Hence  the  greater  the  value  of  A,  L  e. 
the  granter  quantity  of  atmoaphere  by  which  •  planet  is  sttnouaded,  the  greater  einlertit 
paribus  must  be  the  temperature  at  its  surface^  This  result  is  of  Huch  manifest  importance 
in  reference  to  the  leading  objects  of  this  paper,  that  I  have  thought  it  worth  while  to 
establish  it  by  considerations  more  detailed  than  the  general  reasoning  of  the  previous 
artidea. 

If  we  suppose  die  heat  to  be  transmitted  upwards  through  the  EartVs  atmoqihere 
addy  by  conduction  we  afaall  have  fbt  the  integnd  of  (i), 

da 
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Poisson  lias  worked  out  the  problem  of  which  the  fundamoital  equations  are  (l),  (S), 
•nd  (8),  Mrainiiig  k  to  vtrj  «•      which  givet 

mod  has  obtained  the  complete  expressions  for  p,  p,  and  ^  in  terms  of  x.  The  condition 
p  •=  n  then  gives  the  height  of  the  atmosphere  and  its  denrity  at  its  upper  limit.  The 
author  does  not  attach  aay  practical  value  to  thia  aolutiou,  but  merely  gives  it  as  an 
«x§mjplit  U  tli«  miniMr  in  whiA  thi  pralilem  wmiUi  bive  to  be  treated  to  obtain  the 
actual  Tilttce  of  p,  pt  wid  if  we  had  noce  peiftct  knowledge  of  tlie  law  bjr  whidi  the 
atmoqiliere  does  actually  transmit  heat  from  the  eiu&ce  of  the  Earth.  He  oht^m  the 
result  that  the  density  of  the  attTioijihcre  at  its  upper  limit  would,  under  the  conditioOl 
assumed,  be  finite;  and  consequently  that  the  coaditioa  fmO  at  that  lioiit  could  oalj 
be  satisfied  by 

or  r----27S«(C.) 

It  ihould  he  remailEed  diat  thi»  tcij  low  temperatuve  would  not  be  that  of  eunoaoding  ipeeef 
but  that  of  the  constituent  pwtictet  of  the  atmosphere  at  its  upper  limit,  where  the  air  wouU 
cons^ucntly  1<>^  all  its  elasticity,  and  be  reduced  to  the  state  of  a  fluid.  This  value  of  ^ 
would  be  that  which  I  have  designated  by  Tg,  and  it  would  follow,  according  to  this  solution, 
diet  the  temp^ature  heretofore  denoted  bj  i;  muet  be  leee  than  S75<*  (C.)  But  the  result  could 
l^ve  ua  no  knowledge  of  what  I  have  termed  1^,  ov  oooeequendy  of  +  #i  die  proper  teupen^ 
tint  of  eummnding  qmoe. 

13.  Another  method  of  treating  this  problem  consists  in  making  use  of  an  assumed 
expression  for  l  -f  in  terms  of  the  density  instead  of  equation  (I)  (Art.  IS).  Thus  wc 
majaaiaine 

and  enbetitttting  in  (9),  we  have 

pm^  {M^p  +  Jf,p«i«+  &e.}  (♦). 

end  therdbre 

^  -  a»{Jf,  +  (m,  +  1)  Mtp'^  +  &c,}. 
Equatioa  (S)  then  becomee 

o«  jif.bg^  +  ^  M,p',  +  ...j  -  c  + 
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aod  if  j»  —  ^  at  the  Earth's  surface, 

log  ^  +  ^  J/,p.-. ...  I  -  C  +  #f*i  s 

A  «^  {ilf.log^  M,(fJ^  -  pP.)  +  ...}  .*r-^-. 

Now  since  j>  a  o  at  the  upper  limit  of  the  atmosphere,  we  must  also  have  by  et^uatiun  (4), 
pmo  tot  thftt  UmU.  But  the  fint  aid«  of  the  k»t  equitioii  wmiM  Am  heeooe  iofinitc^ 
wheraaa  do  value  of  «  will  render  the  Mcond  tide  kfiDite;  and  thcrefiwe  the  equatioD  cunot 
be  aetiefied  unkta 

and  wc  then  have 

If  »,  be  the  lliuiiiiig  value  of  k,  we  thus  obtain 

mgMf  ncariy; 

a  finite  quantity. 

We  have  also  (since  if,  ■  0) 

1  +      -  if,p"'  +  +  &c. ...  ; 

but  this  gi'ves  us  for  the  determiDation  of  |^  at  the  upper  atmoepheiic  Umit  (or  r,  of  mir 

previous  notation) 

1  +aT,  -  0, 

T,---  -  -27S»(C.), 
c 

the  same  as  that  determined  by  PoiaeoB. 

In  this  method  the  conductive  power  of  the  atmosphere  is  tacitly  assumed  to  be  such  as  is 
consistent  with  ihc  iiji  '  ird  transmission  of  a  determinate  quantity  of  heat,  whether  by  con- 
duction or  limited  rutiution  through  the  atmosphere  at  rest,  the  law  of  density  being  auch  as 
ia  eKppeiied  by  equation  (5).  The  condition  of  the  aniMian  of  the  eame  quantitj  «f  heat 
thraugh  the  upper  aurfiwe  into  the  attrromidiBg  apaae  ia  abo  aMunad  to  be  oatiafied. 

Another  method  consists  in  comlNnin^  with  equalionB  («)  and  (S),  an  eqnatiaB  vUeh 
expNMet  a  relation  hetween  j^and  «.   Tboa  w  may  aaanme 

and  ibMe   -  rg  when  MmO» 
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and  therefore 

1  +  «J^*  1  +ar,  - e,«  -I- «,>f4f9^'. 
Let  /3  be  a  poiitiTe  not  of  the  etpatiaa 

l4<tr,-0|«4- ...  +«;<«0  (^; 

then  we  may  write 

^ («)  bang  a  mtMMul  fonetiao  ef  «;  mnd  we  ehall  h«re 

I  dp        gr*  1 


a»  (r  +  «)«^(«)l 


(Art.  12); 


where  L  ia  independent  of  m,  end  Jf  a  fuaetion  of  lower  dimenaont  in  »  than  the  denami- 
natoiTi  Hence 

Now     ^  j      alwaye  be  expiened  in  partial  fractiont  of  the  following  fonns» 

L,         Lt         A  P+Q/K 

where  the  quantities  denoted  by  the  large  letters  are  independent  of  s,  y  being  a  positive  root 
of  equation  (6),  S  a  negative  root,  ami  +  Xz  +  i*  ix  ([uadratic  factor  correspomling  to  a  pair 
of  impossible  roots  of  ilu-  equation.  Now  it  is  easily  seen  that  Done  of  the  iiiti-i^rals  of  tlie 
laat  four  of  the  above  fractions  could  become  iuilaite  for  any  finite  positive  value  of  or  tor 
such,  therefore,  at  could  be  aTailable  for  Mtisfying  in  the  latt  equation  the  oonditioii  p  ■  0* 
wiiich  nuat  hold  at  the  upper  atni€iph«ic  boundary.  The  only  adaiiasible  value  of  »  for 
that  purpose  must  be  a  positive  root  of  equation  (5).  And  this,  moreuver,  must  be  the  least 
poBtive  root  of  that  equation ;  for    and  y  being  poutive  roota,  if  y  be  taken  for  the  height 

of  the  atnioephere  and  be  greater  Chan  ^  I  •¥  Pt(t  «Bd  therefore,  tttan  equation  {S),  ^  must 

have  different  eigai  according  at  ar  i>  greater  or  lees  than  j3 ;  i.e.  dtber  p  or  p  most  become 
negative  at  obtain  hdghti»  which  i>  absurd.   Consequently  if  /3  he  the  leaet  pontile  root  of 

tM|uation  (6),  it  is  the  value  of  m  admtstible  for  satisfying  the  oondition  p>0,  or  log  —  «•  —  co  in 

Pi 

the  last  equation.  Hence  the  least  positive  root  <^  (6)  will  give  the  height  of  the  atmusphcre 
provided  the  inerement  of  temperature  at  any  height  »  can  he  expressed  in  a  series  prooeediog 
aficoffding  to  positive  and  integral  powers  of  z,  sod  provided,  abo^  the  value  of  p  does  not 

become  negative  for  anj  value  of  x  lc«3  than  j3. 

At  the  upper  limit  of  the  attooispbere,  where  «  ■>  /j,  i         ia  reduced  to  zero ; 

i.  e.    1    art  •■  o. 


uiyiii^ca  Ly  GoOglc 


AND  THE  OraSB  PLANETS  07  THE  80LAB  SYSTEM.  641 

a  *  ' 

M  in  the  prefiMu  con. 

We  naj  shew  dut  pvfflooClKoonie  n^gatlTelbranj  Table  of  «lm  We  hew 

from  cqiwtkM  (<) 


which,  at  the  upper  boundary  of  li  ntmosphcre,  assumes  the  indeterminate  form  To  find 
its  real  value  we  have,  on  f5iib9tituting  the  assumed  expression  for  1  -f  oj^  in  the  equation  (i) 

•  _  i      _     -  2c,»  -  &c.  -  »ic,«»-'l 

"  pd»     p  dx     1  +  ar,  -  Ci*  4-  ,„  -f  eg*"/ ' 
Also  from  (1)  and  (2), 

— — 

or  omittiDg  -  >  which  may  be  done  indioat  titk  of  enor, 

i  f^.  1 
p  dK        a*C|  1  +  ar-  e. 

 •-«+...  +  - 


Hence   -  ^        ^      ^'  <^ 

<?1  «l  Ci 

Since  tlie  numerator  of  this  expressioQ  is  of  lower  dimenaioae  than  the  denonunator.  taking 

/3  as  before,  we  shall  have 

The  same  reasoning  wiU  apply  to  the  lart  tcm  «f  tUa  cxpv«amn  aa  in  the  pwriona  case, 
and  «  -  j3  will  giT«  p  .  o  provided 

(f.-''i)+««k/8  +  ne«/J-' 

be  a  positive  quantity.  If  it  were  negative,  log  would  neceaaaray  be  poaitife  when  fi^m 
ihouk)  be  auCdanay  muU,  and  eoonqnantlj  p  wovJd  be  gnalar  than  pt. 
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Hence  we  must  hsve 

e,  <  J  +       ......  +  ne^'\ 

If  we  neglect  Cj,  Ct ...  <?,,  we  obtain 

-     1  +vrt 
where  Qm  ; 

and  therefore  will  be  in  tliit  caie  the  hdi^t  of  the  atnosplicre  subject  to  the 

condition 


Now  we  Imve 

a  -916,118  feet*, 
g  =  32,179  .... 

Or  if  we  take  100  feet  for  the  unit  of  length 

a  -  9>i6n8 
g=  ,32178. 

Aim  —  is  the  decreoicot  of  tempemture  in  ascending  through  a  unit  of  height,  as  appears 
c 

horn,  the  aasnmed  expreanon  ibr  1  4-  oj^;  and  this  decveokent  will  be  expretaed  in  centigrade 
dcfgiees  if  w«  make 

a  -  ,0009665. 

Hence         ^  mnit  be 

a  n'a 

<i&\*.  (C); 

t.  e.  the  above  value  of  (i,  in  the  case  we  are  <»nsideriiig,  will  give  the  height  of  the  atmosphere, 
if  the  increownk  of  temperatare  oonesponding  to  the  ascent  of  lOO  feet  be  leas  than  IV,4 
centigrade  degreea.    It  ia  in  fact  only  the  fraction  of  a  degree. 

The  limit  for  the  valoes  of  ^  would  manifest] j  be  less  than  the  above  if  e,,  Ck< ... 

were  too  large  to  be  neglected  and  were  negative. 

At  the  liaiit  ut  the  atmosphere  where  £  »  ^,  wc  have  still,  as  in  the  former  ca&es. 

1  -f  ar,  «  0, 

a 
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14.  It  appears  then  that  in  whichever  of  the  above  methods  we  solve  this  problem,  we 
arrive  at  the  same  result  respecting  the  temperature  of  the  at(no«pbere  at  its  upper  limit.  The 
only  r««ioo«ble  canw  of  doubt}  I  tliiiik.ii  to  tlut  temperatUM  being  lo  lo«r  w  here  detendDed, 
if  to  be  found  in  tiie  eanunption  tbat  the  equation 

}»  -       (1  +  at), 

where  a  and  a  are  constant,  holds  true  for  extreoiciy  low  values  of  p  and  t.  But  whether  this 
be  accurately  to  or  no^  there  can  be  no  sufficient  reason  to  doubt  tkie  accuracy  of  the 
oonduaiM  tlwt  tbe  temperature  r»  mutt  at  kaat  approxinuite  to  KMoe  socb  low  value  aa  that 
detemined  aboreb 

Ifi.  Tbe  best  data  we  possess  for  the  deterrainatioQ  of  ibe  cooatant  ^— j  are  famished  by 

Mr  Welsh's  observations  made  in  four  balloon  ascents  from  Kew,  of  which  two  were  made  in 
the  month  of  August  is:?,  one  in  October,  and  another  in  December.  He  reached  the  height 
of  very  yearly  SSOOO  feet  above  the  Earth's  surface.  In  each  ascent  the  temperature  decreased 
in  aicending  a  fcv  tliowand  fte^  and  tbcn  iieeanie  stationary  Ibr  aont  tbree  or  four  tbou- 
■and  feet,  aftier  vbich  a  regular  deereaae  again  oomBicnoed.  Tbit  aooaialy  wm  naniftestly 
dne  to  peculiar  atmoepheric  cauaea,  and  ougbt  to  be  abstracted  in  determining  the  proper 
decrease  of  t<-my>eratiire  due  to  general  catises.  This  being  done,  Mr  Welsh  shews  that  the 
law  of  observed  tenijxjrature  is  very  nearly  as  well  expressed  by  taking,  in  the  series  for 
1  -i-  a^.  only  the  term  involving  tbe  first  power  of  £,  aa  by  including  also  the  term  in  z* ; 
and  Iw  obtain!  the  following  decrementa  of  temperatun  tar  lOW  feet  of  aacent.  In  die  torn 
aaeenta  reipeetlvdy: 

Aug.  17...«>,«M  (F.) 
Aug.  iff .9^,440 
Oct.  «l  ft*9l 
Nov.  10  ...  ^fiiK 

Mean  ,..«»^  (P.) 
or   ,..  I«,M  (C.) 

Betalning  tbe  centigrade  dcgreea,  and  talcing  100  leet  for  owr  unit  of  length,  we  eball  haw 

-  -  ,185. 
a 

Mr  Wdab  aleo  givei  tbe  imulta  of  hb  obaervationai  fireed  at  fiir  as  powible  Aom  tlie  eActs 
of  anomalous  causes,  in  the  following  fonn,  ahcwii^  tbe  mean  aseent  ooimponding  to  one 
degree  of  FahreDheit : 

Aug.  17  ...  ^292,0  feet. 
Aug.  26  ...  290,7  ... 
Oct.  «l ...  ... 

Nor.lO...««.0  ... 
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The  concapooding  height*  for  one  degree  centigrade  are 

Aug.  17  ...  '*2-^,<)  fM't. 

Aug.  S6  ...  5^3,2  ... 

Oct.  SI ...  fiM^r  ... 

Nov.  10 ...  5(!ft,6  ... 

The  fint  three  of  these  reeuUi,  it  vill  he  ciieervcd,  m  neuly  ldeatkal»  whflethe  ibartfa  ie 
materially  difPerent.  lo  theee  aeeents  the  hdghti  attaioed  above  the  aeeJerd  wete.  re- 
apectively,  io  feet 

i95I0,     igiOO,  1S64<^ 

The  height  attahied  in  the  third  faeiog  lo  nudi  Icm  thaa  thoae  in  the  other  time  Mcenta,  it 
cannot  be  lo  well  compared  as  the  first  two  maj  be  with  the  last.  BcstrietiBg  Ac  ooimiarieona» 

therefore,  to  those  of  the  first  two  with  the  last,  we  may  easily  recognise  a  principal  cause  of 
the  discrepancy  in  the  re<«uHs  of  the  observations.    The  temperatures  of  the  air,  reduced  to 

the  itva-levcl)  were,  approximately, 

Aug.  17 ...  7I*,6,  (F.) 

Aug.£6...0i«A 
Nov.  10...M^,S; 

the  difference  between  the  last  and  the  mean  of  iSte  Cnt  two  being  (P.),  it  night  be 
expected  that  the  decrement  of  temperature  would  be  less  in  the  last  than  in  the  first  two 

ascents.  Supposing  this  to  be  t!ie  true  cause  of  the  discrepancy  in  question,  it  woulil  appear 
tiiat  a  depression  of  temperature  at  the  surface  of  the  Earth  of  so"  (F.)  would  cause  an  increase 
of  about  SO  leet  in  die  ascent  oonrespondiag  to  a  decrement  of  l*>.  The  mean  temperature  at 
the  pule  is  about  80*  (F.)  lower  than  that  of  our  own  rqiion;  and,  tbeneAne,  according  to  this 

calculation,  the  increment  of  height  corresponding  to  a  decrement  of  1*  (F«)  at  the  pde,  would 

be  about  so  fv'ct  more  tliiui  in  tlu-sc  latitialt's. 

It  must  not,  liowcvLT,  be  forgotten  that  there  is  one  uoavoiihiblc  source  of  error  in  the 
comparibuii  of  llie  results  of  observation  aud  those  of  theory  on  this  subject.  Io  the  funda- 
mental equation 

p'^pii  ♦oj;), 

^  denotes  the  proper  tem])eratLire  of  the  air  itself,  whereaa  the  temperatures  observed  at 
different  heights  above  tlie  I'-arth's  siirfare  arc  thowr  wliich  result  from  tJie  temperature  of  the 
air  combined  with  the  all-pervading  influence  of  stellar  radiation.  The  effect  of  direct  solar 
radiation  is,  of  course,  supposed  to  be  carefully  obviated. 

Observationa  on  temperatuie,  however,  such  as  those  above  recorded,  enable  ua,  indepen- 
dently of  the  error  just  mentioned,  to  estimate  the  effect  of  an  assigned  inoreaae  or  decrease  in 
the  Earth's  atmosphere;  for  if  that  atmosphere  were  diminishid  by  a  quantity  equal  to  that 
which  occupies  a  spherical  shell  immediately  surrounding  the  Earth  of  lOOO  miles,  for  example, 
in  thickness,  the  mean  superiicial  temperature  of  the  Earth  would  be  iliuiinishcd  by  rather 
more  than  2P  (F.),  and  to  a  proportionally  greater  amount  if  a  greater  quantity  of  atmoephere 
were  abetraeted.  A  like  increase  of  temperature  would  result  from  a  corre^Mmding  incrsaae  in 
the  quantity  of  atmosphere. 
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16.  HftTing  diDt  eoMidcfliad  the  iDfluenoe  which  an  atmoaphere  like  that  of  the  Earth  ia 
capable  of  exerting  en  tiie  niperficU  tenpeialure  of  a  phuet,  I  ahall  praceed  to  ooodder  the 
influence  of  solar  heat  on  that  temperature.    It  has  been  already  stated  that  the  Earth'** 

atmosphere  is  nearly  diathermanout  for  the  lu-iit  riitiiating  ilirectlv  Troiii  the  Sun.  It  is  not 
probable,  however,  that  it  is  entirely  so,  and  if  not,  it  must  absorb  M)me  ht  at.  whirl;  must 
elevate  in  some  degree  the  temperature  of  ita  constituent  particles.  This  augmentation  of 
temperature,  however,  nuflt  be  too  amall  to  render  it  of  any  importanoe  In  a  diecuadoo  like  the 
pveaent,  and  may  therefore  be  omitted.  We  may  regard,  then,  nearly  the  whole  of  the  solar 
heat  which  rmliates  towards  the  Kartli  as  penetratin<^  bv  direct  radiation  to  the  lower  rvgion  of 
the  atmosphere,  and,  when  not  intercepted  by  clouds,  to  the  surface  of  the  Earth.  That 
portion  which  reaches  the  surface  is  nearly  all  absorbed  by  the  terrestrial  objects  on  which  it 
ftlia,  which,  after  tbua  beeonuug  heated  to  «  tempetatura  above  that  of  the  eurrounding 
atBioaplicre,  give  it  fi>rth  again,  and  in  such  degree  that  the  mean  quantity  thus  given  hack 
in  the  course  of  a  year  is  equal  to  the  mean  annual  MQiply  derived  from  the  Sun.  Thu 
terreatrial  heat,  as  ahcadv  explflincd,  not  poRse«»infr  the  power  of  direct  grJar  fiat  to  permeate 
the  atmosphere  without  loss  of  intensity,  passes  into  it  either  by  conduction  or  partial 
radtatfoo,  and,  being  abaorbed,  elevatea  the  temperature  of  the  atuMiqibeie.  But  the  atmcn 
ephere  when  thue  heated  givee  back  again  to  the  Earth  itaelf  a  portion  of  the  lieat  which  it 
haa  tbua  acquired;  and  this  action  and  reaction  is  coiitiniud  till  the  ultimate  equilibrium  of 
temperature  is  estahliohed.  Tlie  direct  s«lar  heat,  ititercejited  and  absorbed  by  the  cloiii?«, 
is  given  forth  again  in  all  directions,  and  thus  contributes  also  to  elevate  the  temperature  of 
tlie  Earth's  surface  and  of  tlw  atratum  of  the  atmosphere  repu&iug  upon  it. 

W«  dioald  expect  that  the  OMan  annual  temperature  of  that  portion  of  the  atmosphere 
which  is  constantly  in  contact  with  the  Earth's  surface,  would  be  very  nearly  the  same  as  that 
of  the  surface  itself;  and,  as  far  as  obstrvation  has  extended,  this  has  been  verified  ;  for  It  has 
been  found,  where  the  necessary  ob'^i  rvatioiis  have  been  made,  that  the  mean  annual  tci!i[nrn- 
ture  of  the  air,  deduced  from  utdiuitinna  of  a  thermometer  in  the  shade,  and  tliat  of  the 
aurfaoe  of  the  Earth,  deduced  ftom  a  thermometer  of  which  the  bulb  was  placed  just  beneath 
the  aurbee,  are  nearly  identical  Hence  if  any  assigned  cause  produce  a  certain  effect  on  the 
mean  superficial  temperature  of  the  Earth  itself,  we  know  that  it  must  produce  the  same  eflect 
on  the  mean  temperature  of  the  adjacent  atmosphere  as  a  direct  and  immediate  consequence. 
Thus  PcHsson  has  calculated  the  increase  of  the  Earth's  mean  superficial  temperature  due  to  tlie 
quantity  of  heat  which  radfalea  dhrectly  upon  it  from  the  Son.  The  mean  atmospheric  tem- 
perature receives  directly  on  this  account  an  equal  augmentation.  Tliere  then  remidns  to  be 
calculated  the  additional  effect  above  mentioned  arising  from  tlie  mutual  interchange  of  heat 
between  the  Eartli  and  its  atmosphere.  Poi'««ion  hm  likewise  given  forrnulje  for  this  purpose; 
but  experimental  data  arc  altogether  wanting  to  render  them  of  the  slightest  practical  value. 
I  shall  endeavour  in  a  different  manner  to  estimate,  in  the  sequel,  this  leas  direct  eflhct  of  the 
eolar  heat  in  elevating  the  Earth^s  superlidal  temperature  and  the  temperature  of  that  portion 
of  the  atmosphere  which  determines  the  dimatal  conditions  under  which  we  live. 

The  statement  now  made,  it  will  be  observed,  respecting  the  equality  of  the  temperatures 
of  the  surface  of  the  Earth  itself  and  of  the  contiguous  stratum  of  its  atmosphere,  applies 
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odIjt  to  the  mean  anmuU  temptr^urag.  We  MH  ti\m  bavt  to  «mdiie  what  nbtioiM 
may  exist  between  the  periodfcd  ehaagee  in  tbeae  temperatam;  an  examiMtioo  for  vMeh 

the  researebet  df  PrafcMor  Dove  have  furnished  us  with  far  better  materida  tban  we 

previously  po»«e*sp<l.  After  thus  estimating  thft  entire  effect  of  5olnr  heat  on  the  tetnperatiire 
of  our  own  globe,  we  shall  be  prepared  to  make  also  suine  approximate  estimate  of  the  influence 
which  it  may  exerdae  cm  tbe  other  planeta  aeeording  to  the  cooditions  under  which  they 
maybe  plaeed. 

The  Thhrie  de  la  Chaleur,  the  work  of  Poisson's  in  which  the  investigationt  alluded 
to  are  given,  is  as  admirable  for  tlie  phvsieal  as  for  the  mathematical  analysis  of  the 
prnblcms  there  investigated ;  but  it  is  so  elaborate  (in  some  cases  perhaps  uselessly  so  for  any 
practical  purpose)  as  to  render  it  extremely  difficult  for  reference  to  particular  portions 
which  luay  bear  upon  particular  probletDS.  I  hare  therefore  thought  it  worth  while  to  give 
in  regular  lequenee  the  fbrmuls  which  bear  directly  on  the  questiooa  of  tbia  paper,  though 
in  doing  so  I  am  led  to  make  such  citations  at  greater  length  than  I  mi|^t  other  wife 
deem  admiwible  in  a  communication  of  this  kind. 

17.  Pnisson  first  determines  tlie  law  of  temperatnrp  within  the  Earth  on  the  supposition 
of  the  temperature  of  surrounding  space  being  evi  ry where  equal  to  zero  :  nnf^  flien  extends 
the  solution  of  the  problem  to  the  case  in  which  the  external  temperature  at  any  point  of  the 
Eaith'a  aurfiiGe  i«  supposed  to  depend  00  the  htltode  of  the  place,  and  alio  to  be  a  peiiodicnl 
funethn  of  the  time,  eo  that,  denottog  this  tenperatare  by  ^,  we  hafe 

^  =  B  +  A  cos  {m  t  +  e)     J'  cos  (m't  +  e')  +  Ac., 
where  the  coefficients  depend  on  the  latitude*.    If  «  be  that  part  of  the  tanreitrial  temper- 
rature  which  depends  on  ^,  we  then  have 

+  Aj'r=^co.(«'<  +  .'-^\/j.i,)J 
+  tie. 

where  D  and  tun  determioed  by  the  equations. 


(7X 


X>  ros  ^  -  6  -f 


J9  nn  j  « 


and  generally  D|  and    are  determined  by 

 (9> 


X,cosi,-*  +  5i^ 
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Tbe  tcflipenitUK  ^  k  that  externil  tempentiite  wblcb,  if  it  actually  exiated,  wonU,  by 
bjpodicili^  fmduce  the  same  effect  on  the  Earth's  ioteroal  temperature  as  those  external 
causes  which  feally  exist  Tbe  ezpreflaion  for  therefore  at  any  point  of  the  Eartb'a  turfaee, 
depeod*  oa 

(I)  The  exchange  of  radiating  heat  between  the  proposed  point  and  any  external 
bodic-s,  such  as  the  stars,  or  the  component  particles  uf  the  atmospheres; 

(9)  The  heat  conimutiicatcd  to  or  abstracted  from  the  Earth  at  the  proposed  point 
hy  the  atmospheric  particles  immediately  in  contact  with  it,  sucli  transference  of  beat  taking 
place  by  eondoetion  x 

(J)  The  heat  efflaoaUog  from  the  Suo,  and  arriving  at  the  proposed  point  after 
anSering  a  certain  degrea  of  abawptJon,  whether  in  paning  thraagh  the  atmoaphetev  or  tbrmigb 
jplanetary  apace. 

Tbiia  the  quantity  of  heat  which  panes  through  an  element  •  of  the  Earth's  surface  at 
tbe  point  propoeed  {P^  ia  tine  it,  nay  be  represented  by 

where  p  is  a  oonsiant  wUeh  neasures  the  emissive  power  of  the  Earth's  satfiwe  at  P.  Also 
if  ^  be  the  temperature  of  surrounding  apnea  e^h  woM  produce  tbe  sane  eftet  as  (1), 
this  effect  may  be  represented  by 

and  aunilarly  the  effect  of  (S)  nay  be  expressed  by 

Again,  let  o-  denote  tbe  quantity  of  beat  which  proceeds  iron  the  Sun,  and  would,  inde* 
pendently  of  the  absorptiun  above  mentioned,  fall  on  a  unit  of  the  Earth's  surface.  Tlien  nv 

may  represent  that  part  of  this  quantity  which  actually  reaches  the  Earth's  surface  and 
enters  it  at  F :  and  if  d  be  the  angle  uf  incidence  at  tbe  quantity  of  solar  heat  which 
passes  through  at  in  time  St  will  be  equal  to 

na  cos  $ .  taSt, 

Hence,  we  obtain 

p(u  -  J^)-X(tt  -f)  +  X,(w  -  I,)  -  ncrcosa, 
and  since  we  must  here  have 

we  have 

yi       X    y       X,         Kg  cos  0 

^  "  jT+x]  *  *  xTx. '  *  x  +  x,  • 

In  tbe  sequel,  Poisson  assumes  that  tbe  effect  of  the  atmospheric  particles  in  immcdiaie 
enntnet  with  the  Earth  is  mueh  leas  than  that  produced  by  the  iatm-jmBalikm  between  tbe 
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Earth**  surfkee  and  the  almiMpbMlc  pwticlM  tritlim  tbe  iphoa  «f  ibia  atataal  tadiatkM.  Oa  tliu 

supposition,  which  may  be  ictdilj  admitiadf  ^  will  be  nnaDi  aad  wa  ilull  have  approximately 

„      V       KO'  COS  0 

X" 

Poisson  shews  how  the  ouinplet«  value  of  ^  uiigtit  b«  deteruiiDed,  but,  na  already 
iatimated,  eaperiawat  altogether  faik  to  give  ut  the  dak(  windi  aia  required  to  refider  this 
tlieoretieal  detenaiaatioo  praeticaUy  aTaikble.     We  have  much  better  taaaae,  liowevir,  of 

determining  the  approximate  value  of  the  second  term  in  the  above  expression  for  ^. 
If  r  denote  the  inMaauuieoue  diatance  of  the  Earth  from  the  Sun,  we  ahall  have 

S 

where  5  is  a  meamre  of  the  ioteneitj  of  the  8aii*»  radiation.  Alio  9  ie  the  Snn'a  aenith  die* 
tance,  and,  therefore, 

eo»9>«iOfiein7dnv'i>eoi|H«Mi^  \/i  -  do*  7  lia**, 
where  m    latitude  of  the  ptaoe, 
f  m  obliquity  of  the  eeKpcie, 
V  •  Bun's  longitude^ 

^  ■  Sun*s  angular  dlaimce  ftom  the  meridian,  «  and  ^  lidng 

coniequcntly  functions  of  the  time  1    If  then  we  substitute  Ibr  eos  0,  we  have 

mrcoB$    kS  .  .  ,  

— —  —      Jsin    sin  7  ua  V  +  cos ^  cos  1^  y/\  -  aia'y  siQ'v|, 

in  which  expression,  neglecting  the  eccentricity  of  the  Earth's  orbit,  r  may  be  taken  as  the 
mean  distance  of  the  I'artli  from  the  Sun.  The  expression  will  only  he  true  when  the  Suo 
it  above  the  horizon  of  the  place,  a-  cos    being  zero  when  the  Sun  itt  below  the  horizon. 

Hence, '"^  f**^  is  a  diseootinuous  function  of  ^,  and  cso  iie  expressed  by  a  wdl-kaovn 

fnrnuila  in  a  series  of  tcms  containing  respectivdj  the  ooeines  of  ^  and  of  its  mulliplss. 
Effecting  this  trsnsformation.  our  author  obtains 


where 


V  .  1  ^+  ^\  cos^*  FtCosS^  + &c}, 

"KKT 


F  >  ^  sin  ^  sin  7  sin  v  +  Q  +     cos  8  V  -t  <^  COS  4v,  8tc, 


On  Qi>  being  numerical  quantities  the  vnlius  of  whidi  arc  immediately  eapressihle  by 
means  of  elliptic  integrals.  F,,  F„  &&  nwy  be  exptcsaed  to  a  dmihu-  manner.  Thus 
we  have 
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triddi  A*  value  «f  }^  «t  any  place  whoie  htitiide  w  ^,  on  the  day  when  the  8un^ 
kagilnde  k  ii^  and  al  the  tjoae  whea  his  angular  Stance  from  die  — ia  ^. 

The  terms  inrcdving      will  have  for  their  period  a  day  or  a  submultiple  of  a  day;  and, 

therefore,  if  wc  omit  these  daily  inequalities,  atid  restrict  ourselves,  to  the  consideration  of  the 
Dtean  value  uf  ^  aud  its  annual  and  semi-annual  inequalities,  we  shall  have,  substituting 

tot  V,  and  putting        -  A, 

J  >•  4    A  |-  sin  /u  sin  7  sin  «  +  ^  +      cos      -4-  &c|, 
and,  taking  a  jcar  tat  the  unf  t  ef  thne,  we  have 

and,  tbstcAiret 

J[ml^4-h  |g  sin  »  dny  tin  Sirf  +  Q  +  +  &e.|, 

and  therefore,  the  above  equation  may  be  written, 

l^^^  +  kQ*h,jdUfkVay0M       -        AQi  eoe  *wt  +  &e. 

This  expression  for  1^  will  coincide  witli  that  given  above  (p.  646),  if  we  put 

A  •■A.-^am^aia'y, 

&c*  •  &c> 

m  -  St,   «  -  — 

m'  -  4ir,    c'  « 
S:c.  &c. 
Hcnoe  the  equation  (7)  becomes 

+  4i  A  -  an  M  ain«ye"S*coa  i^rni  -  -  -  -  y/^  -  i\ 
«*•  fte. 

18.  This  expression  contains  three  unknown  quantities  a,  6,  and  A.  Poisson*  thus 
determines  their  values.    The  third  term,  containing  Q,^  and  the  subsequent  terms  oon- 
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taining  are  very  niaU  on  aoemint  of  tlie  somIImh  of  tboie  fteton ;  to  iha» 

the  mammum  and  minimum  values  of  u  for  Mty  anigoed  value  of  s  will  be  very  approx- 
imntoly  di  ttTminod  hv  th<<so  of  the  second  tcfBt  pmridcd  n  be  not  too  aOMU.   laCt  M  be 

the  difference  betweea  tlieae  values  i  then 

B  tm      h  .w  An  ft  anyt'i'^. 

Again,  let  IT  be  tlw  value  of  J7  at  a  deptb      at  the  aamc  plaee.  Tben 

Jx  -  ^  . /» .  r  Bin  j«  sin  7«"<» 

Therefore, 


whence  a  is  determined  by  means  of  observed  values  of  //,  //*,  r  and  ,r'. 

The  value  of  b  is  detirniinttl  liy  means  of  observed  values  of  the  times  at  which  ihc 
above  maximum  and  minimum  values  uf  u  occur;  and  a  and  6  being  thus  determined, 
the  valtte  of  A  is  known  by  the  preceding  expreaiion  for  M. 

The  value*  of  theie  qnantitiM  are 

a  B  5,11655, 

b  m  1,05719. 

A  =  3j",!)25  (C). 

These  determinations  were  obtained  by  means  of  careful  observations  made  for  many 
7««rt  at  Paria,  on  the  temperature  of  tbe  Earth  at  dilfimnt  dcptlia.  It  mnat  not, 
however,  he  tuppoaed  that  theae  vnlnee  are  m  aocoVHtely  determined  as  the  number  of 
decimal  plaoes  might  seem  to  imply.    The  probable  errors  of  observation  render  sodi 

accuracy  unattainable.  The  exact  times  of  thi-  matima  and  wlnhnn  values  of  n  are 
diiGcult  to  obtain,  and  hence  arises  a  somewhat  greater  uncertainty  in  the  value  of  6 
than  in  those  of  a  and  h.  The  above  value  is  the  mean  of  two  determinations  which 
did^ed  from  each  other  by  nearly  ,i.  There  can  be  no  reason,  however,  to  doubt  the 
approximate  accuracy  of  the  above  values  as  determined  from  the  observations  at  Paris. 
Poi*son  remarks  that  A  would  probably  bo  somewhat  greater  in  lower,  and  somewhat  less 
in  liisjIuT  latitudes,  on  account  of  greater  t^eneral  purity  of  the  atmosphere  in  the  former, 
and  lesa  purity  in  the  latter  case.  Its  value  also  depends  ou  the  ratio  of  the  absorbing 
and  radiating  powera  of  the  Earth'a  aurfaoe ;  and  this  mtio  may  possibly  dilKr  materially 
at  different  points  not  remote  firom  each  other.  Its  mean  value,  hovercr,  thraoghoat  a 
whole  district,  will  probably  differ  but  little  from  its  mean  value  in  another  district ; 
and  this  i$  the  principal  eon^deration  in  reference  to  its  influence,  which  it  ts  our  object 
to  ascertain,  ou  the  mmm  temperature  of  the  air  in  any  proposed  latitude. 

19.  If  «,  denote  the  value  of  v  at  the  Earth's  surface,  we  have  (putting  «  >  0  in 
the  preceding  expreaaion  tat  u) 

+  A|^.^siniBrin70oe (fttr/  - ^  -  5)  +  ^  di coe  (*wt  -  ^  4  &e.  |  (10). 
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Thu£,  in  any  latitaidv  m  the  mean  aDnuil  tmpftitttre  of  the  BaithV  tuiAioe  irill 
he  equal  to 

where  Q  dejionrls  on  the  latitude  n. 

The  temperature  denoted  hj  ^  depends  upon  the  heat  which  the  Karth  receive*  from 
•tellar  space,  and  on  thai  which  it  reedree  bj  radiation  fran  the  atnuiepheffe*.  Suppoeing 
the  ftnner  eonrce  to  he  oooetant,  the  aaeoad  iriU  wjr  with  all  the  aaiiwe  which  may 
locally  afiet  the  mean  temperature  of  the  air  in  the  shade,  at  any  proposed  place.  If 
tTii-  rondition  of  the  Earth  were  the  same  at  every  point  of  its  surface,  the  mean  annual 
temperature  of  its  surface  would  be  a  function  only  of  the  latitude  of  the  place.  The 
principal  deviatioue  ttam  thia  aimpic  law  ame  from  local  cauiei,  and  are  ooBpriied  in  (, 
The  value  of  h  alio  may  vary,  aa  above  explained,  though  pfohaUjr  in  a  very  iBucb  leia 
degree,  with  loeal  influences. 

Foiaaon  shews  that  the  value  of  Q  is 

,95910  when     B  0, 

fiOaet   ...    (t  •  48«M'  (at  ParitX 

,89t      ...    iH  -  90*. 

Alaob  A  -  S5"^5  (C). 

Consequently,  tlx  lirt  ct  effect  of  the  aolar  heat  ie  to  increaae  the  mean  temperature 
of  the  Eartb'a  suriace  by 

34",46  (C.)  at  the  equator, 
aS^iOM       at  Parii  (let.  -  4B'«or), 
14>>996       at  the  pde. 

On  aeooont  of  the  general  purer  sute  of  the  atnMepberev  however,  at  the  equator, 
and  its  more  clouded  state  at  the  pole,  the  first  of  the  above  numbers  ought  probably 
to  be  eomewhat  increased,  and  the  lost  somewbat  diminiahed«  as  above  mentioQed. 

30.  The  aeoood  term  in  the  exprmion  for  baa  a  year  for  ito  period,  and  ia  the 
principal  annual  inequality  in  «„  unleaa  the  btitude  be  that  of  a  plaee  near  the 
equator. 

The  difference  between  its  greatest  and  least  valuee 

•  A  ^ .  w  dn  <y  ein  ^ 

X>  is  determined  from  the  expieadona  for  D  ein  9  and  (Art.  17) ;  whence 

D"  I, +4573, 


ain  Y  •  jtS», 


*  Tbat  which  it  rtedvc*  front  the  ait  hj  utual  ooDtMt  ha*  b«Bi  cmittad,  in  omittiag  the  coostaat  X,  m  compMcA  wWh  V 
(Ait.l9)w 
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Hence  the  above  expressioD 

•  8Sf,8S  da  ft. 

At  places  sufficieati/  omt  Uw  equator  m  becomes  so  small  tbat  this  term  in  the 
cxpreidon  for  beooHMs  of  no  man  icnportawse  tlMB  the  nest  ttm,  wUdi  is  imall 
on  aoooont  of  Q|.   Its  period  is  half  «  year. 

21.  The  whole  effect  of  the  solar  heat  on  the  mean  temperature  of  tbe  Earth's 
suriace  is  uot  expressed  by  AQ,  for  there  is  also,  as  above  explained,  the  effect  of  tbe 
Ki^Mr  umpmum  of  tlie  ttmnufhien  sapsrindoced  by  tlie  higher  tempentuiv  of  tiu 
Barth*s  sarfaoe^  and  by  tiie  dirset  absorptioD  of  a  certain  portico  of  tbe  solar  beat  in 
peering  through  the  atmosphere.  Though  we  lia.  j  ao  sufficieiit  4lola  tot  eakolatiDf 
Baathomatically  the  amount  of  the  efftct  thus  produced,  we  may  still  form  an  estimate  of  it. 

It  has  beeu  above  explained  that  ^  dcpcntls  on  the  interchange  of  heat  between  the 
Earth  on  the  one  hand,  and  the  atuiu!iplu:ru  and  stcliur  space  un  the  other.  Let  yf/ 
denote  tbe  value  wbish  ^  would  bsvo  if  it  depended  onl^  on  radiation  ftom  stdlar  ^aee 
and  the  atinoq>bere  in  the  state  in  wbid  it  would  ezHt  tf  the  solar  beat  were  abaent; 
and  let  «  denote  that  part  of  ^  which  depends  on  the  higher  temperature  of  the  ntlDO> 
qibere  ansiog  from  the  existing  solar  heat.    We  shall  then  have 

If  we  suppose  the  ndialion  of  beat  to  the  Earth  from  stellar  space  to  be  the  same 
in  all  directions,  the  temperature  of  the  atmosphere,  in  the  absence  of  the  Sun,  would 
be  the  same  in  all  latitudes.  Consequently  \f/  would  be  constant,  as  I  shall  here  suppose 
it  to  be,  while  «  will  be  a  function  of  the  latitude,  and  will  also  be  affected  hy  any  local 
causes  broo|^t  into  action  by  tbe  differenee  of  temperature  in  diiferent  latitudes.  Ooean 
currcnta,  fbr  instance,  which  would  produce  no  effect  on  local  temperature  if  the  general 
temperature  were  the  same  for  all  latitudes,  do  actually  produce  very  considerable  effects. 
We  shall,  however,  eliminate  in  some  degree  these  local  irrpgularities  in  the  values  of 
«  if  we  take  its  mean  value  for  any  proposed  parallel  of  latitude,  instead  of  its  value  for 
any  particular  place  aituated  upon  that  parallel.  In  sucb  case  the  Talues  of  «  will  only 
be  affected  by  local  eanasa  so  far  as  those  eauies  may  alBwt  the  mean  of  the  temperatuna 
for  a  whole  parallel  of  latitude,  and  not  merely  the  temperature  of  one  particular  part 
of  it.  Taking  ooly  that  part  of  tbe  expresaioo  tat  which  gives  its  mean  value» 
we  have 

The  value  of  might  be  ascertained  by  observing  the  mean  annual  temperature 
ct  tbe  surface  of  the  Earth  at  each  particular  place,  but  very  few  observations  of  this 
kind  hove  hitherto  been  made.  We  can  only  take,  therefore,  instead  of  them,  observations 
on  the  mean  temperature  of  the  atmosphere.    If  we  take  for  u   the  mean  annual  temper- 

.riiirc  for  r>.  whole  parallel  of  latitude,  the  corresponding  vahic  of  s  will  he  referrid  likewise 
to  tbe  whole  of  the  same  parallel,  for  which  also  tbe  corresponding  value  of  Q  can  be 


v^oogie 


AND  THX  OTHER  PLAKETS  OF  THE  fiOLAR  876TBM.  B5S 
flileiilatttl.   Adopting  Dofc^s  renilto*,  and  ealeulaiiDg  Q  by  lb*  Anmila  glvw  by  Potonnf. 

I  at  the  Equator. 
I  in  latitude  S(f  N. 

I    UfiM/  N. 

at  the  Afede  Circle, 
at  tlie  Pol«^ 


«e»^  (C) 

Q- 

tt 

•1* 

Q- 

»77W 

«o  = 

6»,35 

,66668 

•  ,477091 

-  -  1(7,51 

-  ,398/ 

Hence  we  obtain 


m  a6*,5  •  s«v 
*-«*(€)  tt  cbe  Equator. 
1^  4 1|    91*  -  «7*,7a 

-  -  69,72  in  lat.  Sif. 

-  -  17  ,41  in  lat.  4«».  50'. 

-  34^«8  at  the  Arctic  Circle. 

-  -  30»^  «t  the  Pole; 

Prom  tbew  equations  we  can  obtain  tbe  dilKreBoes  between  any  two  «f  tbe  quantities 
j|„  e,,  Im.  Thua  (oniitting  for  tbe  preieDt  e^  wfaieb  woald  gita  an  aDonnlone  remit)  we  bate 

-  9,  =  ^(7>,B, 
«^  -  *,  - 

These  numbers  express  the  differences  between  the  effects  of  the  Sun  in  different  latitudes  on 
the  Earth  s  superficial  temperature  {u^,  arising  from  the  increased  temperature  of  the  atmo- 
apheiet  in  additit»n  to  tbe  dtreet  eiPect  of  tbe  beat  wbieh  ndiatw  tbraagb  the  atmoipbere  and 
ia  abaorbed  by  tbe  Earth*e  BurfNe.  That  this  efftct  on  at  tbe  equator  exeeeda  tbe  aindbr 
effect  in  the  Utitude  of  Paris  by  SP,*^  (C),  at  the  Arctic  Cirde  by  I6<>,8,  and  at  tlic  Pule  by 
S8*f9.    Let  ua  compare  tbeae  differences  with  tbe  differeaees  in  tbe  qttantitiea  of  beat  whieb 
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It 

16,8 

IP 

-fli 

ir.s 

-  »» 

ndklM  diceeajT  ftom  the  Sun  to  the  Earths  wrfiue  In  the  Aom  lutitudck  mpeetivdj.  If 
we  denote     hj  iT.  nd  adopt «  noletkm  andogoiM  to  the  ebove,  vc  ihall  have 

Heoce   ^  -  -rrrr^  = 

*»*♦• 

22.    It  will  be  obaemd  that  in  the  data  horn  vfaieh  theie  reeuUa  have  been  deduced,  I 

have  omitted  the  value  of  «o  -'i>  the  dilTereiice  between  the  value*  oif  «  at  the  equator  and 
io  the  latitude  of  SCP  N.  It  leade«  a»  above  reaoarked,  to  an  anooMknia  iceult.   la  fact  we  have 

which  would  give  the  particular  effect  of  the  isolar  heat,  expressed  in  greater  in  the  latitude 
of  30"  ihati  at  the  equator.  The  anomaly  of  «,  hcinp;  greater  than  «,  is  due  to  the  circumstance, 
that  the  effect  of  currents  auii  other  local  causes  has  been  only  partially  eliminated  in  the 
h>wer  latitude*  by  taking  for  the  weao  value  for  a  whole  parallel.  In  ihet  the  influenoe  of 
theee  caueca  ia  auch  that  the  paralld  of  maxiniam  annual  temperatote,  instead  of  ooindding 
with  the  equator,  lies  in  about  10"  N.  lat.  The  anomaly  would  be  in  some  degree  corrected 
by  taking  the  mean  of  the  values  of  for  SO*  N.  and  .iO*  3.  latitude:  hut  the  difference 
between  and  «,  would  still  be  much  smaller  than  that  which,  I  conceive,  must  neces«arily 
result  frooi  the  diference  of  position  with  reference  to  the  Sun,  of  the  equator,  and  either 
parallel  of  80^  of  latitude.  On  referring  to  the  valoee  above  |^ven  of  the  temperature*  (u«)  of 
each  parallel,  it  will  be  observed  that  the  diflbrence  of  these  values  for  the  equator  and  the 
latitude  of  Srf  is  only  5',5,  while  the  difference  for  the  latter  parnllel  anil  that  of  ■«»•.  50' 
amounts  to  li'.&'S,  tbou|fh  the  difference  of  latitude  in  the  latter  case  little  exceed*  half  that  in 
the  fomer.  Thb  is  doe,  I  conceive,  to  the  peculiar  position  of  the  rsgim  iDUuediateiy  about 
the  equator  as  the  region  of  maximum  tempemtute.  If  the  aurfaoe  of  the  Earth  were  perfeetlj 
uniform,  and  there  were  no  atmospheric  currents  producing  a  Aoriapiltel  tvanaference  of  heat 
from  one  parallel  of  latitude  to  another,  the  influence  of  the  Sun  expressed  in  a  would  be  some 
determinate  function  of  the  latitude,  equally  with  u,.  But  the  values  which  u^,  and  therefore 
also  «,  would  have  on  this  hypothecs  in  any  assigned  latitude,  would  manifestly  be  changed  by 
the  difference  between  the  heat  brought  to  the  proposed  regbn  by  horiaoiital  transference,  and 
that  carried  away  from  it  in  a  similar  manner,  in  a  north  and  south  direction.  Now  thi*  com- 
pensation aSbrded  by  the  heat  whicli  is  brought,  for  that  wliicli  is  carried  away  must  generally 
exist  in  a  more  or  perfect  degree  in  thoac  latitudes  which  are  intermediate  to  the  equatorial 
and  polar  regions,  while  io  those  regions  themselves  no  such  compensation  can  exist ;  and  this 
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nuat  be  a  nmcm  Sate  a  moie  appwxiinate  eqtuliility  of  tnaperature  in  tlioM  mfioas  tbao  If  the 

transference  of  heat  were  entifelj  ▼eitical.  Thus  in  the  equatorial  region  the  heat  must  constantly 
be  carried  by  atmospheric  currents  and  otlier  causes  both  to  the  noi-th  and  to  tlie  south,  and  the 
mean  temperature  of  that  rigion  must  he  materially  dimini!«hed,  while  thnt  of  the  regions  in)im>- 
ciiaUiiy  conliguoug  niunt  receive  a  eorresponiiing  increase.  Tins  is  probably  the  principal  cause  of 
the  aoomalj  which  has  ^tco  riae  to  tbcae  ramarki.  Let  ue  examine  how  far  it  will  be  removed 
by  an  aannned  aaMmnt  of  the  change  in  the  Taloea  of  the  mean  temperaiufe  M  the  equator 
and  un  t)ie  parallel  of  30^  N.  For  this  purpose  let  us  take  the  following  values  of  u^,  instead 
or  those  above  given  (Art.  31),  as  assumed  approximate  values  of  the  mean  annua!  tempera- 
tures of  different  parallels,  supposing  that  do  horizontal  transmission  of  heat  should  take  place 
by  atmoepherie  or  local  caueea,  ao  that  the  corre^ianding  Taluet  of  a  may  gire  the  leal  etfeet 
of  the  Sun  on  the  temperature  (rf  the  air  in  diffbrent  latitudea,  in  addition  to  die  elPeet 
produced  upon  it  by  the  heating  of  the  surface  of  the  Elarth*  ariiiag  from  the  lolar  heat  which 
radiatea  directly  upon  it. 

«,  -  so"  (C)  at  the  Equator, 
«  1  ()  \50  in  lat.  SO, 

-  ti*,S5   M".  50', 

m  -7*  «t  ^  Arctic  Cirde, 

-  - 1<*  at  the  Pole. 

1  have  here  added  39,5  to  the  observed  mean  temperature  of  the  equator,  and  deducted  4**,5 
front  that  of  the  parallel  of  80^  N.|  which  ia  rather  higher  than  the  mean  of  the  north  and 
eouth  parcel  of  9tfi*  I  have  inereaeed  the  temperature  at  the  pole  by  1*,5 :  the  other  tem- 
pevaturet  are  not  altered.  We  should  thoa  have  a  depression  of  temperature  of  (C)  in 
passing  from  the  equator  to  the  parallel  of  SOP ;  while  it  would  equal  20*^5  between  that 
parallel  and  that  ot       and  11"  between  the  latter  parallel  and  the  pole. 

28.    We  may  alio  here  make  another  correction  of  which  we  know  the  ii^,  but  can  only 

assume  the  amount.  Poisson  has  calculated  the  numerical  value  of  A  by  obaervations  made  at 
Paris  ;  but  sinee  it  de])ends  on  the  intensity  of  solar  radiation  after  the  heat  has  passed  through 
the  atmosphere,  he  suggests,  as  before  stated,  that  its  value  nuat  be  somewhat  greater  at  the 
equator  and  somewhat  kaa  at  the  pole  than  at  Paris.  Instead  of  using  Si",*  tar  the  value  of 
kQ  at  the  equator,  I  shall  now  use  80*;  and  faiitead  of  14^,4  at  the  pole.  I  dndl  sobttitute 
IS*,*.  This  is  equivalent  to  increasing  the  value  of  h  about  1*,7  at  the  equator,  and  dimi- 
i)ishin<7  it  about  5"  at  the  pole.  Changiag  the  values  of  A,  also*  for  diffiereot  latitudes  in  a 
proportionate  degree,  we  shall  have 

hQ=  11  =  $(?^  (C)  at  the£quator» 

Hx  =  Sr  in  lat.  SO", 

/f,  -  23^,76  in  lat.  48».  50', 

//,  »  lff',5  at  the  Arctic  Circle, 

H^  -  IS*,4   Pole. 
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EflDoe  we  deduce  m  before  the  following  eometed  reeulto; 


-,91 

-.95. 


Theie  renilu  are  free  frooi  the  snoinaly  presented      those  previously  obtMoed.  Taking 
,  the  meen  of  tbent  we  auj  aMmne  general] j,  where  «  and  B  eorreapond  to  ao^  aaogoed 
latitude^  that 

or    «^  -  *  =  ,i)3  (//j  -  H). 
We  may  alao  uke  the  condition  thai  e  and  H  would  ▼aniab  together,  which  givee 

9t »  Mi* 

and  therefore 

as  the  general  relation  between  •  and  H. 

24.  The  whole  effrrt,  it  will  be  rfi  olltctcfl,  of  the  solar  heat  on  the  mean  nnniia!  tem- 
perature of  the  Earth^s  surface  in  any  proposed  latitude  cooaists  of  the  direct  efi'ect  {hQ)  of 
solar  heat  radiating  upon  th«  Earth,  and  the  indirect  effect  («)  of  that  bant  atiiiog  from  the 
oonecquent  eleiation  of  the  temperature  of  the  atmoepberck  The  above  rceult  abewe  tiuu  ffke 
loAer  of  these  is  very  nearly  equal  fo  the  former,  or  rather  that  it  would  be  so  if  there  were 
no  rniises  for  a  lateral  traiisforrncc  of  heat  ptTpeiicIicuIar  to  the  parallels  of  latitude,  and  no 
local  causes  of  disturbance  of  mean  annual  temperature.  We  may  assert,  therefore,  in  general 
terms,  that  the  mean  annual  temperature  of  the  surface  of  the  Earth  at  any  point  it  higher  by 
ncnly  ikQ  than  it  would  be  if  ibe  adar  beat  did  not  exist  And  the  same  propoaidoii  may 
becoundated  equally  u  ith  reference  to  tbc  lower  stratum  of  the  atmosphere,  which,  as  already 
stated,  may  be  considered  to  have  the  eame  mean  temperature  as  the  surface  of  the  Earth 
itself 
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26>  Let  us  further  consider  what  the  auperficial  temperature  of  our  globe  would  be 
imdefmidcDdy  of  tlw  8iiii*t  heat  Sioe^  k  «m1  t  would  Ami  vHnidi,  tbe  eormpoading  value 
of  die  umpmtmn  «^  would  beoooie  cqutl  to  ^.    Now  we  heve,  generally, 

^  -  tti.  -  AQ  -  « 

=      -  1,93  A  Q, 

an  equation  which  given  when  u„  and  arc  given  for  any  Intitudc.  Since  vf/  is  by 
hypothesis  coustaiu,  the  same  value  would  be  obtained  for  every  latitude.  Thus  taking  any 
of  the  above  eatet  for  wlueh     and  hQ  are  given,  we  find 

f (C), 

whidi  is  aleo  the  reqinied  value  of 

It  must  be  borne  in  mind  that  this  value  of  ^  is  not  the  temperature  of  that  portion 
of  stellar  space  in  which  the  soJar  system  is  placed  (considered  independently  of  the  heat 
radiating  from  the  Sun),  but  that  uniform  temperature  which,  in  the  absence  of  aolar  beat, 
would  exift  «t  every  point  of  tbe  Earth's  smfMe.  It  would  difi*er  IWmb  die  tcmperatura  of 
aunouDding  space,  citber  in  excess  or  deflect,  in  oonsequeooe  of  the  Earth's  atnoqihere,  as 
already  explained.  The  above  value  of  >^  expresses  the  limit  towards  which  the  mean 
superficial  temperature  of  onr  g]ohf  would  ultimately  approximate  if  the  solar  heat  were 
gradually  to  diminiah  and  become  finally  extinct,  supposing  always,  that  all  other  external 
eonditions  should  remain  ttnaitened. 

We  have  here  been  considering  nmois  Ua»f«r^un$.  Let  tis  now  pnoeed  to  the  con- 
nderation  of  vimtMl  mriathm  of  terifstrial  tempcratorek 

26.  Thou^  the  mean  annual  temperature  of  the  lowest  portion  of  the  atmosphere  as 
^ven  fay  a  tbennomstcr  sheltered  from  the  direct  ray*  of  the  Sun,  at  any  place,  may  be 
oooddered  the  same  as  the  mean  annual  temperature  of  die  Earth^s  suiImo  at  that  plaoe, 

it  18  manifest  that  there  can  be  no  such  accordance  between  their  respective  variations 
of  temperature,  where  thf>  periods  of  such  variations  are  sufficientlv  short.  The  dailv 
changes  ui  temperature  in  the  atmosphere  arc  frequently  far  greater  than  the  corresponding 
changes  in  that  of  tbe  surface  of  the  Earth  at  tbe  same  plaoe.  To  make  some  approunute 
comparison  between  the  mmted  vtaiatimu  of  the  temperature  of  die  surfine  of  the  ^th,  aod 
those  of  its  atmosphere,  I  have  extracted  the  following  table  from  M.  Dove's  Work,  already 
referred  to.  It  gives  the  tliffcrencc  between  the  temperature  of  those  two  months  in  the  vear, 
for  one  of  which  the  temperature  is  greater,  and  for  the  other  less,  than  for  any  other  month, 
under  diifcrent  parallels  of  ladtude  respectively,  the  monthly  temperatures  of  each  parallel 
being  taken  as  the  mean  of  the  monthly  temperaturee  of  dilTerent  places  dtuated  upon  that 
paraUeL    Calliag  these  differences  DtP,,  be.,  we  have 

Dim,  if   (C)  in  ladtnde  lo",  N. 


Dj  =    fi",5    80", 

D,  -  IS  ,22    30", 

A  -  17',90   

DtmfUPjS    Sifi, 

A-S9''*»    <W. 
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D-  -  3\°fi5    70^, 

Z),  =  SO*,*)    80", 

A-Sl*i75    90^. 

In  the  expressioD  for  (Art.  1<J)  the  first  periodical  t«roi-  gives  nearly  the  whole  amount 
fii  the  annual  variatkm  when  the  latitude  (m)  la  not  loo  small,  the  value  of  Q,  being  smsll. 

At  the  equator  it  is  0,04152,  and  in  the  latitude  of  Paris  only  0,00253,  and  it  decreases  with 
the  increase  of  latitiule.  Restricting  oursolves,  then,  to  the  priticipal  inequality  in  u^,  and 
denoting  by  A  the  difference  between  the  greatc!>t  and  least  values  of  its  coeffidenu,  we  have 

A  m.  sr,H8  sin  fi,  (Art.  20), 

and  henoe 

A,  -  ffifii  (C)  in  latitude  loP,  N. 
A.-nV«4    SO*. 

A,  =  !fi",44    SO*, 

A,  =  ~MMl    40», 

Aj  =  545,18   SO', 

A,-S«^»47   

A,  •30^,90    Iff, 

A,  =  S2«,31    80», 

A,  -  S2°,88    9<y'. 

Comparing  corrcspondinj^  values  of  and  A,  it  will  be  observed  that,  in  the  higher 
latitudes,  they  are  nearly  the  same,  but  that  the  former  are  considerably  less  tlian  the  !atter 
in  the  lower  latitudes.  This  will  neoesaarily  be  the  case  wherever  there  are  causes  which 
t«nd  especially  to  an  eqaaliaatioo  of  temperature.  Such  is  the  caae,  as  I  have  shewn,  near 
the  equator.  It  seems  probable  that,  in  the  absence  of  such  causes,  there  would  be  Uttk 
difference  botwien  the  annual  variations  of  teiiipcraturf  in  the  surface  of  the  Earth,  and 
those  of  the  contiguous  portion  of  the  atmosphere.  The  latter  probably  approximate  to  the 
furmer  as  their  limit. 

87.    It  will  be  observed,  that  the  annual  inequality  in  the  expresnon  for  1^  is  nultijdied 

h  h 
by  the  factor  — ,  and  the  aean-annual  inequality  by  the  linstor  — ;  and  from  the  eqnatioas 

(Art  17),  we  have 

C  IT 

2),'  y—    1  4w 

^-1  +«v/«ir^ 
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I  b«vc  hitherto  spoken  of  a  and  6  as  two  conttaoU  to  be  determined  hy  observation 
(An,  it)t  but  it  M  important  to  cmitider  thdr  pbytical  meaxang*  Nov 

c  * 

where       ft  •  the  cooiliutivity  of  the  matter  of  the  Eetib*s  cnwt  near  to  its  surfoee ; 
e  ■  Its  specific  beat ; 

p  •  the  tranamittiRg  power  of  the  Earth^s  mehee, 
Henoff 

I      ek  • 
a'4'  ■pi' * 

c 

and,  tberdiore,  if  the  ratio  -  of  the  qiedfic  beat  to  the  trannnitting  power  of  the  nirface, 

k  1 
or  the  ratio  ~  of  the  eoDduetivity  to  the  hhdc  power,  be  increased,      will  be  imsFeBscd. 
p  oft 

«•  will  alioi  therefore,  ^  and  ^ .    CMiiequently  the  floeffidenti  of  the  two  periodical  in- 


cquattttee  above  menttoned  will  be  dimlnidied.    This  ought  manifeitlj  to  be  the  ease ;  for 

if  a  given  quantity  of  heat  pass  in  a  given  time  into  a  planet,  for  example,  through  a  ff-fta 

area  of  its  surfato,  tlie  effect  on  the  temperature  of  the  matter  into  which  it  passes  will  be  the 
less,  the  greater  the  specific  beat  of  that  matter;  ami  tlie  greater  its  conductivity,  the  more 
rapidly  will  the  incident  heat  be  carried  away  downwards,  and  the  less  will  be  its  ciTect  in  raising 
the  superficial  temperature.  In  this  latter  case,  the  ampBtvde  tiX  the  inequality,  or  the  depth 
to  which  it  would  sensibly  extend,  would  be  increased,  but  its  magnitude  at  the  surfiwe  would 
be  diminished.  It  is  obvious  how  much  periodical  inequalities  in  the  superficial  temperature 
of  a  body  like  the  Earth,  and  therefore  also  in  the  temperature  of  the  lowest  stratum  of  its 
atmosphere,  might  be  muditied  by  an  adaptation  of  the  specific  heat  and  conductivity  of  the 
matter  compgaing  it,  and  the  transmimive  power  of  its  surftce,  to  the  conditions  under 
which  it  may  be  placed. 

28.  It  may  be  well  to  give  a  brief  summary  of  the  previous  portions  of  this  paper 
before  I  proeeed  to  apply  the  results  obtdned  adtb  feforence  (a  the  Earth  to  the  other 
planets  «f  the  solar  system. 

(1)  I  have  endeavoured  to  explain,  as  fully  as  poisiUe,  the  manner  in  which 

the  atmosphere  proditoes  ite  influence  on  the  temperatuie  of  the  Earth's  surfiue;  and  to 
shew  that  the  temperature  of  the  ooostitaent  particles  of  the  atmosphere  at  its  upper  limit 

must  be  exceedingly  low. 

(2)  If  as  mucii  atmosphere  were  removed  from  the  Earth  as  now  forms  an  inferior 
stratum  of  about  528  feet  in  thickness,  the  mean  annual  temperature  of  each  psihrt  on  Ae 
Earth's  suifhee  would  be  diminished  by  1*  (C).  In  dillhrent  htitudes  at  the  same  period 
of  the  year,  and  in  diUhrent  aeaaons  at  the  same  place  the  thickness  of  the  stratum  of 
atmosphere  coireymding  to  1*  (C)  would  be  somewhat  diiersnt,  being  probably  somewhat 
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gVMter  in  thui  in  lov  htttodMb  nnd  in  lunmw  than  in  vinur.  If  the  ttudtooM  of 
the  ttntun  removed  «ere  gmrtcr  the  diminntiaa  of  tenperstore  would  be  greater  in  die 

same  ratio,  as  proved  by  Mr  Welsh's  observations  to  the  height  of  23,000  feet,  and  as  may 

be  thence  inferred,  for  n-nch  trrertter  heiphts.  An  incrcask?  in  the  quantity  of  atmospliere 
w(MiUi  produce  an  exactly  similar  but  opposite  effect  on  the  temperature  at  the  Earth's 
surface. 

(S)  After  explaining  PdMon'a  method  of  trartinf  the  pvobtem  of  terreetiial 
twnperatuT^  and  bti  mode  of  eatimatiag  the  direct  eflhet  of  tlw  aolar  heat  ndbidng  to  the 

£ailh,  on  the  temperature  of  its  surface  and  of  the  atmosphere  in  contact  with  it,  I  have 
shewn  that  the  whol^  tfftct  of  the  solar  heat  on  the  mean  value  of  this  superficial  temperature 
is  equal  to  nearly  twice  the  immediate  effect  which  was  the  object  of  Poisson's  calculation, 
exeept  in  caaea  in  which  these  may  be  a  conndemUe  boriiontal  traniferenee  of  heat  fiom 
local  eauiea. 

(4)  Anuming  that  the  temperature  of  every  part  of  the  Earth's  surface  would  be 
the  same  in  the  entire  absence  of  the  Sun's  influence,  I  have  estimated  that  temperature  at 
-  S9%5  (C).  Thi»  must  not  be  confounded  with  the  temperature  of  that  portion  of  stellar 
space  in  whidi  the  aoiar  ajstem  now  cxietai  a  temperature  wbidi  we  have  not  the  meana  of 
determining. 

(5)  I  have  alao  diewn  Aat  omitfal  UuguaMHtt  in  the  temperatore  of  the  lower  stratam 
of  the  atmosphere  arc  nearly  equal  in  amount  to  those  in  the  Eardl  itmlf  at  its  surfaoe, 
with  exceptions  similar  to  those  mentioned  in  (3). 

With  these  results  we  are  prepared  to  estimate  the  external  temperature  of  the  planets 
under  certain  aMumed  condttiona. 

29-  I  eommence  with  Jupiter.  The  intensity  of  solar  radiation  at  the  distance  of 
Jupiter,  compared  with  that  at  the  distance  of  the  Earth  is  nearly  as  1  :  37.  Con'^cqHcntly 
tbe  value  uf  the  quantity  which  has  been  heretofore  denoted  by  h  will,  in  the  case  of  Jupiter, 
be  only  ^  ^"^"^  ^  ^  ^  EnrA,  ao  far  as  it  depends  only  on  tbe  intensity  of 
radkidon.  Cooocive  the  Earth  itself  to  be  plaeed  at  the  aame  distanee  from  the  Sun  aa 
Jupiter.  If  there  were  no  sensible  eflhet  from  solar  radiation,  the  temperature  of  every 
part  of  the  surface  would  become  the  <iame,  suppo^iniF  equilibrium  of  internal  and  external 
temperature  to  have  become  established  in  the  saaie  degree  as  it  is  in  our  globe  at  present. 

This  temperature  I  have  estimated  at  -  sa'.S  (C)  (Art,  25),  assuming  the  intensity  of 
stellar  tadiation  towards  any  point  of  the  sohtr  system  to  be  the  same  in  aU  diieedons. 
To  this  temperature  we  must  add  that  due  to  solar  radiation  »t  the  distance  of  Jupiter. 
The  whole  effwt  of  tliis  radiation,  according  to  our  calculation,  would  be  nearly  2AQ; 
and  since  /iQ  will,  in  the  preeent  case,  be  part  of  its  actual  value  on  the  Eartli, 
we  shall  hjive 

at  Che  equator.  Conse^juently,  if  tlle  Earth  were  placed  at  the  distance  of  Jupiter,  tbe 
masi*  omuMi  IsmjisrcUure  at  the  equator  would  be  -  Stf'^  (C),  or  rather  more  than  SO  (C) 
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lower  tliui  the  actual  mean  temperature  of  ihe  N.  pole.  The  mean  tempenrtuie  of  Ae  pole, 
«t  the  dbtance  of  Jupiter,  would  dMUtifcstlj  vciy  Httk  exceed  -  (C). 

Tlie  aanual  inequalitjr  in  tlM  temperature  iu  anj  latitude  di)  would  be  about 

ao  that  the  temperature  at  each  place  would  be  sensibly  coiMtaut  during  lihe  jear;  and  in 
passing  from  the  equi^  to  thepolcft  the  whole  change  of  temperature  would  never  ^eeed 

about  3'  (C). 

Such  would  be  the  tet»p«rature  uf  tlic  Earth  revolving  about  the  Sun  in  Jupiter's  orbit, 
and  having  her  axis  of  rotation  indinad  at  the  lanw  angle  as  at  preient  to  the  plane  <tf  her 
orbit.    I  omit  nil  eonaidcradon  of  the  cflhct  wbich  a  reduced  general  temperatura  of  the  lower 
portion  of  her  atmosphere  would  have  upon  its  height,  density,  transmissive  power,  &c as 
being  urnecessary^  in  the  trcncral  estimate  which  only  we  can  here  pretend  to  make,  of  what 
would  be  the  thermal  condition  of  the  Earth  under  the  circumstances  supposed.    But  if  now 
we  suppose  her  atmosphere  to  be  Inercaaed.  there  would  be  a  oorresponding  inereaae  of 
temperatura  whioh  would  be  aenaiblj  the  same  at  every  point  of  ber  vaxhet.    It  baa  been 
shewn  that  the  temperature  decreases,  according  to  Mr  AV'clsli's  observations,  at  the  rate  of 
S^.ST  (F),  or  l*,f!5  {C),  for  each  1000  feet  of  ascent:  and  since  this  rate  may  be  regarded  as 
independent  of  the  density  (as  far  as  observation  has  extended),  we  conclude  that  if  the 
thiekneas  of  the  atmosphere  were  iooraaaed  by  1000  fset,  the  mean  temperature  of  the  eurfiwe 
(tf  the  Earth  would,  in  ber  actual  orUt,  be  increased  by  the  above  amount.  If  ahe  moved 
in  Jupiter's  orbit,  there  is  reason  to  believe  that  the  increase  of  temperature  under  the  same 
circumstances  would  be  somewliat  less,  on  account  of  the  lower  tem|)erature  to  which  the 
surface  of  the  Earth  would  ^  reduced  in  this  case,  while  at  the  uppn*  limit  of  the 
atmoaphere  it  would  be  the  aama  as  at  present  under  onr  nasnmad  condition  of  the  equality 
of  temperature  in  surrounding  space.  1  have  already  pointed  ont  the  probable  influence  of  this 
cause'  in  tlie  result  of  Mr  Welsh's  observations  (Art.  15),  and  have  given  a  TOUgb  estimate  of 
the  effect  wliirh  it  might  produce  at  the  pole  where  the  mean  temperature  ia  nhout  80*  (F) 
lower  than  in  our  own  latitude.   Our  estimated  temperature  of  the  Earth's  equator,  if  she  moved 
in  Jupiter's  orbit,  is  still  lower  by  about  37°  (F).    In  this  ca»e,  therefore,  we  may  conclude 
that  the  decrement  of  temperature  in  asoending  would  be  somewhat  leaa  than  it  is  actually 
now  at  the  N.  or  S.  pole.    Thus,  suppose  the  present  decrement  at  the  pole  to  be  1°  (F) 
for  about  400  feet  of  ascent,  instead  of  about  300  feet  as  in  this  latitude ;  then  the  height 
corresponding  to  the  same  decrement  of  temperature  if  the  Earth  moved  in  Jupiter's  orbit 
might  be  estimated  at  about  450  feet.    Other  cause*  with  which  we  are  but  imperfectly 
acquainted  might  possibly  have  some  effect  also  in  dimtniahing  the  rate  of  decrement  of 
temperatura  in  ascending;  but  talcing  the  most  unfavourable  cas«  that  can  be  aoppowd, 
admitting  always  that  stdlar  heat  has  the  same  power  as  solar  heat  in  radiating  through  the 
Earth's  atmosphere,  the  genera!  conclusion  that  if  tin  Kirth  moved  in  Jupiter's  orbit,  the 
decrement  of  temperature  in  ascending  would  be  nomethiug  like  what  I  have  here  staU-d,  is 
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unqiiMtionibkt  and  the  neoemij  comcqueiice  would  be  ihat  tbe  additSon  of  SSfiOO  or  40,000 
ftet  to  tbe  thkkneM  of  bcr  atmoapheie  wobM  derate  ber  equatorial  temperatuio  to  about  the 
mean  tODperature  of  our  teoipcratc  zone  at  present. 

It  is  easy  to  pass  from  this  hypothetical  case  of  tlie  Earth  moving  in  Jupiter's  orbit, 
to  the  case  of  Jupiter  hiai8elf»  BUpposing  him  to  liave  an  atmosphere  of  the  same  nature  as 
to  the  traiumlMioa  of  beak  aa  that  of  the  Eattb.  Tbe  principal  diiferaooe  would  be  that 
ao  atrooapbere  of  given  bright  would  hove  o  greater  dennty  about  Jupiter  than  about  the 
£artb»  on  account  of  h»  gmter  attraction.  But  the  very  approximately  uniform  rate  of 
decrement  of  temperature  in  our  actnal  atmrnphere  up  to  a  height  at  which  the  density  is  less 
than  half  that  at  the  Earth's  surface,  implies  that  the  transmissive  power  of  the  atmosphere  is, 
in  a  great  degree,  iudependent  of  its  density;  so  that  the  greater  denutjr  of  Jupiter's 
atmaapheie,  emtari$  paribust  woaM  probably  have  no  material  iofloeoce  on  tbe  rate  at  which 
the  temperature  would  deeieaae  in  aacending  from  liis  surface.  Tiicre  aeemt  reaton  to  believe 
that  Jupiter  has  an  atmosphere  much  g^reatcr  than  that  of  the  Earth,  and  it  may  be  of  such 
a  thickness  as  entirely  to  countcrhalance  the  ilifect  of  heat  derivcrl  froii;  tlie  Sun  l)y  direct 
radiation.  His  climate,  however,  must  differ  from  that  of  the  planets  nearer  to  the  Sun, 
in  the  comparative  absenoe  of  periodical  variations,  which  can  Bcorcdy  be  sensible  in  his 
equatorial  regions,  and  can  never  amount  to  move  than  a  fiew  degrees  in  bis  pidar  regions. 

30.  The  cases  of  the  planets  niore  remote  than  Jupiter  are  still  more  simple  than  that  «f 
Jupiter  himself,  since  sular  radiation  cau  liave  no  tsensible  effect  whatever  upon  them.  If  the 
Earth  were  placed  in  the  position  of  any  one  of  these  planets,  and  eqtiilibrium  of  temperatures 
due  to  internal  and  external  cauees,  respectively,  were  so  far  established  as  it  is  under  existing 
conditions,  her  superficial  temperature  would,  according  to  our  previous  calculations,  be  about 
—  39*,  5  (C) ;  bnt  if  her  atmosphere  were  incrcawl  to  the  renjuisite  amount,  this  temperature 
might  be  increased,  as  we  have  seen,  in  any  proposed  degree.  And  so  it  niusl  be  with  these 
remote  piUmets  tbemselvea.  Their  superficial  temperatures  must  be  entirely  uoiform  inde- 
pendently of  variations  due  to  local  or  temporary  causes,  and  muit  depend  oo  tbe  quantity 
of  atmosphere  by  which  they  may  be  respectivdy  surrounded. 

31.  It  seems  to  be  an  opinion  very  generally  received  that  a  superhcial  temperature  may 
perhaps  be  preserved  fai  these  remoter  planets,  higher  than  that  which  may  be  due  to  external 
causes,  fay  the  remains  of  the  primitive  heat  whidi  they  may  originslly  have  postessed.  This 
notion,  however,  is  contrary  to  all  analogy  with  tlie  case  of  our  own  globe ;  for  it  is  distinctly 
proved  that  the  superficial  temperature  of  the  l''.arth  has  alrcuily  approximated  within  the  very 
small  fraction  uf  a  degree  to  that  ultimate  temperature  below  which  it  can  never  deacxod  so 
long  aa  Its  atmospbsire  and  all  other  extenid  conditions  remain  unaltered.  TMs  dose  ap> 
pvoximation  to  its  final  state  can  be  due  only  to  tlie  enormous  length  of  time  during  which  tlie 
Earth  most  have  been  exposed  to  the  cooling  influences  of  surrounding  ipaoe;  and  these 

influence*  mu*t  liuve  been  equally  effective  witli  respect  to  the  other  planets  as  with  respect 
to  the  Earth,  supposing  thein  to  have  existed  for  tlie  same  poritwi  of  tinitv  for  the  magnitudes 
of  the  planets  would  have  little  effect  on  their  superficial  temperature  atter  a  sutiideut  lapse  of 
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time,  though  it  aiuett  produce  a  great  effect  on  their  internal  temperatures  at  points  sufficicntljr 
raoBote  Ami  tbdr  muhata.  It  i»  ewy  to  inagtue  that  tbcae  remoter  pUmets  maj  b«  older 
than  the  Earth,  aa  Aej  mmt  be,  for  ioatano^  aoeardiii|r  to  Laplaoe**  theory  or  any  aoakgoue 

one  ;  but  no  hypothesis  can  be  more  perfectly  arbitrary,  or  less  sanctioned  by  all  theory,  than 
that  of  the  more  recent  formation  of  the  remoter  than  of  the  nearer  planets.  For  these  rrasons 
I  consider  that  the  cause  now  spoken  of  cannot  be  admitted  among  those  which  can  be 
regarded  aa  exerdaiDg  any  probaUe  influenee  on  the  preaent  auperltoial  temperaturea  of  the 
planeta. 

32.  The  planet  Mar*  is  usually  recopniscH  as  having  more  in  common  with  the  Earth 
than  any  of  the  other  planets.  It  receives  a  sufficient  quaotity  of  beat  from  the  Sun  to  mark 
the  diffisrent  aeeeona  «i  its  year,  and  the  teettaation  of  the  aiia  of  ratation  to  a  perpendieular 
to  the  plane  of  ita  orUt,  which  ie  about  98*.  4A',  doea  not  dilKr  much  from  the  eorreeponding 
inclination  in  tiie  eaae  of  tlie  Earth.  Its  mean  distance  from  the  Sua  la  to  that  of  t!ie  Earth 
in  the  ratio  of  1,5?  t  1,  so  that  the  intensity  of  s^dar  radiation  nt  the  distnnce  of  Mars  to  that 
at  the  distance  of  the  Earth  from  the  Sun,  is  nearly  as  the  ratio  ,n  :  l.  Hence  taking  the 
value  of  h  at  the  equator  and  pole  of  the  Eartli  as  36"  (C)  and  IS^,*  respectively,  we  may  take 
the  oorreiponding  ▼aluea  for  Man  m  and  «*,A.  The  valae  <2  at  the  equator  of  If  era  will 
be  rather  less  than  .9591,  its  value  at  the  £arth*a  equator,  on  acoount  of  the  greater  obliquity 
of  Mars.  Without  farther  ealeulation  we  may  asauuelt  to  be  ,91  At  the  pde  It  ia  equal  to 
the  aloe  of  the  obliquity  —  ,48.    Ilcnce  we  have 

hQ  -  14»,4  (C)  at  the  equator  of  Mara, 
and  -  if>,6   pde. 

Now  in  the  entire  absence  of  the  Sun's  influence,  the  uniform  superficial  temperature  of 
the  planet,  with  an  atmosphere  equal  to  that  of  the  Earth,  wouUi  =  -  ay'jS  (C)    (Art  °") 
Hence  if  the  Earth  with  her  present  atmosphere  had  been  placed  in  the  orbit  of  Mars,  with  an 
obliquity  equal  to  that  of  Man,  An  mean  temperatuK  of  the  equator  would  have  been 

•  -.10^.7  (C), 
--i«»,7  (P); 

and  the  mean  temperature  of  the  pole  would  have  been 

-  -  S9°,5  +  5",2, 
--8*',S  (C), 

-  -  £9^,7  (F). 

If,  however,  we  allow  to  Man  an  atoiospbcre  similar  to  that  of  the  Earth  but  of  greater 
thidmee^  to  (he  anMNint  of  aome  IMXW  or  90000  feet,  the  mean  temperature  may  be  60*^  (F),  or 
15*,S  (C)  at  the  equator,  and  about  14^  or  15*  (F)  at  the  pob,  auppoeing  the  additiona] 
atmoapbere  to  have  rather  lata  effect  at  the  pole  than  at  the  equator.  Any  greater  incNaio  of 
temperature  would,  of  coacae,  tveult  ftom  a  atill  greater  tncreaae  cS  atmoaphcra. 

Voju  IX.  Part  IV.  86 
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The  coefficient  of  the  annvutl  inequality  for  wy  latitude,  tuppoung  ^  to  be  conttaut, 

depends  vpod  the  vdae  othttay  (Art.  90),  (7  being  the  obliquity).  Now  in  the  cMe  of  the 
Eartb 

and  in  the  caae  of  Man 

and  hence  the  coeflideat  of  the  inequalitjt  which  in  the  caee  of  the  Earth 
beoomee  in  the  case  of  Mare» 

-  A8*,7Iainfi. 

Consequently  the  ▼ariations  of  temperature  in  dilferent  sea«ine  of  Mars  would  little  exceed  half 

the  corri  sponding  variations  on  the  Earth,  assuming  — ,  or  the  ratio  — ,  to  be  the  mme  in 

l)olh  plaiuts  (Art.  27).  If  it  ho  tlifTprent,  the  values  of  this  inequality  in  IMars  and  the  Earth 
inust  hvar  a  diflLrtnt  ratio  to  eacli  other.     We  may  remark,  however,  that  the  least  value  of 

I  a»d.  the«efa«,  the  greatest  value  of  ^-  is  unity,  to  which  it  approximate.  -  ;^  «r  p 

approximates  to  zero.    Now  the  Talue  of  ^  for  the  Earth,  as  above  given  (Art.  25),  is  ,731. 

Consequently,  the  annual  inequality  of  temperature,  so  far  as  it  clcj)ends  on  the  conductivity 
and  specific  heat  of  the  superiicial  matter  of  the  planet,  and  the  transmissivc  power  of  its 
surface,  cannot  he  nuch  greater  in  any  other  planet  than  in  ou9  own  globe.   On  the  other 

.  ck 

hand,  it  may  be  diminished  in  any  ratio  by  the  increase  of  the  quantity 

33,  I<et  us  DOW  take  the  case  of  Venus.  Her  distance  from  the  Sun  is  such  that  the 
jnteniity  of  the  solar  radiation  must  be  very  nearly  twice  that  at  the  distance  of  the  Earth. 
Hcnen  we  nay  take  generaUy, 

hmnf  {€), 

And  first  let  us  suppose  the  Earth,  with  its  existing  atmosphere,  to  occupy  the  place  of 
Venus,  with  t!u-  inclinatinn  of  her  axis  of  rotation  to  the  plane  of  her  orbit  the  same  as  at 
present.    Then  should  we  have 

AQ  »  67^,2  (C)  at  the  equator, 

and        =  98*   pole ; 

and  if  we  suppose  the  entire  effect  of  solar  lieat  on  the  superficial  temperature  of  the  planet 
to  be  ihQ,  in  the  absence  of  all  boriiontal  transierenoe  of  heat,  we  ahoald  have  the  mean 
tempera  tore  of  the  equator 

•  -  S9",5  +  134»,4 

-  94"^  (C)  J 
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and  the  mean  temperature  of  the  pole 

•  IG*^  (C). 

The  former  of  these  temperatures  wouM  doubtleca  he  muah  reduced  by  a  Utcfil  tiwiBf«l«iM!e 
of  beat  both  to  the  north  and  aouth  firom  the  eqaatmial  vq^one,  by  vhidi  we  way  oonoeive 
the  mean  temperature  of  those  regions  to  be  reduced  to  between  70*  and  80''  (C).  The  mean 
temperature  nf  the  poles  woulci  prabablv  be  somewbnt  j^rcater  than  the  above. 

The  <Treatest  viUue  of  the  annual  inequality  at  the  poles  would  be  nearly  twice  as  great  as 
at  present,  or  about 

Such  would  be  the  temperature  of  Veoui  in  her  equatorial  and  polar  regions,  with  toter- 
mediate  temperaturea  for  the  intermcduite  regione,  supporing  her  to  have  the  aane  atmoiphere 
as  the  Earth*  and  her  aupertfcial  crust  to  have  the  same  properliea  with  rnpeet  to  heat  as  that 

ek 

of  our  own  gbbe.    By  a  diminution  of  the  atmoiphere  and  an  increnie  of  the  valve  of 

(Art.  i'7),  both  the  mean  temperature  and  the  auoual  inequality  might  be  diminished  in  any 
aerigned  d^ree. 

84.  I  have  iiere  Mippnscd  the  obliquity  in  Venus  to  be  the  same  as  that  of  tlie  Earth,  but 
the  observations  on  this  planet  are  so  difficult  to  make  as  to  leave  the  deterniination  of  this 
element  in  great  uncertainty.  It  has  been  estimated  by  some  astronomers  at  as  much  as  70" 
or  75*,  and  more  recently  M.  de  Vico  has  estimated  the  inclination  of  tlic  equatorial  plane  of 
Venus  to  the  'ediptic  at  Stfi,  1 1'.  90*  *.  Allowing  this  amount  of  obliquity,  the  seasons  of 
Venus  most  manifestly  be  utterly  dilFerent  from  the  terrestrial  seasons.  In  this  uncertainty  as 
to  the  real  obliquity  in  this  planet,  I  will  take  the  extreme  case  of  75*.  The  temperatures 
being  calculated  for  this  and  the  ca^e  already  given,  it  will  not  be  difficult  to  form  a  general 
estimate  for  any  intermediate  case. 

I  have  calculated  the  values  of  Q  by  Poisson^a  formulsef ,  with  an  obliquity  of  79>,  for  the 
equator,  the  arctic  cirde  (htitude  of  15")*       fo'  ^  ^  vhich  the  general 

expreisimi  for  Q  becomes  much  simpUfied.    I  thus  find  the  values  «f  Q  to  be 

,685  at  the  Equator, 
,701  in  lat.  15*, 
,966  at  the  Pole. 

The  semi-annual  inequality  of  temperature  becomes,  in  this  case,  of  importance  in  the  region 
corresponding  to  our  tropical  ri-<,'ion,  extended  in  Venus  to  ~.'>"  of  latitude.  Its  value  de[)cnds 
OD  Q,  the  value  of  which  I  have  calculated  fur  the  equator,  where  this  inequality  has  its 
greatest  rdative  importance.    I  find 


*  See  The  Planelarg  WorltU,  bj  .Mr  Itrecn,  of  Uic  Csmbridgc  Obsenratorj,  |i.  IM. 
t  7M«ri«  4*  te  Chmitur.  An. 
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Hence  we  have 

AQ  -  48^  (C)  at  the  Equator, 

-  +9"  in  lat.  15«. 

-  G-jOfi  at  the  Pole ; 
and  consequently,  taking*  aa  before,  the  mean  temperature 

-  -  39 ,5  +  ihQ, 
wc  have  the  uieaD  annual  tempenttti*  «t  Vendi 

•  (G)  at  the  Equator, 

•  ss^js       in  lat. 

-  96*,?         at  the  Pole. 

These  woulH  lie  tli?  temperatures  supposing  the  atmosphere  to  be  exactly  like  that  of  the 
Earth,  and  astiuiiiuig  the  absence  of  all  horizontal  transference  of  heat.  The  greater  heat, 
however,  would  necessarily  produce  a  greater  evaporation,  and  the  atmosphere  would  conse- 
quently be  far  more  laden  with  moiature,  ao  that  the  abcorptioo  of  the  aolar  beat  in  ita  paaaage 
to  the  anrface  of  Venus  would  probably  be  considerably  greater  than  in  the  case  of  the  Earth. 
The  value  of  h  woulil  he  thus  redueeil.  Let  it  become  70'  —  t.  Then  will  eneh  of  the  values 
of  the  above  menu  temprratures  be  reduced  by  ~Qt.  Atrain,  on  •"rt  n  tnt  of  the  horizontal 
transference  of  heat  from  the  pole,  now  become  the  point  of  maximum  temperature,  the  mean 
temperature  there  would  undoubtedly  become  coniiderably  lowered.  Let  it  be  tbua  dininidied 
by  /  i  then  the  mean  temperature  at  the  pde  would  become 

-  9a^,7  -9Qf~f 

-  PS*,?  —  St  -  t'  very  nearly. 

The  mean  temperature  at  the  equator  would  also  be  depressed  ?Qf  by  the  diminution  of  A, 
and  would  probably  be  somewhat  raised  by  the  tendency  to  equalization  of  temperature.  It 
would  therefore  be 

50*,5  >  SfSf  +  **** 

where  Q  =  fisr,. 

These  results  would  further  be  subjected  to  the  modification  due  to  an  increase  or  diminu* 
tion  of  atmosphere  aa  eampared  with  that  of  ibe  Earth.  If  the  atmoapbere  of  Venoa  be  cqwd 
to  that  of  the  Earth  diminiahed  by  a  qtiantity  equal  to  that  which  forma  a  itratum  tctdng  on 

the  Earth's  surface,  and  whose  thickness  »  a,  the  moan  temperature  would  be  reduced  gett^ 
rally  by  about  i",85a,  the  unit  of  length  being  -  lOOO  feet  (Art.  IS).  Hence  the  mean  tempe- 
rature at  the  pole  would 

-  9^,7  -  S(  -  /  -  l%95a, 

and  that  at  the  equator  would 

-  5ff,5  -  1,87*  +  <^  - 

If  the  atmoapbere  of  Venua  be  supposed  equal  to  that  of  the  Earth,  the  value  of  (  would, 
T  conceive,  be  necessarily  positive ;  but  if  wc  suppose  that  atmosphere  to  Iw  diminishrd,  as 
implied  by  the  last  term  in  the  above  expressions,  its  value  would  be  reduced  and  might 
become  negative,  but  it  would  seem  extremely  improbable  that  the  iranapareney  of  Ventu't 
atmosphere  ahould  ao  fur  exceed  that  of  the  Earth  as  to  render  any  negative  vakie  of  f 
otberwiM  than  very  small.   On  the  contrary,  a  diminished  tnmspaiwejr  of  the  ntmoapheve  of 
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that  planet  compared  with  that  of  the  Earth  ^such  as  the  appearances  of  the  planet  vould 
wem  to  render  probable}  might  mder  a  poaitif«  value  of  #  of  couidaimble  Dapiitadei  The 
qoantitlea  /  and  f  nratt  manifeatlj  (unkn  eapedaUy  affected  by  any  local  canm)  be 

positive,  and  may  poeiibly  amount  to  several  dagreca ;  but  the  most  important  term  in  each 
of  the  above  exyirenmoDs  is  the  last.  Thus  suppose  the  height  denotid  hy  ri  to  )«■  ^'sorto  feet, 
a  little  more  onij  than  Gay  Lussac  and  Mr  Welsh  ascended  in  their  balloons  i  the  cooAe^uent 
reduction  of  the  mnm  mperiickl  teiDp««tiiye  for  any  latitude  vavld  aBomt  lo  about  (C), 
ao  that  tbe  mean  temperature  of  the  equfaioetial  regiooa  «f  Vcnua  would  be  actually  reduced  to 
that  of  the  ttmpcrato  regions  of  the  Earth,  while  that  of  bet  polar  regions  would  equal 
about  49"  ((')  redun  il  !  y  ft  'luantity  depending  on  the  values  of  t  and  If  we  suppose 
this  reduced  value  to  be  about  40°  (C),  it  will  exceed  the  mean  temperature  of  our  own 
tropical  region  by  12"  or  13*  (C). 

It  muBt  be  TeooUected  that  the  tempenturea  here  Kpoken  of  are  mean  annual  temperatuiea, 
each  aa  would  be  indicated  by  a  thermometer  s/mdmi  from  the  direct  rays  of  the  Sun.  An 
inhabitant  of  Venus  would  also  experience  during  the  day  the  heat  of  guntkine,  like  ourselves, 
but  of  about  double  the  intensity,  supposinoj  her  almosphtre  to  be  ns  diathermanous  to  the 
Sun's  rays  as  that  of  the  Earth.  But  this  supposition  seems,  as  above  intimated,  to  be 
contradicted  by  tbe  general  appearance  of  thia  planet.  The  Moon,  without  any  aennhle 
atmoqihere^  eihibita  to  ua  her  mounttina  in  ndnute  detail,  and  Hars  Indieatea  the  oui> 
lines  of  apparent  continents ;  but  Venus,  when  examined  even  through  the  best  teleacopes, 
t>yhibits  very  little  more  than  a  dazzling  and  uniform  brightness,  which  has  irenerally  been 
attributed  to  the  reflexion  from  ao  atmoepbere  of  small  comparative  transparency,  and  there- 
fore hiding  the  real  aurfaoe  of  the  planet.  Thii  doea  not  imply  a  move  extended  almoqihcfe 
than  that  of  the  Earth,  but  rather  one  eontaining  that  larger  amount  of  aqueous  vapour  which 
would  necessarily  result  in  an  atmoepbere  like  our  own  from  increased  heat  and  evaporation. 
It  would  seem  probable  therefore  that  the  glare  of  sunshine  on  this  plaoet  may  be  BO  far 
roodifieil  as  not  to  be  materially  greater  than  on  the  Earth. 

We  have  still  to  consider  tbe  periodical  inequalities  of  temperature^  whtcb,  with  the  Aove 
Mmmail  obliquity,  become  much  more  important  than  no  our  own  ^ohe.  Tbe  moat  important 
will  be  tbe  annual  inequali^.  the  maximum  value  of  whidi  will 

•  AA^  ^  sin76*rinMt(M"lot.)« 

Taking  tbe  value  of  ^  -  tf^h  tbe  caane  aa  for  the  Earth,  and  A  •  70*  (C),  tbia  becmnca 

A77*,5afaiM. 

The  maximum  value  of  dm  Beml*annual  inequality 

Taking  ^  the  ■ame  aa  for  the  Earth,  ito  value  ia  ,66 ;  and  takmg  the  value  above  given  of 
^,  we  have  the  greatect  value  of  the  eemi«nnual  faiequalHy  at  tbe  equator  of  Vcnua 
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Tile  wuiual  ioequality  at  the  pole  would  doubtkit  he  subject  to  e  very  eonriilerelile 
nducdon  io  an  atnoipbere  reBeaabling  the  Eaiib*««  oa  aoeooat  of  the  mpid  dcgradatkm  «f 
temperature  in  passing  from  the  pole  to  the  equator,  at  the  time  wlien  tltis  inequality  ebould 
be  near  the  nlxive,  i.e.  its  greatest  value,  and  wlu-n  also  tlu-  sfiiii  arituial  inequality  at  the 
equator  would  rctiuce  the  temperature  there  to  nearly  its  lowest  value.  Judging  by  the 
tendency  to  equalization  of  temperature  in  our  own  tropical  regions,  it  seems  probable  that  the 
temperature  would  he  lowered  at  the  pde  of  VeiMM  by  many  degreea^  «Hifle  that  at  her 
equator  would  be  iocreaiad.  It  most  elao  be  recoUected  that,  at  alieady  explained,  both 
theie  inequalitiea  in  the  temperature  mi^t  be  leeMoed  in  any  dqpree  by  a  ehaiiige  in  the  value 

of  the  quantity  p-.    k»  the  atmoaphere  would  appear  to  be  the  principal  agent  with  which 

we  are  aeqiuunted  for  regulating  the  mean  temperatorei  of  the  planets,  ao  the  cooduetivity, 
epeeific  heat  of  thdr  outer  erusta,  and  traneaiiiaive  powers  of  their  surfaoei,  appear  to  affoid 

the  most  efTective  agency  by  which  we  can  onderctand  the  greatest  modifications  to  be  made  in 
the  periodical  variBtions  of  totnperature  to  which  the  nearer  planets  may  be  siihiectcd.  The 
densities  of  Jupiter  and  Saium,  combined  with  the  enormous  pressure  to  which  their  central 
portions  must  be  subjected,  ahew  that  the  matter  of  whiefa  thoie  planet*  are  oompoaed  muit 
be  of  diferent  innds,  while  each  uuat  differ  still  mote  from  the  Earth ;  and  thoofrh  the  densi- 
ties of  Venus  and  Mars  do  not  ai!'ord  similar  indications  of  diiierence,  it  would  ux  least  seem 
cnntrary  to  tin-  analoiiv  afTorded  In  the  larger  planets  to  assume  the  matter  of  which  the  two 
former  are  constituted,  to  liave  exactly  the  same  properties  as  the  crust  of  our  own  globe. 

To  take  a  numerical  illustration,  suppose  that  the  tendency  to  equalize  the  temperature  of 
the  atmosphere  at  the  poles  should  reduce  the  coeiBdent  of  the  annual  inequality  there  from 
75*  (0)  to  00^.    Also  suppose  the  matter  composing  the  super6dal  crust  of  Venus  to  be  such 
ck 

that  the  fraction  —  should  be  five  or  six  timea  as  great  at  for  the  Eartb,  which  is  entirely 

admissible  as  a  supposition,  considering  the  diSereoces  in  the  values  of  c,  k,  and  />,  which  we 
find  in  different  terrestrial  substances.  This  would  reduce  the  coeScient  of  the  inequality  by 
nearly  CO*.  Thus  the  reduction  of  the  coeAdent  by  both  these  causes  would  amount  to  nearly 
SS",  leaving  it  equal  to  rather  more  than  40<*(C);  and  if  we  take  the  value  of  tlie  mean  tempera* 

tiire  nbove  c^tiiimtcd  (about  W")  «ith  the  diminished  atmosphere,  the  extreme  temperature 
on  the  surface  of  Venus  (which  would  l>e  at  the  poles)  would  not  much  exceed  Stf*  (C).  At 
the  same  time,  taking  the  mean  temperature  of  the  equator  at  is  (C)  and  the  coeflident  of 
the  •emi.aooual  inequality  as  modified  by  the  causes  above  meotiotied,  at  15*,  the  equatorial 
temperature  would  oscillate  between  -  S**  and  +  2?"  (C).  If  we  furihcr  suppose  the  aumhine 
to  be  tnotlificd  as  above  itifimnfcd,  a  large  portion  of  the  surface  of  Veiuis  would  he  habitable 
by  beings  little  better  calculated  than  the  human  race  to  bear  the  extremities  uf  heat  and  cold. 

If  we  should  take  a  case  intermediate,  as  regards  the  obliquity,  we  should  obtain  inter- 
mediate  results.  The  mean  temperatures  at  the  equator  and  pole  would  be  more  nearly  equal, 
and  the  oscillations  of  temperature  due  to  the  annual  and  scmi-annud  inequalities  would 
diminish  "ith  the  obliquity.  The  fj^cneral  high  temperature  of  this  planet  would  in  stich  case  be 
more  equably  diffused  than  in  cither  of  those  cases  which  we  have  here  examined  in  more  detail. 
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36.  W«  knoir  too  litUe  of  Mcreurj  to  form  any  judgnwot  as  to  the  posiible  dfteta  of 
any  known  cauMt  in  nodifyiog  the  interne  heat  of  ladiatioo  to  which  he  muit  be  eabjeeted  in 
coiuequeDce  of  hit  proiimiQr  to  the  Sun. 

36.  Iq  coDsideriDg  tbe  eaae  of  the  Moon  it  will  be  snlBdent  for  my  purpose  to  suppoee 
her'  axie  of  rotation  Co  be  perpendkular  to  the  plane  of  her  orbit,  and  that  plane  to  paie 

through  the  Sun.  I  ahall  moreover  rcttriet  myself  to  the  effect  of  the  solar  heat  on  a  place 
situated  on  the  Moon's  equator.  The  problem  may  be  solved  by  means  of  tlie  ■reiuTul 
formula-  f^iveu  by  Foisson,  but  80  far  as  r^arda  the  numeral  quantity  U  may  be  more 
simply  solved  as  a  particular  case. 

Let  9  -  the  senitb  dittence  of  the  San  at  any  propoMd  place  oo  the  lloon't  equator, 

at  any  time  t ;  and  let  —  denote  the  intensity  of  solar  radhtlon  at  the  diatanee  a.    It  will  be 

sufficient  to  con5ider  the  Sun's  distance  from  the  Moon  as  constant,  and  equal  to  tbe  Earths 
mean  distance  from  the  Sun.    Then  shall  we  hare 

•  ^  4- wAooetf  (Art.  17); 
J  being  the  temperature  of  an  imaginary  medium  surrounding  the  Moon  (Art.  I7),  ami  ^ 

now  flcimt'-ir  tl^f  tf'niyxrature  derived  from  stellar  radiation  alone,  the  Moon  being  assumed 
to  be  without  hinsible  atmosphere.     Now  the  lut-t  term  will  have  tbe  value  ttA  cos  0  only 

io  loqg  ta  the  Sun  is  above  the  lunar  horizon  of  tbe  proposed  place,  t. «.  from  ^  -  -  - 
to  0  -      and  will  be  equal  to  Mfo  from  0-^to0-ir.    It  will  therefore  be  a 


2 


periodical  diMootinuout  fiioetion.  But  any  fanction,  /(>//),  of  this  kind,  can  be  ezpremed 
by  the  well-known  formula 

and  henee  putting  /(^)  -  cob  ft  and  taking  the  inftegrala  only  between  -  1  and  ^,  linoe 
the  other  portiona  vanlab,  we  have 

the  last  term  inchuling  all  values  of  «  from  unity  to  infinity.  This  expression  give*  the 
value  of  h  cos  d  subject  to  the  condition  that  it  shall  equal  zero  while  the  Sun  is  below  the 
borixon  of  the  pnq^oaed  plaee.  Perfonning  the  opemtiona  indicated,  and  taking  all  valuea 
of  i  from  uniqr  to  infinity  indudve,  we  have 

w 
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and,  therefore, 

*      S  9  8.5  5.7  ' 

Mcg^betiiV  the  iMtmaom  between  the  tme  end  umm  vafaic*  of  the  enguler  motuni  ^of 
the  Earth  round  die  Son,  and  that  of  the  Moon  lound  the  Berth,  ipe  ihall  hnv«^  at  any 
time  t, 

$mn(t-  t), 

where  r  deootei  the  tive  «f  the  Sitn*s  eroeriog  the  lunar  meridUui  of  the  propmed  place 
at  die  Moon*s  eqoator,  and  «  denolee  the  mean  angular  veloGity  with  which  tlie  Sun  aeparatee 

from  that  meridian.  Preserving  the  unit  of  time,  one  year,  whicli  Poisson  has  taken,  wc 
shall  liave  fur  the  length  of  the  mean  solar  day  at  the  proposed  place  on  the  Moon  (ainoe  it 
equals  the  Mooa''s  mean  aynodic  period) 

Moon'a  mean  synodic  period  1 
Barth^i  meen  period      *  isiST ' 

and  oonaequendy  we  have 

n 

«»  -  , 

12  .  37 

«  -  2x .  (1«,S7). 

Hence  if  we  put 

v/w(l8,87). 
 —  \ 

the  expreadott  fcHr  the  temperature  of  die  Hooo  at  her  equator,  and  at  a  dqith  a  heneath 
her  aurfiwe,  wiU  be 

»  •  ^  +  A, 

h  w 

+  *'^5'e-«*coe|fi(«-T)  -Mv- j^}, 

6  "  - 

+  *.-=?-€-'->/»  cos  {2«(<  -  t)  -amy/i  - 

-*.^.>^«-'^coij4n(*-r)- Wi-rj. 
+  &c.  ..*...» 


and,  thcnfbn^ 


•  v/i-lJ''ahi3*, 


It  will  be  observed  diat  the  tempeFBture  here  denoted  by  {  ia  what  ia  peopeiiy  termed 

the  temperature  of  stdlar  space,  or,  more  accurately,  that  tpmpcrntiire  which  the  portion  of 
apace  occupied  by  the  solar  system  would  derive  from  the  stars  alone.    It  must  not  be 

*  rUtf*  *  la  ClaiiHr,Ait.  SB. 
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eanlbunded  with  the  lenperatafa  heietoforo  denoted  bj  ^  (Art.  tl),  and  wUch  I  hm 

estimated  at  -  3^ji  (C).  We  have  no  fluau,  as  already  itAted*  of  determim^  the  value 
of  ^.  The  above  expression  for  t<  only  tells  us  that  the  mean  <-quntorinl  temperature  of  the 
Moon  at  points  not  far  beiiealii  her  surface,  iimst  be  augmented  by  the  temperature  h, 
derived  from  &ular  radialiun ;  t.  e.,  by  the  same  quantity  as  that  by  which  the  mean 
equatorial  tempentare  of  the  Earth  would  he  aitgmaited  eupposing  the  equator  and  edipiie 
to  eoindde^  and  the  intendtj  of  solar  radiatkm  to  be  the  lanie  in  the  two  cmes.  If  we 
assume  it  to  be  somewhat  greater  for  the  Moon,  and  estimate  h,  for  example,  at  10"  (C). 
then  the  ^foon's  mean  equatorial  temperature,  in  the  case  supposed  respecting  the  position 
of  her  axis  and  the  plane  of  ber  orbit,  would  be  greater  or  less  than  zero  (Centigrade), 
aeeoiding  as  ^  should  be  greater  or  len  than  -  40^  (C).  At  the  pole  the  valne  of  A  would 
he  reduced  to  aerob  i|n^  the  temperature  to  ^.  With  the  aetnal  poiitions  of  her  orhit  and  axis 
of  rotation,  the  eqnatadal  tentperatore  would  be  looiewhat  kaa  and  the  polar  temperature 
latber  greater. 

The  lirst  periodical  term  expresses  a  monthly  inequality.  To  find  its  greatest  value  we 
muat  Icnow  the  value  of 


NoVf 


D*  8\/y(lg.37)  gff(l2,37) 


ao  that  the  Tilue  of  ^  depends  on  diat  of  ^  (or  ^  as  before  explafoed  Art  <7)«  and 

can  only  be  determined,  therefore,  with  some  assumed  Talue  of  this  fraction.  If  we  suppose 
a  and  h  to  have  the  nme  values  as  for  tlie  Earth,  we  shall  have 

h 

and*  therefore^ 

,      =  ,618. 

D  2 

Hence  the  term  in  question  becomes  at  an  equatorial  point  of  the  Moon's  surface, 

A.(,6«8)co8  {n(t  -  t)  -  ^1 ; 
and  consequently  its  ginaleat  valoe  with  our  assumed  value  of  A,  wiU 

-  £5',1S  (C). 

The  eoeflcient  ^  next  tern  ie  nearly 

The  valnea  of  and  ^'  are  respectively  9S  .U*  and  M*.iy  nearly,  so  that,  diough  these 
two  tenna  cannot  attain  diefar  teqieative  maaima  at  the  same  time,  it  is  easily  seen  that  die 

greatest  value  of  their  sum  will  amount  to  more  tban  SO*  (C)-  The  <«iicceeding  terns  are 
much  smaller,  and  may  be  n^ected  in  a  rough  approximatioa  like  the  present. 
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Hmce,  then,  it  appear*  tlwt  tlie  luperfisiBl  taupmture  of  tile  Moon't  naM,  in  tfat  lome^ 
diate  ndoity  of  her  equator,  aart  bwe  a  nean  value  exceeding  tbat  of  MmouMBag  ataUar 
■pM»,  by  an  amount  which  may  prabably  be  citiinatad  at  nearly  ¥f  (G),  and  wi!l  be  subject 

to  an  enormous  monthly  inequality,  which  may  pos«iWv  amount  to  upwards  of  SO*  (C)  in 
cx(X'ss  or  defect,  and  therefore  producing  in  the  extreme  uiuuthly  temperatures  a  difference  of 
some  tk>'  (C).  It  must,  however,  be  recollected  tbat  this  conclusion  involves  the  hypothesis 
that  tho  valnee  of  «,  ft,  and  ^  die  apeoifle  heat,  conductivity  and  radiating  power,  ate  the  eane 
fbr  the  Moon  at  for  the  Earth.  At  the  poles  the  mean  tMBperature  em  little  eseced  that  of 
atdlar  space,  and  the  inequalities  must  be  very  small. 

The  Moon's  ertemai  temperature,  or  that  which  would  he  indifate<i  by  a  thermometer 
placed  at  any  point  not  remote  from  her  surface  and  external  to  it,  must  depend,  in  the 
aheence  of  a  sanibb  atmosphere  in  contact  with  the  hulh  of  the  uucrumcnt,  cntLrely  on 
radiation  from  the  lloon  hersdf,  the  Sun,  and  all  other  bodice  in  eteUar  qmee.  If  it  received 
heat  from  tiie  Stdtar  bodies  alone,  it  would  indicate  the  temperature  above  denoted  by  ^ ;  and 
if  it  were  then  exposed  aho  to  the  radiation  from  the  IVIoon,  but  sheltered  from  that  of  the 
Sun,  the  instrumeot  would  rise  till  the  heat  received  by  the  bulb  in  consequence  of  inter- 
radiatlbn  betveen  the  bulb  and  the  Moon  ahooU  equal  that  onitted  in  conacqnenee  of  the 
inter-radiation  between  the  bulb  and  the  etdhur  bocBe*.  The  indicated  temperature,  tlwrefore, 
would  he  less  or  greater  than  the  superficial  temperature  of  the  lunar  mass,  according  as  the 
latter  should  be  higher  or  lov^r  than  that  of  stellar  space;  it  would,  probably,  be  much  less, 
when  the  superficial  temperature  should  acquire  its  greatest  monthly  value.  This  defect, 
however,  of  temperature  might  possibly  be  more  than  counterbalanced  by  the  direct  heat  from 
the  Sun,  when  tlie  instromcnt  should  be  cnpoeed  to  the  solar  as  well  as  to  the  lunar  and 
stdlar  radiation. 

The  niont!>ly  inequality  of  temperature  above  noticed  is  manifestly  analogotts  to  the  daily 
inequality  in  the  terrestrial  temperature.  Its  magnitude  depends  on  tlie  slow  angular  motion 
of  the  Moon  about  her  axis,  and  sliews  the  remarkable  degree  in  which  a  more  or  less  rapid 
rotation  may  alTect  the  variationt  of  temperatore  on  any  planet  or  latdUte  sufllcieotiy  near  to 
the  central  Vniree  of  beat  of  our  syiten. 

W.  HOPKINS. 
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of,  222 

 elliptically,  inTostigations  conoonung,  400 

 oppositely,  interference  of,  AM 

 equiralent  group*  of,  408.  411 

 intensity  of,  mixture  of  independent  streams 

of,  1111 

Political  Economy,  mathematical  oxpo«itlon  of,  II.  I2S ; 
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Production,  equation  of  increacied  cost  of,  l3Jk 
Prices,  relation  of  import  of  bullion  to,  [l] 
Purbock  strata  of  Dorsetshire,  666 
Purbocks,  lower,  662 
—  middle,  fiofi 
 upper,  557 

Regular  solids  known  in  Plato's  time,  fiSi 

Ridgway,  section,  662.  674 

Rings  formed  by  cnrrod  dimmed  mirror,  [163] 

 thrown  on  a  screen  by  concave  dimmed  mirror, 

[160] ;  conditions  of  ilistinctness  of,  [163] 
RoHBS,  J.  IL,  Esq.,  on  the  oscillations  of  a  susperision 

chain,  3Iil ;  index  to  the  above,  Sim 
Rotation  of  plane  of  polarization  of  diffracted  light, 

oxporinieiii*  in,  3a 

Science,  History  of,  of  the  transformation  of  hypo- 
theses in,  by  Dr  Who  well,  [13!>] 
Sclf-oompcnsating  variables,  516 
Self-repeating  series,  ill 


Series,  infinite,  numerical  calculation  of  a  clau  of,  !£& 

Shaded  surface,  521 

Similar  point*  of  curres,  filffi 

Singular  points  of  curves,  fiilfl 

 methods  of  treating  the  inquiry  into,  612 

Singular  solutioiu,  criterion  for  distinguishing  intra- 
neous  and  extraneous,  521 

 of  differential  equation  of  the  first  order,  [107] 

— ^—  of  primordinal  equation,  EdS. 

Solar  beat,  data  for  determining  augmentation  of  tem- 
perature of  earth  by,  Cli 

 different  effects  of  at  equator  and  pole,  661.  flfi2 

Solid  angle,  measure  of  entire  curvature  of  a,  4M 

Solid  geometry,  deficient  in  Plato's  time,  &B4 

Sound,  amount  of  retardation  and  diminution  of,  by 
friction  of  the  air,  [95] 

Space,  H.  Wedgwood,  Esq.,  on  tho  knowledge  of  body 
and  space,  167 

Spectra  formed  by  luminoas  point  seen  through  a 
grating,  Z& 

Stoke-by-Ipswich,  sand-hills,  13fi 

Stokes,  Prof,  on  tho  Colour*  of  Tliick  Plate*,  [147] ; 
coloured  bands  seen  in  coated  mirror,  [149] ;  rinp 
thrown  on  a  screen  by  concave  dimmed  mirror, 
[150] ;  conditions  of  distinctness  of,  [1^31;  bands 
forme<i  by  plane  dimmed  mirror,  [167],  [167] ; 
rings  formed  by  curved  dimmed  mirror,  [1031  ; 
nature  of  deflection  of  interfering  streams  of  light, 
[109];  investigation  of  angles  of  diffraction,  [173] 

 on  the  Dynamical  Theory  of  Diffraction,  1; 

assumptions  with  regard  to  luminiferous  ether, 
2,  2fi ;  Poisson's  investigations  of  propagation  of 
disturbances  in  elastic  media,  2;  crucial  experiment 
for  determining  direction  of  vibration  in  plane- 
polarize<l  light,  4;  prehminary  analysis,  H;  inves- 
tigation of  propagation  of  distnrl>ancc  in  elastic 
medium,  II ;  wave  of  dilatation,  12  ;  of  distortion, 
13;  general  relation  of  initial  displacement  to  dis- 
turbance of  any  material  system,  14 ;  determination 
of  law  of  disturbance  in  secondary  wave  of  light, 
22;  luminiferous  ether,  treated  as  an  elastic  solid 
for  motions  producing  light,  2&;  experiments  on 
rotation  of  plane  of  polarization  of  diffracted  light, 
32;  spectra  formed  by  luminous  point  seen  through 
a  grating,  3& ;  table  of  rotations  of  planes  of  polariz- 
ation of  diffracted  light,  4il;  experiments  on  plane 
of  polarization  of  diffracted  light  compared  with 
theory,  il 

 on  the  Composition  and  Resolution  of  Streams 

of  Polarized  Light  from  different  Sources,  Z99: 
investigations  concerning  elliptically  polarized  light, 
40Q ;  interference  of  streams  oppositely  polarized, 
iQ4 ;  intensity  of  mixtures  of  independent  streams 
of  polarized  light,  407;  equivalent  groups,  403,  411 ; 
examples,  112 
 on  the  Effect  of  Internal  Friction  of  Fluids 


on  Motion  of  Pendulums,  [8];  different  effect* 


'oogle 


INDEX. 


677 


of  hydrogen  and  air  on  time  of  vibradon,  [91 1 
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